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Questions

(Pauli matrices)

The four-dimensional Pauli matrices are

-1 0 0 1 0 —i 10
0 __ 1 _ 2 _ 3 _
S O B () () B (I}

g’ = O'O, gt = —01, = —02, 7 = —od.

They satisfy the relations

fe%e"

=~ =af B =
Op,060y t Ovaa0,” = 277Hl’6a? o,

i O,apt 536“0“7&5 = 2nuyég (1)

with 7, = diag(+, —, —, —).

If z# is a vector, then we define two 2 x 2 matrices associated to it: x,q =
z,oh, and x% = x,0M.

Given three vectors z#, y* and z*, we can define another vector w, =
€uwpe®’y?2?. The purpose of this exercise is to find the 2 x 2 matrix associ-
ated to w* in terms of the matrices associated to z, y and z.

1. Show that
Taay™? + Yaar™ = 2(x - y)05, 1Y+ y w =2(2-y)05  (2)
for any vectors x and y.

2. Define
tog (2,9, 2) = Taay™ 255 — 2aay ™ wgg. (3)
It is obvious that t(x,vy,2) = —t(2,y, ). Show that

t(l',y,Z) = —t(y,l',Z), t(]ﬁ',y, Z) = —t(x,z,y). (4)
In other words, t(x,y, z) is completely anti-symmetric in z, y and z.

3. The vector w" = e*??x,y,2, is also anti-symmetric in x, y and z hence
w,; is proportional to ¢,4(x,y,2). Find the proportionality constant by
taking z, = (0,1,0,0), y, = (0,0,1,0), z, = (0,0,0,1) and using €"'?* =1
to compute both w,; and t;(z,y, 2).
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(Superspace equations of motion)

Consider the most general supersymmetric theory of chiral superfields ®; with
action

S = / d*zd*0d*0K (', ;) + / d*zd>OW (®;) + / d*xd*0W (®Y).  (5)
You are given the following identities
/ d*zd*9(D*X)Y = / d*zd*0X (D*Y), (6)
/d4xd2§D2X = i/d4md20d2§X, (7)
where X, Y are superfields and D? = D*D,,.

1. Show that the chirality constraint D,®* = 0 is solved by ® = D?Y".

2. Take the variation of the superfield ®' to be &' = D?§Y"*. Using the iden-
tities above show that the superspace equation of motion can be written

1 -
D*0;K + Z@W = 0. (8)

3. Show that the equation of motion above can be rewritten

1 o

D*®; = (Do ®;)(D*®p) (K1), K" — Z(K_l)lzwia (9)
where
0w , 0K . 0K
W=z Ki=_fo— K=o (10
oOPi 0D0P; 0D 0D ,09, (10)

and we have assumed that K,7 is invertible as a matrix.
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(Soft supersymmetry breaking)

A supersymmetric theory has a number of desirable features, such as cancel-
lation of quadratic UV divergences. An important question is if we can break
supersymmetry explicitly while still preserving these properties. It turns out
that this is possible if we break supersymmetry as described below.

We will study a theory of chiral superfields in which we introduce some
supersymmetry-breaking terms, with coupling constants of positive mass di-
mension, so as to preserve power-counting renormalizability.

1. Consider a number of chiral superfields ®; and a Kéhler potential ®'Z,7®;,
where Z is a dimensionless hermitian matrix. In a renormalizable super-
symmetric theory Z is taken to be constant, however in this question we
take

Zij = (Sij + Aij¢92 + Ain_Q + Bij029_2, (].].)
where A7, A;7 and B,/ are coupling constants, i.e. they do not depend on
the coordinates (,6,0). Note that all the coefficients are Lorentz scalars
since we do not want to explicitly break Lorentz symmetry.

Show that after a field redefinition
X' =5 + Aj'0%), X; = (6] + A70%)®; (12)
we get R
X'Z7X; =" Z®;. (13)
Compute Z in terms of the components of Z.

2. What is the effect of the components of Z on the mass matrix of scalar
fields x; = X;|? Is the mass matrix of the fermions affected by the com-
ponents of Z7

3. The superpotential for a renormalizable theory is
1 R | o
W(X) = 5Cy X' X7 + gCiijlX]Xk. (14)

Just like for Z;7, write the Grassmann expansion of C;; and Cjj;, consistent
with the requirement of holomorphy and power-counting renormalizability
(coupling constants of positive mass dimension).

4. Tt turns out that there is another possible term in the Lagrangian [ d*0d*0 D, X' X7 X,
and its complex conjugate. What is the dimensions of ij? Find the terms
in the Grassmann expansion of ij which are compatible with Lorentz
symmetry and power-counting renormalizability.
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(N = 4 super-Yang-Mills, Kdhler potential)

Take V' to be a gauge multiplet and X, X5, X3 chiral multiplets with values
in the Lie algebra of some gauge group G. We denote the hermitian conju-
gate multiplets by X', X2, X3 These superfields have the following gauge
transformations

X, — €iAXi€7iA, (15)

X' = eh Xl (16)
e 2V ei[ie—QVe—iA7 (17)
where A is a chiral superfield (Dg4A = 0) and A is its hermitian conjugate.

1. Show that the gauge transformations above are compatible with the chi-
rality constraints D, X' = 0 and D, X; = 0.

2. Show that the gauge transformations are compatible with hermitian con-
jugation (that is, the hermitian conjugation of the gauge transformation
is equal to the gauge transformation of the hermitian conjugation).

3. We take the Kahler potential of a theory with this matter content to be

3
K=Y tr(e?X;e? X7). (18)

i=1
Show that this Kéahler potential is real and gauge invariant.

4. Show that the Kéhler potential is invariant under a global symmetry,
acting as

X, = U/ X;, X' = XI(Uh,, (19)

where U/ are complex Grassmann-even quantities. What constraint is
imposed on U by the condition that X* is the complex-conjugate of X,
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4 super-Yang-Mills, superpotential)

To fully specify a gauge theory interacting with matter fields, we need to give
the superpotential as well. In this problem the superpotential is a holomorphic
function of the chiral superfields X;, X5 and X3.

The purpose of this exercise is to show that the component fields transform
under a SU(3) x U(1) group in the same way as the decomposition of an irre-
ducible representation of a larger symmetry SU(4). The extra generators inside
SU(4) can be used to produce four supercharges by acting on the supercharges
which generates the N/ = 1 superspace.

1.

Using the gauge transformations in the previous question, ie. X; —
e X;em ™ show that tr(P(X;, X», X3)) is gauge invariant for any poly-
nomial P.

Take the superpotential to be
1 ..
W(X1, Xy, X3) = 5ewkmr(Xi[Xj,Xk}), (20)

where €% is the completely antisymmetric Levi-Civita tensor.

Using the fact that M;'M;™M;"e"* = ™" det M, show that the super-
potential is invariant under a SU(3) group acting as X; — U X;, with
U'=U" and detU = 1.

Show that the [ d*0W (X, Xs, X3) is also invariant under a U(1) R-
symmetry acting as
24

0" = exp(i1))0°, Xi(0') = eXp(T)AXi(Q)a (21)

for a constant 1.

In the previous question we showed that the scalar fields in the X; mul-
tiplets have an R-charge equal to % Given that the fermions in these
multiplets are proportional to D,X;, find their R-charge.

There is also a fermion in the gauge multiplet, the gaugino. This fermion
does not transform under SU(3) transformations, but it does transform
under the U(1) R-symmetry. Given the transformation of the vector mul-
tiplet V'(¢,8') = V(6,0) and the fact that the gaugino is proportional to
D?*(e?V D,e™?V), show that its R-charge is 1.
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