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Motivation and setting
With the motivation of characterizing the long-
time behavior of symmetric Markov processes
under conditioning, through extinction and/or a
Feynman-Kac scheme, we study the convergence
of associated rescaled additive functionals.
Challenge: How to extend the known quasi-
ergodicity results, as in [4], for pure jump effects
under the most general conditioning and with
unquantified convergence?

Model specification
• Generic space: (E,m)

Locally compact, separable and metric

• Generic m-symmmetric strong Markov pro-
cess, in continuous-time
X = (Ω,F , (Ft)t≥0, (Xt)t≥0,Px, ζ)

• µ a signed measure,
also µ = Vm, V measurable (particular case)

• F = F+ − F−, F+, F− ≥ 0 ∈ K(E × E)

K(E × E) the set of Borel measurable func-
tions on E × E vanishing on the diagonal.

• Additive functional: Aµ,F
t = Aµ

t +AF
t ,

where Aµ
t additive functional associated to µ

AV
t = AVm

t =
∫ t

0
V (Xs)ds

AF
t :=

∑
0<s≤t F (Xs−, Xs),

• Feynman-Kac (FK) transform:

Wµ,F
t = exp(−Aµ,F

t )1{t<ζ}

Conditional Measure:

Pµ,F
x|t (Λ) =

Px(Λ ·Wµ,F
t )

Px(W
µ,F
t )

, Λ ∈ Ft

Under (A1), Ex[A
F
t , t < ζ] =

∫ t

0
ps(N [F ])(x) ds,

for any x ∈ E, t > 0,
where N [F ](x) =

∫
E
F (x, y)N(x, dy).

Main novelty
Feynman-Kac scheme with extinction ✓
Pure jump effects ✓
Explicit rate function ✓
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Main Assumptions
• Kato class conditions: µ,N [|F |]m ∈ S1

K(X)

• (A1) Lévy system normalization (µH = m)

• (A2) X explosive with (I), (SF), (T):
(I), Irreducibility:
pt(B) = B ⇒ [m(B) = 0 or m(E \ B) = 0]
(SF ), Strong Feller: pt(Bb(E)) ⊂ C0(E)

(T ), Tightness: for any ϵ > 0 there exists a
compact K s.t.:
supx∈E

∫∞
0

e−tPx(Xt /∈ K, t < ζ) < ϵ

• (A3) FK semigroup intrinsically ultracon-
tractive (IUC), i.e. for all t > 0 and x, y ∈ E:

pµ,Ft (x, y) ≤ ctϕ
µ,F
0 (x)ϕµ,F

0 (y), ct > 0.

• (A3)θ: IUC with θV, θF for any θ ≤ 0 in-
stead of µ, F .

Known Implications
Under (A1) and (A2), by [3, Corollary 1.1]:
Ground state change of measure:

• λµ,F
0 = inf{Eµ,F (u, u) : ∥u∥2 = 1},

where there exists a unique minimizer ϕµ,F
0 of

Eµ,F (u, v) = E(u, v) +
∫
E

uvdµ

+
x

E×E

u(x)v(y)
(
1− e−F (x,y)

)
N(x, dy)m(dx)

• ϕ0 = ϕµ,F
0 strictly positive and continuous

ground state

• Xϕ0 conservative and ergodic, so

lim
t→∞

ϕ0(x)p
ϕ0

t

(
f

ϕ0

)
(x) = ϕ0(x)

∫
E

f ϕ0 dm,

for any x ∈ E and f ∈ L1(E;ϕ0m).

Main Results
1. Quasi-Ergodic Theorem:

lim
t→∞

Eµ,F
x|t

[
1

t
AV,G

t

]
=

∫
E

V (x)νµ,F (dx) +
x

E×E

G(x, y)J µ,F (dxdy),

for any x ∈ E, V ∈ L1(E; νµ,F ) and any G ∈ K(E × E) satisfying
s

E×E
|G(y, z)|J µ,F (dydz) < ∞,

besides relevant Dynkin conditions: V,N [|G|], N [|G|T ] ∈ S1
D(X),

where V ∈ S1
D(X) if supx∈E Ex

[
|AV

t |
]
< ∞ for some, hence for any t > 0.

2. Weak Law of Large Numbers:

lim
t→∞

Pµ,F
x|t

(∣∣∣∣1t AV,G
t −

(∫
E

V dνµ,F +
x

GdJ µ,F

)∣∣∣∣ ≥ ε

)
= 0,

for any ε > 0, x ∈ E, and V,G as above with in addition N [G2], N [(G2)T ] ∈ L1(E;m) ∩ S1
D(X).

Key quantities:

νµ,F = Quasi-Ergodic Distribution: ϕ2
0m, J µ,F = Quasi-Ergodic Jump Distrib.

J µ,F (dxdy) = ϕ0(x)ϕ0(y)e
−F (x,y)N(x, dy)m(dx) = Nϕ0(x, dy)ϕ2

0(x)m(dx).

3. Large Deviation Principle:
Under our main assumptions, CV,F (θ) := −λθV,θF

0 is strictly convex.
Furthermore, the following holds for any x ∈ E and any γ ∈ ΨV,F (R1

−)
o:

lim
t→∞

1

t
logPx

(
AV,F

t

t
∈ [γ,∞), t < ζ

)
= CV,F (θγ)− θγC

′
V,F (θγ), (1)

in which θγ is the non-positive real number given by θγ = Ψ−1
V,F (γ) and where we have defined

ΨV,F (θ) =

∫
E

V (x)ϕ
(θ)
0 (x)2m(dx) +

x
E×E

F (x, y)J
ϕ
(θ)
0
(dxdy), ϕ

(θ)
0 = ϕθV,θF

0 .

The r.h.s. of (1) is also identified as:

−A
(
ϕ
(θγ)
0 , ϕ

(θγ)
0

)
= −E

(
ϕ
(θγ)
0 , ϕ

(θγ)
0

)
−

x
E×E

ϕ
(θγ)
0 (x)ϕ

(θγ)
0 (y)

(
1− e−θγF (x,y) − θγF (x, y)e−θγF (x,y)

)
N(x, dy)m(dx).

Crucial estimates
Φt(x) = eλ0tEx[Wt] → ϕ0(x)

∫
ϕ0dm

p̂µ,Ft f(x) = eλ0tEx[Wtf(Xt)] → ϕ0(x)

∫
fϕ0dm,

Φt(x)Ex|t

[
AG

t

]
=

∫ t

0

p̂µ,F
s

(
N

[
Ge−F · Φt−s

])
(x)ds,

Φt(x)Ex|t

[(
AG

t

)2
]
=

∫ t

0
p̂µ,F
s

(
N

[
G2e−F · Φt−s

] )
(x)ds

+2

∫ t

0

∫ t−s

0
p̂µ,F
s

(
N
[
Ge−Fp̂µ,Fr

(
N
[
Ge−FΦt−s−r

])])
(x) drds.

Applications
⋆ Symmetric Lévy processes with explicit crite-
ria inspired by [2, 3], notably:
B Rotationally symmetric α-stable process on Rd.
B ⊥⊥ Mixture of two of those (0 < α < β < 2).
B ⊥⊥ Mixture of α-stable with a Brownian Motion
B Symmetric stable-like Lévy processes on Rd

under condition of confining potential

2 Eco-evolutionary models (mutation profiles)?2 Concentration of parametric estimators for
the jump rate?


