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1 Schramm Loewner evolution

1.1 Definitions

In this section, we will review some basic facts concerning Loewner’s equation
and Schramm-Loewner evolution.

1.1.1 Conformal map and half-plane capacity

Let H := {# € C : Imz > 0} to be the upper half-plane. A bounded subset
A C His called a compact H—hull if A= ANH and H\ A is a simply connected
domain. For any compact H—hull A, there exists a conformal map g4 : H\ A —
H. Note that the conformal isomorphism is not unique. For all isomorphisms
o and all A € (0,00), the map z — Ao(z) is also an isomorphism. We specify a
particular one such that |ga(z) — z| — 0 as z — oo.Moreover, for any compact
H—hull K, r € (0,00) and x e R, set rK ={rz:z2€ K} and K +x={z 4z :
z € K}. Then 7K and K + x are compact H—hulls and

gri(2) =19k (2/7), 9K +2(2) = gr (2 — 7) + 2.
The half-plane capacity hcapA is defined by
hecap(A) := lim 2(ga(z) — 2).
Z—00
More precisely speaking, there is a unique conformal isomorphism g4 : H\ A —

H such that there exists a, € Ry, g4/(2) = z + “2 + O(]2|72) as |z| — cc.
The half-plane capacity has some nice properties:

o If r >0,z € RM, then

hcap(rA) = r?hcapA, hcap(A + x) = hcap(A).

e If B is also a compact H—hull and A C B, then
hcap(B) = hcap(A) + hecap(ga(B \ A4)).
Especially, the half-plane capacity increases as the set grows.

In the following, we will consider only compact H—hulls given by simple curves
7.



1.1.2 Continuity and local growth property

Define rad(K) = inf{r > 0: K C rD + x for some z € R}.

Proposition 1.1. Let K be a compact H—hull, then
lg(2) — 2| < 3rad(K),z € H=H)\ K.

Proof. By the scaling and translation argument, it suffices to consider the case
where K C D and rad(K) = 1. Recall that g (z) — 2 is a bounded holomorphic
function on H. Fix z € H and consider a complex Brownian motion (B¢):>0
starting from z. For t < T' = T(H) (the exit time of (B;)¢>o through H),
M; = gk (Bt) — By is a continuous and bounded local martingale, and M; —
gk (Br) — Br as t T T. Hence by optimal stopping,

9k (2) = 2 = E.[gx (Br) — Br].
We admit here that |gx (7) —z| < 3forallz € Rif K C Dandrad(K) =1. O

Let (K;)¢>0 be an increasing family of compact Hyulls. ((K;)i>o is said to be
increasing if K is strictly contained in K; whenever s < t.) Set Ky = Ngs: K
and, for s < t, set Ks; = g, (K \ Ks). (K¢)i>0 is said to have the local growth
property if rad(K; ;1) = inf{r > 0: K; ;15 C rD + x for some z € R} — 0 as
h | 0 uniformly on compacts in ¢. This is a type of continuity condition for the
growth of (K;);>0 but note that K; \ K, can be large even when K ; is small.

Proposition 1.2. Let (K;)i>0 be an increasing family of compact H—hulls hav-
ing the local growth property. Then for all t, there is a unique & € R such that
& € Ky qn for all h > 0, and the process (&)i>o0 is continuous.

Proof. For fixed t > 0, the sets Ky ;1 are compact and decreasing when A | 0.
By the local growth property, they have a unique common element & € R. For
t > 0and h >0, choose z € Kyyop \ Ky and set w = gk, (z) and w’' = gk, (2).
Then w € Ky yy0p and w' € Kyypq0n with w' = gk, ,,, (w). Hence

& —w| < 2rad(Kyiyon), [Evn—w'| < 2rad(Kepnepon), [w—w'| < 3rad(Kyiqn).
Therefore
|&e4n — &) < 2rad(Kiqneron) + 3rad(Ky i1n) + 2rad(Kie4n) — 0

as h | 0, uniformly on compacts in . O

1.1.3 Chordal Loewner Chain

Chordal Loewner chain is the solution of a type of Loewner equation that de-
scribes the evolution of a curve growing from the boundary to the boundary in
a domain of C. By conformal mapping, we consider the special case where the
domain is the upper half-plane H. Loewner’s equation (also called Loewner evo-
lution) is a differential equation for a family of Riemann mappings from upper
half-plane H with a growing slit v (from 0 to co) to H.
If v is parametrized by half-plane capacity such that
lim z(g:(2) — z) = 2¢,

Z—00



we denote by Loewner chain g; the unique conformal isomorphism from the
unbounded component of H\ (0, ¢] satisfying |g:(z) —z| — 0 as z — oo. Denote
by driving term & € R the image of the tip v(t) (since the tip can be identified
with a prime end), then g; satisfies the following differential equation, which we
call the chordal Loewner equation:

d 2
TRy

dt
Conversely, suppose that a continuous function £(-) : [0,00) — R is given in
advance, for z € H, one can also solve the differential equation (1.1) to obtain
the solution g¢(z) till the moment T, := sup{t > 0 : |g:(z) — &| > 0} and set
K;:={z€H:T, <t}. Then for t > 0, g:(z) is a conformal map from H \ K,
to H. The family (g:);>0 describes the evolution of hulls (K});>o corresponding
to £ and growing from the boundary to co. Therefore, we have a one-to-one
correspondence between & and (K;);>o. A growing family of hulls (K)o is
generated by a curve v if H\ K, is the unbounded component of H \ [0, ¢] for
all t > 0. If & is sufficiently nice, then (K});>o is generated by a curve v with

~(0) € R, tliglo ~(t) = 0.
For any Loewner chain g;,t > 0, we try to define the generating curve v as
~(t) = leifg ft(W (t) + i€), where f; = g;* defined on H \ 4[0,¢]. The function 7,

go(2) = z. (1.1)

if it exists, is called the trace of the Loewner chain.

1.1.4 Schramm-Loewner Evolution

In the half-plane, a deterministic curve corresponds to a deterministic driving
term &;, and random -~y should correspond to random &;. For the sake of confor-
mal invariance, the most feasible candidate is the Brownian motion.

Definition 1.3. Chordal Schramm-Loewner evolution with parameter x > 0
(abbreviated as chordal SLE(x) in half-plane) is a curve generated by driving
term \/kB; in Loewner equation, where (B;);>o is the standard Brownian mo-
tion. Namely, the Loewner chain corresponding to SLE(k) is

0 2
59t(2) = 5(2) — JiB 9o(2) =z, z€H,.

The existence and uniqueness in law of SLE(k) is obtained from Loewner’s
theorem. More precisely, the case & is a Brownian motion of any diffusivity
Kk except k = 8 was proved by Rohde and Schramm. The case k = 8 was
then added by Lawler, Schramm and Werner when working on LERW and
UST[LSWO1].

It is not hard to check that SLE is scale invariant and has some kind of
Markov property.

Theorem 1.4. Let (Ky)i>0 be a random increasing family of compact H—hulls
with local growth property and parametrized by half-plane capacity. Then (K;)i>o
is an SLE if and only if it satisfies:

e scaling invariance: for all A > 0, (AK-24)1>0 has the same distribution
as (Kt)t20



e domain Markov property: set Kt(s) =gk, (Kstt \ Ks) —&s. Then (Kt(s))tzo
has the same distribution as (Ky)i>o0 and is independent of Fs = o(&;r <

s)

Proof. Write (&;)i>0 for the driving term of the Loewner chain corresponding
to (K¢)i>0 and note that (&)¢>0 is continuous. For A € (0,00) and s € [0, 00),

define £} = A&, -2, and 5,58) = &5+t — €. Then the Loewner chain corresponding
to (Kt)‘)tzo has driving term &} = A¢,-2; and the Loewner chain corresponding
to (K})i>0 has driving term 5,53) = &5+t — & Hence (Ki)i>o has the domain
Markov property if and only if (&):>0 has stationary independent increments.
Also (Kt)i>o is scale invariant if and only if the law of (&;);>¢ is invariant under
Brownian scaling. By Levy-Khinchin theorem, (&;)¢>0 has both these properties
if and only if it is a Brownian motion of some diffusivity « € [0, 00), that is to
say, if and only if (K;);>¢ is an SLE. O

1.2 Advanced properties of SLE

For each &, the trace v exists and is a random curve such that the hulls (K¢)¢>0
of SLE(k) are generated by 7 almost surely. We will admit this and define
SLE(k) to be its trace without mentioning it.

1.2.1 SLE as a complex Bessel process

The Bessel process of dimension n started from = > 0 is the real-valued process
X given by

Xi = [|Btll,
where [|A]| denotes the Euclidean norm in R™ and B is an n-dimensional Wiener

process (Brownian motion) with ||By|| = . The n-dimensional Bessel process
is the solution to the stochastic differential equation

n—lﬁ

dX; =dB
t ¢+ 7 X,

(1.2)

where Z is a 1-dimensional Brownian motion. Note that this SDE makes sense
for any real parameter n. Therefore we can define Bessel processes in any
dimension to be the solution to (1.2).

Consider z € H with z # 0. Let g; be a chordal SLE(x) with driving process
W; = —\/kBy, where the minus sign is for convenience. Define the precesses

Zt:gt(Z)—Wt, Zt:ZAt/\/g
By Loewner equation, these processes have Ito differentials

. 2 2/k
dZy = —dt + VkdBy, dZ; = —
t Z, VEdB, t Z,

dt +dbB;

respectively. Therefore (Zi)ic(o,r), where T' is the maximal time such that
the solution exists and is positive for any ¢ € [0,7), could be called as a
§(r)—dimensional complex Bessel process started from <=, where §(k) = 142 €
(1, 00).

In the next proposition, we list some properties of (real-valued) Bessel pro-
cesses.



Proposition 1.5. Let 6 € R and let (X;)cpo,r)y be a 6—dimensional Bessel
process started from x > 0, that is, (X;)epo,1) 15 the unique solution of

0—1

dX, =
T,

dt +dB;, Xo = 1.

Then for z,y € (0,00),z < ¥,
1. PIT < oo] =1 if and only if § < 2,
2. PIT =o0] =1 if and only if § > 2,

. Pl inf X, =11 if 0 > 2
3 [ogutl<T + > 0] if and only if § > 2,
4. P[lim X, =0] =1 when § < 2.

t—T

Remark 1.6. As we saw earlier, the Euclidean norm of a d—dimensional Brown-
ian motion is a d—dimensional Bessel process. By this proposition, when d > 2,
the Brownian motion of dimension d won’t hit the origin. In the case d = 2, the
Brownian motion can get arbitrarily close to zero, but doesn’t hit it in finite
time.

Proof. These claims can be proven using the fact that for §—dimensional Bessel
process (X¢)iepo,1), the process M; = X279 when § # 2 or M; = log X; when
0 = 2 is a local martingale for ¢ < T. Since, by Ito’s formula, when § = 2,

dX, 1
dt/2X; +dB; 1
X 2X?
_ s,
=%
and when ¢ # 2
dM, = dX279 = (2 — §)(X,)'0dX, + %dmt
t
2-9)0-1) 1-5 (2-0)(1-9)
=—"———“dt+ (2-0)(X dBy + —————=dt

= (2-0)(X,)'%dB,.

Notice that Bessel processes are scale invariant so that they satisfy Brownian
scaling AX; /x> £ X, for all A > 0.

For t < T, notice that X; — B; = z + 252 fg X tds. Since X > 0 for all
s €0,T), it follows that

{XtZBtWhen(le

Xt S Bt when ¢ S 1 (13)

For a € (0,2),b € (z,00),c € (0,2z) U (x,00), let 7. = inf{[0,T) : X; = ¢} and
Ta,p = Ta N Tp. Define also 79 = liIr%) Te and 1o = lin}) Ta,» Which exist since
a—r a—



they are decreasing functions of a. By the comparaison inequalities (1.3), we
can show that for any a € [0,2) and b € (z,00), the stopping time 7, is finite
almost surely. For exemple, when § > 1, 7, is bounded from above by the
almost surely finite time that the Brownian motion hits b. The same argument
works for § < 1.

Since (Mt/\ra,b)tzo is a bounded martingale and 7, 5 is an almost surely finite
stopping time, by the optional stopping theorem,

f(@) = f(a)P[Xs, , = a] + fF(OP[X-, , =],

where f(z) = 2279 when § # 2 and f(x) = —log(z) when § = 2. Then the
expression for the exiting time

Pty = Tap) =

leads to the following conclusions:

e When § <2 (k > 4), lir%f(a) = 0. Thus
a—

P[T():T()J)} =1- M > 0.

f(b)
Notice that 79 = T. Thus

]P[T < OO] = lim P[TO = TO,b} = 1.

b—o0

e When ¢ < 2 (k < 4), then choose 7, > 1 such that P[r, , = 7o,z =27
Then by scale invariance and the Markov property of the Bessel process,

_1 —1,-1 -
P[X; > n™" for some t > Tn,ngl] =Plr,» = TO,rpzy T =N Ty ]=27"

—1,.—1

for all n € Z4 such that n= 7, < x. Consequently limsup,_, X; = 0.

e When § > 2(k < 4), lin}) f(a) = oo, thus
a—

]P’[To = 7'07{,] = 0

It is then possible to argue that almost surely, 79, = 7 tends to oo as
b — oo, since there is no blow-up of the solution in finite time by the
uniqueness and existence theorem of SDEs. This shows that T = 19 = o0
almost surely.

e When § > 2, since almost surely
blir& 7 = 00 and blLIEO f(b) =0,
it holds that
Plry-n < o] = f(x)/(27") = 2?09 0= n

for any n € Z; such that 27" < x, which is summable over n. Thus by
Borel-Cantelli lemma,

inf X; > 0 almost surely.
>0

All the claims follows evidently. O



1.2.2 Transience

We will show in this subsection that a chordal SLE(k) curve « is transient, in
the sense that |y(t)] — oo as t — oco. In particular, v[0,00) = [0, 0c0) when ~
is transient.

Lemma 1.7. When 0 < k < 4, P[dist(7[0,00), [z, 2']) > 0] =1 for any 0 < z <
' orxz<a’ <O.

Proof. Suppose first that x € (0,4). By symmetry and scale invariance of
SLE(k), it is enough to show that P(dist(y[0,00),[1,2]) > 0) =1 for all x > 1.
Let 0 < § < 1/4 and define o5 = inf{t > 0 : dist(y(¢), [1,2]) < 6}. Let us con-
sider the event o5 < co. Let Ry, be the union of the right-hand side of v[0, o]
and [0,1/2] and h(z) be the bounded harmonic function on H,; = H \ 7[0, 04]
that has boundary value 1 on R,, and 0 elsewhere. By conformal invari-
ance of harmonic functions, after applying the conformal map ¢ o g,, where

p:rze % maps H conformally onto the unit disc which sends g, (iy)
s
to 0, we see that for y > 0, h(iy) has the expression
o 1/2 o ] os — Yo ]
h(iy):—|a gg ;(1/2) =g 5(1'y) 7argW5 ga(ly)|
905 (1/2) + go; (1Y) Wos + 9os (i)
_ | o1/ Dy~ i+ OQ/y")  WoJy—i+O0(/y )‘
905(1/2)/y+i+0(1/y2) S Wo,/y + i+ O(1/y?)
1
= y(go(;(l/?) os) T 0( 5)

as y — oo since g(iy) = iy + O(1/y).

On the other hand, we can write the harmonic measure h(iy) as the proba-
bility that a Brownian motion started from ¢y exits H,, through R,;. On this
event the Brownian motion has to intersect the vertical line connecting [1, z]
to y(os). Let g = Revy(os). Then the probability that a complex Brownian
motion started from 4y will hit the right-hand side of the segment [z, xg + 0]
before hitting the left-hand side of 4]0, os] or real axis, which is less than the
probability that a complex Brownian motion started from ¢y hit the segment
[0, 2o + 0] before hitting real axis is O(%) as y — oo. This can be derived
similarly as above by mapping to the unit disc.

Using the latter harmonic measure as an upper bound for the former one, we
conclude that ¢g,; — Wy, = O(d) uniformly almost surely. Because the infimum
of Bessel process is positive a.s., there exists a positive random variable dg such
that o5 = oo for all § € (0,dp). The claim follows for x € (0,4).

For k = 4, the above proof does not apply since the infimum of Bessel
process with corresponding dimension 2 is zero. Let us handle this differently.
Let 0 < y < < oo and let F(t) denote the complex conjugate of v(t), and
set Dy := C\ (7]0,¢] U7F[0,t] U (—o0,y]). Using Schwarz reflection, g; can be
conformally extended to D;. Note that g:(D;) = C\ (—o0, g:(y)]- By the Koebe
quarter theorem applied to g; ', the distance from z to dD; is at least (gt( )—
9t(y))/g;(z). Consequently, it sufﬁces to show that a.s.

igggé(w)/(gt(fﬂ) —9:(y)) < oo,



Set Q(t) = Qq,y(t) :=log g;(x) —log(ge(x) — g+(y)). Then it reduces to verifying
that sup Q(t) < co. The time derivative of @ i.s
>0

XQ(t) = —2Y, (1) 2 + 2V, () 1Y, (t) L.

Since Y, (t) > Y, (t) for all t > 0, Q(t) is increasing in ¢. Define
1
G(s) :=logslog(l + s) — 5 log?(1 + s) 4 Lig(—s),

where Lig(z) = fzo s71log(1 — s)ds. G satisfies that

_ logs  log(l+s)

G(s)il—l—s 1+s

b

log s log(1 + s)
1+s)?  (1+s)2°

G"(s) = 1/s(1+ 5)° —
Also G satisfies
s(1+5)2G"(s) +s(1+8)G'(s) = 1.
exo: Q(t) — Gy is a local martingale, where

L gt(l") - gt(l/)
A TR

Consequently, there is an increasing sequence of stopping times ¢, tending to
oo a.s. such that E[Q(t,)] = E[G:, ]+ Q(0) — Gp. Since sup{G(z) : > 0} < oo,

limsup E[Q(¢t,,)] < 0.

Because ) is increasing in ¢, it follows that E[sup, Q(t)] < oo and hence
sup, Q(t) < oo a.s., which completes the proof. O

Lemma 1.8. Suppose that k > 4,k # 8, and let t > 0. Then a.s. there is € > 0
such that {z € H : |z| < ¢} C K.

Proof. 1t is sufficient to show that there exists ¢ > 0 such that
§:=P[0 ¢ Hy > 0.

Since by conformal invariance, § does not depend on ¢, and these events {0 ¢ H,}
are monotone in ¢, it follows that

PVt > 0,0 ¢ ;] = 4.

Then Blumenthal’s 0 — 1 law gives that § = 1. The detailed proof is omitted
here, see [RS03] O

Theorem 1.9 (Transience). For all kK > 0, the SLE(k) trace v(t) is transient
a.s. That is,
Pllim inf |y(t)] = o] = 1.

t—o0



Proof. Let T1 = inf{¢t > 0 : |y(t)| = 1}. First consider the case x € [0,4]. In
this range, v is a simple path. Then a.s. there are two limit points x_,z for
g1, (2) as z — 0 in Hy. Note that g, (y[T1,00)) has the same distribution as
~[0, 00) translated by Wr,. Almost surely, the distance from the SLE(k) curve
g1, (V[T1,00)) = W, to [-n, —1] U [, n] is positive for all n € N. Hence it will
stay as a positive distance from z_ and x4, which means that 0 ¢ ~[T7, 00)
a.s. Consequently, there exists a random variable r > 0 such that |y(¢)| > r for
all ¢ > T7. Combined with scaling invariance and Borel-Cantelli lemma, we can
construct a sequence of random variables 0 < Ry < Ry < ... such that Ry — oo
almost surely and v doesn’t enter B(0, R;_1) after hitting 0B(0, Ry,).

Now suppose that x > 4. There is a random variable » > 0 such that
{z €H:|z| <r} C K. The scaling property of SLE shows that

P{zeH: |z <ryTh} CKp]=P{zeH:|z|<r} C K] =1

Now let the random radius be rv/7; and the same argument as in the case
K € [0,4] gives the transience. O

1.2.3 Phases of SLE

The next theorem summarizes the important facts on random curve ~.
Theorem 1.10. Let the random curve 7 : [0,00) — H be SLE(k). Then
e For all 0 < k <4, v 1s simple and v(0,00) NR = 0.

o Foralld < k < 8,7 is not simple. In fact, it is not simple on any interval:
for any 0 < t1 < ta, there exists t1 < s1 < sg < tg such that v(s1) = vy(s2).
However, v is not space-filling: for any z € H, dist(z,v[0,00)) > 0 or
equivalently z ¢ [0, 00) almost surely.

o For all k > 8,7 is not simple on any interval. Moreover, v is space-filling:
z € ¥[0,00) almost surely.

We will first show that + is simple for k € (0,4] and non-simple curve for
Kk € (4,00). Remember that z € K; if and only if 7(2) < ¢, where 7(2) is the
maximal time such that the solution of Loewner equation with initial value z
exists. Notice also that for 0 < z; < x5 or for 22 < z1 < 0, it holds that
Wi < ge(x1) < ge(z2) or ge(xa) < gi(z1) < Wy for all 0 < ¢ < 7(x1) A 7(x2) and
consequently, 7(z1) < 7(x2).

Now we use the fact that for all z € R\ {0}, the process X; = (g:(x)—Wy)/V/k
is a Bessel process of dimension § = 1 + %. Proposition 1.5 applied to X; shows
that P[r(z) < oo] =1 when x > 4 and 0 when « € (0,4).

proof: phase transition from simple to non-simple at Kk = 4. Let s > 0 and let
x_ and x4 be the two images of 0 under the map g; — Ws. By Proposition
1.5 and conformal Markov property, 4(t) = gs(v(s +t)) — Ws,t > 0, intersect
the real axis only at 0. In particular it doesn’t intersect [z_,0) U (0, z]. Since
fs = g! is continuous to the boundary by Caratheodory principle (since the
tip of v can be identified with a prime end of the unbounded component), this
implies that
[0, s] N y[s,00) = {7(s)}

10



almost surely. In fact, we can show that this holds almost surely for all s by
taking the intersection on all rationals and then by continuity to all s. Thus
is simple.

Let’s then show that SLE(k), k > 4, is not simple on any interval. Suppose
on the contrary tha SLE(k), k > 4, is simple. Since 7(1) is finite almost surely,
for fixed ¢ > 0, by scaling P[7(x) <] — 1 as z > 0 tends to 0. Therefore for all
t>0and x>0

P[~[0,¢] N (0, z] # 0] = 1.

For any 0 < ¢; < u < to. Let 2_ < 0 < &, be such that the image of y[t1, u]
under g, — W, is [£_,&4]. Then by domain Markov property we can find
u < 83 < tg such that g,(v(t2)) — Wy € [£—,0) U (0, Z4]. Therefore there exists
t1 < s1 < u such that y(s1) = y(s2), which leads to a contradiction. O

Then we study the phase transition at «k = 8 by analyzing the distance
from z to 4[0,7(z)) or ¥[0,00). To do so, we first need a conformally covariant
I version of the distance to the boundary. For any simply connected domain
U cC C, U # C, and for any point zg € U, let ¢ be the unique conformal map
from U onto D such that ¥(zp) = 0 and ¥’(29) > 0. Then the conformal radius
of U from zy is defined as

p(z0,U) = ¢'(20) 7"

The conformal radius is proportional to the radius by Koebe quarter Theorem,
1
ip(zo, U) < dist(zo,0U) < p(z0,U).

For any fixed 2y € H, let Z; = g;(20) — Wi, t € [0,7(20)) and let X; and Y; be
the real and imaginary parts of Z; respectively, and let W; = —B;. Since the

conformal map from H; = H\ K; normalized at zg is ¢(z) = ew% such
gt(z)—gt(zo

that ¢’(zo) > 0, the conformal radius of H; from zq is equal to

p(z0, Hy) = |/ (z0)| ) = 91120) —ge(z0)| __2Y;

lgi(z0)l  gi(z0)
when ¢t < 7(zp). The proportionality to the inradius implies that

1 Y, -
—dist(zg, RU~[0,00)) < lim ——— < 2dist(zg, RU~|[0,00)).
ist(0, RUA0, ) < lim iy < 2l (20, RUA[0,50)

By taking the real and imaginary parts on both sides of Loewner equation, it
follows that

92X,
Xt = —5—= B 1.4
dX Xt2+Yt2dt+\/Ed ! (1.4)
2Y;
Yi=——— 1.

dY; e +Yt2dt (1.5)

B
dlog Z; = (2—/%/2)d—7;—i—\/ﬁh (1.6)

7 Z

peront X¢ - v?

1
Oclog |9:(2)| = 50 log g;(2) - 9i(2) = =2 (1.7)

(X7 +Y?)?

IConformally covariant here means that the transformation rule under conformal maps is
simple

11



Using (1.5) and (1.7) write that

2Y; 5
o lo JH,) =010 =4 t
Hiow Pl ) = Orlo8 [y ~ TR v
Define
t }/82
S10) 1= 108 e, ) ~1og plen B =14 || s

then it follows that
p(z0, Hy) = 2yo exp(—S(t)),

where yo = Imzp.

phase transition from non-space-filling to space-filling at kK = 8. Define a time change

using S(t) and set o(s) = S71(s). Write a; = ngw and define o(s) = inf{¢ >
0:S(t) > s}. (1.6) gives that
dt Y:
do, = (k — 4) X Ys — dBy.
t (K; ) t t(Xt2+Yv—tQ)2 \/EXt2+Y;2 t
Define the Brownian motion after time change BS = — Oa(s) a;dB;. We use the

definition 6 = 26,(,), then

R a(s)
dfs = Qd/ do,
0

a(s) a(s)
= d(/ (k — 4)% \f/ adBy)
0

X2 +Y?)?
’ Xo(rydr
:d(/ (k —4) Jr\f/ dB,)
0 2Ya (r)

—4 -
= 5 cot(f:/2)ds + VrdB,

where 6; := argZ,;, and
p(z0, Ho(s)) = 2yoy~°

The solution to this stochastic equation exists, independent of the radius of the
initial point and is unique until the exit time from interval (0, 27)

7 =sup{s > 0: 60, € (0,2n) for all u € [0, s]}.

If 7 is finite, then 12111} 0, exists and belongs to {0,2r}. Since 6, € (0,7) for all
—T
t < 7(zp) (the flow is invertible, so R has preimage in K; UR), we have that
S(t) < 7 for all t < 7(zp) and
S(r(z0)):= lim S(t) <7

t—7(z0)

We can compare 0, to Bessel processes asymptotically when O, ~ 0 or 0, ~
om. Namely, cot(f,/2) is close to ,/2 or 2/(2m — 6,) respectively. Then the
corresponding Bessel process has dimension § = (3x — 8)/k. This implies that
7 is almost surely finite for £ < 8 and almost surely infinite for £ > 8.

12



When « < 8, for any z € H, almost surely

, Where KT_(Z) = Ue>0K+(2)—e. By Markov property applied to stopping time
7(2), 7v[7(z),00) is SLE(x) in domain H \ K.(.), independent of +[0,7(2)),
dist(z,v) = dist(z,7[0,7(z))) > 0, which means ~ is not space-filling.

When « > 8, since almost surely -y is transient and we will show later that
S(7(z9)) = 7 = oo for SLE(k), 7 is space-filling a.s.. O

Remark 1.11. The proof above implies that when x < 8, for any z € H almost
surely dist(z,7[0,7(2))) > 0, since lim p(zo, H) = lm 2ypexp(—S(t)) =
t—7(z0) t—7(z0)

2yo exp(—7) and 7 < oo for K < 8.

Lemma 1.12. Let z € H and v be a SLE(k) curve. Let (g¢)i>0 be the Loewner
chain corresponding to v with driving term (W;)¢>o. Then

lim 6 0 dS. =7
t_gir(lz) : €{0,7} and S;;) =7

Proof. First, we claim that if liII(l )arg(gt(z) —W;) € {0, 7}, then 7 < S(7(z2)),
t—1(z

which implies that S..y = 7. If & € (0,4], 7(2) = inf. Let r = |z| and R > 7.
By the transience, there exists s > 0 such that |y(¢)] > R for all ¢ > s. By
symmetry, we can suppose that z is to the right of [0, s] in the sense that z
can be connected by a path in (H\ [0, s]) N B(0, ) to the ”right side” of 4]0, s].
Notice that then z is to the right of 4[0,¢] in the same sense for all ¢ > s.

Denote by L; the union of Ry and the "left side” of «[0,t]. We can write
using the harmonic measure arg(g:(z) — Wy) = tHM(z, Ly, H \ (0, ¢]). By the
weak-Beurling estimate of harmonic measure

0 <arg(gi(z) — W) < C(%)a

with some universal constants C' > 0 and a > 0. The claim follows by taking R
to co. When z is to the left of [0, s], the same proof gives that tgrgo arg(g:(z) —
Wt) = T.

When s € (4,8), 7(2) < oo and dist(z,7[0,7(z)]) > 0. When z is to the
right of v[0, 7(2)], then the harmonic measure of the union of Ry and the left-
hand side of ¥[0,¢] tends to zero as ¢ — 7(z). Similarly when z is to the left of
[0, 7(2)].

When « € (8,00), if it would happen that S(7(z)) < oo, then by the above
argument . hH(l )Gt € {0, 7} and therefore 7 < S(7(z)) < oo, which would lead

—T(z

to a contradiction. O

1.2.4 Upper bounds of dimensions

Recall the time change in the previous section. The notion (U),, is used for the

connected component of zy in U.

0

Proposition 1.13. For all &, p(zy, (H \ 7(0,00)).,) = 2yoe~".
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In this part, we will write zg = rexp(iéo/Q), r>0,0€ [0, 27]. Define
F(fo,w) := Plp(z0, H \ (0,00)) < 2ype™"] = P[# > u].
Its conditional version given F, = Fo(s), can be written in the form
P[> u|lFy] = F(0s,u — s) (1.8)

by the conformal Markov property of SLE(x). The left-hand side of (3.4) is a
martingale with respect to s. Therefore F' satisfies, provided F' is smooth,

oF
e LF
P[0, 00) N B(zg,7) # 0] =< (ﬁ)’\ sin(argz)” (1.9)

where A < B means that there exists positive constants ¢; and co such that
ClB § A S CQB.

For a non-empty bounded Borel set K C C, let N, be the number of sets
of form [(j — 1)e, je] x [(k — 1)¢, ke] that intersect K, where (j, k) € Z2. The
upper and lower box-counting dimensions (or Minkowski) dimensions are defined
respectively as

log N,
elo  log

log N,
dimy7(K) = limsup o8
€l0 log

If the upper and lower limits are equal, then 1if101(10g Ne)/(log 1) exists and is

called the boz-counting dimension. It always holds that the (upper and lower)
box-counting dimension is not less than the Hausdorff dimension of K. Hence
any upper bound for the box-counting dimension is an upper bound for the
Hausdorff dimension.

Return to our case SLE(k) curve, 0 < k < 8. By (1.9), there exists some
C>0and A >0,

r

P[Y[0,00) N B(z0,7) # 0] < C(+——)*

Imzg

for any zp € H and r > 0. If v[0,00) intersects the box Rj; :=
1)27", 527" x [(k—1)27", k27"], then dist((j — 1)2 " +i(k— 5)27",7[0,00)) <
27"=3 . Hence

ENy-n = > P[y[0,00) N Ry # 0]
—on<j<2an,0<k<an
1
< 27" E—-)™
< cons Z ( 2)

—2n<j<2on 0<k<2n

< const2(2=Mn

where the constant depends only on C' and .
By Chebyshev inequality, for each § > 0,

P[Ny—n > 2(2_’\+6)"] < const279",
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Since these probabilities are summable over n, by Borel-Cantelli lemma,
there exists a random integer ng(d) such that Ny—n < 22T for n > ng(4).
Thus

limsup(log No—n)/(nlog2) <2 — A+ 0.

n— oo

Since § is arbitrary and € — N, is non-decreasing,

1
limsup(log N.)/(log =) <2 — A
el0 €
Therefore, the upper box-counting dimension is at most 2 — A = 1 + . Thus
we have shown

ditngy(([~1,1] % [0,11) N9[0,00)) < 1+ 3,

which implies that dims(v[0,00)) <1+ §.

1.2.5 Phase transition of 7(z) at x = 4

We will investigate in this subsection whether 7(z) is finite or infinite, that is,
whether or not z belongs to U;>oKj.

Proposition 1.14. Let Z; = g,(z) — Wy When k > 4, for any z € H, 7(2) < o0
almost surely. And when k € (0,4], for any z € H, 7(2) = oo almost surely.

Remark 1.15. In fact, in range x > 4, combined with the transience, a stronger
statement that a.s. for all z € H, 7(2) < oo holds as well.

Proof. Let Z; = gi(2) — Wi,z € H and Br = {z € C: |2| < R}. Denote by og
the exit time of (Z;);>0 from Bg, og < 7(2). First, we will show that o < co
almost surely for all &.

To see this, let X; = ReZ; and write

2X,
dX, = B — .
+ = VKB + Z:

For each k € Z>og and R > 0, let Ej g be the event that

min Wy < Wiy —Ror max W, >Wii1+ R.
telk,k+1] telk,k+1]

On the event Ej g, denote by 7 r the maximal s such that |Wy — Wi 1| = R.
By reflection symmetry, the distribution of (B : t > ng r) is the same as that

of (2By, , — Bt : t > g, r). It is not hard to see that
]P’[Wnkﬁ — Wk+1 = mlR, mQXnk,R Z 0|Ek,R] (110)
Z]P)[Wnk‘R — Wk+1 = m1R|Ek»R]P[m2Xﬁk,R Z O|Ek,R} (111)
1

for all my,mg = £1. Also by Markov property Ej g is independent of o(B; :
t<k),
P[Ek,R} = IP[ELR} >0
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for all k£ and R. Notice that all events E r,k € Z>o are independent and

>~ P[Ek.g] = o0, thus by the Borel-Cantelli lemma,
keZZO

P[ﬂzozo UzO:n Ek,R] =1.

We claim that the conditional probability of or < k + 1 given Ej g is at
least % Again by Borel-Cantelli, cg < 00,a.s. If 7(2) < k+1, then og < k+ 1.

If 7(2) > k41 and either one of the events By = Wy —W,, . = R, X,, . <0
or B =Wy — Wy, =—R, Xy, , >0 occurs, then
k+1
Xowr| = Yo 42 [ X212t = (Wi = Wy, )| 2 R
Nk, R
since on £ we have Wy — W,, . > 0 and on E_ we have Wy — W, . <0 for

all t € [ng,r, k + 1]. It follows that the probability of g < k + 1 given Ej g is
at least 1 by (1.10).

Next notice that when £ > 4, Zt174/'/" is a local martingale, in the sense
that its real and imaginary parts are all local martingales. Let a =1 — % and
p=e™1=/2 then h(z) = Im(uz®) is a positive function on H\ {0} and there
exists a constant ¢ € (0, 1) such that ¢|z|* < h(z) < |2|* for all 2 € H. Moreover
h(Z;) is a real-valued local martingale.

If we apply the optional stopping theorem to bounded martingale h(Zips,)
and the stopping time or, which is almost surely finite, then

h(z) =E[h(Z,)|or < 7(2)|Plor < 7(2)].
Therefore Plog < 7(2)] < c’l(%)o‘. Thus
2l \a
R) '
Since R is chosen arbitrarily, it follows that P[7(z) < oo] = 1.

When & € (0,4], for all z € H, almost surely, K; = (0, t] and dist(z, [0, 7(2))) >
0, therefore 7(z) = 0.

Plr(2) < o0] > 1 —Plog < 7(2)] > 1—c}(

O

2 Continuity properties of Loewner chains

In this part, we study regularity properties of curves in the half-plane capacity
parametrization and their convergence with respect to the uniform norm on
compact time intervals. When we consider random curves, we are interested, in
probability theoretic sense, in so called weak convergence of probability measures
or equivalently convergence of random curves in distribution with respect to the
above topology.

First we state the geometric description of Caratheodory convergence of a
sequence of compact sets.

Theorem 2.1 (Carathéodory kernel theorem). For a given point zg and a se-
quence of simply connected domains (Q)nez., such that zy € Q, # C, define
conformal and onto maps ¢, : D — Qp such that ¢,(0) = zo and ¢,,(0) > 0.
Then the uniform convergence of (¢n)nez~, i equivalent to the kernel conver-
gence of Q, = Q as n — oo with respect to zy in the sense that
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o cither Q = {z0} or Q is a domain # C with zy € Q such that every z €
has a neighborhood that lies in 2, for large enough n.

e for each z € QU there is a sequence z, in 0SY, such that z, — z asn — oo.

2.1 Continuity properties of W — f and W — g

Lemma 2.2. For each § > 0 and T > 0, there exists a constant C(T,d) such
that the following holds. Let g(t,z),k = 1,2 be the solutions of Loewner equa-
tion atg(t z) = Wwith continuous driving terms (Wi (t))iejo, 1), k = 1,2
respectively. Then

91(T, 21) — g2(T', z2) < C(T,0)(||[W1 — Wal[oo, [0, T] + |21 — 22])
for any z1, z2 such that Imgy (T, zx) > 6 > 0,k = 1,2.

Proof. Fix 6 > 0,7 > 0 and z, € H, k = 1,2, such that Imz, > 6,k = 1,2. Let
gk (t,z), k = 1,2 be the solutions of reverse Loewner equation with continuous
driving terms (W4(t))¢e[o,77, which we also consider to be fixed. Write (t) =
91(t, 21) — ga(t, 22). Then

dp(t) = C()((t) — D(1)),

where ((t) = _(gl(t,zl)fwl(t))Q(gz(t 7= Wz(t and D(t) = Wy (t) — Wa(t). We can
also write 8y (e~ Jo S (1)) = —¢(t)e~ o <5 D(1). Hence

) = el p00) [ el Dy
0
We find using |efo ¢(9)ds| < Jo [€()lds that
t t
‘/ C(u)efu s D () du| < HDHoo,[O,T]/ |((u)|efu 1<(s)lds gy,
0 0

= || Dloo [0, T (efot [¢(s)lds __ 1.
;00,7

By Cauchy-Schwarz inequality,

t
/ ¢(s)lds < VIiTa,
0

where Ik = fot m, k= 17 2. On the other hand,

2dt
O log Imgy (t, 2
og gl 24) = 10 G ) — W@
Imzy Imz, . Here we used the

and therefore I, = logm < log max{é W (TESEETESE

upper bound 9 Imgy(t, zx) > —2(Imgg(t, zx)) ! to derive an lower bound for
Imgy (¢, zx). Thus from the bounds above, we establish the bound

Imzy

max{J, /((Imzy)? — 4t)*+}

() <o i
max{(5 v/ ((Imzy,)? — 4t) }

< O(T,0)(|z1 — 22| + |[W1 = Wa| o 10,17)

0)| + (log

O
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Let f to be the inverse of g defined on [0, 7] x H for any T > 0. The above
lemma gives the continuous dependency of solutions of Loewner equations on
the driving term (i.e. continuity of the mappings W+ f and W ~ g).

Proposition 2.3. The mappings W +— f is continuous with respect to the
convergence in the Caratheodory sense. More specifically, for any compact G C
H, there exists a constant C' > 0 such that if fr,k = 1,2 are two (inverse)
Loewner chains, then

Ilf1 = folloo,j0,mxc < ClIW1 = Walleo 10,7

Proposition 2.4. Let Ky be a hull and G C H\ Ky be a compact set. Then
there exists a constant C > 0 such that if g,k = 1,2 are two Loewner chains
such that Ki(T) C Kq for k =1,2, then

g1 — 920,011 < ClIW1 — Wal| oo j0,77-

2.2 Continuity of vy — g

The mapping from (vy(t))¢ejo,77) to g(1”,-) for any fixed 7" is continuous by
Theorem 2.1 with respect to the convergence in the Caratheodory sense. Let us
extend this to continuity of the mapping (v(t))iep0,77] to (9(t,))tefo,r1] by an
argument using compactness.

Proposition 2.5. The mapping v — g is continuous with respect to the con-
vergence in Caratheodory sense.

Proof. Assume that there are € > 0,7, vn,t, € [0,7’] and z,, € G, where G is
any compact set in H such that v, converges to v uniformly on [0, 7] but

limninf |gn (b 2n) — g(tns 2n)| > €.

By compactness we can suppose that t,,z, converge to t € [0,7] and z re-
spectively as n — oco. By local uniform convergence of curves and absolute
continuity of v in a compact interval, (vn(t)):efo,r,] converges to (v(t))¢ecjo.g
with respect to Hausdorff topology. Specially, gy, (¢, ) converges to g(t,-) and
g(tn, ) converges to g(t,-) as n — oo. Therefore nl;rgo |gn(tn, 2n) — g(tn, 2n)| =0

(along a subsequence), which leads to a contradiction. O

Combined with the continuous dependency of the solution of Loewner equa-
tion , we have

Corollary 2.6. Suppose that vy, is a sequence of curves and W, are their corre-
sponding driving terms. If 7y, tends to v and W, tends to W uniformly on [0, T
as n — 00, then ~y is driven by W, that is, the Loewner chain g of v satisfies
the Loewner equation with driving term W.

Proof. Let g, be the Loewner chain corresponding to 7, and W,, both the
convergence of v, and W,, implies the convergence of g, in the Caratheodory
sense. Moreover, the limit is the Loewner chain corresponding to both v and
w. O
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2.3 Continuity of y— W

Theorem 2.7. Let X C C([0,T),C) be the set of curves in the upper half-plane
that generate a Loewner chain. The mapping (v(t))iepo,r) — (Wi)tejo,r) from
X to C([0,T),R) is continuous. However, it is not uniformly continuous.

Proof. Tt is sufficient to verify that for any 7" € (0,7) and a sequence ~,, that
converges to « in the uniform norm on [0,7”], the corresponding driving terms
W, of v, converges to a limit W in the uniform norm on [0,7"] and + is driven
by W. Since 7, tends to v, the family -, is equicontinuous on [0,7"], therefore
the family W, is equicontinuous on [0,7”]. It is also uniformly bounded and we
can apply Arzela-Ascoli theorem to find a converging subsequence, whose limit
is denoted by W. By Corollary 2.6, W is the driving term of v on [0,7"]. By
taking a sequence T that increases to T, we can suppose that convergence of
W,. To prove the second claim, let v, be the broken line 0,¢,7 + %, %2 + %
parametrized with the half-plane capacity and let 4,(t) = —7%,,(¢), i.e. the
reflection with respect to the y—axis. Let the corresponding driving terms be
W,, and W,,.

There exists ¢ > 0 and T” such that the capacity of v, and 7, is greater
than 77 and W,(T') > ¢ and W,(T") < —c¢, otherwise v, would be suffi-
ciently close to the y—axis (under half-plane capacity parametrization). Hence
17 — Fnllso, 0,7 = % and ||[W,, — Wh|ls,0,7] > 2¢. This shows that the map
(v(t))tepo,1) = (Wi)iejo, 1) is not uniformly continuous. O

3 Convergence of interfaces in site percolation
model

In this section, we establish the convergence of random curves to SLEs in a
specific example case of site percolation model on triangular lattice. Most of
the proofs are based on estimates for this discrete model.

3.1 Definitions

Let Lt,; be the triangular lattice, which is an infinite graph such that its faces tile
the plane and the tiling if formed from translates of triangles. Let G = (V, E)
be a subgraph of Ly;;. Let p be a parameter and consider a family of random
variables, one for each site of G, taking values in the set {open,closed}. We say
that a site v € V is open or closed depending on the value that random variables
takes. To define the law precisely,

Plv is open] = p, Plv is closed] =1 —p

for each v € V and that these random variables are independent. A prob-
ability space with percolation model can be constructed as a product space
{open,closed}" with a product measure of laws of Bernoulli random variables.
Denote by P, this probability measure to stress the dependency on the param-
eter.

The model is called the site percolation on GG. The closed sites model a
random media and the open sites form cavities through which a fluid can flow.
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Fundamental questions in percolation model are therefore connectivity proper-
ties of the subgraph of open sites. For small values of p, we expect that it is
rare to see large clusters of open sites and that for large p, almost surely there
exists an open infinite cluster in an infinite graph.

We wish to define an exploration process that explores a part of a percolation
configuration. This process will be a simple path on the dual graph of Li,;, which
is a hexagonal lattice, that keeps open sites of Li,; on its left and closed sites
on its right. The type of domain on which we will define the exploration is a
simply-connected domain such that 00 # () is a path on Ly, for each lattice
mesh 6 > 0. Let V be the set of sites on 0Lty that lie inside Q° and let V4 be
the set of those v € V such that the hexagon corresponding to v has at least on
common edge with 9Q°. The set V; is connected and we can interpret it as a
unique non-self-crossing closed path 7 (with counterclockwise orieatation). Let
V= f/\Vl. The set V is now the one where we are going to put the percolation
configuration. Let a and b be two distinct vertices on 0€s.

Now if we have defined a percolation configuration on V. To define the
exploration process, pick for both a and b one of the neighboring edges that
cross m and denote the two halves of m as (ab) and (ba). If the boundary
condition is imposed in the way that (ab) is closed and (ba) is open, then the
exploration process is defined to be the unique simple path from a to b on the
hexagonal lattice such that all the hexagons on its right are closed and all on
its left are open.

3.2 Cardy’s formula and conformal invariance

Consider a Jordan domain 2 with four points a,b,c and d on the boundary.
The 5—tuple (2, a, b, ¢,d) with four points a, b, ¢,d on 0N is called a topological
rectangle. The arc (ab) denotes the counterclockwise arc of 92 from a to b. We
extend this definition to subdomains of the hexagonal lattice 6T of mesh size
§ > 0. In this case, we use (2%,a’,b%,¢%, d°) to denote the topological rectan-
gle. In 1992, Langlands, Pouliot and Saint-Aubin observed numerically that
the probability C°(92, a, b, ¢, d) of having a path of adjacent open sites between
the boundary arcs (ab) and (ed) of a finite piece of a lattice of mesh size §
converges as 6 — 0 towards a limit which is invariant under conformal map,
that is, it is the same for (Q,a,b,c,d) and (', a’,¥,¢',d’) if they are images
of each other by a conformal map. Notice that the existence of such a cross-
ing property can be expressed in terms of properties of a well-chosen interface.
Cardy then proposed an explicit formula for the limit in the same year. In 2001,
Smirnov proved Cardy’s formula rigorously for critical site percolation on tri-
angular lattice, hence rigorously providing a concrete example of a conformally
invariant property of the model. It implies the conformal invariance of crossing
probabilities of the scaling limit in the percolation model.
Set j = €2™/3. Let T be the equilateral triangle with vertices 1, j and 5.

Theorem 3.1. (Smirnov) Consider a family of topological rectangles (Q2°,a°, %, ¢%, d°)s=o
converging to (Q,a,b,c,d) in the Caratheodory sense. Then
S5
lim P1 [(a®b°) & (Pd°)] = .
6—0 2

where d is mapped to x + j2(1 — x) by the conformal map from  to T mapping
atol,btojandc to j>.
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Before we dive into the proof of Cardy’s formula, let us first highlight the
connection between site percolation on triangular lattice and the so-called loop
O(1) model on hexagonal lattice. A loop configuration on a domain  is a
collection of non intersecting loops. Equivalently, it is an even subgraph of €2, i.e.
a graph with even degree everywhere. We denote the set of loop configurations
by Eg. Each percolation configuration can be seen as a loop configuration by
considering all the edges separating two faces with different colors. We can
therefore associate a percolation configuration in 2 with a loop configuration in
EY. We deduce that |ES| = 2V, where N is the number of faces in Q.

We extend the definition of loop configurations to include paths from mid-
edges to mid-edges. More precisely, let £, be the set of configurations with
loops together with one self-avoiding path from u to v and one self-avoiding
path from r to s avoiding the loops.

Fix z to be a mid-edge of ©? and three mid-edges a, b, c on 9. Define F,(z) :=
27N|€gz’bc\ and similarly Fj, and F.. Define the parafermionic observable with
three marked points in the domain 2

F(Z) = Fa(z) +]Fb(z) +.72Fc(z)
Remark 3.2. We have that F,(z) + Fy(z) + F.(z) = 1 since
az,bc bz,ca cz,ab
EG7) + 165 +1E5) = |€§] = 2V
The first identity is given by the fact that for any 7o € ng’bc U Egz’ac U Séz’ab
to Sg.

Lemma 3.3. For any vertex v in $Q, if p,q and r denote the three mid-edges
around v, indexed in counterclockwise order,

(p—0)F(p) + (¢ —v)F(g) + (r —0)F(r) = 0. (3.1)

az,bc

Proof. For any mid-edge z in €, fix a path v from b to ¢ and let £57"“[7] and

EL¢[4] be the sets of loop configurations in E27" and EL° with path ~ from b to
c. We say that

0 if z and a are separated by
|EX[y]| otherwise.

G0l = {{

In fact, the first line is trivial and the second simply follows from the fact that
for any path ¢ from a to z in the complement of ~, the map n — nAyp is an

az,bc

involution from £5°"°[7] to £[v]. Together with the observation that if v does
not go through v, we have a one-to-one correspondence between F,(p), Fu(q)
and F,(r) by adding or deleting mid-edges around v, we deduce that

(p—v)Fu(p)+(q—v) Fa(q)+(r—v)Fu(r) = (p—v)Tu(p)+(qg—v)Tu(q)+(r—v)Tu(r),

where T,(p) is equal to 27"V times the number of configurations in £:*¢ for
which the path from b to c¢ visits v. Similarly,

(p = v)jFy(p) + (g —v)iFu(q) + (r —v)iFy(r)

= (p—)iTo(p) + (¢ —v)jTo(q) + (r — v)iTy(r)
(p—)j*Fe(p) + (¢ — v)j*Fe(q) + (r — v)j*Fu(r)

= (p = 0)i*Te(p) + (¢ — 0)5*Te(q) + (r — v)*Te(r)
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Any configuration in £27:*¢ is naturally in bijection with configurations in £b9-¢®
and £ with path visiting v by switching the two mid-edges incident to v.
From that, we deduce (p — v)T,(p) + (¢ — v)jTy(q) + (r — v)j2Te(r) = 0. Then
the result follows by summing the equations above. O

Remark 3.4. The result of the above lemma can be understood in the following
way. Coefficients in (3.1) are three cubic roots as unity multiplied by p — v, so
the left-hand side can be seen as a discrete integral along an elementary contour
on the dual lattice in the following sense. For a closed path z = (2;);<y of
vertices in the triangular lattice T, define the discrete integral of a function F'
on mid-edges by

Szt 2z

Z F(%)(%H - zi)

i=0

The discrete integral along any closed path vanishes by decomposing a closed

contour into a sum of elementary triangles.

Remark 3.5. F,(2) is equal to 2~ times the number of configurations in £& for
which the path from b to ¢ does not disconnect a from z, which is the probability
of event v does not disconnect z from a.

Proof of Cardy’s formula. Consider the domain ° and three mid-edges a®, b?, ¢
on Q. Define F?, FY, F9 and F° as before. Extend F° to the interior of the
polygon 9Q° by convexly interpolating between mid-edges. F? maps Q° to T,
where T is the equilateral triangle with vertices 1, j and j2. Furthermore, F}(2)
(resp. F?(z) and F2(z)) is equal to 0 on (c’a’) (resp. (a’b’) and (b°c%)). Con-
sequently F?(z) € [j2,1] (vesp. [1,4] and [}, j2]) for z € (c°a®) (resp. (a’b?) and
(b°¢®)). In other words, 9’ is mapped to OT.

By Remark 3.5, for z € (c?a’), let d® be the nearest mid-edge on 997, we
have that s

Fl(d*) = B[(a’h) <5 ('d)] =1~ F)(2)

In fact, the first identity comes from the fact that £2*"° is in bijection with

percolation configurations having a crossing from (a’b°) to (¢’d), and the second
from Remark 3.2. Using Lemma 3.6 below, we may consider a subsequential
limit F of (F°)s>0. By Lemma 3.1 and Morera’s theorem, F' is holomorphic.
The previous observation gives that F is the holomorphic map from (€2, a,b, ¢)
onto (T, 1,4,52) mapping 92 in an injective way. We deduce that F is the
conformal map from € to T sending a,b and c to 1,5 and j2 respectively, and

F(z)=z+j*(1-2)= }igg)[Ff(d‘s) +77(1 = F(d))],

then the result follows readily by the conformal invariance of holomorphic func-
tion with certain Dirichlet boundary condition. O

Lemma 3.6. The familylF5)5>0 is precompact for the uniform convergence
on any compact subset of 2\ {a,b,c}.

Proof. By Russo-Seynour-Welsh theorem,
|F{(2)—F2(2')| <Py 2]y disconnects exactly one of z or 2’ from a] < C|z—2'|*.

This implies that F? is equicontinuous and the result follows by Arzela-Ascoli..
O
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Corollary 3.7. By the conformal invariance for the crossing probability of scal-
ing limit of percolation configuration and the explicit form of Schwarz—Christoffel
map from half-plane to triangle.

3.3 Characterization of percolation interface scaling limit

We aim to define a curve v in a bounded simply connected domain 2 from
a boundary point a to another boundary point b. We need further a third
boundary point ¢ and a point z inside ) to characterize the law of ~. We
discretzie 2 by choosing a sequence (§2s,, a5, , s, ), where d,, is the lattice mesh
tending to 0 as n tends to co and €25, is a bounded, simply connected domain
such that 0Qs, is a lattice path on d,Lpnex and as,,bs, are boundary points
which are assumed to be sites on §,Lpex. We will drop n in the following if
no confusion arises. Denote by II.(£, (a,b), (cd)) the probability that there is
an open cluster (of faces) joining the arc (ab) to the arc (cd) on the boundary.
It is known that there is a limit II := %ii% II5, which is conformally invariant

(depends only on the conformal modulus of the configuration 2, a, b, ¢, d), and
satisfies Cardy’s formula in half-plane:

2
71;(5)4 U%QFl(la g; é;U
rOr@ " 33
where o F] is the hypergeometric function and the explicit form is given by the
Schwarz-Christoffel map.

Recall that we can draw an interface on the lattice given Dobrushin boundary
condition. Parameterize the interface s by half-plane capacity, and add the
part v5[0,¢] to the domain boundary. Note that it has open vertices on one
side (arc (ysa)) and closed on another (arc (avs(t))). Add two points z,y on
the boundary, making 2 a topological rectangle such that we can consider the
crossing probability IIs(€2, (a, z), (b,y)). Then any open crossing from the arc
(by) to the arc (ax) inside €2 is either disjoint from 5[0, ¢], or hits its "open” arc
(vs(t)a). In either case, it produces an open crossing from the arc (by) to the
arc (y5(t)x) inside £\ 5[0, ], and the converse also holds. Therefore for every
realization of ~4[0,¢] the crossing probability conditioned on ~;[0,t] coincides
with crossing probability in the slit domain Q \ 5[0, ] :

H5(97 (CL, .23), (b7 y)hé [07 t]) = H&(Q \ Vs [07 t]? (75(t)’ x)) (b’ y)))

- an analogue of the domain Markov property. Therefore, stopping the curve at
times t < s and we can write the total probability theorem for every realization
of Vs [07 t}

H(C-‘rv (1 - u, 1)’ (OO’O» = ) = F(u)a

L5 (2\ 500, 2], (75(2), ), (b, y)) (3-2)
= Eoye,s) (M5 (2 \ 5[0, 5], (v5(s), 2), (b,9))[76[0, 2]).- (3-3)

Some a priori estimates show that the identity above (3.2) holds for the
(subsequential) scaling limit p (strictly speaking there is an error term in case
the interface touches the arcs (ax) or (ya) before time s, but it decays very fast
as we move x and y away from a). Therefore we can write (3.2) for the limit
curve v with Loewner parametrization as

I(Q\ [0, ], (7(t), ), (b))
= E, 1, (TH(Q\ [0, 5], (v(5)2), (b, y))[7[0, t]).
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for almost every realization of ¥[0,t]. Plugging in exact values of conformal
images, the formula above implies that

gi(x) = Wi

7@ —aty) ~ Eres (P2 =y ), (3.4)

gs(z) - gs(y)

_ _ 9:(y) — Wi o
II(H N\ 5[0, 2], (v(t), ), (00, y)) = TI(H, ( 7@ — 0l 1), (00,0))
gi(x) — Wy

— F( ).

ge(z) — g:(y)

Therefore (F' (%))QO is a martingale with respect to the filtration gen-
erated by o([0,t]). Since we want to extract the information about W, we fix
the ratio % = %+ (y=-2x) and let z tend to infinity. Using the normalization
9¢(2) = z+ 2 + O(%) at infinity, writing Taylor expansion for F', and plugging
in values of derivatives of F' at %, we obtain the following Ito expansion for the

martingale:

z— Wi+ 2 +0(%)
(+Z2+0(%) - (—22+2)+0(%)

1 1 1 1
Ml 31 oty

gi(x) = Wi _
gt(iﬂ) - gt(y)

)

3 32 ta? 23
1. W, , 1.1 ot 1 W2 _,1.1 1
— —)— —F' (=)= —F'(= F'(=))— R
(5) - SF(5)7 + GF(5) + 5 F(5)— +0(=)
B c ., 1

Plugging the above expression in (3.4) and compare the coefficients in the series,
we conclude that

E[W,|W[0,t]] =0, E[W2—6s/W][0,t]] = W2 — 6t.
Thus W; is a continuous (by Loewner’s theorem) process such that both
W; and W2 — 6t

are martingales so by Levy’s characterization of the Brownian motion W; =
V/6B;. Therefore SLE(6) is the scaling limit of the critical percolation interface.

4 CLE percolations

Conformal loop ensembles are random collections of loops in a simply connected
domain, whose laws are characterized by a natural conformal invariance prop-
erty. The set of points not surrounded by any loop is a canonical random con-
nected fractal set - a random and conformally invariant analog of the Sierpinski
carpet or triangle.

aim: a direct relationship between the conformal loop ensembles with simple
loops (CLE, for « in (£,4), whose loops are Schramm’s SLE,.-type curves) and
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the corresponding conformal loop ensembles with non-simple loopf (CLE,, with
k' :=16/k € (4,6), whose loops are SLE,/-type curves.) This correspondence is
the continuum analog of the Edwards-Sokal coupling between the g—state Potts
model and the associated FK random cluster model, and its generalization to
non-integer q.

4.1 Construction

A simple loop is a subset of C which is homeomorphic to the circle S'. Equiva-
lently, we identify a simple loop with a homeomorphism from S* to a subset of
C, modulo reparametrization. (In other words, we will identify two homeomor-
phisms if one of them is obtained by a bijective reparametrization of the other
one; note that our loops are not oriented.)

Let C be the set of homeomorphisms from S' to subsets of C and let C
denote the closure of C with respect to the 7C'* metric. A quasisimple loop
is an element of C, modulo monotone reparametrization. A quasisimple loop
may intersect itself, but it cannot ”cross” itself transversely. For simple loops,
the winding number around a point z € C\ 7(S') is equal to 0 or £1, and
it remains true for quasisimple loops since this property holds under uniform
limits provided that the limit fails to intersect z.

We define the distance between quasisimple loops L1 and Lo by

d(Li1, Ly) = inf |[(1 — (2|[scs

where the infimum is taken over pairs ¢; : S' — R? and (& : S' — R? of
parametrizations of L1 and L.

Let D be a bounded domain. Then the set Qp of all discrete subsets of
the set of quasisimple loops in D is a metric space under the Hausdorff metric
induced by the metric d(-, ) described above. Denote Fp the Borel o—algebra
on 2p. Most natural functions of 2p can be shown to be Fp measurable, such
as he number of loops completely surrounding a fixed disc, or the number of
loops intersecting two disjoint open sets, or the event that the outermost loop
surrounding a fixed point is a simple loop.

The most natural definition of a random loop ensemble is a random variable
whose law is a probability measure on (2p, Fp). Unfortunately, when defining
CLE(k) in arbitrary domains, it may not be enough to consider quasisimple
loops. For example, consider the case that D is a non-Jordan domain such as
the square (0,2) x (0,2) minus the set {n=! : n € Z} x(0, 1), on which any loop
in the closure of D which is space filling in D cannot be a continuous closed
curve since its y coordinates must oscillate between 0 and 1 infinitely many
times. Even when the original domain is a Jordan domain, one may worry a
priori that as we construct loops through an exploration process we may create
domains which are no longer Jordan domains. It will therefore be convenient to
slightly expand our definition of loops.

A pinned loop in H is a quasisimple loop L in H which intersects the origin
at 0 and has the property that if n : S — H is a parameterization of the loop
then n~'H is dense. Roughly speaking, we now wish to define a ”conformal
loop” in C to be the image of a pinned loop under a conformal map ¢ from H
to another domain D C C. Note that the parametrization ¢ o n of this image is
well-defined on an open dense subset Uy of S' but may not extend continuously
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to all of S*. If U is the set of all points s in S* for which ¢on can be extended to
a continuous function in a neighborhood of s, then it is clear that U is the largest
open set to which ¢ o7 can be continuously extended. Formally, a conformal
loop is a map (¢ from a dense open subset U of S7 into C modulo monotone
reparametrization such that

1. There exists a conformal map ¢ from H to a superset of ((U) with the
property that ¢~! o ( is the restriction to U of a function n € C with
nTIHCU

2. The set U is maximal, i.e. that there exists no open proper subset U’ of
U such that ¢ can be extended to a continuous function of U’.

If L = (¢,U) is a conformal loop, we will sometimes abuse notation slightly and
use L to denote the corresponding set ((U) C C of points on the loop. A point
zinC\ Lis ..

initial approach to defining CLE(x) will be to define a coupling of SLEZ (k; k—
6) processes called a continuum exploration tree and to show that this process
almost surely determines a countable collection of conformal loops. We will ...
in the following paragraph.

Fix initial values Wy = Og = 1 € dD. An SLEj(x; k — 6) targeted at a; € D
and an SLEg(n; Kk — 6) targeted at another point as € D can be coupled in such
a way that the corresponding growth processes K;'' and K,? agree (after a time
change) up to the first time ¢ at which a; and ay are separated, i.e. a; € K;?
and az € K" and evolve independently of one another after that time. In
other words, we may construct this coupling by first sampling an SLEg(K; k—06)
process K[! targeted at aj, and then sampling an SLEE (k; k — 6) process K}
targeted at as conditioned on it agreeing with the first sample (up to time
change) until the first time that a; and ay are separated. Because we have not
proved that radial SLEZ (k;k — 6) is a continuous path, we say it is a growth
process.

We can define a similar coupling inductively for sets aq,--- ,ar with k > 2
as follows. First we choose the growth processes K;? for all j < k and then
conditioned on these processes, we choose K;’“ conditioned on having it agree

with each K" (after a time-change) up until the first time ay, is separated from
a;. We can interpret this as an SLEE(F@; p) process that ”branches” at each of
the finitely many times that a pair a; and a; becomes separated for the first
time.

Correspondingly, we are able to repeat this procedure infinitely many times
- for some countable dense sequence ai,as,as, - of points in D - to obtain a
coupling of SLEZ(/{; Kk — 6) growth process K% from 1 to i¢. (Formally, if Q% is
the space of continuous driving parameters W for growth processes targeted at
a; and F% is the smallest o —algebra which makes W; measurable for each fixed
t, then this coupling is a random variable in [[ Q% whose law is measurable
with respect to the product o—algebra generated by VF%.) Note that for every
i # j, the K and K;” agree almost surely (after a time change) until the
first time ¢ that a; and a; are separated, after which they evolve independently.
We may view this collection of K;7 as a single random growth process with
branches at each of the countably many times that some a; becomes separated
from some a; for the first time.
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Given a family of growth process { K} };>1 chosen from such a coupling, we
may almost surely uniquely (up to time change) define for each point z € D, a
growth process K7 such that for each a;, the processes K;'* and K7 agree (after
a time change) until the first time a; and z are separated. ? The joint law of
processes K7 (defined for all z € D) is independent of our choice of countable
dense set {a;}.

The complete collection of processes K7, z € D, is called branching SLE(x, —
6), or the continuum exploration tree. We will construct a family of con-
formal loops from a continuum exploration tree.

Fix z € D. Write 0; = arglWW; — argO,, where the branch of arg is chosen so
that 6, is continuous in ¢ and 6y = 0. Using the definition for SLE(k, x — 6), we
see that the difference 0; = arglWW,; — argO; is a real-valued process that evolves
according to the diffusion

K —4

db, =

0
cot(é)dt + VkdB;

is between those times ¢ for which 6; is an integer multiple of 2.

We will now construct a sequence L% of nested conformal loops surrounding
z, such that each L7, is surrounded by L. First we call a time ¢ a loop
closure time if it is the first time that 6; hits a particular integer multiple of
27 after the last previous time s that it hit a different multiple. 727 or m Denote
by % the jth such time and by s? the corresponding value of s. Denote by A%
the component of D\ K; that contains z.

The continuous path 47 begins at 0 (at time s7) and ends when it reaches
the first point 77 (%), where 7 is the first time that ¢(2) is separated from the
origin. Conditioned on this 77, the law of the remainder of the loop ¢(L?) is that
of an SLE(x) in H \ 77 ([s},t7]) started at v7(¢7) and ending at 0. Then extend
’yj/ in the same way for a different value z’. The union of all such extensions is
the complete loop ¢(Lj ), a quasisimple closed loop in H which begins and ends
at 0.

We will see that the process K; between times s> and ¢; traces part of a
conformal loop. To begin to describe that loop, let ¢ : D\ Ksjz, — H be the
composition of gsz with a conformal map from D to H that sends Wsjz_ to zero.

We now claim that for all ¢ € [s%,¢Z], the set H\ #K; can be written, almost
surely, as the unbounded component of ¢([s,]) where ¢ : [s7,¢;] = H is a
continuous path which extends continuously to its endpoints. To see this, note
that the corresponding SLE(k) in a Jordan domain is almost surely continuous.
For each fixed s € (s;,1;), the law of the evolution of K after time s is that of an
SLE(k). If hy is a conformal map from H\ ¢(K) to H (with the hydrodynamic
normalization at infinity), then this implies that the growth of hs(¢(Ky)) is
indeed given by a continuous function (s on [s,t;]. We can then set ((t) =

ha (G (1))

4.2 Markovian construction

A simple loop in the complex plane is the image of the unit circle in the
plane under a continuous injective map, modulo reparametrization. Note that
a simple loop 7y separates the plane into two connected components that we call
its interior int(y). In this section, we will denote by £ the space of simple loops
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and use the c—algebra ¥ generated by all the events of the type {O C int(y)}
when O takes over the set of open sets in the plane. Note that this o—field is
also generated by the events of the type {x € int(y)} for all « in a countable
dense subset @Q of the plane. For a simple loop 7, O C int(y) if ONQ C int(7y).
We will consider collections I' = (y;)jes (J is at most countable) of simple
loops. We say that (v;);es is a simple loop configuration in the bounded
simply connected domain D if the following condition hold:

e For each j € J, the loop ~; is a simple loop in D.
e For each j # j' € J, the loops ; and ~; are disjoint.

e For each j # j' € J, 7; is not in the interior of v, : the loops are not
nested.

e For each € > 0, only finitely many loops «; have a diameter greater than
€. We call this the local finiteness condition.

All these conditions are measurable with respect to the o—field discussed above.

We are going to discuss random simple loop configurations with some special
properties. We will say that the random simple loop configuration I' = () e
in the unit disc U is a Conformal Loop Ensemble (CLE) if it satisfies the
following properties:

e Non-triviality: the probability that J # ) is positive.

e Conformal invariance: the law of I is invariant under any conformal trans-
formation from U onto itself.

e Restriction: suppose that U is a simply connected subset of the unit disc.
Define

[=I0U)={jeJ:~ ¢ U}
and J* = J*(I,U) = J\I={j € J:v; CU}. Define the (random) set

U* = U*(U,T) = U \ Ujerint(v;).

The restriction property is that (for all U), the conditional law of (v;) e
given U* (or alternatively given the family (v;,7 € I)) is Py-.

By conformal invariance, it is feasible to define the law of the loop-ensemble
I'p in any simply connected domain D # C as the law of the image of I" under
any given conformal map ® from U onto D. We can also define the law of a loop-
ensemble in any open domain D # C that is the union of disjoint open simply
connected sets by taking independent loop-ensembles in each of the connected
components of D, which we will denote by Pp. The set U* constructed in the
restriction property is an open subset of U (not necessarily simply connected)
by the local finiteness condition. This set Ux is a open subset of U by the local
finiteness condition.

We will list some simple consequences of the CLE definition.

Proposition 4.1. Suppose that I' = (v;)jes is a CLE in U, then
1. For any given z € U, there almost surely exists a loop v; in I' such that

z € int(7y;).
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2. J is almost surely infinite.

3. Let M(9) denote the set of configurations I' = (y;,5 € J) such that for all
j € J, the radius [0, €] is never locally "touched without crossing” by Vj
(in other words, 6 is never a local extremum of the arg(vy;)'s). Then for
any 0, T is almost surely in M(6). If we now define ...

4. For any r < 1, the probability that rU s entirely contained in the interior
of one single loop is positive.

5. The restriction property continues to hold if we replace the simply con-
nected domain U C U with the union U of countably many disjoint simply
connected domains U; C U.

Proof. to be completed O

4.2.1 Explorations

CLE is sometimes defined to include only the outermost loops, so that the
collection of loops is non-nested (no loop is contained in another). Such a CLE
is called a simple CLE to distinguish it from a full or nested CLE. The law of a
full CLE can be recovered from the law of a simple CLE as follows. Sample a
collection of simple CLE loops, and inside each loop sample another collection
of simple CLE loops. Infinitely many iterations of this procedure gives a full
CLE.

4.3 Loop-soup construction

First we define a natural conformally invariant measure on unrooted Brownian
loops in the plane. We will start by some bridge-type Brownian measures on
curves. These are measures on Brownian paths with prescribed starting point
and prescribed terminal point. Since we are interested in conformally invariant
properties, the standard bridges with prescribed time duration are not well-
suited. In this section, we will deal with parametrized planar curves.

4.3.1 Notations

Let K be the set of all parametrized continuous planar curves v defined on a
time-interval [0,t,]. We consider K as a metric space with the metric

dic(y,7") = irelf[oilft |s = 0(s)| + [v(s) = v ()],

where the infimum is over all increasing homeomorphisms 6 : [0,¢,] — [0,%,1].
Note that K under this metric does not identify curves that are the same modulo
time-parametrization.

If p is any measure on K, we let |u| = p(K) denote the total mass. If

0 < |u| < oo, then we let u# = ﬁ be p normalized to be a probability measure.

If D is a domain, we say that v is in D if (0,¢,) C D; note that we do not
require the endpoints of v to be in D. Let (D) be the set of v € K that are in
D. In the following, pp(z,w) will be a measure on Brownian paths that remain
in the domain D, starting at z and ending at w, but this notation will differ a
bit depending on whether z, w are boundary or interior points of the domain D.
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4.3.2 Preliminaries on excursion measures

Let pu(z, -;t) denote the law of standard complex Brownian motion (B, 0 < s <
t) with By = z. We can write

pevit) = [ (ewit)da(w),

where A denotes area and p(z,w;t) is a measure supported on v € K% with
t, = t. In other words, u(z,w;t) is |p(z,w;t)| times the law u#(z,w;t) of the
Brownian bridge from z to w in time ¢, where

|y 2
(e wit)| = (2mt)exp( 0

}.

The measure p(z,w) is defined by

w(z,w) = /0oc w(z, w;t)dt.

This is a o—finite measure (the integral explodes at infinity so that the total
mass of large loops is infinite; when z = w, it also diverges at 0). The measure
u(z, z) is an infinite measure on Brownian loops that start and end at z, which
can be also written as

_ Lo
st)dt
w(z, z) /0 5 tu (2, z;t)dt,

where ;7 (z, z;t) is the usual probability measure of a Brownian bridge from z
to z.

If D is a domain and z,w € D, we define up(z, w) to be p(z, w) restricted to
K(D). For fixed z,w, the family {up(z, w), {z,w} C D} satisfies the restriction
property. If z # w and if the domain is such that a Brownian motion in D
eventually exists D, then

|MD(Zaw>| = GD(sz) < 00,

where Gp denotes the (positive) Green’s function. For example, for the unit
disk |up(0, 2)| = —lOngzl. Note that pp(z, 2) is well defined and has infinite total
mass. The reversibility of the Brownian bridge (which can be infered about the
convergence of random functions to Brownian bridge) immediately implies that
[up(z,w)] = up(w, z). The conformal invariance of Brownian motion and of
Green’s function imply directly the conformal invariance of pp(z,w). It is not
hard to see it follows from the conformal invariance that these measures p(z, w)
are continuous in terms of z,w in the Prohorov metric and a coupling argument
(by ... following lemma).

Now we extend the definition of p(-,+) to be a measure supported on curves
with one or two endpoints on the boundary. Suppose D is a connected domain
whose boundary is a finite union of curves (we allow the curves to be in the
sphere and for infinity to be a boundary point). We will call 9D nice is it is
piecewise analytic, i.e., if it is a finite union of analytic curves. A nice boundary
point will be any point at which the boundary is locally an analytic curve. Let
B be a Brownian motion starting at z € D and stopped at its exit time of D,
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ie,at 7p ={t > 0: B, ¢ D}. Define up(z,9D) to be the law of (B, 0 < ¢7p).
If D has a nice boundary we can write

ip(2,0D) = [ jup(zw)ldul,
oD

where up(z,w) for z € D and w € 9D denotes a measure supported on K¥ (D)
with total mass Hp(z,w), where Hp(z,w) denotes the usual Poisson kernel.
The normalized probability measure ,uﬁ(z,w) is the law of Brownian motion
conditioned to exit D ”at w”. Since the conformal covariance of Poisson kernels
gives that, is f : D — D’ is a conformal transformation from D onto another
nice domain D', then Hp(z,w) = |f(w)|Hp/(f(2), f(w)). Combined with the
conformal invariance of trajectories of Brownian motion,

fepn (z,w) = |f'(w)| g ) (f (2), f(w).

It implies that one can define the probability measure Mﬁ (z,w) for any simply
connected D and any boundary point (i.e. prime end) w by conformal invari-
ance. For instance, it suffices to put

1 (z,w0) = fupd (0,1),

where f : D — D is the conformal transformation with f(0) = z and f(1) = w.
For a fixed boundary point w, the mapping z — up(z,w) is continuous by
conformal covariance. (77?7 see [the brownian loop soup))

In the next step, suppose that D is a nice domain, and that z and w are
different nice boundary points of D.

. 1 .1
up(z,w) = lim —sup(z+en,,w+eny,) = lim —pup(z+ en,,w),
e—04 2€2 e—04 €

the limit exists since |up(+,-)| is harmonic.
If f: D — D’ is a conformal transformation and z,w, f(z) and f(w) are
nice boundary points, then

fenp (z,w) = [f I (w)lis ) (f(2), f(w).

The probability measures uﬁ (z,w) are conformally invariant, i.e.,

This means that one can define uﬁ(z, w) by conformal invariance even if z, w
are not nice boundary points.

The following some lemmas are for the regularity of the excursion measures
with respect to the domain D.

Lemma 4.2. For any simply connected domain D and any two distinct points
w and w' on the boundary of D, the expected time spent in an open subset U of
D by an excursion defined under the probability measure ,uﬁ (w,w') is bounded
from above by 2area(U) /.

Proof. O
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cauchy’s formula for derivatives

Lemma 4.3. There is a constant ¢ < oo such that the following holds. Sup-
pose that D, D" are simply connected domains and f : D — D’ is a conformal
transformation with |f(z1) — 21| <6 < 1 for all zy € D. Then for any path vy in
D

)

dic(v, f o) <cld + Vit + /0 " 1{dist(~(s),0D) < V/5}ds

-|-/ . {dist(f oy(u),dD") < eV} du).
0
Proof. For any path « in D, let
o.05)= [ If 2dr.
L) = [ 17
)

Then since f ov(6,(s)) = f(v(s)

dic(v, foy) < sup [s—0,(s)[+ sup [y(s) — f(7(s))]-
0<s<t, 0<s<t,

The second term on the right is bounded above by § and the first term is
bounded above by f(f” 1/ (v(s))]? — 1. Let

D = Ds = {z € D : dist(z,0D) < V6}.
For z € D\ D, Cauchy’s formula for derivatives gives that
1f/(2) = 1| < ¢6/dist(z,0D) < V6.

Hence, fot” |F/(v(s)|> = 1|1{7(s) ¢ D}ds < cV/5t,. For the other part, write

/ 1 () P-1[1{(s) € D}ds < / "1{1(s) € D}ds+ / "1 (v(s))P1{x(s) € Dyds.
0 0 0

The first term on the right hand side is the amount of time that v spends within
distance v/§ of the boundary. Since |f(z) — z| < 6, the second term on the right
is less than the amount of time that f o~ spends with distance 2v/3 of dD’.
Combining these estimates gives the lemma. O

Combine the two previous lemmas, it is not hard to deduce the continuitu
of ,uﬁ (z,w) with respect to w when z is fixed.

Proposition 4.4. Suppose that D C Dy is a simply connected domain with
D4\ D C D4 for some § > 0. Let z,2',w on 0D with |z| = || = 1, |w| < ¢
and |z —2'| < 0. Then, the distance between uﬁ(z, w) and u§+ (2/,0) goes to zero
with 8, uniformly with respect to the choice of w,z,z and D.

Proof. Let f denote the conformal mapping from D onto D, such that f(w) = 0,
f(z) = 2" and | /(i) = 1.

exo: for some constant ¢, |f(z) — x| < ¢d for all z € D The total area in D
or D' of the set of points that is at distance less than

Eldic (v, f o)) < Vs
where the expectation is with respect to ,uﬁ (z,w) the law of foryis “§+ (¢,0) O
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4.4 Bubble soup and loop soup
4.4.1 Brownian bubble measure and bubble soup
The Brownian bubble measure in H at the origin is the o—finite measure

bub (O) = lim m : m

HH dm Ty (=0) = () (& 0):

z wlérgﬂl_)() 2Im(z)Im(w
When we speak of the limit , we mean that for every r > 0, if we restrict
the measures on the right to loops that intersect the circle of radius r (?? so
that this is a finite measure), then the limit exists and equals x5 (0;r) which
is PP (0) restricted to loops that intersect {|z| = r}. This limit exists and
the normalization can be chosen so that |ul"?(0;7)| = 1/r2 (by the following
transformation formula). We can also define ' (2) for other domains, at least
if D is smooth near z, using conformal invariance,

Foup®(z) =11 () Puin) (£(2).

These measures satisfy the restriction property: if D’ C D and z € 9D’ N 9D,
then p2uP(2) is uP(2) restricted to loops that are in D'.

We define a bubble soup with intensity A > 0 to be a Poisson point process
with intensity Ault®. We can write a realization of the bubble soup as a count-
able collection U = {(v;, s;)}. Recall that the law of U is characterized by the

fact that:

e For any two disjoint measurable subsets U; and Us of K3 (H) x [0, 00), UNU;
and U N Us are independent.

e The law of the number of elements in &/ N U is the Poisson law with mean
AuBP(0) x (length)[U] (when this quantity is finite).

We will think of the bubble v; as being created at time s;. Clearly, with
probability one s; # s, for j # k.

4.4.2 Brownian loop measure and loop soup

Now we will define the Brownian loop measure p'°°P. Let K be the set of loops,
i.e., the set of v € K with v(0) = v(¢y). Such a 7 can also be considered as a
function with domain (—oc,00) satisfying v(s) = (s + t.). Define 6, : K — K
by tg,~ =ty and 0,7(s) = y(s+r). We say that two loops y and 4 are equivalent
if for some 7, 4/ = 6,~. We write [y] for the equivalence class of . Let Ky be
the set of unrooted loops, i.e. the equivalence class in K. Note that Ky is a
metric space under the metric

dp,U(fY,’Y/): inf d’C(or’)/a’)/)'

rel0,ty]

Any measure supported on K gives a measure on Ku by ”forgetting the root”,
i.e., the image probability measure of the map v +— [y]. If D is a domain, we
define K(D), Ky (D) to be the set of unrooted loops that lies entirely in D, i.e.,
7[0,t,] € D. We define the Brownian loop measure ;'°°? on Ky by

plooP = /(C tiu(z z)dA(z // 277752” (2, z;t)dtdA(z),
v
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where dA denotes the Lebesgue measure on C. This is a measure on unrooted
loops since the defined measure y'°°P does not depend on the choice of roots. ,
We call a Borel measurable function 7' : K — [0,00) a unit weight if for every
v ek,

t'Y
/ T(0ry)dr = 1.
0

One exemple of a unit weight is T(y) = —tl . Moreover note that for any unit
Y
weight T,

oop _ / / B2, 2)dr = /C Tu(z, 2)dA(2). (4.1)

(by forgetting roots, the measure p(z, z) is the same as 6,..u(z, z))

If D is a domain, we define p!'°°P to be p!'°°P restricted to the curves in
Ky (D): this is the same as the right-hand side of (4.1) with up replacing p (and
D replacing C). By construction and the restriction property of p, the family
{15°P} satisfies the restriction property. These measures are also conformally
invariant:

Proposition 4.5. If f : D — D’ is a conformal transformation, then

loop loop
Felp™ = 1y(p)

Proof. This proposition follows from two observations. One, which we have
already noted, is the conformal invariance of interior to interior measures,

fenn(z,2) = pyp) (f(2), f(2)).

The other is the fact that we can define a unit weight T by T¢(y) = 1/t if

v ¢ K(D), and if v € K(D), T¢(y) = | £ (7(0))[?/t jor. To check that this is a
unit weight, note that

tﬂ{ 1 t’y ! 2 —
/0 Ty(0,7)dr = / | ()P = 1.

Lfoy

Therefore,

Fais? = 1| Tyo(z2)a4(2)
— [ TP P Lo (2, 2)dAC)
D bfoy

- / L (F(2), £ (2)PdA(2)

D tfoy
— [ Tup(w.wdate) = .

here T' denotes the simple unit weight T'(y) = % in the last equality. O

A Brownian loop soup with intensity A is a Poissonian sample from the
measure A\u'°°P. We will denote by L¢ a realization of the loop soup. A sample
of the Brownian loop soup is a countable collection of (unrooted) Brownian
loops in the plane. We will use £ to denote the family of loops in C that are in
H. This is the Brownian loop soup in the half-plane.

If D C H is a domain, then we write
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e L(D) for the family of loops in £ that are in D
e LY(D) for L\ L(D), i.e., the family of loops that intersect H \ D.

By definition, for any fixed D, the two random families £(D) and £1(D) are
independent. Note that the law of families £(D) inherit the conformal invariance
and restriction properties of the Brownian loop measure.

4.5 Decompositions of bubble measure and loop measure

The next proposition relates u2"(0) to excursion measures. This expression for

pBP(0) splits the bubble at the point se®® at which its distance to the origin is
maximal.

Proposition 4.6.
o0 Uy . )
pig (0) = 7T/ / [, (0,7€") @ pyp, (re®,0)]r do dr
o Jo

= / i/ [ufD+ (0,7e") @ ufD+ (re',0)] sin®(0)d6 dr
0 0

s

Proof. We denote by pbi(0;7) the measure pbP(0) restricted to loops that
intersect {|z| = r}. By decompositing loops at the hitting time of 7S, , we have

u u T " . 7 7
u (0;7) = pP (037 +0) = - /0 [, (¢, 7¢™) @ piryoy, (re”,0)]rdd

= 77/ [trp, (O, rem) D L(r+8)Dy (Tew; 0)]r dé.
0

But as

: -1 6 _ 10
51_1)%1+ 4 H(r4+8)D4 (7"6 ; 0) = MrDy (T €, 0)7

we get that

d u " i1 7
S 0) = = [l 0.re) @ e, (e, 0,

which gives the first equality. The second follows from some calculation on total
mass

lrm, (0,7e”)| = 172 |up, (0,€")] = =5~

since the Green’s function on D is G(M, My) = 5-[log

HrD (07 r 61'9) = T72|MD+ (07 62’0)‘

The conformal invariance of u!'°°? makes it independent of the choice of
coordinate axes. Il will be however convenient to have expressions for ;'°°P that
do depend on the axes. We will write the measure on unrooted loops [y] as a
measure on rooted loops by choosing the representative v whose initial point is
the (unique) point on the loop of minimal imaginary part (the same works of
course for the maximal imaginary part).

35



Proposition 4.7.

loo bub .
P = 27‘_ / / /J’H+zy T+ Zy)dl’dy

Proof. We define a unit weight 7, on v € K that will approximate the Dirac
1

mass at the time of the minimal imaginary part of 7. If t, < ¢, then Tc(y) = o
Suppose that t, > €, and there is a unique ro € [0,¢,) such that Im[y(ro)] <
Im[y(t)] for t € [0,¢,)\{ro}. Then T.(6,7) = L for r € [ro—e, 7] and T%.(6,7) = 0
for other t € (rg,2ro — €). (Here 7 is considered as a periodic function of period
ty.) If no such unique g exists, set T,(y) = 1/t, (the choice here is irrelevant
since this is a set of loops of measure zero). Note that the measures p(z, z) are
supported on loops for which a unique rg exists.??? It is easy to see that T, is

a unit weight, and hence for every e,

poP = lim | Top(z, 2)dA(z) = lim [ e tpu(z, 2> €)dA(z),

€—>0+ C 6—)O+ C
where 11(z, z; > €) denotes u(z, z) restricted to curves v with ¢, > € and
inf{Im(v(¢));t € [0, €]} = inf{Im(v(¢));t € [0,t4)}.(norm?)

For fixed €, [ e u(z,2;> €)dA(2) is the same as p'°°P restricted to curves with
ty > €. Let us consider the measure e~ !(z, 2; > €). For ease let z = 0. Start a
Brownian motion B; at 0 and let it run until time ¢; let us write B, = /ew.
We let —by/e = min{Im(B;) : t € [0,¢]}. Then given By, t € [0, €], the remain-
der of the curve is obtained from the measure €'y (0, w\/€). As € —
0., this looks like €'y (iby/€, iby/€ + w+/€), which (scaling of BM???)in turn
has the same limit as e 1b[b + Im(w)]um(iv/€,iv/€). Hence 1_1)r(r)1 e 11(0,05€) =
=04

3™ (0). m
Lemma 4.8.

477
Proof. Suppose that Y; is a one-dimensional Brownian motion started at the

origin. Let t* be the time in [0, 1] at which Y; is minimal, let M = Y+, and let
_ . . * 999 . . . 1
U = (Yp—M)(Y1—M). The law of t* ?77is the arcsine law with density P g

on [0,1]. Given t*, Yy — M and Y; — M are independent random variables with
the distribution of Brownian motion ”conditioned to stay positive”. 77

t
E[Y, — M|t' =] = %

and hence E[U] = % O

The next proposition gives an expression for ,uﬁolo by association to an un-
rooted loop the rooted loop whose root has the maximal absolute value.

l"‘”’ / / ufﬁi ret d9rdr
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Proof,LetR:{x+iy'—oo<x<oo0<y<7r}ande—{z€R Re(z) <
b} and let ¢(z) = Conformal invariance tells us that ¢. e = 9", But
the proposition above (rotated 90 degrees) and restriction tell us that

;(z)op 27r/ / bub +zy dyd.’l?

The conformal covariance for pP" gives qﬁ*u%lzb(a: +iy) = eQL,uEBb (e*+iy).
Therefore
1" = i = / / e pghp, (") dydz

/ / MEBE ret Ndy r dr

4.6 Relations between bubbles and loops

The goal of this section is to prove the main theorem, which relates the Poisso-
nian cloud of loops that intersect a given curve to the Poisson point process of
bubbles rooted at a boundary point of a domain by chronologically adding loops
to simple curves in the plane. In order to prove this, we need a generalization of
the previous results to domains of all shapes, and to show that the convergence
holds uniformly.

4.6.1 Some estimates on Poisson kernels
Lemma 4.10. There exists a constant ¢ such that if r € (0,1/2) and 6,¢ €
(0,7),

0 2
Hp, (re’?,e") — Zrsinfsing| < cr?sinfsing (4.2)
7r

H,

—1_i0
H\D; (7“ €

,e'P) — %r sin@sing| < cr?sinfsingp. (4.3)
Proof. Take the map f: 2+ —z — % from Dy onto H, hence
Hp, (re”,e"?) = |f'(e")|Hu(f(re"), f(e"))
= 2sinpHu(f(re), f(e'%)).
But if [2] > 2, [z] <2

o Im(z2) _Im(z) 1
H]D)(Z,JU ) = W[(Re(z) — :L‘/)2 +Im(z)2] o 7T‘2|2 (1 + O(|Z|))7

and )
F(rei?) = e 1 0(),
r

Im[f(re*?)] = g +sinf O(r).

This gives the first expression, and the second is not hard to get from the first
using the map z +— —%. O

37



Lemma 4.11. There exists a constant ¢ such that if e~ € (3,1), r € (0,3),
and 0, € (0,m), then

; ; 4
|Hp, (e re?) — — sinh ssin 0sin | < crssin fsin ¢, (4.4)
T

where Dy, r ={z €Dy : |z| > r}.
asymptotics

Proposition 4.12. Suppose V,, is a sequence of sets in H with u, = rad(v,) —

0 and such that H\ V,, is simply connected. Let m,, be ,uIlHIoop restricted to loops
that intersect both V,, and the unit circle. Set h,, = hcap(V,,). When n — oo,

hn b

where o(1) is uniformly bounded by a function of u, that goes to zero with ..
Note that scaling implies the corresponding results for the measures restricted to
paths that intersect any given circle roD.

Proof.
1 o0 T u i
My, = %/1 /0 ME]DE (re’|V,,)dOrdr

u > 4 T 7 7 :
pit(0,1) = /1 —3 /0 [,ufDJr (0,7e") @ ,uﬁm (re'?,0)] sin? Odbdr.
It is not hard to observe that
[ (re® Vo)I# = [y, (0,r€) @ il (re®?,0)]

uniformly on {1 < r < R} and 0 € (0, 7). (?7??Note that there is a conformal
transformation g : H\ V,, — H with max [g(z) — z| < cuy).
We now focus on the total masses. It suffices to show that

uﬁ‘jrb(ei9|Vn) = 4h,, sin® O[1 4+ O(uy,)] (4.5)

In fact, by scaling rules for ”"P and hcap, the formula below implies that for
all r > 1,

Bt (e Vo)l = =2 Bt (e |r = V) [~ h sin® O[1 + O(un ),

and the proposition follows. To prove (4.5), first note that

|ngb(e”|vn)\ = lim guDJr (exp(—e + i0), exp(i6))[B hits V,,].

—>0+

The estimates (5.2) and (5.3) and the use of scaling rule imply that the following
measures are very close for large R and small u:

e The measure of 1,, «rarg(B,,) when B is defined under the measure
RPE,

e The measure of 1, <70, <o, arg(B,,) when B is defined under the mea-
sure |
(2sind sinh(e))—l]}D exp(—c+if)
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After hitting uD,, it is possible to ”couple” the two paths up to their first
hitting of V,,. After the hitting of V,,, we want to estimate the probability that
the path go back to the unit circle without hitting R and they hit it in the
neighborhood of exp(if). By (5.1), this will occur with probability

2
—Im(B,y, ) sin 6d6.
71'

Therefore, we get finally that (recall that these estimates are uniform in 6, € and

R)

| 2 2
B (V)| ~ lim — sinfsinh ¢RE™[~Im(B,v,) sin 6]

+ e—0,R—0 €
~ 4sin?0 lim RE®[Im(B,v,)]
R—o0
~ 4h,, sin% 0
O

The following is the main theorem of this section. Now suppose that 7 :
[0,00) — C is a simple curve with 1(0,00) C H and |n(t)] = oo as t — oo,
parametrized by capacity, i.e. that hcap[n[0,t]] = 2t.

Theorem 4.13. Suppose H; = H \ n[0,t] and let g; be the unique conformal
transformation of Hy onto H such that g:(n(t)) = 0 and ¢g:(z) ~ z as z — 0.
Let fi = g7+ which maps H conformally onto Hy with fi(0) = n(t). For every
t < oo, if U is a bubble soup with intensity A > 0, consider the set of loops
(preimage of bubbles appearing before time t)

un,t = {fsj SRR (Vjasj) € u75j < t}a

then U, 1, considered as a collection of unrooted loops (by forgetting the root),
is a realization of L1 (H;) with intensity At.

Lemma 4.14. Let L be a realization of the loop soup in H with intensity .
We write elements of L as [y] since they are equivalent classes of loops. For
every [y] € L, let r; denote the smallest r such that v(r) € [0,t,]. Then with
probability one, there is a unique representative of [y], such that v(0) = n(r)
and v(0,t,) C H,.

proof of ... The proof of this theorem follows from ... Let £; denote the set of
loops v; € £ with r; <, i.e. the set of loops that intersect 1[0, ¢]. For r > 0, let
Li-(r) denote the set of loops v; € £; such that rad[g,, o ;] = sup{gr, 0 7;(s) :
0<s< tgrjow} > r. Note that with probability one L;(r) is finite for each
t < oo,r > 07?77

It suffices to show that for every r > 0 the set of loops {g,, 0, : v; € L{-(r)}
is a Poissonian realization of the measure A\tubP(0;7). (We only need to do this
for the case r = 1, the other cases are essentially the same). Let A; = {g,, 07; :
vj € L+(1)*}. We have noted that

Aite \ A: is independent of A; ... conformal invariance implies that the
distribution of g o [Asyc \ A¢], derived from the curve 7, is the same as the
distribution of A, derived from the

It suffices to prove the two conditions above for ¢t = 0

lemma: (section 5.2) m, = % uB(0,1)(1 + o(1)) O
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Corollary 4.15. The process (V,,7 > 0) is a Poisson point process with inten-
sity A times the Brownian bubble measure in H.

4.7 Parametrization

Suppose that 7 : [0,00) — C is a curve as before, and let £} denote a realization
of the loop soup in H restricted to curves that intersect n[0,t]. We are going
to show that if the path [0, c0) has dimension strictly less than two, then the
sum of all the time-lengths of the loops in £;- is almost surely finite. This
will imply that one can construct a continuous path by attaching these loops
”chronologically” to 7.

Lemma 4.16. Suppose that there exists a positive function g such that
area{z : dist(z,1[0,T]) < e *} < g(s),

where fooo g(s)ds < oo. Then with probability one,

Zt7<oo.

YELT

Proof.
#{yeLls:t,>1} <o

Proposition 4.17. If D is any nonempty open domain, then

Z ty =00

YEL(D)

5 CLE: construction via loop-soups

5.1 Markovian characterization of CLE

... gives a criterion for conformal loop ensembles, which is stated as follows. We
say that ' = (7,7 € J) is a simple loop configuration in the unit disc D if it
is a collection of simple loops in D that are disjoint and non-nested and that is
locally finite (for each € > 0, only finite many loops ; have a diameter greater
than €).

We say that (the law of) a non-empty random simple loop configuration
T = (v;,7 € J) in the unit disc D satisfies the conformal restriction axioms
if the following hold:

1. Conformal invariance: the law of T is invariant under any conformal trans-
formation from D onto itself.

2. Restriction: for any simply connected subset U of D, define U* to be the
set obtained by removing from U all the loops and interiors of loops of
U that do not stay in U. (7?7 U* is an open subset of D because of the
local finiteness condition.) The restriction property is that given U*, the
conditional law of the set of loops in T that stay in U (and therefore U*
is PU* )
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Note that conformal invariance enables us to define the law Pp of the loop-
ensemble in any simply connected domain D # C. We can also define Pp if D
has several connected components by taking independent samples in each of the
connected components.

5.2 Loop-soup percolation

The goal is to prove that almost surely, the set of outer boundaries of outermost
clusters of the Brownian loop-soup does give a simple loop configuraton which
satisfies the conformal restriction axioms for a range of ¢, whereas when c is
large, the Brownian loop-soup has only one cluster.

Recall the (weak) restriction properties of Brownian loop measure. First we
are going to establish some lemmas on properties of the collection C as (closures
of) the clusters defined by T

Lemma 5.1. Suppose that P.(C = {U}) < 1. Let U C U denote some open
subset of U and define Ux to be the set obtained by removing from U all the
(closures of ) loop-soup clusters C that do not stay in U. Then, conditionally on
Ux (with Ux # (), the set of loops of T that do stay in Ux is distributed like a
Brownian loop-soup in Usx.

Proof. The event C # {U} implies that U* # {.

We proceed by approximating U* by a nested sequence of dyadic sets if
U* # 0. For any n > 1, let U} = U} (U*) to be the largest union of dyadic
squares of side-lengths 27" that is contained in U % . For each n > 1, and for
each (deterministic) union V,, of such dyadic squares, the loop-soup restricted to
V., is independent of the event {U} = V,,}, since for a Brownian loop soup, the
two random families £(U) and £ (U) are independent. It immedaitely follows
that conditionned on U*, the set of loops that do stay in U is distributed like
a Brownian loop-soup in U;:. Since this holds for all n, it also holds for open
set U* = Un21U:;. O

Lemma 5.2. Suppose that P.(C = {U}) < 1 and that there is a P. positive
probability that C conlains an element intersecting the boundary of U. Then for
all positive ¢, Py (C = {U}) = 1.

Proof. Let A; be the union of all elements of C that intersect some prescribed
boundary arc 9 of U of positive probability.

If U is a fixed open set such that U C U the law of set of loops contained in
U is the same as its original law

the law of loops of T that do not intersect A; is the image of an independent
r

the conformal radius p; of U\ A; seen from 0 has a strictly positive proba-
bility to be smaller than one

iterate the procedure: the conformal radius of U, seen from 0 is dominated
by a product of i.i.d. copies of p;.

for any positive § one can almost surely find in I a finite sequence of clusters
Cy,-++,Cf such that d(Cj,Cj+1) = 0 for all j < k, such that C; touches 9 and

by conformal invariance, simultaneously for all points z with rational coor-
dinates, for all rational J, and all boundary arcs of QU of positive length.
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each loop of the loop-soup surrounds some point with rational coordinates ...
any two clusters in C are ”connected” via a finite sequence of adjacent clusters
in C.

add by an independent loop-soup, the new loops will almost surely join
together any two adjacent clusters of C into a single cluster O

Lemma 5.3. There is a critical constant cg € [0, 00] such that
1. If ¢ > cg, then P.(C =T) = 1.
2. If c € (0,¢p), then P, almost surely

(a) C contains infinitely many elements.
(b) No element of C intersects the boundary of U.

(¢c) No two elements of C intersect each other.

Proof. Set ¢y = inf{c > 0: P.(C = U) = 1}. The previous lemma implies that
P.(C =TU) =1 for all ¢ > ¢y and no element of C intersects the boundary of U
a.s. if ¢ € (0, cp).

If two elements of C intersect each other with P, positive probability, then
applying Lemma 5.1 to some U containing one but not the other with posi-
tive probability and by conformal invariance, we find that there is a positive
probability that an element of C intersects OU. Lemma 5.2 implies ¢ > cg.

If ¢ > 0 and C has only finitely many elements with positive probability,
then with the same probability, at least one of these elements must intersect JU
since the loops of I' are dense in U a.s.. O

Remark 5.4. We say c is sub-critical if the (a),(b) and (c¢) of Lemma 5.3 hold
P. almost surely. We will show that cg is sub-critical at the end of this section.
The proof of Lemma 5.3 shows that in order to prove that some c is sub-critical,
it suffices to check (b).

Lemma 5.5. The ¢y of Lemma 5.8 lies on (0,00). Moreover, when ¢ > 0 is
small enough, there are P. almost surely continuous paths and loops in D that
intersect no element of T'.

Proof. We first prove that for small ¢ > 0 there exists almost surely simple
paths crossing U but intersect no element of I'. couple the loop-soup with a
well-known fractal percolation model:

consider the unit square D = (0,1)? (instead of U). For each n, we will
divide it into 4™ dyadic squares of side-length 27". To each such square C,
associate a Bernoulli random variable X (C') equal to one with probability p.
p < 1 large enough, M connects the two opposite sides of the unit square with
positive probability and M contains loops with positive probability.

associate (in a deterministic, scale-invariant and translation-invariant) (rewrite
by the other) manner to each loop I C (0, 1)? a dyadic site site s = (52", 572771 ¢
(0,1)2 such that [ is contained in the square S; with side-length 2 x 27"() and
bottom-left corner at s.

replace all loops [ in the loop-soup by the square S

for each fixed square

S= (27", (j+1)27") x (527", (7 +2)27™) € (0,2)%,
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the probability that there exists no loop [ in the loop-soup such that S; = S is
less or equal to exp(—bc) all these events (when one lets S vary) are independent

the loop-soup percolation process is dominated by a variant of Mandelbrot’s
fractal percolation model:

P[X(S) = 1] = exp(—bc)
O

Lemma 5.6. If c is sub-critical, the probability that there are k disjoint chains
of loops in C crossing from the inside to the outside of a fixed annulus decays
exponentially in k.

Proof. No element of C intersects the boundary of U P, almost surely if c is
sub-critical. So for all r < 1, there exists r; € (r,1) such that the probability
that there is a crossing of {z : r < |z| < r1} is strictly less than one.

Now we consider any given annulus {z : r < |z — 29| < r'}. By conformal
invariance, the probability that the loop-soup restricted to {z : |z — zo| < %}

(we can choose r1 such that {z : |z — 2] < I—;} C U) containes no crossing
of the annulus is positive. Moreover, the event that no loop intersects both
the circles of radius ' and r’/r; around zy happens with positive probability
and is independent of the previous event. The intersection of the two events is
contained in the complement of the crossing event. Therefore, the probability
that there exists a crossing of the annulus is strictly smaller than one. Then
result follows from the BK inequality for Poisson point process. O

Lemma 5.7. If ¢ is sub-critical, the set C is almost surely locally finite, and
moreover the elements of I' are almost surely continuous simple loops.

Proof. Fix € > 0. For any 29 € U, P. almost surely there exists only finite
(closures of) clusters in C whose distance to z is less than %, otherwise there

would be infinitely many crossings of annulus {z : § < |z — 20| < €}. The same

argument holds for any point in an §—dense set in U, which implies that C is
almost surely locally finite.

Recall that the elements of I' are all simple loops. Conditioned on one loop
of T, the others in U\ intT" are independent of I'. When ¢ is sub-critical, almost
surely no loop in U\ intI" intersects I'. Therefore no element of C can have a cut
point. If the boundary is a continuous curve, it must be simple. If the boundary
has a point of discontinuity, then there must be infinitely many chains of loops
in I crossing an annulus surrounding that point, which does not happen almost

surely. O

Combining these lemmas above, one can conclude that there exists a positive
constant cy such that for all ¢ € (0,cg), the set T is a (random) simple loop
configuration that satisfies the conformal restriction axioms, whereas when c is
(strictly) greater than cg, I' has only one cluster almost surely.

5.3 Relation between ¢ and &

If ¢ is sub-critical, then the conformal restriction properties of the set T' implies
that it is a CLE, for some k € (%,4]. In other words, for such ¢, the T is
equivalent in law to the loop ensemble constructed via branching SLE, ,_g.
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In this section, we are going to describe the conformal loop-ensemble via the
pinned measure of branching SLE,; ,,_¢ to identify « in terms of ¢ and show that
co is sub-critical.

Suppose that T is a random loop ensemble that satisfies the conformal re-
striction axioms

5.4 Identifying the critical intensity ¢,

branching SLE, size of loop-soup clusters It is more conveniant to work in the
upper half-plane H instead of the unit disk.

5.5 An intermediate way to measure the size of sets

Suppose that o € (0,1], and that A is a bounded closed subset of the upper
half-plane H. Define

M(A) = Mq(4) = Jim sE[(ImB )"

where B is a Brownian motion started at is and stopped at 7(A), the first
time that it hits AUR. The limit exists and is finite by the explicit form of Pois-
son kernel on the half-plane H applied by mapping conformally the unbounded
component of H\ A onto H. Note that M; is the usual half-plane capacity used
in the context of chordal Loewner chains. 777

Il will be useful to compare M(A) with some quantities involving dyadic
squares and rectangles that A intersects. We will consider the usual hyperbolic
tiling of H by squares of the form [a27, (a + 1)27] x [27,29+1] for integers a, j.
Let S be the set of all such squares. For each hull A, we define S(A) to be the
set of squares in S that A intersects, and let

A =Uges)S

the union of these dyadic squares.
Basic facts:

e M(aA)=a*T1M(A)

e for any two bounded closed sets A and A’, M(AUA") < M(A) + M(A");
ifAcC A, M(A) < M(A")

Lemma 5.8. There exists a universal positive C' such that

CM(A) < M(A) < M(A).

Proof. bounding below the probability that (after this hitting time of /1) the
Brownian motion makes a loop around S before it hits any square of S that is
not adjacent to S O

Lemma 5.9. There exists a universal positive constant C' such that for any
hull A,

C' Ny M(S)<MA)Y< Y M(s)

SeS(A) SeS(A)
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Proof. it is sufficient to prove the result in the case where A = A is the union
of squares in S.

for each j € Z, note that each even square S € S;, and for each z € S,
the probability that a Brownian motion started from z hits the real line before
hitting any other even square in S; is bounded from below; it follows from the
strong Markov property that the expected number of squares in Sj; 11 that B
visits before exiting H is bounded by K x 2%

E[Y (nB:5)") < Y@ x (K27%) + 327 x (K2F) < O(Imz)”
Ses k>0 k<0

apply this statement to the Brownian motion B after its first hitting time
T(A) of AUR, O

Given a hull A, we denote by A = A(A,T) the random hull whose comple-
ment is the unbounded component of the set obtained by removing from H\ A
all the loops of T that intersect A. ?Local finiteness implies that A is a hull
almost surely. picture ..... Now define

N(A) = Ny (A) = E[M(®4(A))].

For each square S = [a27, (a + 1)27] x [27,29F1]  define R(S) to be all the
squares that lie strictly under S

Proposition 5.10. Ifc <1 and c < ¢y, then there is an a(c) € (0,1) such that,
E[diam(A)' ] < oo

for all hulls A.

Proof. proof in Markov.... O

If we write Ag = AN S, then
E[M(®4(As))] < C(c)M(S).

By scaling, it suffices to consider the case where S = [0,1] x [1,2] and hence
R = R(S) is the rectangle [0,1] x [0,2] We want to prove that E[M(®4(Ag))]
tends to zero uniformly with respect to A as ¢ — 0. In fact, the probability
that there are no loops intersecting Ag = {z : dist(z, As) < ¢} goes to 1 as ¢
goes to 0 by the decomposition formula. Therefore E[M (® 4(Ag)] goes to zero
by dominated convergence applied to diam(Ag)!'T®.

Lemma 5.11.
N(A) < Ci(c)M(A).
C1(C) tends to zero as c tends to zero.
Proof. Putting together the above estimates, it is not hard to get that
E[M(24(4))] < ) E[M(®a(As))]
Ses(A)

< ) C(IE[M(S)]

SeS(A)
< Ci(e)M(A),

where Cf(c¢) (which depends only on ¢) tends to zero as ¢ tends to zero. O
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the probability (that the diameter of the set of loops intersecting a small
ball on the boundary of H is large) decays quickly with the size of this ball
when x < 4. Intuitively one can guess that when x < 4, two big clusters will be
unlikely to be vary close, i.e., in some sense, there

adding a loop-soup with a very small intensity ¢’ on top of the loop-soup
with intensity ¢p might not be sufficient to make all clusters percolate, and this
would contradict the fact that ¢q is critical

Proof. Suppose that ¢g < 1. We choose ¢’ to be small enough so that the
product of the corresponding constants Cj(cg) and C1(¢’) in the above lemma
is less than 1, so that one can have an exponential decay on M by iteration.
We will view that the loop-soup I' with intensity ¢y + ¢’ as the superposition of
a loop-soup I'g with intensity copu and a loop-soup IV with intensity ¢’y which
are mutually independent since they are Poisson point process.

For any given hull A, I" contains a chain of loops that join A to the line
Lr ={z € H:Im(z) = R}. This implies that one can find a chain vg,y1, -+, V&
in T' almost surely such that vo N A # 0,vx N Lg # 0 and ;1 N~y; # 0 for
i=1,---,k. Besides, these loops alternatively belong to Iy and T’. But in the
following, we will show by construction that this does not holds when ¢y < 1.

First, consider the loops of 'y that intersecting A. Let A; be the hull
generated by the union of these loops and A.Recall that the expected value of
M (A;) is finite because a« = a(c1). Then add to A;, the loops of T that intersect
A, and the union generates a hull By. add to B; the loops of I'y that intersect
B;.

heap(A) < M(A)is A C {z: Im(z) < 1}7if A is a hull such that there exists
z € A with Im(z) > 1, then M(A) > ¢ hcap(4,)) < M(A,), which implies
almost surely ¥,hcap(A,) < oo

M(A,,) decays exponentially, which implies that M (A,,) almost surely decays
eventually faster than some exponential sequence.

O
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