
King’s College London
University Of London

This paper is part of an examination of the College counting towards the award of a degree.

Examinations are governed by the College Regulations under the authority of the Academic

Board.

PLACE this paper and any answer booklets in the EXAM ENVELOPE provided

Candidate No: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Desk No: . . . . . . . . . . . . . . . . . . . . . . .

MSc and MSci Examination

7CCMMS40T Supersymmetry (MSc)

7CCMMS40U Supersymmetry (MSci)

Summer 2018

Time Allowed: Two Hours

All questions carry equal marks.

Full marks will be awarded for complete answers to FOUR questions.

If more than four questions are attempted, then only the best FOUR will

count.

NO calculators are permitted.

DO NOT REMOVE THIS PAPER
FROM THE EXAMINATION ROOM

TURN OVER WHEN INSTRUCTED

2018 c©King’s College London



7CCMMS40T/7CCMMS40U

Questions

1. (Pauli matrices)

The four-dimensional Pauli matrices are

σ0 =

(
−1 0

0 −1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
,

σ̄0 = σ0, σ̄1 = −σ1, σ̄2 = −σ2, σ̄3 = −σ3.

They satisfy the relations

σµ,αα̇σ̄
α̇β
ν + σν,αα̇σ̄

α̇β
µ = 2ηµνδ

β
α, σ̄α̇αµ σν,αβ̇ + σ̄α̇αν σµ,αβ̇ = 2ηµνδ

α̇
β̇

(1)

with ηµν = diag(+,−,−,−).

If xµ is a vector, then we define two 2 × 2 matrices associated to it: xαα̇ =

xµσ
µ
αα̇ and xα̇α = xµσ̄

µ,α̇α.

Given three vectors xµ, yµ and zµ, we can define another vector wµ =

εµνρσx
νyρzσ. The purpose of this exercise is to find the 2 × 2 matrix associ-

ated to wµ in terms of the matrices associated to x, y and z.

1. Show that

xαα̇y
α̇β + yαα̇x

α̇β = 2(x · y)δβα, xα̇αyαβ̇ + yα̇αxαβ̇ = 2(x · y)δα̇
β̇

(2)

for any vectors x and y.

2. Define

tαβ̇(x, y, z) = xαα̇y
α̇βzββ̇ − zαα̇y

α̇βxββ̇. (3)

It is obvious that t(x, y, z) = −t(z, y, x). Show that

t(x, y, z) = −t(y, x, z), t(x, y, z) = −t(x, z, y). (4)

In other words, t(x, y, z) is completely anti-symmetric in x, y and z.

3. The vector wµ = εµνρσxνyρzσ is also anti-symmetric in x, y and z hence

wαβ̇ is proportional to tαβ̇(x, y, z). Find the proportionality constant by

taking xµ = (0, 1, 0, 0), yµ = (0, 0, 1, 0), zµ = (0, 0, 0, 1) and using ε0123 = 1

to compute both wαβ̇ and tαβ̇(x, y, z).
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2. (Superspace equations of motion)

Consider the most general supersymmetric theory of chiral superfields Φi with

action

S =

∫
d4xd2θd2θ̄K(Φ̄i,Φj) +

∫
d4xd2θW (Φi) +

∫
d4xd2θ̄W̄ (Φ̄i). (5)

You are given the following identities∫
d4xd2θ(D2X)Y =

∫
d4xd2θX(D2Y ), (6)∫

d4xd2θ̄D2X =
1

4

∫
d4xd2θd2θ̄X, (7)

where X, Y are superfields and D2 = DαDα.

1. Show that the chirality constraint DαΦ̄i = 0 is solved by Φ̄i = D2Y i.

2. Take the variation of the superfield Φ̄i to be δΦ̄i = D2δY i. Using the iden-

tities above show that the superspace equation of motion can be written

D2∂iK +
1

4
∂iW̄ = 0. (8)

3. Show that the equation of motion above can be rewritten

D2Φl = (DαΦj)(D
αΦk)(K

−1)l
iKi

jk − 1

4
(K−1)l

iW̄i, (9)

where

W̄i =
∂W̄

∂Φ̄i
, Ki

j =
∂K

∂Φ̄i∂Φj

, Ki
jk =

∂K

∂Φ̄i∂Φj∂Φk

, (10)

and we have assumed that Ki
j is invertible as a matrix.
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3. (Soft supersymmetry breaking)

A supersymmetric theory has a number of desirable features, such as cancel-

lation of quadratic UV divergences. An important question is if we can break

supersymmetry explicitly while still preserving these properties. It turns out

that this is possible if we break supersymmetry as described below.

We will study a theory of chiral superfields in which we introduce some

supersymmetry-breaking terms, with coupling constants of positive mass di-

mension, so as to preserve power-counting renormalizability.

1. Consider a number of chiral superfields Φi and a Kähler potential Φ̄iZi
jΦj,

where Z is a dimensionless hermitian matrix. In a renormalizable super-

symmetric theory Z is taken to be constant, however in this question we

take

Zi
j = δi

j + Ai
jθ2 + Āi

j θ̄2 +Bi
jθ2θ̄2, (11)

where Ai
j, Āi

j and Bi
j are coupling constants, i.e. they do not depend on

the coordinates (x, θ, θ̄). Note that all the coefficients are Lorentz scalars

since we do not want to explicitly break Lorentz symmetry.

Show that after a field redefinition

X̄ i = Φ̄i(δji + Āj
iθ̄2), Xi = (δji + Ai

jθ2)Φj (12)

we get

X̄ iẐi
jXj = Φ̄iZi

jΦj. (13)

Compute Ẑ in terms of the components of Z.

2. What is the effect of the components of Ẑ on the mass matrix of scalar

fields xi = Xi|? Is the mass matrix of the fermions affected by the com-

ponents of Ẑ?

3. The superpotential for a renormalizable theory is

W (X) =
1

2
CijX

iXj +
1

3!
CijkX

iXjXk. (14)

Just like for Zi
j, write the Grassmann expansion of Cij and Cijk consistent

with the requirement of holomorphy and power-counting renormalizability

(coupling constants of positive mass dimension).

4. It turns out that there is another possible term in the Lagrangian
∫
d2θd2θ̄Dk

ijX
iXjX̄k

and its complex conjugate. What is the dimensions of Dk
ij? Find the terms

in the Grassmann expansion of Dk
ij which are compatible with Lorentz

symmetry and power-counting renormalizability.
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4. (N = 4 super-Yang-Mills, Kähler potential)

Take V to be a gauge multiplet and X1, X2, X3 chiral multiplets with values

in the Lie algebra of some gauge group G. We denote the hermitian conju-

gate multiplets by X̄1, X̄2, X̄3. These superfields have the following gauge

transformations

Xi → eiΛXie
−iΛ, (15)

X̄ i → eiΛ̄X̄ ie−iΛ̄, (16)

e−2V → eiΛ̄e−2V e−iΛ, (17)

where Λ is a chiral superfield (D̄α̇Λ = 0) and Λ̄ is its hermitian conjugate.

1. Show that the gauge transformations above are compatible with the chi-

rality constraints DαX̄
i = 0 and D̄α̇Xi = 0.

2. Show that the gauge transformations are compatible with hermitian con-

jugation (that is, the hermitian conjugation of the gauge transformation

is equal to the gauge transformation of the hermitian conjugation).

3. We take the Kähler potential of a theory with this matter content to be

K =
3∑
i=1

tr(e−2VXie
2V X̄ i). (18)

Show that this Kähler potential is real and gauge invariant.

4. Show that the Kähler potential is invariant under a global symmetry,

acting as

Xi → Ui
jXj, X̄ i → X̄j(U−1)j

i, (19)

where Ui
j are complex Grassmann-even quantities. What constraint is

imposed on U by the condition that X̄ i is the complex-conjugate of Xi,

X̄ i = (Xi)
∗?
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5. (N = 4 super-Yang-Mills, superpotential)

To fully specify a gauge theory interacting with matter fields, we need to give

the superpotential as well. In this problem the superpotential is a holomorphic

function of the chiral superfields X1, X2 and X3.

The purpose of this exercise is to show that the component fields transform

under a SU(3) × U(1) group in the same way as the decomposition of an irre-

ducible representation of a larger symmetry SU(4). The extra generators inside

SU(4) can be used to produce four supercharges by acting on the supercharges

which generates the N = 1 superspace.

1. Using the gauge transformations in the previous question, i.e. Xi →
eiΛXie

−iΛ, show that tr(P (X1, X2, X3)) is gauge invariant for any poly-

nomial P .

2. Take the superpotential to be

W (X1, X2, X3) =
1

3!
εijk tr(Xi[Xj, Xk]), (20)

where εijk is the completely antisymmetric Levi-Civita tensor.

Using the fact that Mi
lMj

mMk
nεijk = εlmn detM , show that the super-

potential is invariant under a SU(3) group acting as Xi → Ui
jXj, with

U−1 = U † and detU = 1.

3. Show that the
∫
d2θW (X1, X2, X3) is also invariant under a U(1) R-

symmetry acting as

θ′,α = exp(iψ)θα, X ′i(θ
′) = exp

(2iψ

3

)
Xi(θ), (21)

for a constant ψ.

4. In the previous question we showed that the scalar fields in the Xi mul-

tiplets have an R-charge equal to 2
3
. Given that the fermions in these

multiplets are proportional to DαXi, find their R-charge.

5. There is also a fermion in the gauge multiplet, the gaugino. This fermion

does not transform under SU(3) transformations, but it does transform

under the U(1) R-symmetry. Given the transformation of the vector mul-

tiplet V ′(θ′, θ̄′) = V (θ, θ̄) and the fact that the gaugino is proportional to

D̄2(e2VDαe
−2V ), show that its R-charge is 1.
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