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1 Schramm Loewner evolution

1.1 Definitions

In this section, we will review some basic facts concerning Loewner’s equation
and Schramm-Loewner evolution.

1.1.1 Conformal map and half-plane capacity

Let H := {z ∈ C : Imz > 0} to be the upper half-plane. A bounded subset
A ⊂ H is called a compact H−hull if A = A∩H and H\A is a simply connected
domain. For any compact H−hull A, there exists a conformal map gA : H\A→
H. Note that the conformal isomorphism is not unique. For all isomorphisms
σ and all λ ∈ (0,∞), the map z 7→ λσ(z) is also an isomorphism. We specify a
particular one such that |gA(z)− z| → 0 as z →∞.Moreover, for any compact
H−hull K, r ∈ (0,∞) and x ∈ R, set rK = {rz : z ∈ K} and K + x = {z + x :
z ∈ K}. Then rK and K + x are compact H−hulls and

grK(z) = rgK(z/r), gK+x(z) = gK(z − x) + x.

The half-plane capacity hcapA is defined by

hcap(A) := lim
z→∞

z(gA(z)− z).

More precisely speaking, there is a unique conformal isomorphism gA : H \A→
H such that there exists aγ′ ∈ R+, gγ′(z) = z +

aγ′

z +O(|z|−2) as |z| → ∞.
The half-plane capacity has some nice properties:

• If r > 0, x ∈ RM , then

hcap(rA) = r2hcapA, hcap(A+ x) = hcap(A).

• If B is also a compact H−hull and A ⊂ B, then

hcap(B) = hcap(A) + hcap(gA(B \A)).

Especially, the half-plane capacity increases as the set grows.

In the following, we will consider only compact H−hulls given by simple curves
γ.
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1.1.2 Continuity and local growth property

Define rad(K) = inf{r ≥ 0 : K ⊂ rD + x for some x ∈ R}.

Proposition 1.1. Let K be a compact H−hull, then

|gK(z)− z| ≤ 3rad(K), z ∈ H = H \K.

Proof. By the scaling and translation argument, it suffices to consider the case
where K ⊂ D and rad(K) = 1. Recall that gK(z)− z is a bounded holomorphic
function on H. Fix z ∈ H and consider a complex Brownian motion (Bt)t≥0

starting from z. For t < T = T (H) (the exit time of (Bt)t≥0 through H),
Mt = gK(Bt) − Bt is a continuous and bounded local martingale, and Mt →
gK(BT )−BT as t ↑ T. Hence by optimal stopping,

gK(z)− z = Ez[gK(BT )−BT ].

We admit here that |gK(x)−x| ≤ 3 for all x ∈ R if K ⊂ D and rad(K) = 1.

Let (Kt)t≥0 be an increasing family of compact Hhulls. ((Kt)t≥0 is said to be
increasing if Ks is strictly contained in Kt whenever s < t.) Set Kt+ = ∩s>tKs

and, for s < t, set Ks,t = gKs(Kt \Ks). (Kt)t≥0 is said to have the local growth
property if rad(Kt,t+h) = inf{r ≥ 0 : Kt,t+h ⊂ rD + x for some x ∈ R} → 0 as
h ↓ 0 uniformly on compacts in t. This is a type of continuity condition for the
growth of (Kt)t≥0 but note that Kt \Ks can be large even when Ks,t is small.

Proposition 1.2. Let (Kt)t≥0 be an increasing family of compact H−hulls hav-
ing the local growth property. Then for all t, there is a unique ξt ∈ R such that
ξt ∈ Kt,t+h for all h > 0, and the process (ξt)t≥0 is continuous.

Proof. For fixed t ≥ 0, the sets Kt,t+h are compact and decreasing when h ↓ 0.
By the local growth property, they have a unique common element ξt ∈ R. For
t ≥ 0 and h > 0, choose z ∈ Kt+2h \Kt+h and set w = gKt(z) and w′ = gKt(z).
Then w ∈ Kt,t+2h and w′ ∈ Kt+h,t+2h with w′ = gKt,t+h(w). Hence

|ξt−w| ≤ 2rad(Kt,t+2h), |ξt+h−w′| ≤ 2rad(Kt+h,t+2h), |w−w′| ≤ 3rad(Kt,t+h).

Therefore

|ξt+h − ξt| ≤ 2rad(Kt+h,t+2h) + 3rad(Kt,t+h) + 2rad(Kt,t+h)→ 0

as h ↓ 0, uniformly on compacts in t.

1.1.3 Chordal Loewner Chain

Chordal Loewner chain is the solution of a type of Loewner equation that de-
scribes the evolution of a curve growing from the boundary to the boundary in
a domain of C. By conformal mapping, we consider the special case where the
domain is the upper half-plane H. Loewner’s equation (also called Loewner evo-
lution) is a differential equation for a family of Riemann mappings from upper
half-plane H with a growing slit γ (from 0 to ∞) to H.

If γ is parametrized by half-plane capacity such that

lim
z→∞

z(gt(z)− z) = 2t,
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we denote by Loewner chain gt the unique conformal isomorphism from the
unbounded component of H\γ(0, t] satisfying |gt(z)−z| → 0 as z →∞. Denote
by driving term ξt ∈ R the image of the tip γ(t) (since the tip can be identified
with a prime end), then gt satisfies the following differential equation, which we
call the chordal Loewner equation:

d

dt
gt(z) =

2

gt(z)− ξt
, g0(z) = z. (1.1)

Conversely, suppose that a continuous function ξ(·) : [0,∞) → R is given in
advance, for z ∈ H, one can also solve the differential equation (1.1) to obtain
the solution gt(z) till the moment Tz := sup{t > 0 : |gt(z) − ξt| > 0} and set
Kt := {z ∈ H : Tz ≤ t}. Then for t > 0, gt(z) is a conformal map from H \Kt

to H. The family (gt)t≥0 describes the evolution of hulls (Kt)t≥0 corresponding
to ξ· and growing from the boundary to ∞. Therefore, we have a one-to-one
correspondence between ξ· and (Kt)t≥0. A growing family of hulls (Kt)t≥0 is
generated by a curve γ if H \Kt is the unbounded component of H \ γ[0, t] for
all t ≥ 0. If ξ· is sufficiently nice, then (Kt)t≥0 is generated by a curve γ with
γ(0) ∈ R, lim

t→∞
γ(t) =∞.

For any Loewner chain gt, t ≥ 0, we try to define the generating curve γ as
γ(t) = lim

ε↓0
ft(W (t) + iε), where ft = g−1

t defined on H \ γ[0, t]. The function γ,

if it exists, is called the trace of the Loewner chain.

1.1.4 Schramm-Loewner Evolution

In the half-plane, a deterministic curve corresponds to a deterministic driving
term ξt, and random γ should correspond to random ξt. For the sake of confor-
mal invariance, the most feasible candidate is the Brownian motion.

Definition 1.3. Chordal Schramm-Loewner evolution with parameter κ > 0
(abbreviated as chordal SLE(κ) in half-plane) is a curve generated by driving
term

√
κBt in Loewner equation, where (Bt)t≥0 is the standard Brownian mo-

tion. Namely, the Loewner chain corresponding to SLE(κ) is

∂

∂t
gt(z) =

2

gt(z)−
√
κBt

, g0(z) = z, z ∈ H, .

The existence and uniqueness in law of SLE(κ) is obtained from Loewner’s
theorem. More precisely, the case ξt is a Brownian motion of any diffusivity
κ except κ = 8 was proved by Rohde and Schramm. The case κ = 8 was
then added by Lawler, Schramm and Werner when working on LERW and
UST[LSW01].

It is not hard to check that SLE is scale invariant and has some kind of
Markov property.

Theorem 1.4. Let (Kt)t≥0 be a random increasing family of compact H−hulls
with local growth property and parametrized by half-plane capacity. Then (Kt)t≥0

is an SLE if and only if it satisfies:

• scaling invariance: for all λ > 0, (λKλ−2t)t≥0 has the same distribution
as (Kt)t≥0
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• domain Markov property: set K
(s)
t = gKs(Ks+t \Ks)−ξs. Then (K

(s)
t )t≥0

has the same distribution as (Kt)t≥0 and is independent of Fs = σ(ξr; r ≤
s)

Proof. Write (ξt)t≥0 for the driving term of the Loewner chain corresponding
to (Kt)t≥0 and note that (ξt)t≥0 is continuous. For λ ∈ (0,∞) and s ∈ [0,∞),

define ξλt = λξλ−2t and ξ
(s)
t = ξs+t− ξs. Then the Loewner chain corresponding

to (Kλ
t )t≥0 has driving term ξλt = λξλ−2t and the Loewner chain corresponding

to (Kλ
t )t≥0 has driving term ξ

(s)
t = ξs+t − ξs. Hence (Kt)t≥0 has the domain

Markov property if and only if (ξt)t≥0 has stationary independent increments.
Also (Kt)t≥0 is scale invariant if and only if the law of (ξt)t≥0 is invariant under
Brownian scaling. By Levy-Khinchin theorem, (ξt)t≥0 has both these properties
if and only if it is a Brownian motion of some diffusivity κ ∈ [0,∞), that is to
say, if and only if (Kt)t≥0 is an SLE.

1.2 Advanced properties of SLE

For each κ, the trace γ exists and is a random curve such that the hulls (Kt)t≥0

of SLE(κ) are generated by γ almost surely. We will admit this and define
SLE(κ) to be its trace without mentioning it.

1.2.1 SLE as a complex Bessel process

The Bessel process of dimension n started from x > 0 is the real-valued process
X given by

Xt = ||Bt||,
where ||∆|| denotes the Euclidean norm in Rn and B is an n-dimensional Wiener
process (Brownian motion) with ||B0|| = x. The n-dimensional Bessel process
is the solution to the stochastic differential equation

dXt = dBt +
n− 1

2

dt

Xt
(1.2)

where Z is a 1-dimensional Brownian motion. Note that this SDE makes sense
for any real parameter n. Therefore we can define Bessel processes in any
dimension to be the solution to (1.2).

Consider z ∈ H with z 6= 0. Let gt be a chordal SLE(κ) with driving process
Wt = −

√
κBt, where the minus sign is for convenience. Define the precesses

Ẑt = gt(z)−Wt, Zt = Ẑt/
√
κ.

By Loewner equation, these processes have Ito differentials

dẐt =
2

Ẑt
dt+

√
κdBt, dZt =

2/κ

Zt
dt+ dBt

respectively. Therefore (Zt)t∈[0,T ), where T is the maximal time such that
the solution exists and is positive for any t ∈ [0, T ), could be called as a
δ(κ)−dimensional complex Bessel process started from z√

κ
, where δ(κ) = 1+ 4

κ ∈
(1,∞).

In the next proposition, we list some properties of (real-valued) Bessel pro-
cesses.
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Proposition 1.5. Let δ ∈ R and let (Xt)t∈[0,T ) be a δ−dimensional Bessel
process started from x > 0, that is, (Xt)t∈[0,T ) is the unique solution of

dXt =
δ − 1

2Xt
dt+ dBt, X0 = x.

Then for x, y ∈ (0,∞), x < y,

1. P[T <∞] = 1 if and only if δ < 2,

2. P[T =∞] = 1 if and only if δ ≥ 2,

3. P[ inf
0≤t<T

Xt > 0] = 1 if and only if δ ≥ 2,

4. P[ lim
t→T

Xt = 0] = 1 when δ < 2.

Remark 1.6. As we saw earlier, the Euclidean norm of a d−dimensional Brown-
ian motion is a d−dimensional Bessel process. By this proposition, when d ≥ 2,
the Brownian motion of dimension d won’t hit the origin. In the case d = 2, the
Brownian motion can get arbitrarily close to zero, but doesn’t hit it in finite
time.

Proof. These claims can be proven using the fact that for δ−dimensional Bessel
process (Xt)t∈[0,T ), the process Mt = X2−δ

t when δ 6= 2 or Mt = logXt when
δ = 2 is a local martingale for t < T . Since, by Ito’s formula, when δ = 2,

dMt = d logXt =
dXt

Xt
− 1

2X2
t

d〈X〉t

=
dt/2Xt + dBt

Xt
− 1

2X2
t

dt

=
dBt
Xt

,

and when δ 6= 2

dMt = dX2−δ
t = (2− δ)(Xt)

1−δdXt +
(2− δ)(1− δ)

2Xδ
t

d〈X〉t

=
(2− δ)(δ − 1)

2Xδ
t

dt+ (2− δ)(Xt)
1−δdBt +

(2− δ)(1− δ)
2Xδ

t

dt

= (2− δ)(Xt)
1−δdBt.

Notice that Bessel processes are scale invariant so that they satisfy Brownian

scaling λXt/λ2
d
= Xt for all λ > 0.

For t < T, notice that Xt − Bt = x + δ−1
2

∫ t
0
X−1
s ds. Since Xs > 0 for all

s ∈ [0, T ), it follows that {
Xt ≥ Bt when δ ≥ 1
Xt ≤ Bt when δ ≤ 1

(1.3)

For a ∈ (0, x), b ∈ (x,∞), c ∈ (0, x) ∪ (x,∞), let τc = inf{[0, T ) : Xt = c} and
τa,b = τa ∧ τb. Define also τ0 = lim

a→0
τa and τ0,b = lim

a→0
τa,b which exist since
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they are decreasing functions of a. By the comparaison inequalities (1.3), we
can show that for any a ∈ [0, x) and b ∈ (x,∞), the stopping time τa,b is finite
almost surely. For exemple, when δ ≥ 1, τa,b is bounded from above by the
almost surely finite time that the Brownian motion hits b. The same argument
works for δ < 1.

Since (Mt∧τa,b)t≥0 is a bounded martingale and τa,b is an almost surely finite
stopping time, by the optional stopping theorem,

f(x) = f(a)P[Xτa,b = a] + f(b)P[Xτa,b = b],

where f(x) = x2−δ when δ 6= 2 and f(x) = − log(x) when δ = 2. Then the
expression for the exiting time

P[τa = τa,b] =
f(x)− f(b)

f(a)− f(b)

leads to the following conclusions:

• When δ < 2 (κ > 4), lim
a→0

f(a) = 0. Thus

P[τ0 = τ0,b] = 1− f(x)

f(b)
> 0.

Notice that τ0 = T. Thus

P[T <∞] = lim
b→∞

P[τ0 = τ0,b] = 1.

• When δ < 2 (κ < 4), then choose rn > 1 such that P[τrnx = τ0,rnx] = 2−n.
Then by scale invariance and the Markov property of the Bessel process,

P[Xt ≥ n−1 for some t > τn−1r−1
n

] = P[τrnx = τ0,rnx, x = n−1r−1
n ] = 2−n

for all n ∈ Z+ such that n−1r−1
n < x. Consequently lim supt→T Xt = 0.

• When δ ≥ 2(κ ≤ 4), lim
a→0

f(a) =∞, thus

P[τ0 = τ0,b] = 0.

It is then possible to argue that almost surely, τ0,b = τb tends to ∞ as
b → ∞, since there is no blow-up of the solution in finite time by the
uniqueness and existence theorem of SDEs. This shows that T = τ0 =∞
almost surely.

• When δ > 2, since almost surely

lim
b→∞

τb =∞ and lim
b→∞

f(b) = 0,

it holds that

P[τ2−n <∞] = f(x)/f(2−n) = x2−δ2−(δ−2)n

for any n ∈ Z+ such that 2−n < x, which is summable over n. Thus by
Borel-Cantelli lemma,

inf
t≥0

Xt > 0 almost surely.

All the claims follows evidently.
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1.2.2 Transience

We will show in this subsection that a chordal SLE(κ) curve γ is transient, in
the sense that |γ(t)| → ∞ as t → ∞. In particular, γ[0,∞) = γ[0,∞) when γ
is transient.

Lemma 1.7. When 0 < κ ≤ 4, P[dist(γ[0,∞), [x, x′]) > 0] = 1 for any 0 < x <
x′ or x < x′ < 0.

Proof. Suppose first that κ ∈ (0, 4). By symmetry and scale invariance of
SLE(κ), it is enough to show that P(dist(γ[0,∞), [1, x]) > 0) = 1 for all x > 1.
Let 0 < δ < 1/4 and define σδ = inf{t ≥ 0 : dist(γ(t), [1, x]) ≤ δ}. Let us con-
sider the event σδ <∞. Let Rσδ be the union of the right-hand side of γ[0, σδ]
and [0, 1/2] and h(z) be the bounded harmonic function on Hσδ = H \ γ[0, σδ]
that has boundary value 1 on Rσδ and 0 elsewhere. By conformal invari-
ance of harmonic functions, after applying the conformal map ϕ ◦ gσδ where

ϕ : z 7→ z−gσδ (1/2)

z+gσδ (1/2) maps H conformally onto the unit disc which sends gσδ(iy)

to 0, we see that for y > 0, h(iy) has the expression

h(iy) =
1

2π
|arg

gσδ(1/2)− gσδ(iy)

gσδ(1/2) + gσδ(iy)
− arg

Wσδ − gσδ(iy)

Wσδ + gσδ(iy)
|

=
1

2π
|arg

gσδ(1/2)/y − i+O(1/y2)

gσδ(1/2)/y + i+O(1/y2)
− arg

Wσδ/y − i+O(1/y2)

Wσδ/y + i+O(1/y2)
|

=
1

πy
(gσδ(1/2)−Wσδ) +O(

1

y2
)

as y →∞ since g(iy) = iy +O(1/y).
On the other hand, we can write the harmonic measure h(iy) as the proba-

bility that a Brownian motion started from iy exits Hσδ through Rσδ . On this
event the Brownian motion has to intersect the vertical line connecting [1, x]
to γ(σδ). Let x0 = Reγ(σδ). Then the probability that a complex Brownian
motion started from iy will hit the right-hand side of the segment [x0, x0 + iδ]
before hitting the left-hand side of γ[0, σδ] or real axis, which is less than the
probability that a complex Brownian motion started from iy hit the segment
[x0, x0 + iδ] before hitting real axis is O( δy ) as y → ∞. This can be derived
similarly as above by mapping to the unit disc.

Using the latter harmonic measure as an upper bound for the former one, we
conclude that gσδ −Wσδ = O(δ) uniformly almost surely. Because the infimum
of Bessel process is positive a.s., there exists a positive random variable δ0 such
that σδ =∞ for all δ ∈ (0, δ0). The claim follows for κ ∈ (0, 4).

For κ = 4, the above proof does not apply since the infimum of Bessel
process with corresponding dimension 2 is zero. Let us handle this differently.
Let 0 < y < x < ∞ and let γ(t) denote the complex conjugate of γ(t), and
set Dt := C \ (γ[0, t] ∪ γ[0, t] ∪ (−∞, y]). Using Schwarz reflection, gt can be
conformally extended to Dt. Note that gt(Dt) = C \ (−∞, gt(y)]. By the Koebe
quarter theorem applied to g−1

t , the distance from x to ∂Dt is at least 1
4 (gt(x)−

gt(y))/g′t(x). Consequently, it suffices to show that a.s.

sup
t≥0

g′t(x)/(gt(x)− gt(y)) <∞.
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Set Q(t) = Qx,y(t) := log g′t(x)− log(gt(x)− gt(y)). Then it reduces to verifying
that sup

t≥0
Q(t) <∞. The time derivative of Q i.s

∂tQ(t) = −2Yx(t)−2 + 2Yx(t)−1Yy(t)−1.

Since Yx(t) ≥ Yy(t) for all t ≥ 0, Q(t) is increasing in t. Define

G(s) := log s log(1 + s)− 1

2
log2(1 + s) + Li2(−s),

where Li2(z) =
∫ 0

z
s−1 log(1− s)ds. G satisfies that

G′(s) =
log s

1 + s
− log(1 + s)

1 + s
,

G′′(s) = 1/s(1 + s)2 − log s

(1 + s)2
+

log(1 + s)

(1 + s)2
.

Also G satisfies
s(1 + s)2G′′(s) + s(1 + s)G′(s) = 1.

exo: Q(t)−Gt is a local martingale, where

Gt := G(
gt(x)− gt(y)

gt(y)− ξ(t)
)

Consequently, there is an increasing sequence of stopping times tn tending to
∞ a.s. such that E[Q(tn)] = E[Gtn ] +Q(0)−G0. Since sup{G(x) : x > 0} <∞,

lim sup
n→∞

E[Q(tn)] <∞.

Because Q is increasing in t, it follows that E[suptQ(t)] < ∞ and hence
suptQ(t) <∞ a.s., which completes the proof.

Lemma 1.8. Suppose that κ > 4, κ 6= 8, and let t > 0. Then a.s. there is ε > 0
such that {z ∈ H : |z| < ε} ⊂ Kt.

Proof. It is sufficient to show that there exists t > 0 such that

δ := P[0 /∈ Ht] > 0.

Since by conformal invariance, δ does not depend on t, and these events {0 /∈ Ht}
are monotone in t, it follows that

P[∀t > 0, 0 /∈ Ht] = δ.

Then Blumenthal’s 0 − 1 law gives that δ = 1. The detailed proof is omitted
here, see [RS03]

Theorem 1.9 (Transience). For all κ > 0, the SLE(κ) trace γ(t) is transient
a.s. That is,

P[lim inf
t→∞

|γ(t)| =∞] = 1.
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Proof. Let T1 = inf{t ≥ 0 : |γ(t)| = 1}. First consider the case κ ∈ [0, 4]. In
this range, γ is a simple path. Then a.s. there are two limit points x−, x+ for
gT1

(z) as z → 0 in H1. Note that gT1
(γ[T1,∞)) has the same distribution as

γ[0,∞) translated by WT1 . Almost surely, the distance from the SLE(κ) curve
gT1(γ[T1,∞))−WT1 to [−n,− 1

n ] ∪ [ 1
n , n] is positive for all n ∈ N. Hence it will

stay as a positive distance from x− and x+, which means that 0 /∈ γ[T1,∞)
a.s. Consequently, there exists a random variable r > 0 such that |γ(t)| ≥ r for
all t ≥ T1. Combined with scaling invariance and Borel-Cantelli lemma, we can
construct a sequence of random variables 0 < R1 < R2 < ... such that Rk →∞
almost surely and γ doesn’t enter B(0, Rk−1) after hitting ∂B(0, Rk).

Now suppose that κ > 4. There is a random variable r > 0 such that
{z ∈ H : |z| < r} ⊂ K1. The scaling property of SLE shows that

P[{z ∈ H : |z| < r
√
T1} ⊂ KT1

] = P[{z ∈ H : |z| < r} ⊂ K1] = 1.

Now let the random radius be r
√
T1 and the same argument as in the case

κ ∈ [0, 4] gives the transience.

1.2.3 Phases of SLE

The next theorem summarizes the important facts on random curve γ.

Theorem 1.10. Let the random curve γ : [0,∞)→ H be SLE(κ). Then

• For all 0 < κ ≤ 4, γ is simple and γ(0,∞) ∩ R = ∅.

• For all 4 < κ < 8, γ is not simple. In fact, it is not simple on any interval:
for any 0 ≤ t1 < t2, there exists t1 < s1 < s2 < t2 such that γ(s1) = γ(s2).
However, γ is not space-filling: for any z ∈ H, dist(z, γ[0,∞)) > 0 or
equivalently z /∈ γ[0,∞) almost surely.

• For all κ ≥ 8, γ is not simple on any interval. Moreover, γ is space-filling:
z ∈ γ[0,∞) almost surely.

We will first show that γ is simple for κ ∈ (0, 4] and non-simple curve for
κ ∈ (4,∞). Remember that z ∈ Kt if and only if τ(z) ≤ t, where τ(z) is the
maximal time such that the solution of Loewner equation with initial value z
exists. Notice also that for 0 < x1 < x2 or for x2 < x1 < 0, it holds that
Wt < gt(x1) < gt(x2) or gt(x2) < gt(x1) < Wt for all 0 < t < τ(x1) ∧ τ(x2) and
consequently, τ(x1) < τ(x2).

Now we use the fact that for all x ∈ R\{0}, the processXt = (gt(x)−Wt)/
√
κ

is a Bessel process of dimension δ = 1 + 4
κ . Proposition 1.5 applied to Xt shows

that P[τ(x) <∞] = 1 when κ > 4 and 0 when κ ∈ (0, 4).

proof: phase transition from simple to non-simple at κ = 4. Let s > 0 and let
x− and x+ be the two images of 0 under the map gs −Ws. By Proposition
1.5 and conformal Markov property, γ̂(t) = gs(γ(s + t)) −Ws, t ≥ 0, intersect
the real axis only at 0. In particular it doesn’t intersect [x−, 0) ∪ (0, x+]. Since
fs = g−1

s is continuous to the boundary by Caratheodory principle (since the
tip of γ can be identified with a prime end of the unbounded component), this
implies that

γ[0, s] ∩ γ[s,∞) = {γ(s)}

10



almost surely. In fact, we can show that this holds almost surely for all s by
taking the intersection on all rationals and then by continuity to all s. Thus γ
is simple.

Let’s then show that SLE(κ), κ > 4, is not simple on any interval. Suppose
on the contrary tha SLE(κ), κ > 4, is simple. Since τ(1) is finite almost surely,
for fixed t > 0, by scaling P[τ(x) ≤ t]→ 1 as x > 0 tends to 0. Therefore for all
t > 0 and x > 0

P[γ[0, t] ∩ (0, x] 6= ∅] = 1.

For any 0 ≤ t1 < u < t2. Let x̂− ≤ 0 ≤ x̂+ be such that the image of γ[t1, u]
under gu − Wu is [x̂−, x̂+]. Then by domain Markov property we can find
u < s2 < t2 such that gu(γ(t2))−Wu ∈ [x̂−, 0) ∪ (0, x̂+]. Therefore there exists
t1 ≤ s1 < u such that γ(s1) = γ(s2), which leads to a contradiction.

Then we study the phase transition at κ = 8 by analyzing the distance
from z to γ[0, τ(z)) or γ[0,∞). To do so, we first need a conformally covariant
1 version of the distance to the boundary. For any simply connected domain
U ⊂ C, U 6= C, and for any point z0 ∈ U , let ψ be the unique conformal map
from U onto D such that ψ(z0) = 0 and ψ′(z0) > 0. Then the conformal radius
of U from z0 is defined as

ρ(z0, U) = ψ′(z0)−1.

The conformal radius is proportional to the radius by Koebe quarter Theorem,

1

4
ρ(z0, U) ≤ dist(z0, ∂U) ≤ ρ(z0, U).

For any fixed z0 ∈ H, let Zt = gt(z0) −Wt, t ∈ [0, τ(z0)) and let Xt and Yt be
the real and imaginary parts of Zt respectively, and let Wt = −Bt. Since the

conformal map from Ht = H\Kt normalized at z0 is ψ(z) = eiθ gt(z)−gt(z0)

gt(z)−gt(z0)
such

that ψ′(z0) > 0, the conformal radius of Ht from z0 is equal to

ρ(z0, Ht) = |ψ′(z0)|−1 =
|gt(z0)− gt(z0)|
|g′t(z0)|

=
2Yt
g′t(z0)

when t < τ(z0). The proportionality to the inradius implies that

1

2
dist(z0,R ∪ γ[0,∞)) ≤ lim

t↑τ(z0)

Yt
g′t(z0)

≤ 2dist(z0,R ∪ γ[0,∞)).

By taking the real and imaginary parts on both sides of Loewner equation, it
follows that

dXt =
2Xt

X2
t + Y 2

t

dt+
√
κdBt (1.4)

dYt = − 2Yt
X2
t + Y 2

t

dt (1.5)

d logZt = (2− κ/2)
dt

Z2
t

+
√
κ
dBt
Zt

(1.6)

∂t log |g′t(z)| =
1

2
∂t log g′t(z) · g′t(z) = −2

X2
t − Y 2

t

(X2
t + Y 2

t )2
(1.7)

1Conformally covariant here means that the transformation rule under conformal maps is
simple

11



Using (1.5) and (1.7) write that

∂t log ρ(z0, Ht) = ∂t log
2Yt
|g′t(z)|

= −4
Y 2
t

(X2
t + Y 2

t )−2
.

Define

S(t) := log ρ(z0,H)− log ρ(z0,Ht) = 4

∫ t

0

Y 2
s

(X2
s + Y 2

s )2
ds,

then it follows that
ρ(z0, Ht) = 2y0 exp(−S(t)),

where y0 = Imz0.

phase transition from non-space-filling to space-filling at κ = 8. Define a time change
using S(t) and set σ(s) = S−1(s). Write at = 2Yt

X2
t+Y 2

t
and define σ(s) = inf{t ≥

0 : S(t) ≥ s}. (1.6) gives that

dθt = (κ− 4)XtYt
dt

(X2
t + Y 2

t )2
−
√
κ

Yt
X2
t + Y 2

t

dBt.

Define the Brownian motion after time change B̃s = −
∫ σ(s)

0
atdBt. We use the

definition θ̂s = 2θσ(s), then

dθ̂s = 2d

∫ σ(s)

0

dθt

= d(

∫ σ(s)

0

(κ− 4)
XtYtdt

(X2
t + Y 2

t )2
−
√
κ

∫ σ(s)

0

atdBt)

= d(

∫ s

0

(κ− 4)
Xσ(r)dr

2Yσ(r)
+
√
κ

∫ s

0

dB̃r)

=
κ− 4

2
cot(θ̃s/2)ds+

√
κdB̂s

where θt := argZt, and
ρ(z0, Hσ(s)) = 2y0y

−s

The solution to this stochastic equation exists, independent of the radius of the
initial point and is unique until the exit time from interval (0, 2π)

τ̂ = sup{s ≥ 0 : θ̂u ∈ (0, 2π) for all u ∈ [0, s]}.

If τ̂ is finite, then lim
t→τ̂

θ̂t exists and belongs to {0, 2π}. Since θt ∈ (0, π) for all

t < τ(z0) (the flow is invertible, so R has preimage in Kt ∪ R), we have that
S(t) < τ̂ for all t < τ(z0) and

S(τ(z0)) := lim
t→τ(z0)

S(t) ≤ τ̂ .

We can compare θ̂s to Bessel processes asymptotically when θ̂s ≈ 0 or θ̂s ≈
2π. Namely, cot(θ̂s/2) is close to θ̂s/2 or 2/(2π − θ̂s) respectively. Then the
corresponding Bessel process has dimension δ = (3κ − 8)/κ. This implies that
τ̂ is almost surely finite for κ < 8 and almost surely infinite for κ ≥ 8.
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When κ < 8, for any z ∈ H, almost surely

0 < dist(z,K−τ(z)) ≤ dist(z, γ[0, τ(z)))

, where K−τ(z) := ∪ε>0Kτ(z)−ε. By Markov property applied to stopping time

τ(z), γ[τ(z),∞) is SLE(κ) in domain H \ Kτ(z), independent of γ[0, τ(z)),

dist(z, γ) = dist(z, γ[0, τ(z))) > 0, which means γ is not space-filling.
When κ ≥ 8, since almost surely γ is transient and we will show later that

S(τ(z0)) = τ̂ =∞ for SLE(κ), γ is space-filling a.s..

Remark 1.11. The proof above implies that when κ < 8, for any z ∈ H almost
surely dist(z, γ[0, τ(z))) > 0, since lim

t→τ(z0)
ρ(z0, Ht) = lim

t→τ(z0)
2y0 exp(−S(t)) =

2y0 exp(−τ̂) and τ̂ <∞ for κ < 8.

Lemma 1.12. Let z ∈ H and γ be a SLE(κ) curve. Let (gt)t≥0 be the Loewner
chain corresponding to γ with driving term (Wt)t≥0. Then

lim
t→τ(z)

θt ∈ {0, π} and Sτ(z) = τ̂ .

Proof. First, we claim that if lim
t→τ(z)

arg(gt(z)−Wt) ∈ {0, π}, then τ̂ ≤ S(τ(z)),

which implies that Sτ(z) = τ̂ . If κ ∈ (0, 4], τ(z) = inf . Let r = |z| and R > r.
By the transience, there exists s > 0 such that |γ(t)| ≥ R for all t ≥ s. By
symmetry, we can suppose that z is to the right of γ[0, s] in the sense that z
can be connected by a path in (H\γ[0, s])∩B(0, r) to the ”right side” of γ[0, s].
Notice that then z is to the right of γ[0, t] in the same sense for all t ≥ s.

Denote by Lt the union of R<0 and the ”left side” of γ[0, t]. We can write
using the harmonic measure arg(gt(z) −Wt) = πHM(z, Lt,H \ γ(0, t]). By the
weak-Beurling estimate of harmonic measure

0 ≤ arg(gt(z)−Wt) ≤ C(
r

R
)α

with some universal constants C > 0 and α > 0. The claim follows by taking R
to ∞. When z is to the left of γ[0, s], the same proof gives that lim

t→∞
arg(gt(z)−

Wt) = π.
When κ ∈ (4, 8), τ(z) < ∞ and dist(z, γ[0, τ(z)]) > 0. When z is to the

right of γ[0, τ(z)], then the harmonic measure of the union of R<0 and the left-
hand side of γ[0, t] tends to zero as t → τ(z). Similarly when z is to the left of
γ[0, τ(z)].

When κ ∈ (8,∞), if it would happen that S(τ(z)) < ∞, then by the above
argument lim

t→τ(z)
θt ∈ {0, π} and therefore τ̂ ≤ S(τ(z)) < ∞, which would lead

to a contradiction.

1.2.4 Upper bounds of dimensions

Recall the time change in the previous section. The notion (U)z0 is used for the
connected component of z0 in U .

Proposition 1.13. For all κ, ρ(z0, (H \ γ(0,∞))z0) = 2y0e
−τ̂ .
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In this part, we will write z0 = r exp(iθ̂0/2), r > 0, θ̂0 ∈ [0, 2π]. Define

F (θ̂0, u) := P[ρ(z0,H \ γ(0,∞)) ≤ 2y0e
−u] = P[τ̂ ≥ u].

Its conditional version given F̂s = Fσ(s), can be written in the form

P[τ̂ ≥ u|F̂s] = F (θ̂s, u− s) (1.8)

by the conformal Markov property of SLE(κ). The left-hand side of (3.4) is a
martingale with respect to s. Therefore F satisfies, provided F is smooth,

∂F

∂t
= LF

P[γ[0,∞) ∩B(z0, r) 6= ∅] � (
r

Imz0
)λ sin(argz0)β (1.9)

where A � B means that there exists positive constants c1 and c2 such that
c1B ≤ A ≤ c2B.

For a non-empty bounded Borel set K ⊂ C, let Nε be the number of sets
of form [(j − 1)ε, jε] × [(k − 1)ε, kε] that intersect K, where (j, k) ∈ Z2. The
upper and lower box-counting dimensions (or Minkowski) dimensions are defined
respectively as

dimM (K) = lim sup
ε↓0

logNε

log 1
ε

,dimM (K) = lim inf
ε↓0

logNε

log 1
ε

.

If the upper and lower limits are equal, then lim
ε↓0

(logNε)/(log 1
ε ) exists and is

called the box-counting dimension. It always holds that the (upper and lower)
box-counting dimension is not less than the Hausdorff dimension of K. Hence
any upper bound for the box-counting dimension is an upper bound for the
Hausdorff dimension.

Return to our case SLE(κ) curve, 0 < κ < 8. By (1.9), there exists some
C > 0 and λ > 0,

P[γ[0,∞) ∩B(z0, r) 6= ∅] ≤ C(
r

Imz0
)λ

for any z0 ∈ H and r > 0. If γ[0,∞) intersects the box Rj,k := [(j −
1)2−n, j2−n]× [(k−1)2−n, k2−n], then dist((j− 1

2 )2−n+ i(k− 1
2 )2−n, γ[0,∞)) <

2−n−
1
2 . Hence

EN2−n =
∑

−2n<j≤2n,0<k≤2n

P[γ[0,∞) ∩Rj,k 6= ∅]

≤ const2−nλ
∑

−2n<j≤2n,0<k≤2n

(k − 1

2
)−λ

≤ const2(2−λ)n

where the constant depends only on C and λ.
By Chebyshev inequality, for each δ > 0,

P[N2−n ≥ 2(2−λ+δ)n] ≤ const2−δn.
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Since these probabilities are summable over n, by Borel-Cantelli lemma,
there exists a random integer n0(δ) such that N2−n < 2(2−λ+δ)n for n > n0(δ).
Thus

lim sup
n→∞

(logN2−n)/(n log 2) ≤ 2− λ+ δ.

Since δ is arbitrary and ε 7→ Nε is non-decreasing,

lim sup
ε↓0

(logNε)/(log
1

ε
) ≤ 2− λ.

Therefore, the upper box-counting dimension is at most 2 − λ = 1 + κ
8 . Thus

we have shown

dimM (([−1, 1]× [0, 1]) ∩ γ[0,∞)) ≤ 1 +
κ

8
,

which implies that dimH(γ[0,∞)) ≤ 1 + κ
8 .

1.2.5 Phase transition of τ(z) at κ = 4

We will investigate in this subsection whether τ(z) is finite or infinite, that is,
whether or not z belongs to ∪t≥0Kt.

Proposition 1.14. Let Zt = gt(z)−WtWhen κ > 4, for any z ∈ H, τ(z) <∞
almost surely. And when κ ∈ (0, 4], for any z ∈ H, τ(z) =∞ almost surely.

Remark 1.15. In fact, in range κ > 4, combined with the transience, a stronger
statement that a.s. for all z ∈ H, τ(z) <∞ holds as well.

Proof. Let Zt = gt(z)−Wt, z ∈ H and BR = {z ∈ C : |z| < R}. Denote by σR
the exit time of (Zt)t≥0 from BR, σR ≤ τ(z). First, we will show that σR <∞
almost surely for all κ.

To see this, let Xt = ReZt and write

dXt =
√
κBt +

2Xt

|Zt|2
.

For each k ∈ Z≥0 and R > 0, let Ek,R be the event that

min
t∈[k,k+1]

Wt ≤Wk+1 −R or max
t∈[k,k+1]

Wt ≥Wk+1 +R.

On the event Ek,R, denote by ηk,R the maximal s such that |Ws −Wk+1| = R.
By reflection symmetry, the distribution of (Bt : t > ηk,R) is the same as that
of (2Bηk,R −Bt : t > ηk,R). It is not hard to see that

P[Wηk,R −Wk+1 = m1R,m2Xηk,R ≥ 0|Ek,R] (1.10)

=P[Wηk,R −Wk+1 = m1R|Ek,R]P[m2Xηk,R ≥ 0|Ek,R] (1.11)

=
1

2
P[m2Xηk,R ≥ 0|Ek,R] (1.12)

for all m1,m2 = ±1. Also by Markov property Ek,R is independent of σ(Bt :
t ≤ k),

P[Ek,R] = P[E1,R] > 0
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for all k and R. Notice that all events Ek,R, k ∈ Z≥0 are independent and∑
k∈Z≥0

P[Ek,R] =∞, thus by the Borel-Cantelli lemma,

P[∩∞n=0 ∪∞k=n Ek,R] = 1.

We claim that the conditional probability of σR ≤ k + 1 given Ek,R is at
least 1

2 . Again by Borel-Cantelli, σR <∞, a.s. If τ(z) ≤ k+ 1, then σR ≤ k+ 1.
If τ(z) > k+ 1 and either one of the events E+ = Wk+1−Wηk,R = R,Xηk,R ≤ 0
or E− = Wk+1 −Wηk,R = −R,Xηk,R ≥ 0 occurs, then

|Xk+1| = |Xηk,R + 2

∫ k+1

ηk,R

Xt|Zt|−2dt− (Wk+1 −Wηk,R)| ≥ R

since on E+ we have Wt −Wηk,R > 0 and on E− we have Wt −Wηk,R < 0 for
all t ∈ [ηk,R, k + 1]. It follows that the probability of σR ≤ k + 1 given Ek,R is
at least 1

2 by (1.10).

Next notice that when κ > 4, Z
1−4/κ
t is a local martingale, in the sense

that its real and imaginary parts are all local martingales. Let α = 1 − 4
κ and

µ = eiπ(1−α)/2, then h(z) = Im(µzα) is a positive function on H \ {0} and there
exists a constant c ∈ (0, 1) such that c|z|α ≤ h(z) ≤ |z|α for all z ∈ H. Moreover
h(Zt) is a real-valued local martingale.

If we apply the optional stopping theorem to bounded martingale h(Zt∧σR)
and the stopping time σR, which is almost surely finite, then

h(z) = E[h(Zσ)|σR < τ(z)]P[σR < τ(z)].

Therefore P[σR < τ(z)] ≤ c−1( |z|R )α. Thus

P[τ(z) <∞] ≥ 1− P[σR < τ(z)] ≥ 1− c−1(
|z|
R

)α.

Since R is chosen arbitrarily, it follows that P[τ(z) <∞] = 1.
When κ ∈ (0, 4], for all z ∈ H, almost surely, Kt = γ[0, t] and dist(z, γ[0, τ(z))) >

0, therefore τ(z) =∞.

2 Continuity properties of Loewner chains

In this part, we study regularity properties of curves in the half-plane capacity
parametrization and their convergence with respect to the uniform norm on
compact time intervals. When we consider random curves, we are interested, in
probability theoretic sense, in so called weak convergence of probability measures
or equivalently convergence of random curves in distribution with respect to the
above topology.

First we state the geometric description of Caratheodory convergence of a
sequence of compact sets.

Theorem 2.1 (Carathéodory kernel theorem). For a given point z0 and a se-
quence of simply connected domains (Ωn)n∈Z>0

such that z0 ∈ Ωn 6= C, define
conformal and onto maps φn : D → Ωn such that φn(0) = z0 and φ′n(0) > 0.
Then the uniform convergence of (φn)n∈Z>0

is equivalent to the kernel conver-
gence of Ωn → Ω as n→∞ with respect to z0 in the sense that
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• either Ω = {z0} or Ω is a domain 6= C with z0 ∈ Ω such that every z ∈ Ω
has a neighborhood that lies in Ωn for large enough n.

• for each z ∈ ∂U there is a sequence zn in ∂Ωn such that zn → z as n→∞.

2.1 Continuity properties of W 7→ f and W 7→ g

Lemma 2.2. For each δ > 0 and T > 0, there exists a constant C(T, δ) such
that the following holds. Let gk(t, z), k = 1, 2 be the solutions of Loewner equa-
tion ∂

∂tg(t, z) = 2
g(t,z)−W (t)with continuous driving terms (Wk(t))t∈[0,T ], k = 1, 2

respectively. Then

g1(T, z1)− g2(T, z2) ≤ C(T, δ)(||W1 −W2||∞, [0, T ] + |z1 − z2|)

for any z1, z2 such that Imgk(T, zk) > δ > 0, k = 1, 2.

Proof. Fix δ > 0, T > 0 and zk ∈ H, k = 1, 2, such that Imzk > δ, k = 1, 2. Let
gk(t, z), k = 1, 2 be the solutions of reverse Loewner equation with continuous
driving terms (Wk(t))t∈[0,T ], which we also consider to be fixed. Write ϕ(t) =
g1(t, z1)− g2(t, z2). Then

∂ϕ(t) = ζ(t)(ϕ(t)−D(t)),

where ζ(t) = − 2
(g1(t,z1)−W1(t))(g2(t,z2)−W2(t)) and D(t) = W1(t)−W2(t). We can

also write ∂t(e
−

∫ t
0
ζ(s)dsΨ(t)) = −ζ(t)e−

∫ t
0
ζ(s)dsD(t). Hence

ϕ(t) = e
∫ t
0
ζ(s)dsϕ(0)−

∫ t

0

ζ(u)e
∫ t
u
ζ(s)dsD(u)du.

We find using |e
∫ t
0
ζ(s)ds| ≤ e

∫ t
0
|ζ(s)|ds that

|
∫ t

0

ζ(u)e
∫ t
u
ζ(s)dsD(u)du| ≤ ‖D‖∞,[0,T ]

∫ t

0

|ζ(u)|e
∫ t
u
|ζ(s)|dsdu

= ‖D‖∞,[0,T ](e
∫ t
0
|ζ(s)|ds − 1).

By Cauchy-Schwarz inequality,∫ t

0

|ζ(s)|ds ≤
√
I1I2,

where Ik =
∫ t

0
2ds

|gk(s,zk)−Wk(s)|2 , k = 1, 2. On the other hand,

∂t log Imgk(t, zk) =
2dt

|gk(t, zk)−Wk(t)|2

and therefore Ik = log Imzk
Imgk(t,zk) ≤ log Imzk

max{δ,
√

((Imzk)2−4t)+}
. Here we used the

upper bound ∂tImgk(t, zk) ≥ −2(Imgk(t, zk))−1 to derive an lower bound for
Imgk(t, zk). Thus from the bounds above, we establish the bound

|Ψ(t)| ≤ log
Imzk

max{δ,
√

((Imzk)2 − 4t)+}
|Ψ(0)|+ (log

Imzk

max{δ,
√

((Imzk)2 − 4t)+}
− 1)‖D‖∞,[0,T ]

≤ C(T, δ)(|z1 − z2|+ ‖W1 −W2‖∞,[0,T ])
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Let f to be the inverse of g defined on [0, T ]×H for any T > 0. The above
lemma gives the continuous dependency of solutions of Loewner equations on
the driving term (i.e. continuity of the mappings W 7→ f and W 7→ g).

Proposition 2.3. The mappings W 7→ f is continuous with respect to the
convergence in the Caratheodory sense. More specifically, for any compact G ⊂
H, there exists a constant C > 0 such that if fk, k = 1, 2 are two (inverse)
Loewner chains, then

‖f1 − f2‖∞,[0,T ]×G ≤ C‖W1 −W2‖∞,[0,T ]

Proposition 2.4. Let K0 be a hull and G ⊂ H \ K0 be a compact set. Then
there exists a constant C > 0 such that if gk, k = 1, 2 are two Loewner chains
such that Kk(T ) ⊂ K0 for k = 1, 2, then

‖g1 − g2‖∞,[0,T ]×G ≤ C‖W1 −W2‖∞,[0,T ].

2.2 Continuity of γ 7→ g

The mapping from (γ(t))t∈[0,T ′] to g(T ′, ·) for any fixed T ′ is continuous by
Theorem 2.1 with respect to the convergence in the Caratheodory sense. Let us
extend this to continuity of the mapping (γ(t))t∈[0,T ′] to (g(t, ·))t∈[0,T ′] by an
argument using compactness.

Proposition 2.5. The mapping γ 7→ g is continuous with respect to the con-
vergence in Caratheodory sense.

Proof. Assume that there are ε > 0, γ, γn, tn ∈ [0, T ′] and zn ∈ G, where G is
any compact set in H such that γn converges to γ uniformly on [0, T ′] but

lim inf
n
|gn(tn, zn)− g(tn, zn)| > ε.

By compactness we can suppose that tn, zn converge to t ∈ [0, T ]′ and z re-
spectively as n → ∞. By local uniform convergence of curves and absolute
continuity of γ in a compact interval, (γn(t))t∈[0,tn] converges to (γ(t))t∈[0,t]

with respect to Hausdorff topology. Specially, gn(tn, ·) converges to g(t, ·) and
g(tn, ·) converges to g(t, ·) as n→∞. Therefore lim

n→∞
|gn(tn, zn)− g(tn, zn)| = 0

(along a subsequence), which leads to a contradiction.

Combined with the continuous dependency of the solution of Loewner equa-
tion , we have

Corollary 2.6. Suppose that γn is a sequence of curves and Wn are their corre-
sponding driving terms. If γn tends to γ and Wn tends to W uniformly on [0, T ]
as n → ∞, then γ is driven by W , that is, the Loewner chain g of γ satisfies
the Loewner equation with driving term W .

Proof. Let gn be the Loewner chain corresponding to γn and Wn, both the
convergence of γn and Wn implies the convergence of gn in the Caratheodory
sense. Moreover, the limit is the Loewner chain corresponding to both γ and
W .
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2.3 Continuity of γ 7→ W

Theorem 2.7. Let X ⊂ C([0, T ),C) be the set of curves in the upper half-plane
that generate a Loewner chain. The mapping (γ(t))t∈[0,T ) 7→ (Wt)t∈[0,T ) from
X to C([0, T ),R) is continuous. However, it is not uniformly continuous.

Proof. It is sufficient to verify that for any T ′ ∈ (0, T ) and a sequence γn that
converges to γ in the uniform norm on [0, T ′], the corresponding driving terms
Wn of γn converges to a limit W in the uniform norm on [0, T ′] and γ is driven
by W . Since γn tends to γ, the family γn is equicontinuous on [0, T ′], therefore
the family Wn is equicontinuous on [0, T ′]. It is also uniformly bounded and we
can apply Arzela-Ascoli theorem to find a converging subsequence, whose limit
is denoted by W . By Corollary 2.6, W is the driving term of γ on [0, T ′]. By
taking a sequence T ′n that increases to T, we can suppose that convergence of
Wn. To prove the second claim, let γn be the broken line 0, i, i + 1

n ,
1
2 i + 1

n
parametrized with the half-plane capacity and let γ̃n(t) = −γn(t), i.e. the
reflection with respect to the y−axis. Let the corresponding driving terms be
Wn and W̃n.

There exists c > 0 and T ′ such that the capacity of γn and γ̃n is greater
than T ′ and Wn(T ′) > c and W̃n(T ′) < −c, otherwise γn would be suffi-
ciently close to the y−axis (under half-plane capacity parametrization). Hence
‖γn − γ̃n‖∞,[0,T ′] = 2

n and ‖Wn − W̃n‖∞,[0,T ′] > 2c. This shows that the map
(γ(t))t∈[0,T ) 7→ (Wt)t∈[0,T ) is not uniformly continuous.

3 Convergence of interfaces in site percolation
model

In this section, we establish the convergence of random curves to SLEs in a
specific example case of site percolation model on triangular lattice. Most of
the proofs are based on estimates for this discrete model.

3.1 Definitions

Let Ltri be the triangular lattice, which is an infinite graph such that its faces tile
the plane and the tiling if formed from translates of triangles. Let G = (V,E)
be a subgraph of Ltri. Let p be a parameter and consider a family of random
variables, one for each site of G, taking values in the set {open,closed}. We say
that a site v ∈ V is open or closed depending on the value that random variables
takes. To define the law precisely,

P[v is open] = p, P[v is closed] = 1− p

for each v ∈ V and that these random variables are independent. A prob-
ability space with percolation model can be constructed as a product space
{open,closed}V with a product measure of laws of Bernoulli random variables.
Denote by Pp this probability measure to stress the dependency on the param-
eter.

The model is called the site percolation on G. The closed sites model a
random media and the open sites form cavities through which a fluid can flow.
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Fundamental questions in percolation model are therefore connectivity proper-
ties of the subgraph of open sites. For small values of p, we expect that it is
rare to see large clusters of open sites and that for large p, almost surely there
exists an open infinite cluster in an infinite graph.

We wish to define an exploration process that explores a part of a percolation
configuration. This process will be a simple path on the dual graph of Ltri, which
is a hexagonal lattice, that keeps open sites of Ltri on its left and closed sites
on its right. The type of domain on which we will define the exploration is a
simply-connected domain such that ∂Ωδ 6= ∅ is a path on Lhex for each lattice
mesh δ > 0. Let Ṽ be the set of sites on δLtri that lie inside Ωδ and let V1 be
the set of those v ∈ Ṽ such that the hexagon corresponding to v has at least on
common edge with ∂Ωδ. The set V1 is connected and we can interpret it as a
unique non-self-crossing closed path π (with counterclockwise orieatation). Let
V = Ṽ \V1. The set V is now the one where we are going to put the percolation
configuration. Let a and b be two distinct vertices on ∂Ωδ.

Now if we have defined a percolation configuration on V . To define the
exploration process, pick for both a and b one of the neighboring edges that
cross π and denote the two halves of π as (ab) and (ba). If the boundary
condition is imposed in the way that (ab) is closed and (ba) is open, then the
exploration process is defined to be the unique simple path from a to b on the
hexagonal lattice such that all the hexagons on its right are closed and all on
its left are open.

3.2 Cardy’s formula and conformal invariance

Consider a Jordan domain Ω with four points a, b, c and d on the boundary.
The 5−tuple (Ω, a, b, c, d) with four points a, b, c, d on ∂Ω is called a topological
rectangle. The arc (ab) denotes the counterclockwise arc of ∂Ω from a to b. We
extend this definition to subdomains of the hexagonal lattice δT of mesh size
δ > 0. In this case, we use (Ωδ, aδ, bδ, cδ, dδ) to denote the topological rectan-
gle. In 1992, Langlands, Pouliot and Saint-Aubin observed numerically that
the probability Cδ(Ω, a, b, c, d) of having a path of adjacent open sites between
the boundary arcs (ab) and (cd) of a finite piece of a lattice of mesh size δ
converges as δ → 0 towards a limit which is invariant under conformal map,
that is, it is the same for (Ω, a, b, c, d) and (Ω′, a′, b′, c′, d′) if they are images
of each other by a conformal map. Notice that the existence of such a cross-
ing property can be expressed in terms of properties of a well-chosen interface.
Cardy then proposed an explicit formula for the limit in the same year. In 2001,
Smirnov proved Cardy’s formula rigorously for critical site percolation on tri-
angular lattice, hence rigorously providing a concrete example of a conformally
invariant property of the model. It implies the conformal invariance of crossing
probabilities of the scaling limit in the percolation model.

Set j = e2πi/3. Let T be the equilateral triangle with vertices 1, j and j2.

Theorem 3.1. (Smirnov) Consider a family of topological rectangles (Ωδ, aδ, bδ, cδ, dδ)δ>0

converging to (Ω, a, b, c, d) in the Caratheodory sense. Then

lim
δ→0

P 1
2
[(aδbδ)

Ωδ←→ (cδdδ)] = x.

where d is mapped to x+ j2(1− x) by the conformal map from Ω to T mapping
a to 1, b to j and c to j2.
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Before we dive into the proof of Cardy’s formula, let us first highlight the
connection between site percolation on triangular lattice and the so-called loop
O(1) model on hexagonal lattice. A loop configuration on a domain Ω is a
collection of non intersecting loops. Equivalently, it is an even subgraph of Ω, i.e.
a graph with even degree everywhere. We denote the set of loop configurations
by E∅Ω. Each percolation configuration can be seen as a loop configuration by
considering all the edges separating two faces with different colors. We can
therefore associate a percolation configuration in Ω with a loop configuration in
E∅Ω. We deduce that |E∅Ω| = 2N , where N is the number of faces in Ω.

We extend the definition of loop configurations to include paths from mid-
edges to mid-edges. More precisely, let Euv,rsΩ be the set of configurations with
loops together with one self-avoiding path from u to v and one self-avoiding
path from r to s avoiding the loops.

Fix z to be a mid-edge of Ω and three mid-edges a, b, c on ∂Ω. Define Fa(z) :=

2−N |Eaz,bcΩ | and similarly Fb and Fc. Define the parafermionic observable with
three marked points in the domain Ω

F (z) = Fa(z) + jFb(z) + j2Fc(z).

Remark 3.2. We have that Fa(z) + Fb(z) + Fc(z) = 1 since

|Eaz,bcΩ |+ |Ebz,caΩ |+ |Ecz,abΩ | = |E∅Ω| = 2N .

The first identity is given by the fact that for any η0 ∈ Eaz,bcΩ ∪ Ebz,acΩ ∪ Ecz,abΩ

to E∅Ω.

Lemma 3.3. For any vertex v in Ω, if p, q and r denote the three mid-edges
around v, indexed in counterclockwise order,

(p− v)F (p) + (q − v)F (q) + (r − v)F (r) = 0. (3.1)

Proof. For any mid-edge z in Ω, fix a path γ from b to c and let Eaz,bcΩ [γ] and

EbcΩ [γ] be the sets of loop configurations in Eaz,bcΩ and EbcΩ with path γ from b to
c. We say that

|Eaz,bcΩ [γ]| = {

{
0 if z and a are separated by γ

|EbcΩ [γ]| otherwise.

In fact, the first line is trivial and the second simply follows from the fact that
for any path ϕ from a to z in the complement of γ, the map η 7→ η∆ϕ is an
involution from Eaz,bcΩ [γ] to EbcΩ [γ]. Together with the observation that if γ does
not go through v, we have a one-to-one correspondence between Fa(p), Fa(q)
and Fa(r) by adding or deleting mid-edges around v, we deduce that

(p−v)Fa(p)+(q−v)Fa(q)+(r−v)Fa(r) = (p−v)Ta(p)+(q−v)Ta(q)+(r−v)Ta(r),

where Ta(p) is equal to 2−N times the number of configurations in Eap,bc for
which the path from b to c visits v. Similarly,

(p− v)jFb(p) + (q − v)jFb(q) + (r − v)jFb(r)

= (p− v)jTb(p) + (q − v)jTb(q) + (r − v)jTb(r)

(p− v)j2Fc(p) + (q − v)j2Fc(q) + (r − v)j2Fc(r)

= (p− v)j2Tc(p) + (q − v)j2Tc(q) + (r − v)j2Tc(r)
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Any configuration in Eap,bc is naturally in bijection with configurations in Ebq,ca
and Ecr,ab with path visiting v by switching the two mid-edges incident to v.
From that, we deduce (p− v)Ta(p) + (q − v)jTb(q) + (r − v)j2Tc(r) = 0. Then
the result follows by summing the equations above.

Remark 3.4. The result of the above lemma can be understood in the following
way. Coefficients in (3.1) are three cubic roots as unity multiplied by p− v, so
the left-hand side can be seen as a discrete integral along an elementary contour
on the dual lattice in the following sense. For a closed path z = (zi)i≤n of
vertices in the triangular lattice T, define the discrete integral of a function F
on mid-edges by

n−1∑
i=0

F (
zi + zi+1

2
)(zi+1 − zi)

The discrete integral along any closed path vanishes by decomposing a closed
contour into a sum of elementary triangles.

Remark 3.5. Fa(z) is equal to 2−N times the number of configurations in EbcΩ for
which the path from b to c does not disconnect a from z, which is the probability
of event γ does not disconnect z from a.

Proof of Cardy’s formula. Consider the domain Ωδ and three mid-edges aδ, bδ, cδ

on ∂Ωδ. Define F δa , F
δ
b , F

δ
c and F δ as before. Extend F δ to the interior of the

polygon ∂Ωδ by convexly interpolating between mid-edges. F δ maps Ωδ to T,
where T is the equilateral triangle with vertices 1, j and j2. Furthermore, F δb (z)
(resp. F δc (z) and F δa (z)) is equal to 0 on (cδaδ) (resp. (aδbδ) and (bδcδ)). Con-
sequently F δ(z) ∈ [j2, 1] (resp. [1, j] and [j, j2]) for z ∈ (cδaδ) (resp. (aδbδ) and
(bδcδ)). In other words, ∂Ωδ is mapped to ∂T.

By Remark 3.5, for z ∈ (cδaδ), let dδ be the nearest mid-edge on ∂Ωδ, we
have that

F δa (dδ) = P[(aδbδ)
Ωδ←→ (cδdδ)] = 1− F δc (z)

In fact, the first identity comes from the fact that Ead,bcΩ is in bijection with
percolation configurations having a crossing from (aδbδ) to (cδd), and the second
from Remark 3.2. Using Lemma 3.6 below, we may consider a subsequential
limit F of (F δ)δ>0. By Lemma 3.1 and Morera’s theorem, F is holomorphic.
The previous observation gives that F is the holomorphic map from (Ω, a, b, c)
onto (T, 1, j, j2) mapping ∂Ω in an injective way. We deduce that F is the
conformal map from Ω to T sending a, b and c to 1, j and j2 respectively, and

F (z) = x+ j2(1− x) = lim
δ→0

[F δa (dδ) + j2(1− F δa (dδ))],

then the result follows readily by the conformal invariance of holomorphic func-
tion with certain Dirichlet boundary condition.

Lemma 3.6. The family (F δ)δ>0 is precompact for the uniform convergence
on any compact subset of Ω \ {a, b, c}.

Proof. By Russo-Seynour-Welsh theorem,

|F δa (z)−F δa (z′)| ≤ P1/2[γ disconnects exactly one of z or z′ from a] ≤ C|z−z′|α.

This implies that F δa is equicontinuous and the result follows by Arzela-Ascoli..
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Corollary 3.7. By the conformal invariance for the crossing probability of scal-
ing limit of percolation configuration and the explicit form of Schwarz–Christoffel
map from half-plane to triangle.

3.3 Characterization of percolation interface scaling limit

We aim to define a curve γ in a bounded simply connected domain Ω from
a boundary point a to another boundary point b. We need further a third
boundary point c and a point z inside Ω to characterize the law of γ. We
discretzie Ω by choosing a sequence (Ωδn , aδn , bδn), where δn is the lattice mesh
tending to 0 as n tends to ∞ and Ωδn is a bounded, simply connected domain
such that ∂Ωδn is a lattice path on δnLhex and aδn , bδn are boundary points
which are assumed to be sites on δnLhex. We will drop n in the following if
no confusion arises. Denote by Πε(Ω, (a, b), (cd)) the probability that there is
an open cluster (of faces) joining the arc (ab) to the arc (cd) on the boundary.
It is known that there is a limit Π := lim

δ→0
Πδ, which is conformally invariant

(depends only on the conformal modulus of the configuration Ω, a, b, c, d), and
satisfies Cardy’s formula in half-plane:

Π(C+, (1− u, 1), (∞, 0)) =
Γ( 2

3 )

Γ( 1
3 )Γ( 4

3 )
u

1
3 2F1(

1

3
,

2

3
;

4

3
;u) =: F (u),

where 2F1 is the hypergeometric function and the explicit form is given by the
Schwarz-Christoffel map.

Recall that we can draw an interface on the lattice given Dobrushin boundary
condition. Parameterize the interface γδ by half-plane capacity, and add the
part γδ[0, t] to the domain boundary. Note that it has open vertices on one
side (arc (γδa)) and closed on another (arc (aγδ(t))). Add two points x, y on
the boundary, making Ω a topological rectangle such that we can consider the
crossing probability Πδ(Ω, (a, x), (b, y)). Then any open crossing from the arc
(by) to the arc (ax) inside Ω is either disjoint from γδ[0, t], or hits its ”open” arc
(γδ(t)a). In either case, it produces an open crossing from the arc (by) to the
arc (γδ(t)x) inside Ω \ γδ[0, t], and the converse also holds. Therefore for every
realization of γδ[0, t] the crossing probability conditioned on γδ[0, t] coincides
with crossing probability in the slit domain Ω \ γδ[0, t] :

Πδ(Ω, (a, x), (b, y)|γδ[0, t]) = Πδ(Ω \ γδ[0, t], (γδ(t), x), (b, y)),

- an analogue of the domain Markov property. Therefore, stopping the curve at
times t < s and we can write the total probability theorem for every realization
of γδ[0, t]

Πδ(Ω \ γδ[0, t], (γδ(t), x), (b, y)) (3.2)

= Eγδ[t,s](Πδ(Ω \ γδ[0, s], (γδ(s), x), (b, y))|γδ[0, t]). (3.3)

Some a priori estimates show that the identity above (3.2) holds for the
(subsequential) scaling limit µ (strictly speaking there is an error term in case
the interface touches the arcs (ax) or (ya) before time s, but it decays very fast
as we move x and y away from a). Therefore we can write (3.2) for the limit
curve γ with Loewner parametrization as

Π(Ω \ γ[0, t], (γ(t), x), (b, y))

= Eγ[t,s](Π(Ω \ γ[0, s], (γ(s)x), (b, y))|γ[0, t]).
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for almost every realization of γ[0, t]. Plugging in exact values of conformal
images, the formula above implies that

(
gt(x)−Wt

gt(x)− gt(y)
) = Eγ[t,s](F (

gs(x)−Ws

gs(x)− gs(y)
)|γ[0, t]), (3.4)

since

Π(H \ γ[0, t], (γ(t), x), (∞, y)) = Π(H, (− gt(y)−Wt

gt(x)− gt(y)
, 1), (∞, 0))

= F (
gt(x)−Wt

gt(x)− gt(y)
).

Therefore (F ( gt(x)−Wt

gt(x)−gt(y) ))t≥0 is a martingale with respect to the filtration gen-

erated by σ(γ[0, t]). Since we want to extract the information about Wt, we fix
the ratio x

x−y := 1
3 (y=-2x) and let x tend to infinity. Using the normalization

gt(z) = z+ 2t
z +O( 1

z2 ) at infinity, writing Taylor expansion for F , and plugging
in values of derivatives of F at 1

3 , we obtain the following Ito expansion for the
martingale:

F (
gt(x)−Wt

gt(x)− gt(y)
) = F (

x−Wt + 2t
x +O( 1

x2 )

(x+ 2t
x +O( 1

x2 ))− (−2x+ 2t
−2x ) +O( 1

x2 )
)

= F (
1

3
− Wt

3

1

x
+

3

t

1

x2
+O(

1

x3
))

= F (
1

3
)− Wt

3
F ′(

1

3
)
1

x
+ (

t

3
F ′(

1

3
) +

W 2
t

32 · 2
F ′′(

1

3
))

1

x2
+O(

1

x3
)

= A− B

x
Wt −

C

x2
(W 2

t − 6t) +O(
1

x3
)

Plugging the above expression in (3.4) and compare the coefficients in the series,
we conclude that

E[Ws|W [0, t]] = 0, E[W 2
s − 6s|W [0, t]] = W 2

t − 6t.

Thus Wt is a continuous (by Loewner’s theorem) process such that both

Wt and W 2
t − 6t

are martingales so by Levy’s characterization of the Brownian motion Wt =√
6Bt. Therefore SLE(6) is the scaling limit of the critical percolation interface.

4 CLE percolations

Conformal loop ensembles are random collections of loops in a simply connected
domain, whose laws are characterized by a natural conformal invariance prop-
erty. The set of points not surrounded by any loop is a canonical random con-
nected fractal set - a random and conformally invariant analog of the Sierpinski
carpet or triangle.

aim: a direct relationship between the conformal loop ensembles with simple
loops (CLEκ for κ in ( 8

3 , 4), whose loops are Schramm’s SLEκ-type curves) and
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the corresponding conformal loop ensembles with non-simple loopf (CLEκ′ with
κ′ := 16/κ ∈ (4, 6), whose loops are SLEκ′ -type curves.) This correspondence is
the continuum analog of the Edwards-Sokal coupling between the q−state Potts
model and the associated FK random cluster model, and its generalization to
non-integer q.

4.1 Construction

A simple loop is a subset of C which is homeomorphic to the circle S1. Equiva-
lently, we identify a simple loop with a homeomorphism from S1 to a subset of
C, modulo reparametrization. (In other words, we will identify two homeomor-
phisms if one of them is obtained by a bijective reparametrization of the other
one; note that our loops are not oriented.)

Let C be the set of homeomorphisms from S1 to subsets of C and let C
denote the closure of C with respect to the ?C∞ metric. A quasisimple loop
is an element of C, modulo monotone reparametrization. A quasisimple loop
may intersect itself, but it cannot ”cross” itself transversely. For simple loops,
the winding number around a point z ∈ C \ η(S1) is equal to 0 or ±1, and
it remains true for quasisimple loops since this property holds under uniform
limits provided that the limit fails to intersect z.

We define the distance between quasisimple loops L1 and L2 by

d(L1, L2) = inf ||ζ1 − ζ2||∞,

where the infimum is taken over pairs ζ1 : S1 → R2 and ζ2 : S1 → R2 of
parametrizations of L1 and L2.

Let D be a bounded domain. Then the set ΩD of all discrete subsets of
the set of quasisimple loops in D is a metric space under the Hausdorff metric
induced by the metric d(·, ·) described above. Denote FD the Borel σ−algebra
on ΩD. Most natural functions of ΩD can be shown to be FD measurable, such
as he number of loops completely surrounding a fixed disc, or the number of
loops intersecting two disjoint open sets, or the event that the outermost loop
surrounding a fixed point is a simple loop.

The most natural definition of a random loop ensemble is a random variable
whose law is a probability measure on (ΩD,FD). Unfortunately, when defining
CLE(κ) in arbitrary domains, it may not be enough to consider quasisimple
loops. For example, consider the case that D is a non-Jordan domain such as
the square (0, 2)×(0, 2) minus the set {n−1 : n ∈ Z+}×(0, 1), on which any loop
in the closure of D which is space filling in D cannot be a continuous closed
curve since its y coordinates must oscillate between 0 and 1 infinitely many
times. Even when the original domain is a Jordan domain, one may worry a
priori that as we construct loops through an exploration process we may create
domains which are no longer Jordan domains. It will therefore be convenient to
slightly expand our definition of loops.

A pinned loop in H is a quasisimple loop L in H which intersects the origin
at 0 and has the property that if η : S1 → H is a parameterization of the loop
then η−1H is dense. Roughly speaking, we now wish to define a ”conformal
loop” in C to be the image of a pinned loop under a conformal map φ from H
to another domain D ⊂ C. Note that the parametrization φ ◦ η of this image is
well-defined on an open dense subset U0 of S1 but may not extend continuously
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to all of S1. If U is the set of all points s in S1 for which φ◦η can be extended to
a continuous function in a neighborhood of s, then it is clear that U is the largest
open set to which φ ◦ η can be continuously extended. Formally, a conformal
loop is a map ζ from a dense open subset U of S1 into C modulo monotone
reparametrization such that

1. There exists a conformal map ψ from H to a superset of ζ(U) with the
property that φ−1 ◦ ζ is the restriction to U of a function η ∈ C with
η−1H ⊂ U

2. The set U is maximal, i.e. that there exists no open proper subset U ′ of
U such that ζ can be extended to a continuous function of U ′.

If L = (ζ, U) is a conformal loop, we will sometimes abuse notation slightly and
use L to denote the corresponding set ζ(U) ⊂ C of points on the loop. A point
z in C \ L is ...

initial approach to defining CLE(κ) will be to define a coupling of SLEµβ(κ;κ−
6) processes called a continuum exploration tree and to show that this process
almost surely determines a countable collection of conformal loops. We will ...
in the following paragraph.

Fix initial values W0 = O0 = 1 ∈ ∂D. An SLEµβ(κ;κ− 6) targeted at a1 ∈ D
and an SLEµβ(κ;κ− 6) targeted at another point a2 ∈ D can be coupled in such
a way that the corresponding growth processes Ka1

t and Ka2
t agree (after a time

change) up to the first time t at which a1 and a2 are separated, i.e. a1 ∈ Ka2
t

and a2 ∈ Ka1
t and evolve independently of one another after that time. In

other words, we may construct this coupling by first sampling an SLEµβ(κ;κ−6)

process Ka1
t targeted at a1, and then sampling an SLEµβ(κ;κ− 6) process Ka2

t

targeted at a2 conditioned on it agreeing with the first sample (up to time
change) until the first time that a1 and a2 are separated. Because we have not
proved that radial SLEµβ(κ;κ − 6) is a continuous path, we say it is a growth
process.

We can define a similar coupling inductively for sets a1, · · · , ak with k > 2
as follows. First we choose the growth processes K

aj
t for all j < k and then

conditioned on these processes, we choose Kak
j conditioned on having it agree

with each K
aj
t (after a time-change) up until the first time ak is separated from

aj . We can interpret this as an SLEµβ(κ; ρ) process that ”branches” at each of
the finitely many times that a pair ai and aj becomes separated for the first
time.

Correspondingly, we are able to repeat this procedure infinitely many times
- for some countable dense sequence a1, a2, a3, · · · of points in D - to obtain a
coupling of SLEµβ(κ;κ− 6) growth process Kai from 1 to i. (Formally, if Ωai is
the space of continuous driving parameters W for growth processes targeted at
ai and Fai is the smallest σ−algebra which makes Wt measurable for each fixed
t, then this coupling is a random variable in

∏
Ωai whose law is measurable

with respect to the product σ−algebra generated by ∨Fai .) Note that for every
i 6= j, the Kai

t and K
aj
t agree almost surely (after a time change) until the

first time t that ai and aj are separated, after which they evolve independently.
We may view this collection of K

aj
t as a single random growth process with

branches at each of the countably many times that some ai becomes separated
from some aj for the first time.
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Given a family of growth process {Kai
t }i≥1 chosen from such a coupling, we

may almost surely uniquely (up to time change) define for each point z ∈ D, a
growth process Kz

t such that for each ai, the processes Kai
t and Kz

t agree (after
a time change) until the first time ai and z are separated. ? The joint law of
processes Kz

t (defined for all z ∈ D) is independent of our choice of countable
dense set {ai}.

The complete collection of processesKz
t , z ∈ D, is called branching SLE(κ, κ−

6), or the continuum exploration tree. We will construct a family of con-
formal loops from a continuum exploration tree.

Fix z ∈ D. Write θt = argWt − argOt, where the branch of arg is chosen so
that θt is continuous in t and θ0 = 0. Using the definition for SLE(κ, κ− 6), we
see that the difference θt = argWt − argOt is a real-valued process that evolves
according to the diffusion

dθt =
κ− 4

2
cot(

θt
2

)dt+
√
κdBt

is between those times t for which θt is an integer multiple of 2π.
We will now construct a sequence Lzj of nested conformal loops surrounding

z, such that each Lzj+1 is surrounded by Lzj . First we call a time t a loop
closure time if it is the first time that θt hits a particular integer multiple of
2π after the last previous time s that it hit a different multiple. ?2π or π Denote
by tzj the jth such time and by szj the corresponding value of s. Denote by Azj
the component of D \Kt that contains z.

The continuous path γzj begins at 0 (at time szj ) and ends when it reaches
the first point γzj (tzj ), where tzj is the first time that φ(z) is separated from the
origin. Conditioned on this γzj , the law of the remainder of the loop φ(Lzj ) is that
of an SLE(κ) in H \ γzj ([szj , t

z
j ]) started at γzj (tzj ) and ending at 0. Then extend

γz
′

j in the same way for a different value z′. The union of all such extensions is

the complete loop φ(Lzj ), a quasisimple closed loop in H which begins and ends
at 0.

We will see that the process Kt between times szj and tzj traces part of a
conformal loop. To begin to describe that loop, let φ : D \ Kszj

→ H be the
composition of gszj with a conformal map from D to H that sends Wszj

to zero.

We now claim that for all t ∈ [szj , t
z
j ], the set H \φKt can be written, almost

surely, as the unbounded component of ζ([szj , t]) where ζ : [szj , t
z
j ] → H is a

continuous path which extends continuously to its endpoints. To see this, note
that the corresponding SLE(κ) in a Jordan domain is almost surely continuous.
For each fixed s ∈ (sj , tj), the law of the evolution of Kt after time s is that of an
SLE(κ). If hs is a conformal map from H \φ(Ks) to H (with the hydrodynamic
normalization at infinity), then this implies that the growth of hs(φ(Kt)) is
indeed given by a continuous function ζs on [s, tj ]. We can then set ζ(t) =
h−1
s (ζs(t))

4.2 Markovian construction

A simple loop in the complex plane is the image of the unit circle in the
plane under a continuous injective map, modulo reparametrization. Note that
a simple loop γ separates the plane into two connected components that we call
its interior int(γ). In this section, we will denote by L the space of simple loops
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and use the σ−algebra Σ generated by all the events of the type {O ⊂ int(γ)}
when O takes over the set of open sets in the plane. Note that this σ−field is
also generated by the events of the type {x ∈ int(γ)} for all x in a countable
dense subset Q of the plane. For a simple loop γ, O ⊂ int(γ) if O ∩Q ⊂ int(γ).
We will consider collections Γ = (γj)j∈J (J is at most countable) of simple
loops. We say that (γj)j∈J is a simple loop configuration in the bounded
simply connected domain D if the following condition hold:

• For each j ∈ J, the loop γj is a simple loop in D.

• For each j 6= j′ ∈ J, the loops γj and γj′ are disjoint.

• For each j 6= j′ ∈ J, γj is not in the interior of γj′ : the loops are not
nested.

• For each ε > 0, only finitely many loops γj have a diameter greater than
ε. We call this the local finiteness condition.

All these conditions are measurable with respect to the σ−field discussed above.
We are going to discuss random simple loop configurations with some special

properties. We will say that the random simple loop configuration Γ = (γj)j∈J
in the unit disc U is a Conformal Loop Ensemble (CLE) if it satisfies the
following properties:

• Non-triviality: the probability that J 6= ∅ is positive.

• Conformal invariance: the law of Γ is invariant under any conformal trans-
formation from U onto itself.

• Restriction: suppose that U is a simply connected subset of the unit disc.
Define

I = I(Γ, U) = {j ∈ J : γj * U}

and J∗ = J∗(Γ, U) = J \ I = {j ∈ J : γj ⊂ U}. Define the (random) set

U∗ = U∗(U,Γ) = U \ ∪j∈I int(γj).

The restriction property is that (for all U), the conditional law of (γj)j∈J∗

given U∗ (or alternatively given the family (γj , j ∈ I)) is PU∗ .

By conformal invariance, it is feasible to define the law of the loop-ensemble
ΓD in any simply connected domain D 6= C as the law of the image of Γ under
any given conformal map Φ from U onto D. We can also define the law of a loop-
ensemble in any open domain D 6= C that is the union of disjoint open simply
connected sets by taking independent loop-ensembles in each of the connected
components of D, which we will denote by PD. The set U∗ constructed in the
restriction property is an open subset of U (not necessarily simply connected)
by the local finiteness condition. This set U∗ is a open subset of U by the local
finiteness condition.

We will list some simple consequences of the CLE definition.

Proposition 4.1. Suppose that Γ = (γj)j∈J is a CLE in U, then

1. For any given z ∈ U, there almost surely exists a loop γj in Γ such that
z ∈ int(γj).
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2. J is almost surely infinite.

3. Let M(θ) denote the set of configurations Γ = (γj , j ∈ J) such that for all
j ∈ J , the radius [0, eiθ] is never locally ”touched without crossing” by γj
(in other words, θ is never a local extremum of the arg(γj)

′s). Then for
any θ, Γ is almost surely in M(θ). If we now define ...

4. For any r < 1, the probability that rU is entirely contained in the interior
of one single loop is positive.

5. The restriction property continues to hold if we replace the simply con-
nected domain U ⊂ U with the union U of countably many disjoint simply
connected domains Ui ⊂ U.

Proof. to be completed

4.2.1 Explorations

CLE is sometimes defined to include only the outermost loops, so that the
collection of loops is non-nested (no loop is contained in another). Such a CLE
is called a simple CLE to distinguish it from a full or nested CLE. The law of a
full CLE can be recovered from the law of a simple CLE as follows. Sample a
collection of simple CLE loops, and inside each loop sample another collection
of simple CLE loops. Infinitely many iterations of this procedure gives a full
CLE.

4.3 Loop-soup construction

First we define a natural conformally invariant measure on unrooted Brownian
loops in the plane. We will start by some bridge-type Brownian measures on
curves. These are measures on Brownian paths with prescribed starting point
and prescribed terminal point. Since we are interested in conformally invariant
properties, the standard bridges with prescribed time duration are not well-
suited. In this section, we will deal with parametrized planar curves.

4.3.1 Notations

Let K be the set of all parametrized continuous planar curves γ defined on a
time-interval [0, tγ ]. We consider K as a metric space with the metric

dK(γ, γ1) = inf
θ

[ sup
0≤s≤tγ

|s− θ(s)|+ |γ(s)− γ1(θ(s))|],

where the infimum is over all increasing homeomorphisms θ : [0, tγ ] → [0, tγ1 ].
Note that K under this metric does not identify curves that are the same modulo
time-parametrization.

If µ is any measure on K, we let |µ| = µ(K) denote the total mass. If
0 < |µ| <∞, then we let µ# = µ

|µ| be µ normalized to be a probability measure.

If D is a domain, we say that γ is in D if γ(0, tγ) ⊂ D; note that we do not
require the endpoints of γ to be in D. Let K(D) be the set of γ ∈ K that are in
D. In the following, µD(z, w) will be a measure on Brownian paths that remain
in the domain D, starting at z and ending at w, but this notation will differ a
bit depending on whether z, w are boundary or interior points of the domain D.
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4.3.2 Preliminaries on excursion measures

Let µ(z, ·; t) denote the law of standard complex Brownian motion (Bs, 0 ≤ s ≤
t) with B0 = z. We can write

µ(z, ·; t) =

∫
C
µ(z, w; t)dA(w),

where A denotes area and µ(z, w; t) is a measure supported on γ ∈ Kwz with
tγ = t. In other words, µ(z, w; t) is |µ(z, w; t)| times the law µ#(z, w; t) of the
Brownian bridge from z to w in time t, where

|µ(z, w; t)| = (2πt)−1 exp{−|z − w|
2

2t
}.

The measure µ(z, w) is defined by

µ(z, w) =

∫ ∞
0

µ(z, w; t)dt.

This is a σ−finite measure (the integral explodes at infinity so that the total
mass of large loops is infinite; when z = w, it also diverges at 0). The measure
µ(z, z) is an infinite measure on Brownian loops that start and end at z, which
can be also written as

µ(z, z) =

∫ ∞
0

1

2πt
µ#(z, z; t)dt,

where µ#(z, z; t) is the usual probability measure of a Brownian bridge from z
to z.

If D is a domain and z, w ∈ D, we define µD(z, w) to be µ(z, w) restricted to
K(D). For fixed z, w, the family {µD(z, w), {z, w} ⊂ D} satisfies the restriction
property. If z 6= w and if the domain is such that a Brownian motion in D
eventually exists D, then

|µD(z, w)| = GD(z, w) <∞,

where GD denotes the (positive) Green’s function. For example, for the unit

disk |µD(0, z)| = − log |z|
π . Note that µD(z, z) is well defined and has infinite total

mass. The reversibility of the Brownian bridge (which can be infered about the
convergence of random functions to Brownian bridge) immediately implies that
[µD(z, w)]R = µD(w, z). The conformal invariance of Brownian motion and of
Green’s function imply directly the conformal invariance of µD(z, w). It is not
hard to see it follows from the conformal invariance that these measures µ(z, w)
are continuous in terms of z, w in the Prohorov metric and a coupling argument
(by ... following lemma).

Now we extend the definition of µ(·, ·) to be a measure supported on curves
with one or two endpoints on the boundary. Suppose D is a connected domain
whose boundary is a finite union of curves (we allow the curves to be in the
sphere and for infinity to be a boundary point). We will call ∂D nice is it is
piecewise analytic, i.e., if it is a finite union of analytic curves. A nice boundary
point will be any point at which the boundary is locally an analytic curve. Let
B be a Brownian motion starting at z ∈ D and stopped at its exit time of D,
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i.e., at τD = {t ≥ 0 : Bt /∈ D}. Define µD(z, ∂D) to be the law of (Bt, 0 ≤ tτD).
If D has a nice boundary we can write

µD(z, ∂D) =

∫
∂D

µD(z, w)|dw|,

where µD(z, w) for z ∈ D and w ∈ ∂D denotes a measure supported on Kwz (D)
with total mass HD(z, w), where HD(z, w) denotes the usual Poisson kernel.

The normalized probability measure µ#
D(z, w) is the law of Brownian motion

conditioned to exit D ”at w”. Since the conformal covariance of Poisson kernels
gives that, is f : D → D′ is a conformal transformation from D onto another
nice domain D′, then HD(z, w) = |f ′(w)|HD′(f(z), f(w)). Combined with the
conformal invariance of trajectories of Brownian motion,

f∗µD(z, w) = |f ′(w)|µf(D)(f(z), f(w)).

It implies that one can define the probability measure µ#
D(z, w) for any simply

connected D and any boundary point (i.e. prime end) w by conformal invari-
ance. For instance, it suffices to put

µ#
D(z, w) = f∗µ

#
D (0, 1),

where f : D→ D is the conformal transformation with f(0) = z and f(1) = w.
For a fixed boundary point w, the mapping z 7→ µD(z, w) is continuous by
conformal covariance. (??? see [the brownian loop soup])

In the next step, suppose that D is a nice domain, and that z and w are
different nice boundary points of D.

µD(z, w) = lim
ε→0+

1

2ε2
µD(z + εnz, w + εnw) = lim

ε→0+

1

ε
µD(z + εnz, w),

the limit exists since |µD(·, ·)| is harmonic.
If f : D → D′ is a conformal transformation and z, w, f(z) and f(w) are

nice boundary points, then

f∗µD(z, w) = |f ′(z)||f ′(w)|µf(D)(f(z), f(w)).

The probability measures µ#
D(z, w) are conformally invariant, i.e.,

f∗µ
#
D(z, w) = µ#

f(D)(f(z), f(w)).

This means that one can define µ#
D(z, w) by conformal invariance even if z, w

are not nice boundary points.
The following some lemmas are for the regularity of the excursion measures

with respect to the domain D.

Lemma 4.2. For any simply connected domain D and any two distinct points
w and w′ on the boundary of D, the expected time spent in an open subset U of
D by an excursion defined under the probability measure µ#

D(w,w′) is bounded
from above by 2area(U)/π.

Proof.
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cauchy’s formula for derivatives

Lemma 4.3. There is a constant c < ∞ such that the following holds. Sup-
pose that D,D′ are simply connected domains and f : D → D′ is a conformal
transformation with |f(z1)− z1| ≤ δ ≤ 1 for all z1 ∈ D. Then for any path γ in
D,

dK(γ, f ◦ γ) ≤c[δ +
√
δtγ +

∫ tγ

0

1{dist(γ(s), ∂D) ≤
√
δ}ds

+

∫ tf◦γ

0

1{dist(f ◦ γ(u), ∂D′) ≤ c
√
δ}du].

Proof. For any path γ in D, let

θγ(s) =

∫ s

0

|f ′(γ(r))|2dr.

Then since f ◦ γ(θγ(s)) = f(γ(s)),

dK(γ, f ◦ γ) ≤ sup
0≤s≤tγ

|s− θγ(s)|+ sup
0≤s≤tγ

|γ(s)− f(γ(s))|.

The second term on the right is bounded above by δ and the first term is
bounded above by

∫ tγ
0
||f ′(γ(s))|2 − 1|. Let

D̃ = D̃δ = {z ∈ D : dist(z, ∂D) ≤
√
δ}.

For z ∈ D \ D̃, Cauchy’s formula for derivatives gives that

|f ′(z)− 1| ≤ cδ/dist(z, ∂D) ≤ c
√
δ.

Hence,
∫ tγ

0
|f ′(γ(s))|2 − 1|1{γ(s) /∈ D̃}ds ≤ c

√
δtγ . For the other part, write∫ tγ

0

|f ′(γ(s))|2−1|1{γ(s) ∈ D̃}ds ≤
∫ tγ

0

1{γ(s) ∈ D̃}ds+
∫ tγ

0

|f ′(γ(s))|21{γ(s) ∈ D̃}ds.

The first term on the right hand side is the amount of time that γ spends within
distance

√
δ of the boundary. Since |f(z)− z| ≤ δ, the second term on the right

is less than the amount of time that f ◦ γ spends with distance 2
√
δ of ∂D′.

Combining these estimates gives the lemma.

Combine the two previous lemmas, it is not hard to deduce the continuitu
of µ#

D(z, w) with respect to w when z is fixed.

Proposition 4.4. Suppose that D ⊂ D+ is a simply connected domain with
D+ \ D ⊂ δD+ for some δ > 0. Let z, z′, w on ∂D with |z| = |z′| = 1, |w| < δ

and |z−z′| ≤ δ. Then, the distance between µ#
D(z, w) and µ#

D+
(z′, 0) goes to zero

with δ, uniformly with respect to the choice of w, z, z′ and D.

Proof. Let f denote the conformal mapping fromD onto D+ such that f(w) = 0,
f(z) = z′ and |f ′(i) = 1|.

exo: for some constant c, |f(x)− x| ≤ cδ for all x ∈ D The total area in D
or D′ of the set of points that is at distance less than

E[dK(γ, f ◦ γ)] ≤ c
√
δ

where the expectation is with respect to µ#
D(z, w) the law of f◦γ is µ#

D+
(z′, 0)
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4.4 Bubble soup and loop soup

4.4.1 Brownian bubble measure and bubble soup

The Brownian bubble measure in H at the origin is the σ−finite measure

µbub
H (0) = lim

z∈H→0

π

Im(z)
µH(z, 0) = lim

z,w∈H→0

π

2Im(z)Im(w)
µH(z, w).

When we speak of the limit , we mean that for every r > 0, if we restrict
the measures on the right to loops that intersect the circle of radius r (?? so
that this is a finite measure), then the limit exists and equals µbub

H (0; r) which
is µbub

H (0) restricted to loops that intersect {|z| = r}. This limit exists and
the normalization can be chosen so that |µbub

H (0; r)| = 1/r2 (by the following
transformation formula). We can also define µbub

D (z) for other domains, at least
if ∂D is smooth near z, using conformal invariance,

f ◦ µbub
D (z) = |f ′(z)|2µbub

f(D)(f(z)).

These measures satisfy the restriction property: if D′ ⊂ D and z ∈ ∂D′ ∩ ∂D,
then µbub

D′ (z) is µbub
D (z) restricted to loops that are in D′.

We define a bubble soup with intensity λ ≥ 0 to be a Poisson point process
with intensity λµhub

H . We can write a realization of the bubble soup as a count-
able collection U = {(γj , sj)}. Recall that the law of U is characterized by the
fact that:

• For any two disjoint measurable subsets U1 and U2 of K0
0(H)×[0,∞),U∩U1

and U ∩ U2 are independent.

• The law of the number of elements in U ∩U is the Poisson law with mean
λµbub

H (0)× (length)[U ] (when this quantity is finite).

We will think of the bubble γj as being created at time sj . Clearly, with
probability one sj 6= sk for j 6= k.

4.4.2 Brownian loop measure and loop soup

Now we will define the Brownian loop measure µloop. Let K̃ be the set of loops,
i.e., the set of γ ∈ K with γ(0) = γ(tγ). Such a γ can also be considered as a

function with domain (−∞,∞) satisfying γ(s) = γ(s + tγ). Define θr : K̃ → K̃
by tθrγ = tγ and θrγ(s) = γ(s+r). We say that two loops γ and γ′ are equivalent

if for some r, γ′ = θrγ. We write [γ] for the equivalence class of γ. Let K̃U be
the set of unrooted loops, i.e. the equivalence class in K̃. Note that K̃U is a
metric space under the metric

dp,U (γ, γ′) = inf
r∈[0,tγ ]

dK(θrγ, γ
′).

Any measure supported on K̃ gives a measure on K̃U by ”forgetting the root”,
i.e., the image probability measure of the map γ 7→ [γ]. If D is a domain, we
define K̃(D), K̃U (D) to be the set of unrooted loops that lies entirely in D, i.e.,
γ[0, tγ ] ⊂ D. We define the Brownian loop measure µloop on K̃U by

µloop =

∫
C

1

tγ
µ(z, z)dA(z) =

∫
C

∫ ∞
0

1

2πt2
µ#(z, z; t)dtdA(z),
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where dA denotes the Lebesgue measure on C. This is a measure on unrooted
loops since the defined measure µloop does not depend on the choice of roots. ,
We call a Borel measurable function T : K̃ → [0,∞) a unit weight if for every
γ ∈ K̃, ∫ tγ

0

T (θrγ)dr = 1.

One exemple of a unit weight is T (γ) = 1
tγ
. Moreover note that for any unit

weight T ,

µloop =

∫
C

∫ tγ

0

1

tγ
θr∗µ(z, z)dr =

∫
C
Tµ(z, z)dA(z). (4.1)

(by forgetting roots, the measure µ(z, z) is the same as θr∗µ(z, z))
If D is a domain, we define µloop to be µloop restricted to the curves in

K̃U (D): this is the same as the right-hand side of (4.1) with µD replacing µ (and
D replacing C). By construction and the restriction property of µ, the family

{µloop
D } satisfies the restriction property. These measures are also conformally

invariant:

Proposition 4.5. If f : D → D′ is a conformal transformation, then

f∗µ
loop
D = µloop

f(D).

Proof. This proposition follows from two observations. One, which we have
already noted, is the conformal invariance of interior to interior measures,

f∗µD(z, z) = µf(D)(f(z), f(z)).

The other is the fact that we can define a unit weight Tf by Tf (γ) = 1/tγ if

γ /∈ K̃(D), and if γ ∈ K̃(D), Tf (γ) = |f ′(γ(0))|2/tf◦γ . To check that this is a
unit weight, note that∫ tγ

0

Tf (θrγ)dr =
1

tf◦γ

∫ tγ

0

|f ′(γ(r))|2dr = 1.

Therefore,

f∗µ
loop
D = f∗(

∫
D

TfµD(z, z)dA(z))

=

∫
D

1

tf◦γ
|f ′(z)|2f∗µD(z, z)dA(z)

=

∫
D

1

tf◦γ
µD′(f(z), f(z))[|f ′(z)|2dA(z)]

=

∫
D′
TµD′(w,w)dA(w) = µloop

D′ ,

here T denotes the simple unit weight T (γ) = 1
tγ

in the last equality.

A Brownian loop soup with intensity λ is a Poissonian sample from the
measure λµloop. We will denote by LC a realization of the loop soup. A sample
of the Brownian loop soup is a countable collection of (unrooted) Brownian
loops in the plane. We will use L to denote the family of loops in C that are in
H. This is the Brownian loop soup in the half-plane.

If D ⊂ H is a domain, then we write
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• L(D) for the family of loops in L that are in D

• L⊥(D) for L \ L(D), i.e., the family of loops that intersect H \D.

By definition, for any fixed D, the two random families L(D) and L⊥(D) are
independent. Note that the law of families L(D) inherit the conformal invariance
and restriction properties of the Brownian loop measure.

4.5 Decompositions of bubble measure and loop measure

The next proposition relates µbub
H (0) to excursion measures. This expression for

µbub
H (0) splits the bubble at the point seiθ at which its distance to the origin is

maximal.

Proposition 4.6.

µbub
H (0) = π

∫ ∞
0

∫ π

0

[µrD+
(0, reiθ)⊕ µrD+

(reiθ, 0)]r dθ dr

=

∫ ∞
0

4

πr3

∫ π

0

[µ#
rD+

(0, reiθ)⊕ µ#
rD+

(reiθ, 0)] sin2(θ)dθ dr

Proof. We denote by µbub
H (0; r) the measure µbub

H (0) restricted to loops that
intersect {|z| = r}. By decompositing loops at the hitting time of rS+, we have

µbub
H (0; r)− µbub

H (0; r + δ) =
π

ε

∫ π

0

[µrD+
(εi, reiθ)⊕ µ(r+δ)D+

(reiθ, 0)]rdθ

= π

∫ π

0

[µrD+(0, reiθ)⊕ µ(r+δ)D+
(reiθ, 0)]r dθ.

But as
lim
δ→0+

δ−1µ(r+δ)D+
(reiθ, 0) = µrD+

(r eiθ, 0),

we get that

d

dr
µbub
H (0; r) = −π

∫ π

0

[µrD+
(0, reiθ)⊕ µrD+

(reiθ, 0)]rdθ,

which gives the first equality. The second follows from some calculation on total
mass

|µrD+
(0, reiθ)| = r−2|µD+

(0, eiθ)| = 2 sin θ

πr2
,

since the Green’s function on D+ is G(M,M0) = 1
2π [log 1

rMM0
− log 1 ]...

µrD+
(0, r eiθ) = r−2|µD+

(0, eiθ)|

The conformal invariance of µloop makes it independent of the choice of
coordinate axes. Il will be however convenient to have expressions for µloop that
do depend on the axes. We will write the measure on unrooted loops [γ] as a
measure on rooted loops by choosing the representative γ whose initial point is
the (unique) point on the loop of minimal imaginary part (the same works of
course for the maximal imaginary part).
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Proposition 4.7.

µloop =
1

2π

∫ ∞
−∞

∫ ∞
−∞

µbub
H+iy(x+ iy)dxdy

Proof. We define a unit weight Tε on γ ∈ K̃ that will approximate the Dirac
mass at the time of the minimal imaginary part of γ. If tγ < ε, then Tε(γ) = 1

tγ
.

Suppose that tγ ≥ ε, and there is a unique r0 ∈ [0, tγ) such that Im[γ(r0)] <
Im[γ(t)] for t ∈ [0, tγ)\{r0}. Then Tε(θrγ) = 1

ε for r ∈ [r0−ε, r0] and Tε(θrγ) = 0
for other t ∈ (r0, 2r0 − ε). (Here γ is considered as a periodic function of period
tγ .) If no such unique r0 exists, set Tε(γ) = 1/tγ (the choice here is irrelevant
since this is a set of loops of measure zero). Note that the measures µ(z, z) are
supported on loops for which a unique r0 exists.??? It is easy to see that Tε is
a unit weight, and hence for every ε,

µloop = lim
ε→0+

∫
C
Tεµ(z, z)dA(z) = lim

ε→0+

∫
C
ε−1µ(z, z;≥ ε)dA(z),

where µ(z, z;≥ ε) denotes µ(z, z) restricted to curves γ with tγ ≥ ε and

inf{Im(γ(t)); t ∈ [0, ε]} = inf{Im(γ(t)); t ∈ [0, tγ)}.(norm?)

For fixed ε,
∫
C ε
−1µ(z, z;≥ ε)dA(z) is the same as µloop restricted to curves with

tγ ≥ ε. Let us consider the measure ε−1µ(z, z;≥ ε). For ease let z = 0. Start a
Brownian motion Bt at 0 and let it run until time ε; let us write Bε =

√
εw.

We let −b
√
ε = min{Im(Bt) : t ∈ [0, ε]}. Then given Bt, t ∈ [0, ε], the remain-

der of the curve is obtained from the measure ε−1µH−ib
√
ε(0, w

√
ε). As ε →

0+, this looks like ε−1µH(ib
√
ε, ib
√
ε + w

√
ε), which (scaling of BM???)in turn

has the same limit as ε−1b[b + Im(w)]µH(i
√
ε, i
√
ε). Hence lim

ε→0+

ε−1µ(0, 0; ε) =

1
2πµ

bub
H (0).

Lemma 4.8.

4 ??

Proof. Suppose that Yt is a one-dimensional Brownian motion started at the
origin. Let t∗ be the time in [0, 1] at which Yt is minimal, let M = Yt∗ , and let
Ψ = (Y0−M)(Y1−M). The law of t∗ ???is the arcsine law with density 1

π
√
t(1−t)

on [0, 1]. Given t∗, Y0 −M and Y1 −M are independent random variables with
the distribution of Brownian motion ”conditioned to stay positive”. ??

E[Y0 −M |t∗ = t] =

√
πt

2

and hence E[Ψ] = 1
2 .

The next proposition gives an expression for µloop
H by association to an un-

rooted loop the rooted loop whose root has the maximal absolute value.

Proposition 4.9.

µloop
H =

1

2π

∫ ∞
0

∫ π

0

µbub
rD+

(reiθ)dθrdr.
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Proof. Let R = {x+ iy : −∞ < x <∞, 0 < y < π} and Rb = {z ∈ R : Re(z) <

b} and let φ(z) = ez. Conformal invariance tells us that φ∗µ
loop
R = µloop

H . But
the proposition above (rotated 90 degrees) and restriction tell us that

µloop
R =

1

2π

∫ ∞
∞

∫ π

0

µbub
Rx (x+ iy)dydx.

The conformal covariance for µbub gives φ∗µ
bub
Rx (x + iy) = e2xµbub

exD+
(ex+iy).

Therefore

µloop
H = φ∗µ

loop
R =

1

2π

∫ ∞
∞

∫ π

0

e2xµbub
exD+

(ex+iy)dydx

=
1

2π

∫ ∞
0

∫ π

0

µbub
rD+

(reiy)dy r dr

4.6 Relations between bubbles and loops

The goal of this section is to prove the main theorem, which relates the Poisso-
nian cloud of loops that intersect a given curve to the Poisson point process of
bubbles rooted at a boundary point of a domain by chronologically adding loops
to simple curves in the plane. In order to prove this, we need a generalization of
the previous results to domains of all shapes, and to show that the convergence
holds uniformly.

4.6.1 Some estimates on Poisson kernels

Lemma 4.10. There exists a constant c such that if r ∈ (0, 1/2) and θ, ϕ ∈
(0, π),

HD+(reiθ, eiϕ)− 2

π
r sin θ sinϕ| ≤ cr2 sin θ sinϕ (4.2)

HH\D+
(r−1eiθ, eiϕ)− 2

π
r sin θ sinϕ| ≤ cr2 sin θ sinϕ. (4.3)

Proof. Take the map f : z 7→ −z − 1
z from D+ onto H, hence

HD+
(reiθ, eiϕ) = |f ′(eiϕ)|HH(f(reiθ), f(eiϕ))

= 2 sinϕHH(f(reiθ), f(eiϕ)).

But if |z| ≥ 5
2 , |x| ≤ 2

HD(z, x′) =
Im(z)

π[(Re(z)− x′)2 + Im(z)2]
=

Im(z)

π|z|2
(1 +O(

1

|z|
)),

and

f(reiθ) =
1

r
ei(π−θ) +O(r),

Im[f(reiθ)] =
sin θ

r
+ sin θ O(r).

This gives the first expression, and the second is not hard to get from the first
using the map z 7→ − 1

z .
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Lemma 4.11. There exists a constant c such that if e−s ∈ ( 3
4 , 1), r ∈ (0, 1

2 ),
and θ, ϕ ∈ (0, π), then

|HD+,r(e
−s+iθ, reiϕ)− 4

π
sinh s sin θ sinϕ| ≤ crs sin θ sinϕ, (4.4)

where D+, r = {z ∈ D+ : |z| > r}.

asymptotics

Proposition 4.12. Suppose Vn is a sequence of sets in H with un = rad(vn)→
0 and such that H \ Vn is simply connected. Let mn be µloop

H restricted to loops
that intersect both Vn and the unit circle. Set hn = hcap(Vn). When n→∞,

mn =
hn
2
µbub
H (0, 1)(1 + o(1)),

where o(1) is uniformly bounded by a function of un that goes to zero with un.
Note that scaling implies the corresponding results for the measures restricted to
paths that intersect any given circle r∂D.

Proof.

mn =
1

2π

∫ ∞
1

∫ π

0

µbub
rD+

(reiθ|Vn)dθrdr

µbub
H (0, 1) =

∫ ∞
1

4

πr3

∫ π

0

[µ#
rD+

(0, reiθ)⊕ µ#
rD+

(reiθ, 0)] sin2 θdθdr.

It is not hard to observe that

[µbub
rD+

(reiθ|Vn)]# → [µ#
rD+

(0, reiθ)⊕ µ#
rD+

(reiθ, 0)]

uniformly on {1 ≤ r ≤ R} and θ ∈ (0, π). (????Note that there is a conformal
transformation g : H \ Vn → H with max |g(z)− z| ≤ cun).

We now focus on the total masses. It suffices to show that

µbub
D+

(eiθ|Vn) = 4hn sin2 θ[1 +O(un)] (4.5)

In fact, by scaling rules for µbub and hcap, the formula below implies that for
all r ≥ 1,

|µbub
rD+

(reiθ|Vn)| = r−2|µbub
D+

(eiθ|r−1Vn)|4r−4hn sin2 θ[1 +O(un)],

and the proposition follows. To prove (4.5), first note that

|µbub
D+

(eiθ|Vn)| = lim
ε→0+

π

ε
µD+

(exp(−ε+ iθ), exp(iθ))[B hits Vn].

The estimates (5.2) and (5.3) and the use of scaling rule imply that the following
measures are very close for large R and small u:

• The measure of 1σu<T arg(Bσu) when B is defined under the measure
RPiR.

• The measure of 1σu<T,σu<σ1
arg(Bσu) when B is defined under the mea-

sure
(2 sin θ sinh(ε))−1P exp(−ε+iθ).
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After hitting uD+, it is possible to ”couple” the two paths up to their first
hitting of Vn. After the hitting of Vn, we want to estimate the probability that
the path go back to the unit circle without hitting R and they hit it in the
neighborhood of exp(iθ). By (5.1), this will occur with probability

2

π
Im(BρVn) sin θdθ.

Therefore, we get finally that (recall that these estimates are uniform in θ, ε and
R)

|µbub
D+

(eiθ|Vn)| ∼ lim
ε→0,R→0

2π

ε
sin θ sinh εREiR[

2

π
Im(BρVn) sin θ]

∼ 4 sin2 θ lim
R→∞

REiR[Im(BρVn)]

∼ 4hn sin2 θ

The following is the main theorem of this section. Now suppose that η :
[0,∞) → C is a simple curve with η(0,∞) ⊂ H and |η(t)| → ∞ as t → ∞,
parametrized by capacity, i.e. that hcap[η[0, t]] = 2t.

Theorem 4.13. Suppose Ht = H \ η[0, t] and let gt be the unique conformal
transformation of Ht onto H such that gt(η(t)) = 0 and gt(z) ∼ z as z → ∞.
Let ft = g−1

t which maps H conformally onto Ht with ft(0) = η(t). For every
t < ∞, if U is a bubble soup with intensity λ > 0, consider the set of loops
(preimage of bubbles appearing before time t)

Uη,t = {fsj ◦ γj : (γj , sj) ∈ U , sj ≤ t},

then Uη,t, considered as a collection of unrooted loops (by forgetting the root),
is a realization of L⊥(Ht) with intensity λt.

Lemma 4.14. Let L be a realization of the loop soup in H with intensity λ.
We write elements of L as [γ] since they are equivalent classes of loops. For
every [γ] ∈ L, let rj denote the smallest r such that γ(r) ∈ η[0, tγ ]. Then with
probability one, there is a unique representative of [γ], such that γ(0) = η(r)
and γ(0, tγ) ⊂ Hr.

proof of ... The proof of this theorem follows from ... Let L⊥t denote the set of
loops γj ∈ L with rj ≤ t, i.e. the set of loops that intersect η[0, t]. For r > 0, let
L⊥t (r) denote the set of loops γj ∈ Lt such that rad[grj ◦ γj ] = sup{grj ◦ γj(s) :
0 ≤ s ≤ tgrj ◦γj} ≥ r. Note that with probability one Lt(r) is finite for each

t <∞, r > 0???.
It suffices to show that for every r > 0 the set of loops {grj ◦γj : γj ∈ L⊥t (r)}

is a Poissonian realization of the measure λtµbub
H (0; r). (We only need to do this

for the case r = 1, the other cases are essentially the same). Let At = {grj ◦γj :
γj ∈ Lt(1)⊥}. We have noted that
At+ε \ At is independent of At ... conformal invariance implies that the

distribution of gt ◦ [At+ε \ At], derived from the curve η, is the same as the
distribution of Aε derived from the

It suffices to prove the two conditions above for t = 0
lemma: (section 5.2) mn = hn

2 µ
bub
H (0, 1)(1 + o(1))
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Corollary 4.15. The process (γ̃r, r ≥ 0) is a Poisson point process with inten-
sity λ times the Brownian bubble measure in H.

4.7 Parametrization

Suppose that η : [0,∞)→ C is a curve as before, and let L⊥t denote a realization
of the loop soup in H restricted to curves that intersect η[0, t]. We are going
to show that if the path η[0,∞) has dimension strictly less than two, then the
sum of all the time-lengths of the loops in L⊥t is almost surely finite. This
will imply that one can construct a continuous path by attaching these loops
”chronologically” to η.

Lemma 4.16. Suppose that there exists a positive function g such that

area{z : dist(z, η[0, T ]) ≤ e−s} ≤ g(s),

where
∫∞

0
g(s)ds <∞. Then with probability one,∑

γ∈L⊥T

tγ <∞.

Proof.
#{γ ∈ L⊥T : tγ > 1} <∞

Proposition 4.17. If D is any nonempty open domain, then∑
γ∈L(D)

tγ =∞

5 CLE: construction via loop-soups

5.1 Markovian characterization of CLE

... gives a criterion for conformal loop ensembles, which is stated as follows. We
say that Γ = (γj , j ∈ J) is a simple loop configuration in the unit disc D if it
is a collection of simple loops in D that are disjoint and non-nested and that is
locally finite (for each ε > 0, only finite many loops γj have a diameter greater
than ε).

We say that (the law of) a non-empty random simple loop configuration
Γ = (γj , j ∈ J) in the unit disc D satisfies the conformal restriction axioms
if the following hold:

1. Conformal invariance: the law of Γ is invariant under any conformal trans-
formation from D onto itself.

2. Restriction: for any simply connected subset U of D, define U∗ to be the
set obtained by removing from U all the loops and interiors of loops of
U that do not stay in U . (?? U∗ is an open subset of D because of the
local finiteness condition.) The restriction property is that given U∗, the
conditional law of the set of loops in Γ that stay in U (and therefore U∗

is PU∗).
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Note that conformal invariance enables us to define the law PD of the loop-
ensemble in any simply connected domain D 6= C. We can also define PD if D
has several connected components by taking independent samples in each of the
connected components.

5.2 Loop-soup percolation

The goal is to prove that almost surely, the set of outer boundaries of outermost
clusters of the Brownian loop-soup does give a simple loop configuraton which
satisfies the conformal restriction axioms for a range of c, whereas when c is
large, the Brownian loop-soup has only one cluster.

Recall the (weak) restriction properties of Brownian loop measure. First we
are going to establish some lemmas on properties of the collection C as (closures
of) the clusters defined by Γ.

Lemma 5.1. Suppose that Pc(C = {U}) < 1. Let U ⊂ U denote some open
subset of U and define U∗ to be the set obtained by removing from U all the
(closures of) loop-soup clusters C that do not stay in U . Then, conditionally on
U∗ (with U∗ 6= ∅), the set of loops of Γ that do stay in U∗ is distributed like a
Brownian loop-soup in U∗.

Proof. The event C 6= {U} implies that U∗ 6= ∅.
We proceed by approximating U∗ by a nested sequence of dyadic sets if

U∗ 6= ∅. For any n ≥ 1, let U∗n = U∗n(U∗) to be the largest union of dyadic
squares of side-lengths 2−n that is contained in U ∗ . For each n ≥ 1, and for
each (deterministic) union Vn of such dyadic squares, the loop-soup restricted to
Vn is independent of the event {U∗n = Vn}, since for a Brownian loop soup, the
two random families L(U) and L⊥(U) are independent. It immedaitely follows
that conditionned on U∗, the set of loops that do stay in U∗n is distributed like
a Brownian loop-soup in U∗n. Since this holds for all n, it also holds for open
set U∗ = ∪n≥1U

∗
n.

Lemma 5.2. Suppose that Pc(C = {U}) < 1 and that there is a Pc positive
probability that C contains an element intersecting the boundary of U. Then for
all positive c′, Pc+c′(C = {U}) = 1.

Proof. Let A1 be the union of all elements of C that intersect some prescribed
boundary arc ∂ of U of positive probability.

If U is a fixed open set such that U ⊂ U the law of set of loops contained in
U is the same as its original law

the law of loops of Γ that do not intersect A1 is the image of an independent
Γ

the conformal radius ρ1 of U \A1 seen from 0 has a strictly positive proba-
bility to be smaller than one

iterate the procedure: the conformal radius of Un seen from 0 is dominated
by a product of i.i.d. copies of ρ1.

for any positive δ one can almost surely find in Γ a finite sequence of clusters
C1, · · · , Ck such that d(Cj , Cj+1) = 0 for all j < k, such that C1 touches ∂ and
d(Ck, 0) ≤ δ.

by conformal invariance, simultaneously for all points z with rational coor-
dinates, for all rational δ, and all boundary arcs of ∂U of positive length.
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each loop of the loop-soup surrounds some point with rational coordinates ...
any two clusters in C are ”connected” via a finite sequence of adjacent clusters
in C.

add by an independent loop-soup, the new loops will almost surely join
together any two adjacent clusters of C into a single cluster

Lemma 5.3. There is a critical constant c0 ∈ [0,∞] such that

1. If c > c0, then Pc(C = U) = 1.

2. If c ∈ (0, c0), then Pc almost surely

(a) C contains infinitely many elements.

(b) No element of C intersects the boundary of U.

(c) No two elements of C intersect each other.

Proof. Set c0 = inf{c > 0 : Pc(C = U) = 1}. The previous lemma implies that
Pc(C = U) = 1 for all c > c0 and no element of C intersects the boundary of U
a.s. if c ∈ (0, c0).

If two elements of C intersect each other with Pc positive probability, then
applying Lemma 5.1 to some U containing one but not the other with posi-
tive probability and by conformal invariance, we find that there is a positive
probability that an element of C intersects ∂U. Lemma 5.2 implies c ≥ c0.

If c > 0 and C has only finitely many elements with positive probability,
then with the same probability, at least one of these elements must intersect ∂U
since the loops of Γ are dense in U a.s..

Remark 5.4. We say c is sub-critical if the (a),(b) and (c) of Lemma 5.3 hold
Pc almost surely. We will show that c0 is sub-critical at the end of this section.
The proof of Lemma 5.3 shows that in order to prove that some c is sub-critical,
it suffices to check (b).

Lemma 5.5. The c0 of Lemma 5.3 lies on (0,∞). Moreover, when c > 0 is
small enough, there are Pc almost surely continuous paths and loops in D that
intersect no element of Γ.

Proof. We first prove that for small c > 0 there exists almost surely simple
paths crossing U but intersect no element of Γ. couple the loop-soup with a
well-known fractal percolation model:

consider the unit square D = (0, 1)2 (instead of U). For each n, we will
divide it into 4n dyadic squares of side-length 2−n. To each such square C,
associate a Bernoulli random variable X(C) equal to one with probability p.
p < 1 large enough, M connects the two opposite sides of the unit square with
positive probability and M contains loops with positive probability.

associate (in a deterministic, scale-invariant and translation-invariant) (rewrite
by the other) manner to each loop l ⊂ (0, 1)2 a dyadic site site s = (j2−n(l), j′2−n(l)) ∈
(0, 1)2 such that l is contained in the square Sl with side-length 2× 2−n(l) and
bottom-left corner at s.

replace all loops l in the loop-soup by the square Sl
for each fixed square

S = (j2−m, (j + 1)2−m)× (j′2−m, (j′ + 2)2−m) ⊂ (0, 2)2,
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the probability that there exists no loop l in the loop-soup such that Sl = S is
less or equal to exp(−bc) all these events (when one lets S vary) are independent

the loop-soup percolation process is dominated by a variant of Mandelbrot’s
fractal percolation model:

P[X̃(S) = 1] = exp(−bc)

Lemma 5.6. If c is sub-critical, the probability that there are k disjoint chains
of loops in C crossing from the inside to the outside of a fixed annulus decays
exponentially in k.

Proof. No element of C intersects the boundary of U Pc almost surely if c is
sub-critical. So for all r < 1, there exists r1 ∈ (r, 1) such that the probability
that there is a crossing of {z : r < |z| < r1} is strictly less than one.

Now we consider any given annulus {z : r < |z − z0| < r′}. By conformal

invariance, the probability that the loop-soup restricted to {z : |z − z0| < r′

r1
}

(we can choose r1 such that {z : |z − z0| < r′

r1
} ⊂ U) containes no crossing

of the annulus is positive. Moreover, the event that no loop intersects both
the circles of radius r′ and r′/r1 around z0 happens with positive probability
and is independent of the previous event. The intersection of the two events is
contained in the complement of the crossing event. Therefore, the probability
that there exists a crossing of the annulus is strictly smaller than one. Then
result follows from the BK inequality for Poisson point process.

Lemma 5.7. If c is sub-critical, the set C is almost surely locally finite, and
moreover the elements of Γ are almost surely continuous simple loops.

Proof. Fix ε > 0. For any z0 ∈ U, Pc almost surely there exists only finite
(closures of) clusters in C whose distance to z is less than 2

ε , otherwise there
would be infinitely many crossings of annulus {z : ε2 < |z − z0| < ε}. The same

argument holds for any point in an ε
2−dense set in U, which implies that C is

almost surely locally finite.
Recall that the elements of Γ are all simple loops. Conditioned on one loop

of Γ, the others in U \ intΓ are independent of Γ. When c is sub-critical, almost
surely no loop in U\ intΓ intersects Γ. Therefore no element of C can have a cut
point. If the boundary is a continuous curve, it must be simple. If the boundary
has a point of discontinuity, then there must be infinitely many chains of loops
in Γ crossing an annulus surrounding that point, which does not happen almost
surely.

Combining these lemmas above, one can conclude that there exists a positive
constant c0 such that for all c ∈ (0, c0), the set Γ is a (random) simple loop
configuration that satisfies the conformal restriction axioms, whereas when c is
(strictly) greater than c0, Γ has only one cluster almost surely.

5.3 Relation between c and κ

If c is sub-critical, then the conformal restriction properties of the set Γ implies
that it is a CLEκ for some κ ∈ ( 8

3 , 4]. In other words, for such c, the Γ is
equivalent in law to the loop ensemble constructed via branching SLEκ,κ−6.
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In this section, we are going to describe the conformal loop-ensemble via the
pinned measure of branching SLEκ,κ−6 to identify κ in terms of c and show that
c0 is sub-critical.

Suppose that Γ is a random loop ensemble that satisfies the conformal re-
striction axioms

5.4 Identifying the critical intensity c0

branching SLE, size of loop-soup clusters It is more conveniant to work in the
upper half-plane H instead of the unit disk.

5.5 An intermediate way to measure the size of sets

Suppose that α ∈ (0, 1], and that A is a bounded closed subset of the upper
half-plane H. Define

M(A) = Mα(A) := lim
s→∞

sE[(ImBisτ(A))
α],

where Bis is a Brownian motion started at is and stopped at τ(A), the first
time that it hits A∪R. The limit exists and is finite by the explicit form of Pois-
son kernel on the half-plane H applied by mapping conformally the unbounded
component of H \A onto H. Note that M1 is the usual half-plane capacity used
in the context of chordal Loewner chains. ???

Il will be useful to compare M(A) with some quantities involving dyadic
squares and rectangles that A intersects. We will consider the usual hyperbolic
tiling of H by squares of the form [a2j , (a + 1)2j ] × [2j , 2j+1], for integers a, j.
Let S be the set of all such squares. For each hull A, we define S(A) to be the
set of squares in S that A intersects, and let

Â = ∪S∈S(A)S

the union of these dyadic squares.
Basic facts:

• M(aA) = aα+1M(A)

• for any two bounded closed sets A and A′, M(A ∪A′) ≤M(A) +M(A′);
if A ⊂ A′, M(A) ≤M(A′)

Lemma 5.8. There exists a universal positive C such that

CM(Â) ≤M(A) ≤M(Â).

Proof. bounding below the probability that (after this hitting time of Â) the
Brownian motion makes a loop around S before it hits any square of S that is
not adjacent to S

Lemma 5.9. There exists a universal positive constant C ′ such that for any
hull A,

C ′
∑

S∈S(A)

M(S) ≤M(A) ≤
∑

S∈S(A)

M(s)
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Proof. it is sufficient to prove the result in the case where A = Â is the union
of squares in S.

for each j ∈ Z, note that each even square S ∈ Sj , and for each z ∈ S,
the probability that a Brownian motion started from z hits the real line before
hitting any other even square in Sj is bounded from below; it follows from the
strong Markov property that the expected number of squares in Sj+k+1 that B
visits before exiting H is bounded by K × 2−k

E[
∑
S∈S

(ImBzτ(S))
α] ≤

∑
k≥0

(2j+k+1)α × (K2−k) +
∑
k<0

(2j+k+1)α × (K2−k) ≤ C(Imz)α

apply this statement to the Brownian motion Bis after its first hitting time
τ(A) of A ∪ R,

Given a hull A, we denote by Ã = Ã(A,Γ) the random hull whose comple-
ment is the unbounded component of the set obtained by removing from H \A
all the loops of Γ that intersect A. ?Local finiteness implies that Ã is a hull
almost surely. picture ..... Now define

N(A) = Nκ(A) := E[M(ΦA(Ã))].

For each square S = [a2j , (a + 1)2j ] × [2j , 2j+1], define R(S) to be all the
squares that lie strictly under S

Proposition 5.10. If c < 1 and c ≤ c0, then there is an α(c) ∈ (0, 1) such that,

E[diam(Ã)1+α] <∞

for all hulls A.

Proof. proof in Markov....

If we write AS = A ∩ S, then

E[M(ΦA(ÃS))] ≤ C(c)M(S).

By scaling, it suffices to consider the case where S = [0, 1] × [1, 2] and hence
R = R(S) is the rectangle [0, 1] × [0, 2] We want to prove that E[M(ΦA(ÃS))]
tends to zero uniformly with respect to A as c → 0. In fact, the probability
that there are no loops intersecting AεS = {z : dist(z,AS) ≤ ε} goes to 1 as c
goes to 0 by the decomposition formula. Therefore E[M(ΦA(ÃS)] goes to zero
by dominated convergence applied to diam(ÃS)1+α.

Lemma 5.11.
N(A) ≤ C1(c)M(A).

C1(C) tends to zero as c tends to zero.

Proof. Putting together the above estimates, it is not hard to get that

E[M(ΦA(Ã))] ≤
∑

S∈S(A)

E[M(ΦA(ÃS))]

≤
∑

S∈S(A)

C(c)E[M(S)]

≤ C1(c)M(A),

where C1(c) (which depends only on c) tends to zero as c tends to zero.
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the probability (that the diameter of the set of loops intersecting a small
ball on the boundary of H is large) decays quickly with the size of this ball
when κ < 4. Intuitively one can guess that when κ < 4, two big clusters will be
unlikely to be vary close, i.e., in some sense, there

adding a loop-soup with a very small intensity c′ on top of the loop-soup
with intensity c0 might not be sufficient to make all clusters percolate, and this
would contradict the fact that c0 is critical

Proof. Suppose that c0 < 1. We choose c′ to be small enough so that the
product of the corresponding constants C1(c0) and C1(c′) in the above lemma
is less than 1, so that one can have an exponential decay on M by iteration.
We will view that the loop-soup Γ with intensity c0 + c′ as the superposition of
a loop-soup Γ0 with intensity c0µ and a loop-soup Γ′ with intensity c′µ which
are mutually independent since they are Poisson point process.

For any given hull A, Γ contains a chain of loops that join A to the line
LR = {z ∈ H : Im(z) = R}. This implies that one can find a chain γ0, γ1, · · · , γk
in Γ almost surely such that γ0 ∩ A 6= ∅, γk ∩ LR 6= ∅ and γi−1 ∩ γi 6= ∅ for

i = 1, · · · , k. Besides, these loops alternatively belong to Γ0 and Γ
′
. But in the

following, we will show by construction that this does not holds when c0 < 1.
First, consider the loops of Γ0 that intersecting A. Let A1 be the hull

generated by the union of these loops and A.Recall that the expected value of

M(A1) is finite because α = α(c1). Then add to A1, the loops of Γ
′
that intersect

A1 and the union generates a hull B2. add to B1 the loops of Γ0 that intersect
B1.

hcap(A) ≤M(A) is A ⊂ {z : Im(z) ≤ 1}?if A is a hull such that there exists
z ∈ A with Im(z) ≥ 1, then M(A) ≥ c hcap(An) ≤ M(An), which implies
almost surely Σnhcap(An) <∞

M(An) decays exponentially, which implies thatM(An) almost surely decays
eventually faster than some exponential sequence.
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