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Definitions

The matrices σµ, σ̄ν for µ = 0, 1, 2, 3 are called Pauli matrices for the metric ηµν if

σµσ̄ν + σν σ̄µ = 2ηµν1, (1)

σ̄µσν + σ̄νσµ = 2ηµν1. (2)

A representation of these matrices for mostly minus signature η = diag(+−−−) is

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
, (3)

σ̄0 = σ0, σ̄i = −σi, for i = 1, 2, 3. (4)

Questions

1. Show that

γµ =

(
0 σµ

σ̄µ 0

)
(5)

are Dirac matrices, i.e. they satisfy {γµ, γν} = 2ηµν1.

2. Show that σ̄µ = −εσµ,Tε, where ε = iσ2 =
(

0 1
−1 0

)
.

3. Show that tr(σµσ̄ν) = 2ηµν .

4. We define

σµν =
1

4
(σµσ̄ν − σν σ̄µ), σ̄µν =

1

4
(σ̄µσν − σ̄νσµ). (6)

Show that tr(σµν) = 0 and tr(σ̄µν) = 0.

5. Show that (σµνε)T = σµνε and (σ̄µνε)T = σ̄µνε.

6. The six matrices σµνε are symmetric, but there are only three linearly independent
2 × 2 symmetric matrices. Therefore, there must be three independent linear
relations between the σµνε or equivalently between the σµν . Find them.

7. Compute σµσ̄νσρ and σ̄µσν σ̄ρ.

8. (Fierz identities) Find identities of type

σµαα̇σ
ν
ββ̇
± σναα̇σ

µ

ββ̇
=
∑
l

M l
αβN

l
α̇β̇
. (7)
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