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1 Introduction

The idea of upper confidence reinforcement learning (UCRL) algorithm was
first introduced by Auer and Ortner (2007), which at each step chooses an
optimal policy on an extended Markov decision process (MDP) with confidence
bounds on rewards and transition probabilities of the true MDP. The regret
analysis was greatly improved by Jaksch et al. (2010) for commuting MDPs
with S = |S| states, A = |A| actions and finite diameter D. In this article, we
restrict ourselves to MDPs with a set of post-decision state V (Y = |Y| is in
general much smaller than S x A) such that the transition probabilities can be
decomposed according to

p(s.a,8') =p(f(s,a),s"), s,8' €S,aecA

Here f: S x A — Y is a problem-dependent (known) deterministic transition
function from state-action pairs to post-decision states (hence S is called the
pre-decision state set) and p : Y xS — [0, 1] is an appropriate probability kernel.

Heuristically, the computational benefits of post-decision state assumption
comes from replacing the augmented state-action by post-decision state when
calculating the expectation (with respect to the transition kernel). For some
situations, ) has the same cardinality as S. But in many settings, ) is dramat-
ically simpler that S, hence simplifying the value function approximation.

Without loss of generality, the reward is set to be within [0,1]. Neverthe-
less, the results scale linearly with the rewards. If the reward is taken from
[Fmin, Fmax), the rewards can be normalized to [0, 1] and the regret bounds hold
with additional factor (rmax — Tmin)-

1.1 Examples
Here are some typical examples where post-decision states can be introduced.

e Invertory problem: let R, be the number of items in stock and D; be the
number of customer demands available to be moved at time ¢. The state is
St = (Ry, D). Once the store makes a decision, all the unserved demands
in Dy are lost. After making decision on the number of items A; added to
the storage , the post-decision state is R; + A;.

e Backgammon: the state S; at each step t is the number of pieces on the
board. The transition from S; to Si1; depends on the player’s decision
a¢, the play of the opposing player and the next roll of the dice. The
post-decision state variable is simply the state of the board after a player
moves but before his opponent has moved.



1.2 Main results and contributions

The goal of this report is to give a self-contained regret and complexity analysis
of UCRL2 with the presence of post-decision set, based on the framework of
UCRL2 Jaksch et al. (2010) where the optimi bound Hoeffding inequality)

Theorem 1. With probability 1 — 3 it holds that for any initial state s and for
any T > 1, the regret of UCRL2 with post-decision state is bounded by

A(M,5,T) < 25D+\/SYTlog(2YT/5) + 151/SAT log(SAT/6)

In Theorem 1, the dominant term is Q(D+/SYT) with a logarithmic correc-
tion in terms of T, which could be much smaller than the bound Q(DSVAT)
given by Jaksch et al. (2010) if the post-decision set ) is much smaller than
S x A. Another improvement is the computational complexity by a factor of
Y/S of extended value iteration in Section 2.2 using modified Bellman’s equation
for post-decision values.

1.3 Preliminaries

Definition 2. Given an MDP M and a stationary policy w: Y — A, consider
the Markov process for which the transition probability is

ply.v) = Y. paly.s) forally,y €Y.
F(s,m(y))=y’

Define T'(y'|M,m,y) to be the first time when hitting y" for the above Markov
process starting from y. Then the diameter of M is defined as

D(M) := in E[T(y'|M
(M) = max min E[T(y'|M,m y)]

MDPs with finite diameter are called communicating.
long-term average reward and bias function:

Theorem 3. If M contains at least one communicating MDP, then the extended
value iteration in Section 2.2 converges.

2 UCRL2 algorithm with post-decision state

In this section, we propose a variant of UCRL2 that uses optimism in the face
of uncertainty, taking into consideration the post-decision state. Similarly, the
algorithm proceeds in episodes. For each episode, first the confidence bounds
are constructed based on empirical means and Hoeffding’s inequality. And then
an optimal policy 7 can be found using extended value iteration. In the end
we execute the policy 7 to explore the true MDP M. Note that the lengths of
episodes depends on the observation to have a square root growth rate of time.



2.1 Construct confidence bounds

At the beginning of each episode k, the empirical average of rewards and tran-

sitions are calculated:
1 te— 1 tkfl

D = s%—t.s d TN 1 st,a¢)=(s,a)»
pk(s‘y) Nk_ <y Z { ¢ =t,5t41= s} an Tk(s a) Nlj’<57a) Z ( ? ) ( ’ )

t=1 t=0

where Ni(y) is the number of visits of post-decision state y € ) before episode k,
Ni(s,a) is the number of visits of state-action pair (s,a) € S x A and N,! (y) =
max{1, Ny(y)}, N, (s,a) = max{1, Ny(s,a)}. A set of plausible MDPs are
defined around the empirical estimates as

My ={M = (S, AV, 7) : Yy € Y, [p(-ly) — i (-ly)ll < BE(y Zp ly) =1,
Vs e S,a € A, p(sly) €]0,1], 7(s,a) € [0,1], |7(s,a) — r(s,a)| < Br(s,a)}.

If we set

25 + 4log(2Y't/0) , o log(25 Aty /6)
Biely) = \/ max{1, Ni(y I;} and fi (s, a) == \/max{l,Nk.écs,a)}’

then at each episode k, with high-probability the true MDP stays in Mj.

Lemma 4. For anyt > 1, the probability that the true MDP M is not contained
in the set of plausible MDPs M(t) is at most §, which means that

P[M ¢ M(t), Vt > 1] < 6.

Proof. Let us first consider the probability that the confidence interval given in
an episode k for the transition probabilities fails. Recall that we set 8% (y) :=
25+41log(2Yt,/9)
max{1,Ny(y)}
tion and the empirical distribution over S states from Ni(y) samples is bounded

by

. During each episode k, by L' —deviation of the true distribu-

Pllp(y) - pC1y)lh = B W) < (25 - 2) exp(,w

< 29 exp(—S — 2log(2Y t1,/9))
< exp(—2log(2Yt/0))
)
< -
TARY

)

And in episode k, the same argument using Hoeffding’s inequality as Jaksch et
al. (2010) gives that

P[|F(s,a) = 7(s,a)| = Bi(s,a)] < 4754

The bounds follows by summing over all episodes before ¢t and over all A, S, ).
O



Input: Confidence parameter § €]0,1[, S, A

Initialization: Set ¢ := 1, observe the initial state s; and choose arbitrarily an
action a;. And for any (s,a) € S x A, set 71(s,a) = 0 and Ni(s,a) = 0. For any
(y,s) € Y xS, set p1(sly) = 0.

For episodes k= 1,2, ... do

1. Set ty < ¢ and initialize for episode k the state-action counters vi(s,a) < 0
for all (s,a) € S x A and post-decision counter vy (y).

2. Let M;, be the extended MDPs with transition probabilities p(-|y) close to
Pr(+ly) and rewards 7(s,a) € [0, 1] close to 7x(s, a), that is

15C1y) = Br 1)l < BE(y)
and
|7(s,a) — 7(s,a)| < Bi(s,a).
Use extended value iteration on the extended MDP to compute (an approxi-
mation of) the optimal policy 7; and the optimistic MDP Mj.
3. Sample action a; ~ 7 (+|s¢).
4. While vy (s, a:) < max{1, Ni(s¢,a:)} do
(a) Execute at, obtain reward r¢, and observe next state si¢41.
(b) Update vi(st, ar) < vi(se,ar) +1
(¢) Sample action at+1 ~ mk(-|s¢+1) and set ¢t < ¢ + 1.
5. Update statistics (Dr+1,Tk+1)-
6. Set Nii1(s,a) < Ni(s,a)+ vi(s,a) for all (s,a) € S x A.

Figure 1: UCRL2B algorithm.

2.2 Find optimal policy for extended MDPs: extended
value iteration

In the second step of each episode, we need to find a near-optimal policy 7y
for an approximate optimistic MDP M}, in the set of plausible MDPs for the
optimization problem
pr = Sup maxgys = Ssup G-
MeMy T M'e My
Here the post-decision set ) brings advantage for complexity: the cardinality
of value set is reduced from |S| to ||, therefore u;4; can be computed from u;

in at most O(SAY') steps (S for finding the optimal MDP and S for finding the
optimal value).

3 Regret analysis

The regret after T steps is defined as A(M,s,T) = Zthl(p* — 7). To adopt
the post-decision set in our regret analysis, let us denote the average reward of
a post-decision state y with respect to policy 7 by

7 (y) = Eylr(s,n(s))] = D p(sly)r(s, m(s).



Input: The empirical estimate px(-|y) before episode k for each post-decision state
y € Y and 7x(s, a) for each state-action pair (s,a) € & x A; optimal bounds 3% (y)
for each y € Y and B (s,a) for each (s,a) € S x Y.

Initialization: n =0, uo(y) =0 for all y € Y.

While maxyey{uit1(y) — wi(y)} — mingey{uit1(y) —wi(y)} < 1/vx do
1. Increment i <+ i+ 1

2. For each a € A and y € ), find

arg max Zp(s) - (Pr(s,a) + Br(s,a) + ui(f(s,a))) :
\p(‘)zfsﬁe(;z)(gﬁg(y) ses
(a) Sort S = {sl,s5---,s,} in descending order according to their values
(-, a) +ui(f (-, a))
(b) Set p(s1) = min{1,p(s1|y) + B%(y)/2} and
p(si) = p(sjly) for all states s; with j > 1.
(c) Setl=n.
(d) While 3, s p(s}) > 1 do

i. Reset p(s;) = max{0,1 — Do el p(sh)}.
i l
ii. Set <+ 1—1.

3. Find the optimal value

ui+1(y) = Igleaj(Zp(S) - (Pr(s,a) + Bi(s,a) + ui(f(s,a)))

Return gain u; and policy 7k (s) = arg max{7x(s,a) + B (s,a) + u:(f(s,a))}.
acA

Figure 2: Extended Value Iteration.

First we split the total reward into the sum of rewards in each episode. Write
7r(y) :==7"*(y) and denote the pseudo-regret accumulated in episode k by

A=Y ) (p* —Ti(y)),
y
where Vi, (y) = X2 ayep-1(y) V(S @)

Lemma 5. With probability 1 — §, the total regret can be bounded the sum of
Ay with a square root error of T,

kr
A(M,s,T) <> Ay ++/T(2T/6) + 1+ kr,
k=1

where kr = sup{k > 1 :tx, < T} is the number of episodes started up to step T.



Proof. Based on the observation up to time T,

T-1

T
A(M,s,T) Z pr—r) <1+ Z =TT () + Z(Wt“(yt) —Tt+1)
t=1

t=1

By Hoeffding’s inequality,

T—1
)
Py (7 (y) —reg1) < A/TIn(2T/6)] > 1 — exp(—21n(27/6)) <1 -— o7
t=1
Summing over T', we have that with high probability 1 — 4,
kr tk41—2
AM,s,T) <1+kr+Y Y (p" =7 () + /T log(2T/0)
k=1 t=ty

kT
<1+4kr+ Y Ay +/Tlog(2T/d)
k=1

O

During each episode, the convergence rate of reward functions is encoded in
p* — Tr(y). Then we will use approximative Bellman’s equation to write the
first term in terms of optimal transition matrix. Denote by w; = (u;(+))s the
value function obtained after i iterations of Algorithm 2 in episode k for the
set of all plausible MDPs (we drop the notation k for convenience), then for
undiscounted reward function, denote by py the maximal reward of all possible
choice of the extended MDP (expected reward of 7y chosen in this iteration on
the optimistic MDP Mk), when the convergence criterion

1
i — U — min{u; — U <—/=
a1 () — ()} — min{en () — (o)} <
holds, the error bounds when terminating the EVI algorithm are
lp* ~|<1 d | (y) (y) ~\<1f lye)y
— — and |u; —u;(y) — pr|] £ —= for a .
p pk — \/ﬁ 141 y y pk m y

Then one can replace p* by w;1(y:) — u;(y:) in each term of the sum Ay by
introducing a 2/+/%j error

T I )= () - rel) + 23 0, 1)

Besides, the iteration relation gives

wis1(y) <Y Prlsly) - (Fu(s, Ta(s)) + uslf (s, 7 (5))).

seS

Since the pg(-|y) sum to 1, we can substract from ug(-) a constant such that
the module is smaller. In the following we will replace u;(-) by wg(-) where



wi(y) = u;(y)— (miny u;(y')+maxs u;(y'))/2. For simplicity, we write wy(s) :=
wi(f(s,Tx(s))) for all s € S. Combined with (1), this leads to

Ap <AL+ AL +2) u(y)/ Ve, (2)

where

A= w(y) (Zﬁk(8|y)wk(s) - wk(y)> :
k= ZVk(Z/) (Zﬁk(ﬂy)ﬁ(sﬁk(s)) - Fk(l/)) :

SES

In the confidence regium that M € M, the total regret comes from the
difference of the optimal transition kernel and reward between the true transition
kernel and reward functions. Thus we can estimate A} and AJ individually.
First,

F= k() <Zﬁk(5y)7’k(8,ﬁk(8)) - ﬁ(y))

SES

<ZVk <Z (Sy)—p(SIy))fk(Sﬁk(S))+p(8|y)(fk—7)(8,@(8)))

seS
tepr—1
<ZVk Bk Cly) = pCIlle + D D p(sly) (e —7)(s. 7i(s))  (3)

And we want to estimate the term A}, which is dominant because of the product
term of the transition kernel error and the span of the value function. Note that
if M € My, for all y € Y,

AR =" ui(y) (Zﬁk(8|y)wk(5) - Wk(l/)>
= w(y) (Z(ﬁk(SIy) (sly))wr(s +Zp sly)we (s (y)>

S

< Z Vi (y) (wkHoo ANBeCly) = pCly)ll + D plsly)wi(s) - wk(y)>

IIwkHooZVk e Cly) = pClY)l e + wi(yee) — wi(ye,)

thr1—1

3 <2p<s|yt>wk<f<s,m<s>>>—wk<yt+1>) (1)

t=ty

Combining (2), (3) and (4) and note that
15 (s"ly)=p(s"[9) 1 L2 < 115k (' [y) —Pr (8" |Y) | 2 +[1Dw (5" [y) —p(s" ) 22 < 287 (S [y),

7k (s, a) = T(s,a)| <[F(s,a) = Fr(s, a)| + [Pi(s,a) = T(s, a)] < 2B}(s,a)



[[wil[oo < m3x|wk(y)| < D/2,

we have that

A<D+ u@B @ +2 33 plsly) Bi(s, 7 (s))

trpy1—1

Z (Zp(syt)wk(srﬁk@)) - wk(yt+1)>

t=ty

We can upper-bound the second and the third expectation term using Azuma’s
inequality of concentration for martingale difference sequence. For the martin-
gale difference sequence (3_; p(s|ys) By, ) (8: Tu(r) (8)) = Brry (Sta15 Ty (5141)) =1
where k(t) is such that ¢ <t <tpe4 — 1,

[Z Zp 81ye) By (8, ey (8)) = Zﬂk(t) St4+1, Th(t) (St+1)) + 2/ T'log(21'/9)

For the martingale difference sequence (3, p(s|y:)wi() (f(s, T (8))) —wie) (Yes1))
forany T > 1,

<0
- 272

P [Z (Zp(3|yt)wk(t) (f (s, Tk (s))) — wk(t)(yt-'rl)) 2 2/ DT log(2T'/5)
t=1 s

Summing over k in (5) to kr, with probability 1 — 34, we have that

A(M,s,T) <1+ (D +2) Tlog(2T/5)

+ (D +2) szk )8 (y +222Vksaﬂksa) (6)

k=1 y k=1 s,a

In the final step, we are going to plug in the confidence bound

() = \/25+4log(2Ytk/6)§\/ 25 +2\/10g(2Ytk/5)

N, (y) N, (y) Ny (y)
and
log(2S Aty /6)
Bi(s,a) := TN (sa)
x (s,a)
It suffers to apply Lemma 19 and Proposition 18 in Jaksch et al. (2010).
e For any sequence of numbers 21, - -+ , z, with 0 < z; < Z;_1 := max {1 ZZ 1 zz}
> < (V2+1)V/Z, (7)
k=1 Z’C*1

e The number of episodes kp up to step T' > SA can be upper bounded as

kr < SAlog, (;i) . (8)



Note that
ve) = >, wmls,a)< > Nils,a) = Ni(y).
(s,a)ef=1(y) (s,a)ef=1(y)

By (7) and Cauchy-Schwarz inequality,

ZZ vy <Z(f+1) N < (VEH1) T (9)

klyq/

Similarly,

Zzyk s,a)/\/ N (s,a) < (V2 +1)VSAT. (10)

k=1 s,a
Combining (6), (8), (9) and (10), with probability 1 — 30, we arrive at

A(M,s,T) <1+ (D+2)SAlog, (EE) + (5 +2vVD)/Tlog2T/6) + 2 ”\’“/(Ey)
y k

kr
D+2 ZZW@ y)+QZZVk(Saa)ﬁ£(saa)

k=1 vy k=1 s,a

<(D+2) (4\/SYT 45 YT log(2YT/d) + SA log2(8T/SA)>
+ (54 2V D)\/T10g(2T/8) + 51/SAT log(2SAT/8) + 5V/Y T
< 25D+\/SYTlog(2YT/§) + 15/ SAT log(SAT/9)

4 Discussion

It is well-known that the worst-case lower bound expect regret of any algorithm
is Q(vVDSAT), and UCRL2 can be improved theoretically by a factor of v/DS.
Many variants have been presented to improve this gap by choosing tighter con-
fidence bounds. Among these works, Filippi et al. (2010) introduces UCRL-KL,
which is a variant of UCRL2 that uses the KL divergence to define confidence
bounds. Similarly to UCRL2, KL-UCRL achieves a regret of Q(DSv/AT) for
the class of communicating MDPs with improved log-log correction of T'. Re-
cently, this gap was closed using empirical Berstein inequality by Tossou et al.
(2019). Another approach presented by Bourel et al. (2020) is to tighten explo-
ration in UCRL motivated by practical efficiency. Although our work does not
aim on this improvement as it is for a set specific MDPS (where the worst case
is not included), it is nevertheless useful to mention that those improvements for
general MDPs can be adapted to our methodology for MDPs with post-decision
states, therefore reduce the regret by a factor of Q(SA/Y).
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