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Introduction

The following questions are about supersymmetry in two-dimensional space-
time. Some useful formulas follow. For every question, you may use without
proof the results of the previous questions.

We will study the free action

1 _
S§=q- / d*0 (0o X"0 X, + V¥ p*Oatiy), (1)

where « = 0,1, and 4 =0,1,..., D — 1, and ¢® are the coordinates of the two-
dimensional space-time, X* are D real scalar fields, " are D real fermionic
fields. These fermions are two-component spinors 1}, where A = 1,2 but in the
following we will mostly omit the spinor indices.

We can choose a representation of the two-dimensional Dirac matrices

0 -1 01
0_ 1 _
and they satisfy the algebra
{0, 0"} = 2n*"15, (3)

where 1 = diag(—1,1).
The two components ¢4 with A = 1,2 of the spinor ¢ can be written in

o= () .

We also define 1) = 1tp? which can be written as a row

column form as

i=r ) (] )= e, )

A real spinor is a spinor whose components are real, i.e. ¥} = 4.

Questions

(Properties of the Dirac matrices)

Show the following properties
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1. (pa)T _ pOpaPO’ (pa)T — pOpapO,
2. p*p°pe =0,
3. tr(p®) = 0, tr(p*p?) = 2n°F,

4. {p* p°p'} = 0.

(Properties of spinor contractions)

If b and x are two real Grassmann spinors whose components anti-commute
YaxB = —xBYa4, show the following identities

L x = x¢
2. Yp*x = —xp™Y

3. Yp*p’x = xp’p™p

(Supersymmetry variations)

Consider the following variations

IXH = et (6)
IPH = (0, X*)p e, (7)

where € is a spinor and ¢ is a complex constant.

1. If € is a real spinor, show that ¢ should be real.

2. What are the dimensions of X* and ¥*? What are the dimensions of €
and ¢?

3. Compute the variation of ).

4. Compute the variation of the action and find the value of ¢ for which the
action is invariant.
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(Supersymmetry algebra)

In this section we study the algebra of the transformations written above. We

denote by 0; a transformation with parameter €; and by d, a transformation

with parameter €.

1.

2.

Write the equations of motion for X* and ¥*.

Without imposing the equations of motion (i.e. off-shell) how many de-
grees of freedom are there in the bosonic fields X* and in the fermionic
fields *?

Do you expect the supersymmetry transformations to close off-shell with-
out adding auxiliary fields? If not, what type (bosonic or fermionic) of

auxiliary fields do we need to add in order to close the supersymmetry
off-shell?

Compute the commutator [d7, d2] X#, when acting on X* and show that it
corresponds to a translation by a real quantity.

If €, and e, are spinors and A, B = 1,2 are spinor indices, show that

_A L a, by A, Loy 0.1y A

€ €28 = 5(6162)53 + §(€1P €2)(pa)B” + 5(610 pe)pp)s”  (8)
Compute the commutator [0y, d2]t)*, when acting on 1" and show that it
contains a translation by the same quantity as for X* (you may assume

without proof the result from the previous question). What happens to
the extra term when the equations of motion for 1 is satisfied?
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(An interacting theory)

In this question we study a two-dimensional interacting supersymmetric field
theory of a real boson ¢ and a real fermion . The action is

1 _ _
5= / P (a$0% + p2e™ + Pputh — buipet?) (9)

This theory is called the super-Liouville theory and is the supersymmetrization
of the Liouville theory (which can be obtained by setting ¢ to zero).

1. What is the dimension of the fields ¢, 1) and of the parameters u, b?

2. Given the transformations

0p = €, (10)
81 = p2€0nd + pee, (11)

compute the variation of 1.

3. Show that the interacting action above is invariant under these supersym-
metry transformations.
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