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The purpose of this exercise is to study the most general N = 1 supersymmetric
effective action of scalars and fermions at low energy. This means that we do not impose
the constraint that the action be renormalizable, but we restrict the number of derivatives
to be at most two (higher-order derivatives are suppressed at low energies).

Consider the case of n chiral superfields Φi and their complex-conjugates Φ̄ı̄. The
most general superspace action for these fields is

S =

∫
d4xd2θd2θ̄K(Φ̄,Φ) +

∫
d4xd2θW (Φ) +

∫
d4xd2θ̄W̄ (Φ̄). (1)

Here W is a holomorphic function called superpotential and K is a real function called
Kähler potential.

Using the fact that

S =

∫
d4x

1

16
D2D̄2 K(Φ̄,Φ)

∣∣+

∫
d4x

1

4
D2W (Φ)

∣∣+

∫
d4x

1

4
D̄2W̄ (Φ̄)

∣∣ , (2)

and1

Φi
∣∣ = φi, DαΦi

∣∣ = ψiα, D2Φi
∣∣ = F i, (3)

Φ̄ı̄
∣∣ = φ̄ı̄, D̄α̇Φ̄ı̄

∣∣ = ψ̄ı̄α̇, D̄2Φ̄ı̄
∣∣ = F̄ ı̄, (4)

show that the Lagrangian density of this theory is

L = Kīı(∂µφ
i)(∂µφ̄ı̄)− i

2
Kīı(Dµψ̄

ı̄)σ̄µψi +
1

4
(Wij − ΓkijWk)ψ

αiψjα+

+
1

4
(W̄ı̄̄ − Γk̄ı̄̄W̄k̄)ψ̄

ı̄
α̇ψ̄

α̇̄ −K īıWiW̄ı̄ +
1

16
Rīıj̄ψ

αiψjαψ̄
ı̄
α̇ψ̄

α̇̄, (5)

where

Kīı = ∂i∂ı̄K, Wi = ∂iW, W̄ı̄ = ∂ı̄W̄ , Ki̄K
̄k = δki , (6)

Γkij = Kijk̄K
kk̄, Γk̄ı̄̄ = Kı̄̄kK

kk̄, Rīıj̄ = (∂ı̄Γ
l
ij)Kl̄, (7)

(Dµψ̄)ı̄ = ∂µψ̄
ı̄ + Γı̄̄k̄(∂µφ̄

̄)ψ̄k̄. (8)

You will need to eliminate the auxiliary fields F i and F̄ ı̄ using their equations of
motion.

The terms in the space-time action have a nice geometric interpretation: φi and φ̄ı̄

are complex coordinates on a “target space” manifold, Kīı is the metric, Γ and Γ̄ are
Levi-Civita connections and R is the Riemann curvature tensor.

1Usually the fermionic fields are defined with an extra factor of
√

2 i.e. DΦ| =
√

2ψ but here we used
the more obvious normalization.
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