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(Lecture 1: 02/10/2023 )

Introduction

Classical analysis deals with integration and differentiation of regular deterministic
functions. Under regularity assumptions on a function f, one can compute integrals
of the form fab f(s)ds. The aim of stochastic analysis is to extend this framework to
(random) functions that can be quite irregular. We want to define the integral of a
random process with respect to another random process: we will see what assumptions
on the random functions (Hj,s > 0) and (X;,s > 0) are needed to give meaning to the

expression
b
/ H,dX,,
a

and how to manipulate such quantities. This extension of classical analysis to ran-
dom processes started with Kiyoshi Ito in the 1940’s, and relies on the celebrated Ito
formula. It appears nowadays a lot in financial mathematics and economics.

We will start by formally introducing the central notions of conditional expectation
and Gaussian variables. This will allow us to formally define the Brownian motion,
which is maybe the most famous random process. A third part will be devoted to
the study of martingales, which are roughly speaking random processes with constant
expectation. With all these tools in hand, we will be able to construct in a rigorous
way the theory of stochastic integration, and introduce the Ito formula. In a last part,
we will use it to study in more detail the Brownian motion and prove some of its very
interesting properties.

These notes are largely inspired from Nathana&l Berestycki’s notes, which are
available on his webpage.

s tL)

Notations In what follows, (Q,.%,P) will always denote a probability space. "a.s.

. d P .
means almost surely, and we will use (—>) and (—>) to denote respectively convergence

in distribution and convergence in probability. We write “wlog” for “without loss of
generality”.



1 Conditional expectation and Gaussian random vari-
ables

1.1 Conditional expectation

When one considers random experiments, usually several layers of randomness are
involved. It therefore makes sense to condition on one of these layers.

Example. In a math article, there are a random number X of typos. A reviewer spots
each of them independently with probability p. Let N be the number of typos that she
Spots.

(i) E[N|X]: given X, how many typos on average will she spot?

(ii) E[X|N]: given that she spotted N, how many can we expect in total?

Note that the answer will in general be random, and depend on the value of X.
More precisely, for any r such that P(X = r) > 0, any event A, we can define

PAIX =r) = P(AP?;)LT;}),
and in particular
EN|X = 1] = 1;[(1;'(1;(?)] .

In general, E[N|X] is a random variable such that on the event {X = r} its value
will be E[N|X = r]. An important property is the following: let Y = E[N|X] ; we have
for all r

E[N1x_,| =E[Y1x_,].
Indeed,

E[Y1y_]=E[E[NX = rlly_]

_[E[Nx-
-2 g
— E[Nly_,).

This motivates the following (more general) definition:

Definition 1. Let (Q,.%,P) be a probability space, and X : Q — R a random variable
such that X is integrable or X > 0 a.s.. Let ¢ C % be a 6-algebra. We say that Y is a
conditional expectation of X given 4 if the following holds:

e Y is 9-measurable ;

 forany B€ ¥, E[X15] =E[Y1p].



Existence and uniqueness of conditional expectations are not clear a priori. This is
the content of the next Theorem, which relies on the Radon-Nikodym theorem.

Theorem 1 (Radon-Nikodym theorem). Let L,V be two G-finite measures on a mea-
surable space (Q, /). Then, the following are equivalent:

(i) v is absolutely continuous with respect to |1 (V << W), that is, for all A € o7, if
W(A) =0 then v(A) =0.

(ii) There exists f : Q — R, o7-measurable, such that v(A) = [o1afdu for all
Aecd.

If this holds, we call f = ZT‘: the Radon-Nikodym derivative of v with respect to |L.
f is defined up to a set of -measure 0.

Theorem 2 (Advanced Probability). Let X and & be as above. Then,
(i) there exists a conditional expectation of X given 9.
(ii) Furthermore, if Z and Z' are two such conditional expectations, then Z =7’ a.s.
(iii) Moreover, if X > 0 then E[X|¥] > 0 a.s. and, if X is integrable, so is E[X|¥].

Proof. (i) Existence. Suppose first that X > 0. Consider v : A € 4 — E[X14], and
p =Py (that is, see I as a measure on (Q,%)). Then, clearly v < u and p,v
are o-finite. By the Radon-Nikodym theorem, there exists ¥ : Q — R that is ¢¥-
measurable and such that v(A) = [ 14Ydu for all A € ¢. This can be rewritten

E[X1,] = E[Y14].

In the general case, write X =X+ X~ where XT =X A0and X~ =X —X". It
is easy to check that Y™ — Y~ has the right properties.

(ii) Uniqueness. Assume first that E[|X|] < eo. Take two such conditional expecta-
tions Y1,Y>. Both are ¥-measurable, so A := {¥; — Y, > 0} € 4. By definition,
E[Y114] = E[X14] = E[Y»14], so that E[(Y; — ¥»)14] = 0. Hence, P(A) = 0 and
Y1 <Y, ass. By symmetry, ¥, <Y; a.s. If X > 0, consider instead the events
A, = {Y] - >0, <nY, < n}

(iii) Take Y such a variable. If X > 0 as., take A := {Y < 0}. Since Y is ¥-
measurable, A € 4. Hence, E[Y14] =E[X14] >0, so that Y > 0 a.s. We prove

the same way that Y is integrable if X is integrable.
O

The conditional expectation satisfies the following useful properties.

Proposition 1 (Properties of conditional expectation).
(i) If X is 9-measurable, then E[X|9] =X a.s.
(ii) If 9 ={2,Q}, then E[X|¥9] = E[X] a.s.
(iii) If 6(X) and 9 are independent, then E[X|¥]| = E[X] a.s.
(iv) If9' C¥9, then E[X|9'] = E[E|X|¥4]|¥4’| (tower property)
(v) If X,Y are integrable, then E[aX 4+ bY|¥| = aE[X|¥]| + bE[Y |¥] (linearity)



(vi) IfU is 9-measurable and either (U > 0,X > 0) or (X and UX are integrable), then
E[UX|4] = UE[X|¥] a.s.

(vii) If X <Y a.s. then E[X|¥9] <E[Y|¥] a.s. (monotonicity)

(viii) We have |E[X|9]| < E[|X||9] a.s.

(ix) If 6(X,9) and # C F are independent, then E[X |0(¢,70)| =E[X|4] a.s. (adding
independent information does not change anything).

(x) Let ¢ : R — R convex. Then ¢ (E[X|¥9]) <E[9(X)|¥]. (Jensen’s conditional in-
equality)
In particular, if X € L? for p > 1, then E[X|¥4] € L? and |E[X|¥9]|? < |X|P.

Proof of some items. (1) X is ¢-measurable and satisfies E[X14] = E[X1,] for all
AcY.

(i) Itis a consequence of (iii).
(iil) First, E[X] is clearly ¥-measurable. Now, for A € ¢, we have
E[X1,] = E[X|P(4) = E[E[X|1,].

Some properties of the conditional expectation also pass to the limit.
Proposition 2 (Limit theorems for conditional expectation). (i) If 0 <X, "X, then
E[X,|¥] /" E[X|¥]. (Monotone convergence)
(ii) If X, — X a.s. and there exists Y integrable such that |X,| <Y for all n, then
E[X,|¥9] — E[X|¥] a.s. (Dominated convergence)
(iii) If (X,) are nonnegative, then E [liminfX,|¥] < liminfE[X,].

(Lecture 2: 04/10/2023 )

1.2 Multivariate characteristic functions

If X is a real random variable, then its characteristic function is by definition

ox(0) =E["] = [ e u(dx),

where 1 is the law of X. It is always defined, continuous and characterizes the law of
X. Indeed, if e.g. X has a continuous density fx, then ¢x is the (conjugate) Fourier
transform of fx, and one can recover fx from ¢x by inverse Fourier transform.

We now extend this notion to variables taking their values in R4, for d > 1. Denote
by (-,-) the usual scalar product on R¢.

Definition 2 (Multivariate characteristic function). Let X := (Xi,...,Xy) be a random
variable in R?.We define its characteristic function as

ox R 5 R
t:=(t,....ta— E [e nXit- “dxd} =E [e’lg’xq

/ i(tx1+.. +tdx‘i)‘U(dx),

where L is the law of X.



It enjoys the same properties as in one dimension. For example, if X and Y are
independent, then

Oy (1) = E [ N] ~E [0 g (1)1 (1),
An important feature is that the characteristic function characterizes the law .

Theorem 3. Let i,V be probability distributions on R%. If their characteristic func-
tions are equal, then L = V.

Proof. The proof could be similar to the one-dimensional case. But here is a different
argument based on the Stone-Weierstrass lemma.

We will show that, if f is continuous with compact support in R?, then Jra fdu =
Jra fdv. From this, it is easy to obtain y = v (monotone class theorem).

Lemma 1. (Stone-Weierstrass) Every continuous function f : R? — R with period 21
in each coordinate (that is, for all 1 <i <d, all x € R, S(x+2me;) = f(x)) admits a
uniform approximation by a linear combination of x — cos({(k,x)),x — sin({(k,x)),k €
Z‘L that is, for all € > O there exists a finite linear combination g such that ||g — f|| <
E.

Fix f continuous with compact support. There exists M such that ||f]||. < M. For
any R > 0, let f be a continuous function with period 27R in each coordinate, such that
f=fonB(0,R). Fix € > 0. By Stone-Weierstrass, we have g : x+ Y7_, a; cos( <k,’:> )+
by s1n(<kx>) such that ||g — f|| < €.

Note that [ps gdp = [pa gdV since

/gdu=2akRe(/ e R,udx)—FZbklm(/ eiwu(dx))

n

Z arRe (¢(k/R)) +biIm (¢ (k/R))] .

On the other hand,

‘/Rdfd#/Rdgdu‘ S/Rdlffgldﬂ

< [ 17 =Tldu+ [\ =gl
< Mu(B(0.R)") +e

Hence, | fga fdlt — [ga fdv| <2Mu(B(0,R)) + 2.
Let R — o and € — 0. The result follows. ]

As a corollary, we get the following:
Corollary 1. The following are equivalent:
(i) (X1,-..,Xy) are independent

(ii) There exist functions fi,...,f; : R — R such that, for all (,,...,t;) € RY,

Ox(t1,-.sta) = fi(t1) .. fa(ta)-



Proof. See Exercice session O

One useful property of characteristic functions in dimension d = 1 is that it charac-
terises the convergence in distribution (Lévy’s continuity theorem). Actually, the same
holds in all dimension.

Definition 3. Let (X,,),>1,X be random variables. We say that X,, — X in distribution
if, for any f : R? — R continuous and bounded, we have

E[f(X,)] — E[f(X)].
The following then holds:
Theorem 4. We have X, — X in distribution if and only if

vt e RY, ¢, (1) — 9x (¢).

Proof. The proof is similar to the case d = 1. We first prove the tightness of (X;)n>1,
that is, for all € > 0, there exists a compact K such that P(X,, € K) > 1 —¢ foralln > 1.
This provides the existence of subsequential weak limits, which have to be all equal
since the characteristic function characterizes the distribution. [

1.3 Gaussian random variables

Definition 4. A random variable X is said to be Gaussian with mean m € R and vari-
ance 62 > 0 if it has density

1 (x—m)2

fx(x) = e o2
) V2mo?
We write X ~ A (m,62) (A stands for normal). When m = 0 and 6> = 1, we call X
standard Gaussian.

Its characteristic function is explicit and nice.
Lemma 2 (Characteristic function). IfX ~ A (m,c?), then, fort € R, we have ¢x (t) =

2
. o
etmtht'

Proof. Assume wlog that m = 0 and 6> = 1. Consider the function z € C > E[e¥].
First, for z € R we have

1 2 1 » 2 2
E[eX] = 7/ e X 2y = ot /2/ e~ (72 _ /2
[« V2 JR V2m R
This ensures that z +— E[e®] is well-defined and differentiable (hence holomorphic) on

C. By analytic continuation, it holds for all z € C that E[¢X] = ¢7'/2. Taking z = it,
this ends the proof. O

Gaussian variables enjoy some nice properties.
Lemma3. Let X ~ A (m,06%) and X' ~ A (m',(0")?) be independent. Then, X +X' ~
N (m+m' 6%+ (c)?).
Proof. This is a consequence of the previous lemma. Indeed, by independence,

> ) 24(c")?
]E[eit(X+X’>] = E[eitX}E[eitX/] = eitm_%’zei”"/_%tz = eit(m+m/)_%



1.4 Gaussian random vectors

Definition 5. A random variable X with values in R? is called a Gaussian random
vector if every linear combination of its coordinates is a 1d Gaussian variable, that is:

Vu € R (u,X) is Gaussian.

Example. IfX;,...,X; are independent Gaussian variables, then X := (X1,...,Xy) is
a Gaussian vector by Lemma 3.

Example. If X := (X],...,X;) € R is as above (the X;’s are independent Gaussians)
and A € R"™*4 then Y = AX is a Gaussian random vector (in dimension m). Indeed, a
linear combination of coordinates of Y is a linear combination of coordinates of X, so
it is Gaussian.

We define the mean of X:
E[X]
m=E[X]:= :
E[X4]
We also introduce the bilinear form
d
C](M, V) = Z uiVjCOV(Xiyxj) = COV(<“aX>7 <VaX>)
ij=1
(Lecture 3: 09/10/2023 )

Note that g(u,u) = Var({u,X)) > 0, so ¢ is positive semidefinite. The bilinear form
q is encoded by the so-called covariance matrix

EX = (COV(X,',Xj))]Si’de.
Furthermore, (u,X) is Gaussian with mean (u,m) and variance q(u,u).

Proposition 3. Let X := (Xi,...,Xy) be a Gaussian vector of mean m and covariance
matrix ¥. Then, the following are equivalent:

(i) The X;’s are independent ;
(ii) ¥ is diagonal, that is, Cov(X;,X;) = 0 for all i # j.
Proof. (i) = (ii)
It is true for any pair of variables (X,Y) that Cov(X,Y) =0if X and Y are independent.
(it) = (i)
This is where Gaussianity is used. By uniqueness of characteristic functions, it suffices
to factorize the characteristic function. We have for any ¢ € R?:

E {ei<t,X>} —F [ei,//(@,mm(t,t))

i _1
= ¢/tm=2401) by Lemma 2
_ ei):j?:] tym;—1 Z?.k:l 1jtyCov(X;,Xy)

d 2
it — <L . . . .
=[] > Var(Xj) gince ¥ is diagonal.
=1

Hence the X;’s are independent. O



Remark. It is not enough that all entries of X are Gaussian for X to be a Gaussian
vector itself. For example, letY ~ A (0,1) and € such that P(e =1) =P(e = —1) =
1/2, with Y and € independent. Then one can check that € - Y ~ .A(0,1). In addition,
Cov(Y,e-Y) =E[e-Y?| = E[¢]E[Y?] =0, but Y and €Y are not independent since
|Y|=|e-Y| a.s. Hence, X := (Y,€-Y) is not Gaussian.

Let X ~ 4 (m,X) be a Gaussian vector. Let ¢ : RY — R? be the map whose
matrix is X (in the standard basis (ei,...,e4)). Since X is symmetric, there exists
an orthonormal basis (gj,...,&;) in which ¢ is diagonal. Moreover, since X is pos-
itive, all its eigenvalues are nonnegative. Hence, we can write the eigenvalues as
M>H>...>24>0=A, =...=A;. The value r < d is the rank of ¥ and
we can assume that the eigenbasis (&), ...,€&;) has this order: ¢(g) = A;&. Suppose
wlog that m = 0.

Theorem 5. In the basis (€1,...,&;), we can write

d
X = Z Y€,
j=1

where the Y;'s are independent Gaussian variables with mean 0 and variance Var(Y;) =
Aj >0 (if A; =0, we just have Y; =0 a.s.).

Proof. As (g1,...,&4) is a basis, there is a unique such expression. Note first that
(Yj)1<j<a is a Gaussian vector. Indeed, defining P the transition matrix from the base
(&1,...,€&4) to the base (ey,...,e;), we have Y = PX, so Y is Gaussian. We claim that
the covariance matrix C of Y is the matrix of ¢ in (g1, ..., €;), which will be enough to
conclude. We have for all u,v that ¢(u,v) = Cov((u,X), (v,X)). In particular for u = €;
and v = &, g(u,v) = Cov(Y},Y;). But, in the basis (e1,...,eq),

q(g]7 gk) = Z (Ej)jl(Ek)kle/k/
Ik

= Z(Sj)j’ (Z(Sk)k’zj’,k’)
]/

k/

= Y (e (0 (60); = (e5.0(80) = (e e
]/

This is nonzero only when j = k and we get Var(Y;) = A; as desired. O

Corollary 2. Let X be a symmetric positive semidefinite matrix. Then there exists a
Gaussian vector X such that Xx = X.

Proof. Take A1,...,A; and P orthonormal such that Pdiag(A;,)P =X. For | <i<d,
let ¥; ~ .4°(0,4;) so that the ¥;’s are independent, and define X = P~'Y. Then, Iy = X
by the computations above. O

1.5 Gaussian processes

Definition 6. Let (E, &) be a measurable space and T a set. A stochastic process in E
indexed by T is a collection of random variables (X; )icr defined on (E,&).

10



Remark. Often, we take E =R or R¢, T =N (discrete time) or T = [0,0) (continuous
time). In the latter case, we write (X;)1>0.

Definition 7. A Gaussian process is a stochastic process (X;) in R such that any fi-
nite linear combination of the variables (X;);>0 is Gaussian: ¥n > 1, Vuy,...,u, € R,
V1, ..t € T, Y1 wiX,, is Gaussian.

As in the case of a Gaussian vector, we can define the covariance function of a
stochastic process.

Definition 8. Given a stochastic process (X;):er, its covariance function Cx : T X T —
R is defined as

Vs,t € T,Cx(s,t) = Cov(X;,X;).
Definition 9. We say that a function C: T x T — R is of positive type if Vn > 1,Vt1,...,t, €

T, (C(ti,t)))1<i,j<n IS a positive semidefinite matrix, that is,

Vll,...ﬂn € R, Z A,ile(li,lj) >0.

ij=1
Note that a covariance function is always of positive type. Indeed,
n n
VAL,..., A €R, Z },,')ujCOV(Xti,X,j) = Var(Z l,'X[i) >0.
ij=1 i=1

Conversely, if one is given a function C : T x T — R of positive type, does there
exist a stochastic process (X;);cr on some measurable space such that Cy = C?

Theorem 6. Let C: T X T — R (here, T is arbitrary) be a symmetric (that is, C(s,t) =
C(t,s)) function of positive type. Then there exists a probability space and a Gaussian
process indexed by T whose covariance function is C.

(Lecture 4: 16/10/2023 )

This is the consequence of a much more general theorem called Kolmogorov’s
extension theorem, which allows to construct random processes with prescribed finite-
dimensional distributions. I will state it in the case 7 = R and processes with values
in a Polish space E (that is, separable and complete metric space). Let Q = E®+ the
set of functions @ : Ry — E from T = R, to E. We endow Q with a o-algebra .7
generated by the coordinate functions @ — @(¢), t € R. This is the smallest c-algebra
in which, for all ¢, @ — @(¢) is a random variable. Let F (IR, ) denote the finite sets
of Ry and, forU e Ry, let iy : Q — E U be the function which, to o, associates Oy .
Furthermore, if U CV € F(R,), we write similarly 71.'[‘; : EV — EY for the obvious
restriction map.

Theorem 7 (Kolmogorov’s extension theorem). Suppose that E is Polish, with its Borel
c-algebra &. For every U € F(R.), let Uy be a probability measure on EV. Assume
that {l yyep(r., ) is consistent, that is, for any U CV € F(Ry.), Ly is the image of Ly
under ng. Then, there exists a unique probability measure on (Q, F) such that, for all
U € F(Ry), uy is the image of 1L under my.

11



Proof of Theorem 6. In our case, observe that for all U € F(T') there exists a Gaussian
vector, say X U with the correct covariance matrix C‘U. Furthermore, the distributions
form a consistent family: projecting from V to U C V is equivalent to restricting the
matrix Cjy to Cjy. By Kolmogorov’s extension theorem, there exists a process indexed
by T with the correct finite-dimensional distributions (Gaussian), and hence covariance
function C. O

12



2 Brownian motion: definitions and properties
We define here the archetypical stochastic process, called the Brownian motion.

* named after Brown (1827), who looked at the motion of small particles of pollen
in water.

* 1901, Bachelier, first mathematical model and applications to finance ;

* 1905, physical model (quantitative) by Einstein, molecules pushing randomly a
macroscopic particle.

* 1923, first rigorous mathematical definition (as a random process) by Wiener.

2.1 Definition

We start by defining the so-called pre-Brownian motion, which is a stochastic process
with the right characteristics. A Brownian motion will be a continuous version of a
pre-Brownian motion.

Definition 10. Let X = (X;),>0 be a stochastic process. We say that X is a pre-
Brownian motion if the following holds:

(i) Xo =0 a.s.

(ii)) Vn > 1,v0 <1 <... <t,, the variables X; , X;, — X;,,...,X;, — X, _, are inde-
pendent and Gaussian ;

(iii) ¥Vt >0, X; ~ A(0,1).
Let us start by proving the existence of a pre-Brownian motion.

Proposition 4. Let X be a stochastic process. Then, X is a pre-Brownian motion if and
only if X is a centered Gaussian process with Cov(X;,X;) = s At.

Proof. (=)Let0<t; <...<t,. Then, (X;,,...,X;,) is a linear transform of (X;,,X;, —
X, X, —X; ), which consists in independent Gaussian variables. Hence, it is a
Gaussian vector. Since X; ~ .47(0,1), X is also centered. Finally, for any s <#, we have
Cov(Xs, X;) = E[X,X;] = E[X,(X, — X)] — E[st]
= E[X,JE[X, — X;] + E[X?],

by independence of X and X; — X;. The first term is 0, and the second is s := s Af.

(<) Since X is Gaussian and centered, we have for all > O that X, ~ .47(0,Var(X;)).
But Var(X,) = E[X?] =t At = t. This proves (iii). Since Xy ~ .4/(0,0),Xo = 0 a.s.
which proves (i). In order to prove (ii), fix f; < ... <, and observe that (X; ,X;, —
Xy, X, —X;,,) is a Gaussian vector. Moreover, for all i < j, we have (with the
convention 7y = 0)

COV(X,i — X, ,X,j 7Xt/._] )=1; ANtj—ti g Ntj—tj 1 Nti+ti-1 Ntj—g
=ti—ti1—ti+t;_1 =0.

Hence the variables are indeed independent. O

13



Corollary 3 (Wiener, 1923). A (pre)-Brownian motion exists.

Proof. By Kolmogorov’s extension theorem, it suffices to show that C(s,t) := s At
is a symmetric function of positive type. The symmetry is clear. To prove that it
is of positive type (we have actually already done it), observe that (C(t;,t;)), <ij<n
coincides with the covariance matrix of (¥1,...,Y,) where the ¥; — Y;_ are independent
A(0,2; —t;—1). Hence the function C is of positive type. O

Remark. Properties (i),(ii),(iii) should be regarded as the definition of a Brownian
motion. We will see later that the Brownian motion is the “universal continuous
random walk”, in the following sense. Take (A;)i>1 i.i.d. random variables with
P(A; =1) = P(A; = —1) = 1/2. Then, define the random walk (Y;,t > 0) as follows.
Yo=0Y. = Z{»‘zlAi for any integer k > 1, and we take the linear interpolation between
two consecutive integers. Then, the following holds:

Yo (d
(ﬁ)»o ”:gw (Br)ezo,

where (B;)i>0 is a (pre)-Brownian motion. Therefore, it is natural to ask (at the
limit) that the increments are independent. In addition, the central limit theorem gives

Yo/ 9K (0,1).

Property (ii) says that a (pre)-Brownian motion has independent increments: if
[s,£] N [u,v] = O, then X, — X,, and X; — X are independent. It also follows from the
definition that its increments are stationary, that is, the law of X; — X; only depends on
t —s. Indeed, one has X; — X; ~ .4°(0,7 —s). To see this, observe that Var(X, — X;) =
Var(X;) +Var(X;) —2Cov(Xs,X;) =t +s—2s At =t —sif s <t.

Hence, X has stationary and independent increments.

2.2 Regularity of the paths

(Lecture 5: 18/10/2023 ]

Definition 11. Let (X;),cr be a stochastic process. We say that X is continuous if,
Jor all ® in Q, t — X;(®) is continuous. In other words, all realizations of X are
continuous.

An important notion is the notion of modification of a stochastic process.

Definition 12. Let (X,);cr,(X;)ier be two stochastic processes. We say that X is a
modification of X if

We say that X and X are indistinguishable if
PVt T,X, =X,) = 1.

If the set T is uncountable, this is a stronger notion than the one of modification.

14



Note that both are equivalence relations. Usually, we consider stochastic processes
up to indistinguishability, and consider that two indistinguishable processes are the
same. Note also that, if X is a modification of X, then X and X have the same finite-
dimensional marginal distributions.

Finally, observe that a stochastic process has at most one continuous modification.
Indeed, if X is a modification of X and both are continuous, then they are indistin-
guishable. If T = R for instance, P(Vg € QNR,, X, = X,) = 1, and by continuity we
conclude.

Definition 13. The Brownian motion is a continuous modification of a pre-Brownian
motion.

We now need to show that the Brownian motion exists.
Theorem 8. The pre-Brownian motion has a continuous modification.

Proof: Lévy’s construction of the Brownian motion, 1948. We will define such a pro-
cess (X;);>o by induction as a piecewise linear function on [0, 1]. Let (& ,,n > 0,0 <
k <2") be a family of i.i.d. .47(0,1) random variables.

¢ Define X(0) =0, Xo(1) = &o,0, and Xy is linear on [0, 1].

e Let X;(0) =0, X (1) = Xo(1), X;(1/2) = Xo(1/2) + % and X, is piecewise
linear.

* More generally, if X, is defined on [0, 1], on each dyadic interval [4;, £:11(0 <
k <2"—1), we define for k even X, (%) = X,_1(:), and for k = 2j+ 1 we

define X,,(%) =X,_1 (2%) + z(ffﬁ, and X, is piecewise linear inbetween.

We now need to prove that we get indeed, at the limit, a process with the right
properties.

Step 1

(X (%),0 <k <2") is a Gaussian vector, centered, and E[X,(5)X,(t) = s At] for
5,6 € Dy i={ 5,0 <k <2"}.

Observe first that, for all k, X, ( %) is a linear combination of the variables (&; ,,,m <
n,0 < j <2™), which are independent centered Gaussian variables. Hence, (X,,(Z%), 0<
k <2") is a centered Gaussian vector.

We will only prove that they have the correct variance (that is, for s = ¢, Var(X,(t) =
t). Exercise: prove that they have the correct covariance.

We prove it by induction.

Forn =0, Xp(1) = £(0,0) so it is true.
Forn>1,lett = 2@, If k is even it is true by induction. If k is odd, let + =
observe that
ék,n

2(n+1)/2°

ktl
PI

Xn(t) =

(Xn,] (l‘i) +Xn,1(l‘+)) +

N =

15



Thus, we have

Var(X,(t)) = V“;jf’;") +% (17 41" +2Cov(Xu—1(t7), Xum1 (17)))
1
)
1
2n+1+4<4t )

Step 2: Convergence of (X,,,n > 0).

For all n > 1, define the event A, = {SuPte[o,l] X0 (1) — X1 ()] > 2’"/4}. Then

P
PA) =P | sup [Xu(t)—Xuor(r)] > 27"/
=0 3,5

Uy e (el s
= & 2(nt1)/2 =

Jj=0
—on—lp (‘JV(Q 1)| > 2(n+2)/4)
=2"p (J/(o, 1> 2("”)/4) .

Now, we use the bound

for x > 1. Hence,

which decays doubly exponentially. Thus, by Borel-Cantelli, A,, occurs only for finitely
many n. It follows that },~(X,(t) — X,,—1(¢)) is a convergent series, and so X,, con-
verges uniformly a.s. (for convenience, set X_ () =0 forz € [0, 1].) The limit (X (¢),7 €
[0,1]) is continuous by construction. O

One can check that (X(¢),7 € [0,1]) is indeed a pre-Brownian motion. The idea
is to approximate f1,...,# € [0,1] by dyadic numbers, and use the convergence of
characteristic functions (due to continuity of the process (X (), € [0,1]).

From now on, a (continuous) Brownian motion will be denoted by (B;);>0.

16



2.3 Holder exponent

(Leoture 6: 23/10/2023 ]

In fact, the paths of the Brownian motion are even more regular. We will show that,
on [0,1], ¢ — X; is a.s. (1/2 — ¢g)-Holder, for any € > 0. This is the consequence of a
fondamental lemma in probability, also due to Kolmogorov.

(Recall that f : I — R is a-Holder if there exists C > 0 such that, for all s,z € I,

[f(1) = f(s)| < Cle—s]%)

Theorem 9 (Kolmogorov’s continuity criterion). Let X = (X;),c[0,1) be a stochastic
process taking values in a complete metric space (E,d). Suppose that there exist p >
0,&>0,C > 0 such that, for all s,t € R,

E[d(X;,X;)"] < C|t —s|'TE.

Then, there exists a modification X of X such that, for any 0 < a@ < %, X is as. a-
Hoélder: a.s. there exists K = K(®) such that

Ve € [0,1],d(Xs, X;) < K|t — 5.

Proof. For convenience, let (E,d) = (R, |-|). Recall the notation D, = {£%,0 <k <
2"}. Observe that, for r = % € D,, by Markov’s inequality:

E [[X(es1)2-n — Xian ]
2—nop
27n(1+e)

_ n—nn—n(e—a
SCmg =C272 n(e-ap)

P (|X(k+1)2—n —sz—n’ > ana) <

By summing over all ¢ € D,,, we get

pai=P( sup |[Xpiipn—Xppa| >27"% ) < C27METAR),
0<k<2"—1

In particular, for o < %, the sum )~ p, is finite. So, by Borel-Cantelli, a.s. there
< 27"% Hence,

exists no () such that, for n > no(®), supg<<n_ |X(k+1>27n —Xyo—n
there exists M(®) < o such that

X127 — Xian

sup  sup <M(o).

n>10<k<2—1 2ne

We claim that this implies that for s,z € D = U,;>0 Dp. |X; — Xi| < K(@)[t —s]“.

We do it by chaining. Choose s, € D, s < t.

Let r be the smallest integer such thatz —s >27"~!_ In particular,  —s < 27", Then,
there exists 0 < k < 2"*! and integers £, m > 0 such that, for some (&;)1<;<, (€/)1<j<m €
{0,1}, we have

s=k2 g2 g2t

t=k2 2 g 2T

17



Letus write, for0<i</{,s;,=k2 "1 —g2 "1 —g2 " andfor0<i<m,
ti=k27" 1+ 271 + ...+ €27, By triangle inequality, we have

{ m
|Xt —X3| = |Xtm _X54‘ < |Xf0 _Xso‘ + Z |X5i _Xsi—l | + Z |Xti _X’i—1|
= -

= i=1

2~ (r+i)a

-

27(r+i)oc —I—M(O))

M(\

<M(0)27 "% L M(w)

_
I

1

[Nel]

< 27(r+l)OCM(w) <1 + > _ 27(r+l)aK(w)

1—-2-¢
<K(o)|t—s|*

Since X|p is a-Holder and thus uniformly continuous on a dense set, X|p has a
unique extension X on [0, 1] which is also o-Holder. Indeed, set

Xl == limXS .
s—t
seD

On the exceptional set where X, is not a-Holder, set X =0. Let us show that X
is a modification of X. Fix r € [0,1]. Let #, € D such that #, — r. By definition,
X, =lim_, X;,. Thus, by Fatou’s lemma,

E[|1X, — %] <liminfE[|X;, — X,,|"]
n—soo
<Clt—1,|'""¢ =0,
so X, =X, ass. O

Corollary 4. If B is a Brownian motion, then B is a.s. locally o-Hélder for any a <
1/2.

Proof. Indeed, for any p > 0,
E[|B: — By|"] < Cplt 5|,
so B is locally a-Holder for o < % with € = 5 — 1. To see this, just observe that
E[|B: — By|"] = E[|A (0,1 —5)|] = (t = 5)"*E[4(0, 1)].

p/2—1
P

Hence % = =1- % Since p is arbitrary, any a < 1/2 works. O
Remark. Iz can be shown that B is a.s. nowhere a-Hélder for o0 > 1/2. In particular,
the Brownian motion is nowhere differentiable (Paley-Wiener-Zygmund theorem,).

2.4 Wiener measure

The fact that we have a continuous modification of (pre)-Brownian motion makes pos-
sible to define the entire path of a Brownian motion as a single random variable, taking
its values in the space of continuous functions. This can be a useful point of view.

Let Q* := C(R4,R) the set of continuous functions from R to R. We equip it
with the topology of uniform convergence on all compact sets, and its Borel o-field
Fr.

18



where

S.(@,®) = sup |o(t) —@(t)|.
t€(0,n]

Let (X;);>0 be the canonical process on (Q*,.%*), that is:
X : Q" =R o— o).
Remark. We have * = 6(X;,t > 0), the c-algebra considered in Kolmogorov’s ex-
tension theorem.

Let B be a (continuous) Brownian motion, defined on some probability space (Q, .7, P).
We can define a measurable map ¢ : Q — Q* by setting ¢ () = (1 — B;(®)). The im-
age W of P under ¢ defines a measure on (Q*, . #*), which is the law of any continuous
Brownian motion on (Q*,.%*).

Definition 14. This measure W is called the Wiener measure. On (Q*,.7* W), the
coordinate process is by definition a Brownian motion. The measure W is essentially
the ”Lebesgue measure” on (Q*, F*).

2.5 First properties of Brownian motion

(Lecture 7: 28/10/2023 )

We can now investigate some properties of the Brownian motion. We start with the
so-called Markov property.

Theorem 10. Let B be a Brownian motion and s > 0. Then, the process
B = (B,s—By,t >0)
is a Brownian motion, independent of Fs := 6 (B,,u < s).

Proof. First, By =0. Also, B is continuous, B; ~ A4 (0,¢) for all + > 0 and the incre-
ments of B are independent Gaussian, so B is a Brownian motion. We now need to
check the independence property. Fix mn > 1,51 < ... <s, <5, 11 <... <t,. It suf-
fices to check that (By,,...,B,,) is independent of (By, ,...,By, ). But (By, ..., By, By ,....By,)

is a Gaussian vector and, forall 1 <i<m,all 1 < j <n, we have

Sm

Cov(le.,E,j) = COV(BSi,BSJr[j) —Cov(By;,Bs) =s; —s5; = 0.
O

Corollary 5. Conditionally given F, B' = (B;1s,t > 0) is a Brownian motion started
from x = By.

Indeed, Vn > 1,Vt,...,t,,

E[F(B;,,...,B; )7 = E[F(Bs+By,,...,Bs+By,)|Z]
= EX[F(tha"'len)]v

for X a Brownian motion.
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Theorem 11 (Blumenthal’s 0— 1 law). Foranyt >0, let %, = 6(Bs,s <t) and %1 :=
Must Zu- Then, Foy is trivial, that is, YA € Fo4, P(A) € {0,1}.

Proof. LetA € %yy,n>1,t1 <...<t, Forany € >0, any F : R" — R bounded and
continuous, we have

E[]].AF(Bt1+g _Bg7 - 7Btn+£ — BS)] = E[]].A]E[F(Etl g 7B‘tn)}'
Let € — 0. By dominated convergence, we get
E[ILAF(Btl P 7Btn)] - IP(A)E[F(B[I PR 7Bl,1)]

Since A and 1y, . . ,, are arbitrary, we deduce that % is independent of (B, );>¢. But
if A € %), A is also measurable with respect to (B;);>0. Hence

P(A) =P(ANA) =P(A)?,
and P(A) € {0,1}. O
Example. Let 7:=inf{t > 0,B, > 0}. Then T =0 a.s. Indeed,

P(tr=0) = lim P(t <¢) > limsupP(B, > 0) = 1/2,

t—0+ 0

so P(t =0) > 1/2. By Blumenthal’s 0 — 1 law, we have P(t = 0) € {0, 1}. The result
follows. By symmetry, inf{t > 0,B, < 0} =0 a.s. Consequently, B has infinitely many
zeros around 0.

We now turn to invariance properties of the Brownian motion.
Proposition 5 (Invariance properties). Let B = (B;);>0 be a Brownian motion. Then
(i) (—By)s>0 is a Brownian motion.

(ii) for any A >0, (A='/?By,)i>0 is a Brownian motion (scaling property, self-
similarity).

(iii) The process defined by Xo =0, X; = 1By, fort > 0, is a Brownian motion (time
inversion).

Proof. All three processes are centered Gaussian processes. We consider their covari-
ance function. It is clear that the first one has the right covariance. For the second one,
for s, € R, we have

E[A~'2By A7 ?B;,] = A" (AsAAL) = s At

Since these two processes are continuous, they are Brownian motions. The third one
also clearly has the right covariance, and is continuous on (0, +oo). It remains to prove
that it is continuous at the point 0 (Exercise...). O]

As a consequence of (iii) and the example above, a.s. B hits O infinitely often in a
neighbourhood of +oe.
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Example. We have sup By = +oo a.s.
Indeed, fort > 0, x > 0, we have

- ~ 1
P( sup By > x) =P(\/t sup B, > x), where B, = —By,
s€[0.] uelo,1] Vit

X
=P| sup B, > — |,
(ue[(),l] ! \ﬁ)

where the second line follows from self-similarity. Let t — +oo. Then the left-hand
side goes to P(sup~q Bs > x) by monotone convergence, and the right-hand side goes

toP (supue[oj]]Bu > 0). By the result above, we have that P(sup - Bs > x) = 1 for
all x > 0. Hence supgs(By; = +oo. Therefore, limsup.,By; = +oo, and by symmetry

liminfy>o By = —oo.
In particular, for a € R, define T, = inf{t > 0,B, = a}. Then, T, < > a.s.
2.6 Strong Markov property

We now consider a stronger version of the Markov property, using stopping times.

Definition 15. Let (B;);>0 be a Brownian motion, %; :== 0(B,,u <t), Fw := 0(By,u >
0). Let T : Q — Ry U{eo}. We say that T is a stopping time adapted to the filtration
(Z1,t > 0) if, foranyt >0, {T <t} € %,.

Example. Fora >0, T, := inf{t > 0,B, = a} is a stopping time. Indeed, for all t > 0,

{T.<t}={sup By>a}={ sup B;>a}e.Z.
s€[0,1] s€[0,/)NQ

We now define the ¢-algebra associated to a stopping time.
Definition 16. If T is a stopping time, we let
Fr:={A € Fu YVt e Ry, AN{T <t} € %#}.

Example. In particular, T is Fp-measurable, by definition. Indeed, for all s > 0, all
t >0, wehave {T <s}N{T <t} ={T <sAt} € %, so{T <s} € Fr. Also, Brl1<co
is Fr-measurable. Indeed,

Brily<e = ngTw Y Bijon L joncr<(ivryjon-
i=0

(Lecture 8: 06/11/2023 ]

Theorem 12 (Strong Markov property). Let T be a stopping time. Then, conditionally
given T < +oo, B := (Bry; — Br,t > 0) is a Brownian motion, independent of Fr.

Proof. Suppose in a first time that 7 < 4o a.s., and take F : R’} — R a continuous and
bounded function. Let#; < ... <t7,. We want to prove that

E [14F (B, ,B,,,...,B,,)| =P(A)E[F(B,,,....B,,)].
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Note that, as m — oo, almost surely:

= (k-1 k i i
kgl]l{zm<T§Zm}F(BzinHl—B;n,...,Bzéan—Bzﬁn) — F(Bi,....B,).

_ _ , k—1 k
E[14F (By,....B,)] = lim Y E []1 {Am{ S <T< zrn}}F(B;n+rl lefn,...,Bzz;anBk)]

=1 oM
By the simple Markov property, this is equal to
. k—1 k
"llllgckzlp ANy <T< 5 E[F (By,,...,By,)]
=P(A)E[F (By,...,B;,)]

If T = oo with positive probability, consider the same argument with A replaced
by AN{T < oo}. O

Example. Let T, = inf{r > 0,B; = a}, fora € R. Let a,b > 0. Then, T, — T, has the
same law as T, and is independent of {T,,x < a}. Indeed, observe that if x < a then T,
is Fr,-measurable. Applying strong Markov property to T, provides the result.

Hence, (T,,a > 0) has independent and stationary increments too. Furthermore, it
has inverse Brownian scaling:

1 (d)
<C2]-;:aaa Z 0> = (T(Ha Z 0) .

d
In particular, T, (:) ale.

Example. Let L =sup{t € [0,1],B, =0}. Then L < 1 a.s. and L is not a stopping time.

Indeed, if it was a stopping time, it would contradict the strong Markov property
and the fact that there are infinitely many zeros in the neighbourhood of O for a standard
Brownian motion.

Theorem 13 (Reflection principle). Fort >0, let S, := supy,<, Bs. Then, foralla >0,
forall b € (—oo,al],

P(S, >a,B, <b)=P(B, >2a—b).
Proof. We have

P(S; >a,B, <b)=P(T,<t,B; <b)
=P(T, <t,Bi-1,<b—a),

where B = (B7, s — Br,,s > 0) = (Br,+s —a,s > 0). Hence, it is equal to
E |:]1Ta§l]]'l§,,7‘a§hfa:| =E |:E |:]]‘E1§[]]'B,,Ta §h7a|y]'ai|:|

—E []lragtE [ﬂg,,n,sbfa@“”
=K []lTagth(Ta)]7
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by the strong Markov property, where A(s) := P(B,_s < b—a). But by symmetry,
h(s) =P (B;—s > a—Db). Thus, going to the other direction, we get
P(S; >a,B; <b)=P(T,<t,Bi_1, > a—0b)
=P(T,<t,Bi—a>a—D>)
=P(T,<t,B, >2a—b)
=P(B; >2a—b) since a > b.

O

Corollary 6. Fixt > 0. Then, S,  |B,
a).

Proof. The reflection principle for b = a provides

, that is, for alla > 0, P(S; > a) =2P(A7(0,) >

IP(B[ Z a) = P(S[ 2 a,B, S a) = ]P)(Sl Z a) —]P)(S[ 2 a,B[ 2 a).
Since {B; > a} C {S; > a}, we obtain

P(S; > a) =2P(B; > a).

Example. Consider the density of the law of T,.

2
P(T, <1) = P(S, > a) = P(V/7S) za):1p<;2 §t>.
1

d 2 d 2 @ 2
Hence, T, = %% |B[f]\2 M/(%,l)lz'

easily computed by change of variable (Exercise), and we obtain

The probability distribution function is then

_ g a
flt)= ﬁexp (_2t> 1;~0.
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3 Martingales and finite variation processes

3.1 Martingales in continuous time

We start by defining the notion of filtration, which will be important in the whole
section.

Definition 17. We say that a family (.%;,t > 0) of c-algebras on a space (Q, F,P) isa
filtration if #; C %, for all s <t. We define, for allt > 0, %1 := Ny Fy, and we say
that the filtration (%#,,t > 0) is right-continuous if, for allt > 0, #; = F,. Finally, we
say that it is complete if, for all t > 0, %, contains also all subsets of sets of measure 0.

In all this section, we will always consider right-continuous complete filtrations.
(Leoture 9: 13/11/2023 )

Definition 18. We say that a stochastic process (X;);>o is a martingale (resp. sub-
martingale, supermartingale) if:

(i) it is adapted to the filtration, that is, for all t > 0, X; is F;-measurable ;
(ii) E[|X;]] <ooforallt >0
(iii) forall 0 < s <t, E[X;|.%] = X; (resp. >, <).

Remark. Take any random variable Y such that E[|Y|] < eo. Define the process X :=
(E[Y|.Z],s > 0). Then, X is a martingale by properties of the conditional expectation.

Example. * Bis a martingale.
Indeed, for s < t, E[B,|%;| = E[Bs + B,_;|.%,] = B; +0.
s t v B> —t is a martingale.
Indeed, for s < t, we have
E[Bzz _t|ys] = E[B? + (Bt _Bs)z +ZBS(BI _Bs)|ﬂs] —t
=B+ (t—s)+0—1=B>—5.

e Forall 6 € R, exp (GB, — %zt) is a martingale.

Remark. By properties of conditional expectation, if X is a martingale and f is convex
such that E[| f(X;)|] < 4o for all s > 0, then s — f(Xs) is a submartingale. In partic-
ular, B? is a submartingale. If X is a submartingale and f is convex and increasing,
then f(X) is a submartingale. The proof is just an application of Jensen’s inequality.

The theory of martingales goes back to Doob, who understood their almost mag-
ical properties. As a first example, we consider Doob’s maximum inequality, which
connects the maximum of a martingale to its final value.

Theorem 14 (Doob’s maximum inequality (continuous-time)). Let (X;);>0 be a right-
continuous submartingale. Then VYA > 0,Vt > 0:

P((sup X1 2) < FE DX

0<s<t
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Proof. Fix0=1ty<... <1 <t. Then,Y, :=1X; | (n > 0)is a discrete time submartin-
gale. Hence, by Doob’s discrete time inequality, we have

AP ( max |1, | > /1) <E[X].

0<n<

Now, let D; := { 5,0 <k <2'}. Then, SO := max{|X,|,s € Di} 7 supy,<, |X;| as
i — oo, since X is right-continuous. The result follows. O

Let us sketch the proof in the discrete setting.

Proof in the discrete setting. Let (Xi,...,X,) be a discrete-time submartingale. De-
fine, for all i > 1, the event E; : |X;| > A and |X;| < A for all j < i. Then we have

n
{supi<i<a|Xi| > A} = | Ei,

i=1

the union being disjoint. Then, we get, for all i:
AP(E;) = / AdP < / IXi|dP < / E[|X,||. Zi]dP = / X, |dP.
E; E; E; E;
The result follows by summing over all 1 <i < n. O

In the same vein, we can obtain Doob’s L? inequality:

Theorem 15 (Doob’s L? inequality). Let X be a right-continuous submartingale, let
p > 1 and suppose that E[|X;|P] < oo for all t > 0. Then, we get

E [ sup |XS|I’} < oo,
0<s<t
More precisely,
P p 1/
(B[ s lxp|) <2 @iy,
0<s<r p—1
3.2 Uniform integrability

We now turn to some reminders on what we call uniform integrability, which is a very
important property for martingales.

Definition 19. A collection of random variables X := (X;)er is called uniformly inte-
grable if they are bounded in L' and 1(§) — 0 as § \, 0, where

I1(8) =sup{E[|X;|14] : 1 € T,A € #,P(A) < 6}.

That is, no event of small probability contributes to a significant amount of the expec-
tation of Xy, uniformly in t.

In particular, observe that if X is bounded in L? for some p > 1, then X is uniformly
integrable. Indeed, Vr € T,VA € F with P(A) < §, Holder’s inequality provides, setting
gsuchthat1/p+1/g=1:

E[1X,[14] < [1X]],P(A)"/4
<M§Y1 — o0,
N0

as desired.
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Lemma 4. A family (X;);er is uniformly integrable if and only if
sup {IE |:|X[|Il‘Xt|2Kj| ,t S T} Kjoo O

The proof is left as an exercise. The reason why uniform integrability is so inter-
esting is because of the following result:

Theorem 16. Let (X,,n > 1), X be random variables. Then the following are equiva-
lent:

(i) X, — X in probability and (X,,) are uniformly integrable;
(ii) X, — X in L.

In particular, if X, — X a.s. and (X,,) are uniformly integrable, then E[X,] — E[X].

3.3 Convergence theorems for martingales

We review here some convergence results concerning martingales, submartingales and
supermartingales.

Theorem 17. Let (X;,t > 0) be a right-continuous submartingale such that

supE[X,t] < +o0
>0

. Then, Xo := lim;_, X; exists almost surely and is in L.
Here, X+ := X V0 is the positive part of X.

Proof. Let us prove it in the discrete time setting. We recall Doob’s upcrossing in-
equality: let (X;),>0 be a discrete-time martingale. For any a < b, the number of
upcrossings of [a,b] up to time n, denoted by Up,[a,b], is the supremum k (possibly
infinite) such that there exist times s1 < f; < ... < s < t for which, forall 1 <i <k,
X;; <a < b <X;. Doob’s upcrossing inequality tells that

E[(X, —a)"].

1
E[Uy,la,b)] < -
Now, if E[X,F] = M < oo for all n, we get that E[(X,, —a) "] < M+ |a|. Hence, Us[a,b] :=
lim,,_, Up[a, b] exists and has finite expectation by Fatou’s lemma. In particular, for all
a < b, P(Us < o0) = 1. Therefore, it follows that X.. := lim,,_,. X, exists almost surely.
The proof of the L! convergence is left as an exercise. O

Corollary 7. Let (X;,t > 0) be a nonnegative right-continuous supermartingale. Then,
Xoo 1= limy e X; exists almost surely and is in L'. Moreover, E[X..] < E[Xy] by Fatou’s
lemma.

Remark. Being bounded in L' is not enough for convergence in L', and one needs
uniform integrability. Indeed, let B be a Brownian motion starting at 1, and T = inf{r >
0,B; = 0}. Then, M, := By is a nonnegative martingale and E[M;] = E[My] = 1 so it
is bounded in L' (Exercise). But M; — 0 a.s. as t — oo, since T < oo a.s.

Theorem 18. Letr X be a right-continuous submartingale, uniformly integrable. Then,
there exists a random variable X.. in L' such that X, — X a.s. and in L' (important!).
Moreover, for allt > 0, X; < E[Xw|Z]. If X is a martingale, X; = E[Xo|-Z].
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(Leoture 10: 15/11/2023 ]

Remark. Conversely, for any random variable Y F..-measurable, with E[|Y|] < 4-co,
we have that X, := E[Y|.%,] defines a martingale. Then, X, — Y in L', so (X;) is also
uniformly integrable.

Definition 20. We say that a martingale (X;,t > 0) is closed if there exists Y € L' (IP)
such that X, = E[Y|%#] for allt > 0.

We have actually proved that a right-continuous martingale is closed if and only if
it is uniformly integrable.

Theorem 19 (L? martingale convergence theorem). Let X := (X;,t > 0) be a right-
continuous martingale, and p > 1. Then the following are equivalent:

(i) X is bounded in L? (that is, sup,~¢ ||X;||, < 4e0);
(ii) X; converges a.s. and in L? to a random variable X..;
(iii) There exists Z € LP such that X; = E[Z|.%;] a.s

This does not hold when p = 1.

3.4 Optional stopping theorem

We now present one of the most important results concerning martingales, the optional
stopping theorem.

Theorem 20 (Optional stopping theorem). Let X be a right-continuous closed martin-
gale, and denote by X.. its limit. Then, if T is a stopping time, E[X.|-Z1] = X7 a.s.
(note that T can be +o).

Proof. Suppose first that T can only take a countable number of values, and denote
them by {#,k > 1}. Note that, for any integrable random variable Y, we have

ElY|#7] = ¥ EY|.7,]1r—,.
k>1

Indeed, if A € %7, we have

EY1a] = Y E[Ylanir—y3),
k>1

and AN{T =1} € %, by definition. Thus,

E[Y1a]l= Y E[E[Y|Z]1anr—y] = E[Z14],
k>1

where Z := Y~ E[Y |7, [17—, is clearly .#7-measurable. ApplyingittoY = X.., we
get

EXe| Zr] = ) EXua] ] T7—,
=1

- Z ]lT:thtk :XT, a.s.
>1
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In the general case, set for all n:

T, = Z
k=1

Then 7, | T a.s. Note also that X7, — X7 a.s. and in L'. Indeed, we have X7, =
E[X.|-Zr1,] so X7, is uniformly integrable. Moreover, if A € %7 C %7, we get from
the discrete case that E[X..14] = E[X7,14] — E[X71,] by the L' convergence. Thus,
E[X.14]) = E[X714] as desired. O

| =

T .
n kz—,,l<T§2L,,

[\

Corollary 8. (i) If X is a uniformly integrable right-continuous martingale and if
S, T are two stopping times with S < T a.s., then a.s.

E[X7| Fs] = Xs.

(ii) If Xis any right-continuous martingale and if t > 0 and S,T are two bounded
stopping times such that S < T <t a.s., then

E[X7| Fs] = Xs.

Proof. To prove (i), note that 7 — X, 7 is a martingale, and apply the optional stopping
theorem to it at time S. For (ii), note that {X;,0 < s <t} is a closed martingale since
X, = E[X;| %] for all s <. Then, apply (i) tot AT and ¢ A S. O

Example. Consider a standard Brownian motion B and a,b > 0. We want to compute
the probability p that B reaches a before reaching —b. Let T = T, ANT_p, and observe
that (Biat)i>0 is a bounded martingale, hence closed. Furthermore, T < o a.s. By
optional stopping theorem, we have

0=E[By) =E[Br| =aP(T, < T_p) + (—b)P(T_p < T,)
=ap—b(1-Dp).
_b_
a+b*
Now, we want to compute E[T]. We know that (B?,; —t AT,t > 0) is a martingale.

Hence, by the optional stopping theorem (or, more precisely, by Corollary 8 (i) with
§$=0),0=E[B}—0] =E[B? —T). Thus,

Hence, p =

E[T] = E[B}] = pa’ + (1 p)(—b)*
_ a*b n b%a _
T a+b a+b

ab.

Idea: a lot of problems are about finding the right martingale!

3.5 Finite variation integral

We start now our approach of stochastic integration, that is, integration with respect to
a random process. We first define integration with respect to so-called finite variation
processes.

Definition 21. A function f : D — R (for some D C R) is called cadlag (continu a
droite, limite a gauche) if it is right-continuous with left limits, that is, ¥Vt € D:
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o f(t—) :=1limg ~ f(s) exists ;
sF#t

o f(t+) :=1limy, f(s) exists and is equal to f(t).
s#t

A stochastic process is called cadlag if its paths are a.s. cadlag.

This turns out to be the right framework for sotchastic integration. In particular, all
continuous functions are cadlag, but we also allow jumps.

Let a : [0,40) — R be cadlag and non-decreasing. Then, we can define a unique
Borel measure da by

da([s,t]) = a(t) —a(s),s <t,

which is the Lebesgue-Stieltjes measure associated with a. a is then the distribution
function of da. For any function % : [0,4+00) — R, we define the Lebesgue-Stieltjes
integral

(h-a)(t) = h(s)da(s).
(0,]

This can also be extended to a = a; —ay, where ay,a, are two cadlag non-decreasing
functions, defining h-a = h-a; — h-a, (provided the terms on the right-hand side are
finite).

We can characterize such functions in a nice and useful way.

Lemma 5. Leta: [0,00) — R be cadlag. Define, for alln > 0,t > 0:

k+1 k
a on —da ? .
Then, for allt > 0, V,(t) has a limit V (t) (possibly infinite) as n — oo.

Moreover, a can be expressed as a = ay — ay for ay,ay cadlag and nondecreasing
if and only if V(t) < oo for all t > 0. In this case, V is itself cadlag.

[2"t]—1

Vu(t) == Z

k=0

V is called the rotal variation of a. If V(t) < e, we say that a has finite variation
on [0,7].

Proof. If a = a; — ap with a;,a; cadlag and nondecreasing then clearly V (z) < o for
all # by triangular inequality. Indeed,

(%) =()

[2"]-1

=0
R | k 22 -1 k k+1
<L jo(5)-a(z) g le(z)-«(F)
k=0 2 2 kg() 2 2
2"t 2"t
=a [2”] a1(0)+a2<[2n]>a2(0)
—a1(t) —a1(0)+ax(t) —az(0) < oo,

where the last step comes from the rgiht-continuity.
For the converse, set a; = 5(V +a) and a, = }(V —a), and check that they are
cadlag and nondecreasing. O
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(Leoture 11: 20/11/2023 )

Remark. If a is C', then a has finite variation (bound on each interval given by the
sup of ).

Definition 22. Suppose that we have a probability space with a filtration, and a cadlag,
adapted process A. We can define pathwise its total variation: V(@,-) is the total
variation of A(@,-). Then 'V is itself cadlag and adapted.

Our goal now is to define the integration of random processes with respect to the
(random) measure dA. To this end, we will need the notion of previsibility.

Definition 23. The previsible 6-algebra on Q x [0, +0) is the 6-algebra & generated
by E x (s,t], where t > s and E € F5. A previsible process H is a &?-measurable
random variable (®,t) — H(0,t) on Q x [0,+o0).

Lemma 6. Suppose that X is cadlag and adapted. Define H :t — X;_. Then H is
previsible.
In particular, if X is continuous then it is previsible.

Proof. Note that H is adapted and left-continuous. Set H;' := Y ;"  Xjo-n Lio-nci<(ky1)2-n-
Then, H!' — X;_ = H, for all t,@. Moreover, for all n, H" is previsible since H/ is
Fip-n-measurable for k27" <t < (k+1)27". The result follows. O

Definition 24. Let A be a cadlag, adapted process with finite variation process V. Let
H be previsible such that, for all t >0, all ®, [} |Hs(®)|dVy(®) < . Then, we define
the (pathwise) integral

t
(H-A), = / H,dA,.
0

Proposition 6. (H -A) is cadlag, adapted and has finite variation.

Proof. Details of this proof are optional.

To prove that it is cadlag, note that 19 — Lo, as s (7, and Lo — Lo, as
s /'t. Recall that (H-A); = [Hils (o dAs. By dominated convergence (for each
o € Q), we have

(H-A), = [ Hlim oA, = lim [ HoLjo,idA, = lim(H - 4).
To prove that it is adapted, suppose that H = 1, (s, for B € 7, and 5 < u. Then:

(H-A); =15 (Aipnu —Asns) s

which is .%;-measurable. Then, for H = 1¢ for C € &2, H - A is adapted by a ©-4
argument. Finally, approach any H by sums of such indicator functions.

To prove that it has finite variation, let HY = HV0,H™ = (—H)V0,A* = J(V +
A),A~ = 1(V—A). Then,

HA=H"-H ) (AT—A")=(H"AT+H -A")—(H"-A~+H -A"),

and both are nondecreasing. The result follows. O
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3.6 Local martingales

We weaken here a bit the notion of martingale, for reasons that we will see. We intro-
duce the notion of local martingale.

Definition 25. A local martingale X is a cadlag process such that there exists a se-
quence of stopping times (T,,n > 1) such that T, T +o0 a.s. and X' := (X,n1,,t > 0) is
a martingale for each n.

We say that the sequence (T,) reduces X.

We denote by ., the set of local martingales.

Remark. Any martingale is a local martingale by the optional stopping theorem (tak-
ing T, = n). But some local martingales are not martingales.

Proposition 7. Let X be adapted, right-continuous and integrable. Then the following
are equivalent:

(i) X is a martingale,
(ii) E[Xr] = E[Xo] for any bounded stopping time T ;

(iii) X is a local martingale and the set {Xy,T stopping time, T < ty} is uniformly
integrable for all ty > 0.

Proof. (i) = (ii) comes from Corollary 8 (second part).
(ii) = (i): let s <t < u. Let A € % and define two stopping times 7', S as follows.
T =t if A occurs, T = u otherwise ; S = s if A occurs, S = u otherwise. Then

EXs] = E[Xp] = E[X;]
E[XS]IA] +E[XM]1Ac] = ]E[X[]IA] —I—E[XHILAL'],

so E[X;|-Z;] = X as desired.

(i) = (iii): X is a martingale so it is a local martingale. Moreover, by optional
stopping theorem, if T is bounded by #o, we have Xr = E[X,,|.Z7], so {X7 : T <to
stopping time } is uniformly integrable as desired.

(iii) = (ii): Let T, be a sequence that reduces X. Let T be a bounded stopping time,
say T < t. Then, by optional stopping theorem for X7, we have

E[Xo] = E[X;"] = E[Xry7,),
and X7 7, is uniformly integrable and converges to Xr. Hence, E[Xo] = E[X7]. O

Corollary 9. If M is a local martingale with |M,| < Z for allt > 0, where Z € L', then
M is a true martingale.

Indeed, in this case, (iii) is easily satisfied.

Proposition 8. Let M € 4, such that M; > 0 for all t. Then, M is a (true) super-
martingale.

Proof. Take (T,) reducing M. Then, by conditional Fatou’s lemma, we have for s < 1

E[M,|7,] = E[lim M| 7] < liminfE[M, | 7] = liminf Mg, =M.
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As a consequence, if M € .4, is bounded, then it is a martingale.

Theorem 21. Let M be a continuous local martingale of finite variation, such that
My =0 a.s. Then, M = 0 (M is indistinguishable from 0).

Proof. LetV be the total variation of M, and S,, := inf{z : V; > n}, for n > 1. Then, S,

is a stopping time for all n and [M?>"| < |Vixs,| < n for all #. Hence, M is a bounded
local martingale, hence it is a true martingale. Since S,, — oo a.s., it is enough to prove
that M,f" =0 a.s. for all n. For this, we use the following lemma:

Lemma 7. Let M be a martingale with M; € L? for all t. Then, for all s < t:
E[(Mt _Ms)z|ys] = E[(Mtz _Mf)‘ys]
Proof of Lemma 7. The left-hand side is equal to E[M?|.%,] — 2M,E[M,|.Z| + M?. [

Fort > 0,1 <k<N,sett, = % Lemma 7 implies that, if M is of finite variation,
we have for all ¢ and all N (by conditioning on .7 ):

Z fk+1

Z Mtk+1 Mlk }
N-1
<E SUP‘MtHl _Mfk| Z ’M[k+l _Mfk‘
k k=0

The sum is bounded by V; < n, while the supremum converges to 0 a.s. by continuity.
Since this supremum is also bounded by V; < n, we conclude by dominated conver-
gence that M; = 0 a.s.. Since M is continuous, M = 0. O

We now introduce the class of processes that "works well with stochastic integra-
tion”: semimartingales.

Definition 26. We call a process X a semimartingale if
X=Xo+M+A,
where M is a continuous local martingale, A is a previsible process of finite variation

and My = Ay = 0. By the previous theorem, this decomposition is unique and is called
the Doob-Meyer decomposition.
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4 Stochastic integral

(Lecture 12: 27/11/2023 )

We now want to define the stochastic integrals j(; HdM;, where H is cadlag and
previsible, and M is, say, a continuous semimartingale. We know how to handle the
finite variation part of a semimartingale, thus we only need to care about the (local)
martingale part. To this end, a first step is to imagine that H is “simple”, and to cook
up a definition. Then, if we find a space on which we can approximate all cadlag pre-
visible processes by “’simple” processes, so that the sequence of integrals is a Cauchy
sequence, then we would be able to define the integral of our limiting process as the
limit of the integrals of ”simple” processes. This is the main idea of It6 integration.

4.1 Simple processes

We will start, for convenience, with martingales of bounded square. Later, we will see
that we can get rid of this condition!

We denote by . the set of continuous martingales bounded in L? (that is, there
exists C > 0 such that E[M?] < C for all ¢). Recall that, if M € .#?, then there exists
M., such that M; — M. a.s. and in L?, and that M, = E[M..|.%,] for all t. Furthermore,

E[supM?] < 4supE[M?] < oo,
by Doob’s L? inequality. Hence,
M — ||M|| := /E[M2]

defines a norm (by Jensen’s inequality), and .#? endowed with this norm is a Hilbert
space (that is, a space with an inner product making it complete). Then, M — M., is an
isometry of Hilbert spaces from .2 to L?.

We will first define stochastic integrals of simple processes against martingales
bounded in L2, before extending it. The idea is really to use the fact that the set of
”simple processes” that we define is dense in L?, and extend the stochastic integral by
continuity.

Definition 27. A simple process is a map H : Q x R. — R of the form

n—1
H (o) = Z Zk(w)ﬂ(’kathrl](t)’
k=0
where n > 1, 0 =1ty <ty... <t, <o and Zy is a bounded F;-measurable random
variable. We denote by . the set of simple processes.
For M € .#),. and H € ., we define the stochastic integral of H against M as
n—1
(H M)t = Z Zk (MI]H,]/\I 7Mtk/\t) .
k=0
Proposition 9. Let H € . and M € .#*, and let T be a stopping time. Then:
(i) (H-M)T =H-MT ;

(ii) H-M is a martingale ;
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(iii) H-M € .4 and, for all t € R, U{eo}, we have the explicit bound

E[(H -M) ] ZE{Zk My ne— Mtk/\t) }
< ||H|ZE [(Me — Mo)?] < oo.

Proof. (1) is obvious by definition. For (ii), note that for #, < s <7 < f;+1, we have
(H-M),— (H-M)s = Zi(M; — M), so that

E[(H-M), — (H-M)y| ] = E[Z(M, — M)|. 7] = ZE[M, — My|. 7] =0

This is also true (check) for general s <1, so H - M is a martingale. Moreover, we have
the following orthogonality result: if j < k, then

E {Zj <Mtj+1/\t _Mtj/\t) Z (MtkHAt _Mtk/\t):| =K [Zj (szHAt _Mtj/\t> Z (Mlk+1/\t _Mzk/\t) |<gzzk} =0.

Hence,
n—1 2
E[(HM)Z‘Z] =E <2Zk (Ml‘k+]/\t_Mtk/\t)>
k=0
n—1 )
= Z E [Z,f (My, ne — Mini) ] by orthogonality
k=0
n—1 5
<|H|]ZE Z (Myy, e — M o)
k=0
2R & (12
= |IHIEE | X (M2, —M2,,) | by Lemma 7
= ||H|ZE ( on—M3)]
= ||H||2E | (M;,r — } by Lemma 7
= ||H|]AE |E [Mw — Mo|-F, 0] } by the L* convergence
< ||H||AE [(Mw — Mp)?] by Jensen.
The result follows. This also holds for 1 = co. O]

4.2 Quadratic variation

Theorem 22. For each M € M, , there exists a unique (up to indistinguishabil-
ity) nondecreasing adapted process, denoted by [M, such that M> — [M] € .M, and
[M]o = 0. [M] is called the quadratic variation of M.

Furthermore, if we define

[2"t]—1

=Y (Mg -ny )

=0 P

then [M]" — [M] uniformly on compact subsets in probability:

vg>0,Vt>0,IP’< sup |[M]} — [M]s] >s> — 0.

0<s<t n—oo
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The existence of this quadratic variation will be admitted. It is a very deep and
strong result.

Remark. The uniqueness follows from the fact that [M] is of finite variation, and the
Doob-Meyer decomposition.

Example. For B a Brownian motion, B> —t is a martingale, so [B]; =t for all t.
Theorem 23. Let M € ./}, with My =0 a.s. Then,
E[MZ] = E[[M].],
and (M} — [M),,t > 0) is uniformly integrable.
Proof. Consider, for all n, the stopping time S, := inf{z, [M]; > n}. We have that

‘Mlz/\sn - [M]t/\sn

<n+ supM,27
t

o) ((Mt2 — [M]f)sn)tzo is a uniformly integrable martingale. In particular, for all ¢:

2
E[M;ys,] = E[[M]ins,]-
Letting n,t — oo, we get (by dominated convergence and monotone convergence)
E[[M]..] = E[M2] < .

Since this limit is finite, [M].. € L' and [M], is bounded by an integrable variable.
Hence, M? — [M] is uniformly integrable. O

4.3 Ito integrals

Proposition 10. Let u be a finite measure on the previsible c-algebra &?. Then . is
dense in L*( 2, ).

Proof. If H € . then H is bounded so H € L>(Z, ). So . C L*(Z,u). For the
density, we use a monotone class argument. It suffices to show that 1, € .7 for any
Ac P Letd :={Ac P 147} o isaA-system. Indeed, if C C D € o then
D\C € &, and if C,, € & with (C,) increasing, then | J,C, € &7. Moreover, &/ contains
a generating 7-system by definition. O

Now, fix M € .#? and define a measure U on & by setting, for s <1, A € Fy:
1 (A x (s,1]) = E[L4 ([M], — [M],)].

By Caratheodory’s extension theorem, this specifies a unique measure on &. Al-
ternatively, u(do®dt) = d[M|(w,dt)P(dw). Thus, if H is previsible and nonnegative,
then

./QX(M Hdu —E Uomﬂsd[ms] .

(Lecture 13: 29/11/2023 )

Observe that, under the expectation, we have used the usual Lebesgue-Stieltjes
integral.
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Definition 28. Denote by L*(M) the space L*( P, ) (recall that | depends on M).
Then, since M € .#°, 1 has finite mass (by Theorem 23) and . is dense in L*(M).
Write ||H||m for ||H|| 2, that is,

Il = (& wad[M]sDI/z.

Moreover, recall that .#? is a Hilbert space with norm |[M||> = E (M2).
Theorem 24 (Itd isometry). For every M € .4, there exists a unique isometry
1 (200, - 1) — (4211
such that [H) =H -M forall H € 7.

Proof. Let H := Y1} Z;1
with

€ .. By Proposition 9, we have that H-M € .4,

totk1]

|H M|, =E[(H-M)Z] LZZk My, —My) ]

20 { |:Mtk+1 M,k)2|34‘,kH

Y e[za) -m217,]
k=0
n—1
E [Z]%E [[M]fk+1 - [M]tk "%A]]
k=0

[/wad[M]s} .

Thus, defining I(H) = H - M for H € ., I is an isometry from (L*(M)N.%,||-||u) to
(11 11)-

Since .7 is dense in L?(M), we claim that there is a unique extension of I to L*>(M).
Let us prove it. Let H € L>(M) and take any sequence H, € . such that H, — H in
L*(M). Then, (I(H,))n>1 is a Cauchy sequence in .#>. Indeed, we have

[11(Ha) ~1(Hn) || > = |H = Hulliz ), 0.

—o0

Since .7 is a Hilbert space and hence complete, we have that I(H,) converges to some
limit, which we call I(H), independent of the approximating sequence (H,,). O

We write

t
IH)=H-M= (/ HydM,,t 20)
0

This holds as long as H is in L>(M) and M € .#*. The next step is to manage to
extend this definition to (semi)martingales M that are not in .#>. We do this through
stopping times: indeed, it turns out that the stochastic integral commutes with stopping,
as we will prove now.
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Proposition 11. Let M € .#? and H € L*>(M). Let T be a stopping time. Then,
(H-M)" = (Hlgq) -M=H-(M").

Proof. It is easy to see that H1 o ) € L>(M). Also, by definition of [M], we have that
[MT] = [M]T Therefore,

E [/Owad[MT]s} _E {/OTHfd[M]S} <E [/Omed[M]s} <o,

So, H € L*(MT). Let us now show our result.

Case | If H € .7 and M € .#?, and T takes only finitely many values. Then, one can
check that Hljg ) €. and (H-M)" = (H1 7)) - M.

Case2 If H € % and M € .42, and T is general. Then for m,n >0, let Ty, =2 7" [2"T| A

m. Then, Ty, ,, takes finitely many values, and 75, ,, \, T Am as n — oo. Therefore,

||H]]'((),Tn.m] - H]]'(O,T/\m] | ‘12\4 = ]E |:/0 HIZ:U'(T/\m,Tn.m]d[M]t — Oa

by dominated convergence. Therefore, by Itd isometry, (H1 (o 7,,,])-M — (HL(o.7pm) -
M in //lcz. But, also,

((H]]'(O;Tn,m]) M)[ = (H]]'(O7Tn_m]) -M by Case 1

— (H-M){™",

almost surely by continuity of H - M. Therefore, (H -M)""" = (H Lio.7nm) M.

Sending m to +o0 and applying similar arguments, we conclude that (H - M)T =
(H1 o)) M.

Case 3 If H € L?>(M), approximate by H" € ..

O

Remark. In particular we have the following consistency property: for S,T stopping
times with S < T, we have

(H-(M"))* =H- (M) =H- (M%).

Using all this, we can now extend the definition of the stochastic integral to more
general H and M. The property that we need is called local boundedness.

Definition 29. We say that a previsible process H is locally bounded if there exists a

sequence of stopping times (Sy),>1 satisfying Sp+1 > S, a.s., Sy — o a.s. and |H*"| is
bounded for all n, that is, there exists a deterministic constant C,, < o such that

sup |Ht|]1te[0,S,,] <Gy
>0

Remark. Any adapted continuous process X is previsible and locally bounded, taking
S, = inf{z,|X;| = n}.
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Definition 30. Let H be previsible and locally bounded, and let M € M. ;... For all
n> 1, define S, = inf{t > 0,|M,| = n} and T,, = S, \ S, where S, is as above (in local
boundedness). Then, we define the stochastic integral of H against M as

(H-M), = (H]l or)° M(n)) ,

t

forallt <T,.

This is called localisation. Roughly speaking, the stochastic integral is defined
locally (in a consistent way).

Remark. There are several points that we can highlight.
(i) First, the right-hand side is well-defined since M™) ¢ MP and Hljz,) € L2(M);
(ii) The left-hand side does not depend on n by the consistency property;

(iii) The left-hand side does not depend on (T,)n>1, as long as it localizes H and M,
thatis, Hlj 1, € LX(M) and M) e .42,

(iv) (H-M) € M. o, and we can use T, as a reducing sequence of stopping times.

(Leoture 14: 04/12/2023 ]

Theorem 25. Let H be previsible and locally bounded, and M € M),.. Then, (H-M)
is a local martingale and its quadratic variation is given by

), = [ 2

In other terms, [H - M] = H? - [M].

Proof. By localisation, assume that M € .#? and H is bounded. Then H-M € .#* by
the It6 isometry. For any stopping time 7', we have:

2
E((H-M)}] =E| (1) -M)2]
= |[H1jy 7 M|,
= |[HL[o,7]| |1%2(M> by Itd isometry

=E {/OTHfd[M]S} :

Now recall (Proposition 7) that a (adapted, right-continuous, integrable) process X
is a martingale if and only if E[X7] = E[Xp] for any bounded stopping time 7. Hence,

t
s (H-M)F — [ H2dM,
0
is a martingale. By uniqueness of quadratic variation, and since
!
frs / H2d[M],
0

is increasing, we get the result. O
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Now, we go back to semimartingales. For X = Xy + M + A a continuous semi-
martingale. We define the quadratic variation of X as [X] = [M]. This is consistent with
the fact that [X]" — [M] uniformly on all compact, where

[2"]—1

X]¢ = Z (X(k+l)2*"_Xk2*")2-
k=0

In other words, [A] = 0 when A is a finite variation process (check), and all the rough-
ness” of a semimartingale comes from the local martingale part.

Definition 31. Let X be as above, and H be previsible and locally bounded. We define
the stochastic integral of H against X as

(H-X): :/OtHdeY — (H-M), + (H-A),.

The first one is the It stochastic integral, the second one is the usual Lebesgue-Stieltjes
integral. Since H-M € M 1. and H - A is of finite variation, we have that H - X is a
continuous semimartingale.

Useful notation: we write dZ; = H,;dX; to mean that Z, — Zy = fé HdX;.
Proposition 12 (Chain rule). Let H,K be previsible and locally bounded, and M €

Mipe. Then
H-(K-M)=(HK) M,
that is,
S
Hyd ( / KudMu> = HK,dM,.
0
Proof. Check it for simple processes and then take limits. O

Proposition 13. Let X be a semimartingale and H left-continuous, adapted, locally
bounded. Then:
[2"]-1 t
Z sz—n (X(k+1>2—n —sz—n) —)\/0 Hsts,
k=0

in probability, uniformly on all compacts.

Proof. We show it when X is a local martingale, say M. By localization, we can
reduce ourselves to the case when M € .#? and H is uniformly bounded. Define
H[' := Hj-n o) (constant by parts). We have:

[2"1]—1
(HnM)t = Z sz—n (M<k+1>27” —Mkz—n) +H2fn((2nt"71> (Ml‘ _M27n(2nt") .
k=0

Since H is bounded and H continuous, the last term goes to 0 in probability, uniformly
on all compacts. Moreover, since H" — H [l-almost everywhere (by left-continuity of
H), we have

|H”—H|}W:EU (H" —H)*d[M],| by Itd isometry
0
0

by dominated convergence. Hence, (H"-M) — (H - M) in .#?, which by Doob’s
maximal inequality implies convergence in probability, uniformly on all compacts. [
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4.4 Covariation

We now define the covariation of two local martingales, which is important to extend
integration by parts and change of variables to stochastic integrals. The quadratic vari-
ation [M] of a local martingale M was such that M2 — [M] was a local martingale. The
covariation [M,N] of two local martingales M, N is such that MN — [M,N] is a local
martingale.

The main idea is to use the so-called polarization identity: for all x,y:

(x+y)?—(x—y)?
. .

Xy =

Definition 32. Let M,N € M jo.. We set

[M+N] —[M~N]

[MﬂN]: 4

Proposition 14. (i) [M,N] is the unique adapted continuous finite variation process
such that [M,N]o =0 and

MN — [M,N] € M, 1

(ii) Forn>1andt > 0, let
[2"t]—1
[M,NJ} = k;) (Mgesry2-n = Mig-n) (Njgs1y2n = Nign) -
Then, [M,N|" — [M,N] uniformly in probability on all compacts, as n — co.
(iii) If M,N € .#2, then MN — [M,N] is a uniformly integrable martingale.
(iv) (M,N)— [M,N] is a symmetric bilinear form.

Proof. (i) to (iii) are clear, follow from similar statements for the quadratic variation,
using the fact that MN = }((M +N)?— (M —N)?) and [M,N)" = }([M +N]" — [M —
N]™). (iv) follows directly from the uniqueness in (i). O

Remark. For any M € M. joc, we have [M,M] = [M].

Theorem 26 (Kunita-Watanabe identity). Let M,N € .4, ;,. and H locally bounded
and previsible. Then,

[H-M,N|=H-[M,N|=[M,H-N].
We will not prove it.

Remark. As a consequence, we get [H-M] = [H-M,H -M] = H? - [M), as we already
know.

Definition 33. Let X =Xo+M+A, Y =Yy+ N+ B be two continuous semimartingales
in their Doob-Meyer decomposiiton. We define their covariation as [X,Y] = [M,N].

The Kunita-Watanabe identity is also valid for semimartingales: [H-X,Y] =H -
X,Y].
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Proposition 15. Let X,Y be independent continuous semimartingales. Then
[X,Y]=0.

Remark. This is the analogue of covariance for random variables. Also, the opposite
is not true.

Example. Take B,B' two independent standard Brownian motions. Then, [B,B'] = 0.
Indeed,

[B,B]=—(B+B]-[B—B).

FN

But B+ B',B— B’ are both distributed as /2B, so they have the same (deterministic)
quadratic variation t — 2t (check). Hence, [B,B'] = 0.

4.5 Ito’s formula

Itd’s formula is the main tool in stochastic integration. Indeed, even if it is usually
impossible to compute stochastic integrals explicitly, we can still do calculus with it.
We start with the equivalent of integration by parts, in the framework of stochastic
processes.

Proposition 16 (Integration by parts). Let X,Y be continuous semimartingales. Then,
we have

t t
XY, — Xo¥o = / X,dY, + / YedX, + [X, Y],
0 0

that is,

Proof. Both sides are continuous, so it is enough to prove it for ¢ of the form m2™"
with m, n integers. First, observe that, for s < ¢, we have

XY — Xo¥y = X, (Y, = Yo) + XX, — X) + (X, — X,) (% — ).

Hence, writing #; := k27", we have
m—1
Xe¥, —Xo¥o = Z [ka (Yfk+1 - Yfk) +¥ (th+| _th> + (ka+1 _th) (Ytkﬂ - Ytk)] :
k=0

We have seen that this, as n — oo, converges uniformly in probability on all compact to
(X-Y)+ (Y- X); +[X, Y] O

We can now state Itd’s formula, which is the basis of all stochastic calculus.

Theorem 27 (Itd’s formula). Let X',..., X% be continuous semimartingales, and let
X :=(X',....X%). Let f : R? = R be a C* map. Then we have

_ d  pt 8f i &Zf .
70 = 00) + Y | 55 (K)axi+ 5 z | e i),

In particular, f(X) is a continuous semimartingale.
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(Leoture 15: 11/12/2023 ]

Remark. As particular cases, for X a continuous semimartingale, we have

t 1 t
106) = 100)+ [ P )ax+ 3 [l n
and
‘9 ‘9 1o
F(6.X) = £(0.X0) + /0 a—]:(s,XS)ds—i— /0 a{(s,xs)dxmui 0 a—x];(&Xs)d[X]s.

Remark. Here is an intuitive proof. Let us perform a Taylor expansion of f. Let
t i =k27"

[27]—1

FX)=rXo)+ Y, fX,)—fX)+7(X)— (X))

k=0
[2"t]—1 ) 1 , )
mf(XO) + Z f (th+|) (ka+1 _th) + Ef (th+1) (X’k+l _ka)
k=0

= 100)+ [ f s+ [ ()X,

The second term is not negligible, as it is in the usual Lebesgue integral.

Proof of Theorem 27. We prove it for d = 1 (that is, (1)). Let X = Xo+ M + A a con-
tinuous semimartingale in its Doob-Meyer decomposition, where A has total variation
process V. For r > 0, define the stopping time 7, = inf{t > 0, |X;| + [M], +V; > r}.
Then, 7, /" o0 as r — oo. It is therefore enough to prove the identity on [0,7,]. Let
o C C*([—r,7],R) be the set of functions for which Itd’s formula holds. Then

(i) & contains x — 1 and x +— x.
(ii) < is a vector space.
(iii) <7 is an algebra, thatis, f,g € &/ = fg € .
@v) If f, — £ in C*([~r,r],R) and f, € & for all n, then f € </
In (iv), convergence means
Ay = maX{ sup | fu(x) = f()], sup | (x) = f'(x)], sup |f;/(x) —f”(X)I} — 0.
x€[—rr] xe[—nr] xe[—nr] n—

Roughly speaking, (i) - (iii) imply that all polynomials are in 7. The Weierstrass
approximation theorem states that polynomials are dense in C?([—r,7],R), so that, by
(iv), & = C?([—r,r],R). This implies our result. Observe first that (i) and (ii) are clear.
Let us now show (iii). Let f,g € &7 and set F; = f(X;),G; = g(X;). Since the claim
holds for f and g, we know that F and G are continuous semimartingales. Hence, by
integration by parts, we have

F}G,—F()G():(F-G),+(G~F)t—|—[F,G]t. (2)
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By the Kunita-Watanabe identity and It6’s formula for G, we get

(F-G)=(F-(1-G)), = (F (( 5) —8(Xo0))
- (F( )X+ 14/ )) — () 00)-%), + (5 (0" () - 1)
= [ g xoax, + 5 / FX)g" (X)X,

t

The same holds for (G- F);. Using the same way the Kunita-Watanabe identity and
Itd’s formula for f and g, we obtain

7.6l = 700X 3" (X)- X 00X+ 36(0)- ]

= [/'(X) X, X)-X] = f'(X) [X,8'(X) X]
=f'(X)(g(X)-[X]) = f(X)g'(X) - [X].

Plugging these three equalities into (2) proves (iii). Indeed, we get

100800) = [ (¢ + FRIax+ 3 [ (7 +¢"+27¢)K)dlx],

We now need to prove (iv). Let (f,) € & such that f, — f in C?([—r,7],R). We
consider first the finite variation part:
AT / / 1 [T 1 1 1
1) — a5 [T R0~ £ OAIMLs < B Vin, + 580, M,
<2rAn, — 0.
n—soo

Hence, we have

AT, AT,

1 e, 1 [T
F(Xs)dA + 5 /0 £1(X,)d[M]; — f (XA + 3 /0 7"(X,)d[M];.

n—yeo 0

Let us now look at the Itd part. We have that M'" € .#?, so we have by It6 isometry
T
G0 MY = (00 MY = | [ 1000 = 1 (k) P
<ALE(M]g] <rA;, — 0.
) ' n—yoo

Hence, (f1(X)-M)T — (f'(X)-M)™ in .#? as n — oo. Therefore, we can pass to
the limit in It6’s formula for f;, to get

AT,

tATy
F0m) = FE) + [ a3 [ X

Finally, we let r — co.
O

Example. Let X = B be a standard Brownian motion and f : x — x2. Then, we obtain

t
B = z/ BydB, +1.
0
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Notation and computational rules

t
Zl _ZO == / HSdXS = dZ[ == H,dX,.

Jo

Z[ - [X,Y][ = dZ[ - dX[dY[

Ht(K,dX,) == (Hth)dX[
H,dX,dY, = (H,;dX,)dY; (Kunita-Watanabe)
d(X,Y;) = X,dY, + Y,dX, + dX,dY, (integration by parts)

d 2
a—f(x,)dxur1 ) 88 af (X,)dX!dX; (1t0’s formula)
i,j=1

df(X,) =

m&
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5 Applications of It6’s formula

We now turn to some nice applications of 1t6’s formula. Most of the time, it consists in
finding the right function to apply the formula to.

5.1 Lévy’s characterization of Brownian motion

We can derive many interesting results from It6’s formula. Let us first look at a chara-
terization of Brownian motion, in all dimension.

Definition 34. Let d > 1. A d-dimensional Brownian motion B := (B',... ,B%) is a
random process with values in R? such that B', ... B¢ are i.i.d. 1-dimensional standard
Brownian motions.

Lemma 8. Let f(t,x) : R; x RY — R be C'? (continuously differentiable, and twice
continuously differentiable in x). Let B := (B',... ,Bd) be a d-dimensional Brownian
motion. Then, the process (M;,t > 0) defined as

M= £(0.8) - 10,80~ [ (5 +38) 7658

2
is a continuous local martingale, where A := Z 1 a 2 is the Laplacian.

Proof. Assume first that f € C2%2. Then, by Itd’s formula, we have (easily checked)
M, = / Za (5,X,)dB. € M 1.

To finish the proof, approximate f € C'? by C>? functions. O

Now, let us consider a filtered probability space (Q, (% ),>0,P) (again here, (F#,t >
0) is assumed to be left-continuous and complete). We say that B is an .% -Brownian
motion if B is a Brownian motion, adapted to .#, and for all s < ¢, B; — By is inde-
pendent of .%,. In particular, B is always a Brownian motion with respect to its own
filtration.

Theorem 28 (Lévy’s characterization of Brownian motion). Ler X := (X Lo X d) be
continuous and adapted to some filtration 7. Then, the following are equivalent:

¢ X is a d-dimensional Brownian motion ;
* X' are local martingales and for all t > 0,1 <i,j <d: X', X/], = & jt.

Proof. (i) = (ii) is already known. Let us prove (ii) = (i). To this end, it is enough to
show that, forall 0 < s <t:

X, — Xy ~ AN (0,(t—s)Id)
and X; — X, is independent of .%;. This is equivalent to showing that for all u € R?,

E [ei(u,X,7Xs>|d5;} —e G 5). 3)
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Fix u € RY, and define Y, := (u,X,) = Z;i:l wX.. Then, Y € M, o since Mo is a
vector space. By assumption, we have

Y], =[Y,Y), =

4 d
Z ,ZM,X,’
i=1 i=1

= Z uinj[X;, X/) = ||ul|?.
i,j=1

Consider now

7, = M3l — gilusXo)+ gl lulr
By It0’s formula for U :=i¥ + 1[Y] and f : x — €*, we get

1
dZt = Z[dUt - *sz[Y]t

2
1 1
=izZ;dY;.

Therefore, Z € ., j,.. Moreover, Z is bounded on any interval [0,29] where 1y is
fixed, so it is uniformly integrable on [0, #y]. Hence it is a true martingale. In particular,
for all s <, we have E[Z,| %] = Z;. This is exactly (3). O

(Leoture 16: 13/12/2023 ]

Remark. This means that, if a continuous local martingale M satisfies that t — Mz2 —t
is a continuous local martingale, then M is a Brownian motion.

This is a particular case of a martingale problem: some stochastic processes X
are characterized by the fact that some given functionals of X are (local) martingales.
In the case of Brownian motion, these functionals are F : (X;) — (X;) and G : (X;) —
(X2 —1).

5.2 Dubins-Schwarz theorem

The Dubins-Schwarz theorem can be summarized as follows: every (continuous) local
martingale with infinite total quadratic variation is a Brownian motion, up to a change
of time.

Theorem 29 (Dubins-Schwarz). Let M € 4, j,c, adapted to some filtration (;,t > 0),
with My = 0 and [M]w = o0 a.s.. For all s > 0, set 1, = inf{t > 0,[M], > s}, and set
Bg := My,. Then, 15 is an (%;,t > 0) stopping time, and for 4, = F,, we have that
(Bt,t > 0) is a (%,t > 0) Brownian motion.

Observe that, if M is a Brownian motion, then 7, = s for all s, ® and the result is
clear.

Proof. In the whole proof, assume by localization that M € .#?. Since [M]. = o a.s.
and M is adapted and continuous, we have that 7; is a stopping time and 7; < oo a.s. for
all s. We also know that s — 7, is cadlag (check!). Since M is continuous, we get that
B is cadlag.
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Lemma 9. s — B, is continuous.

Proof. We need to prove that, for all s > 0, B,_ = By, or equivalently that M; = M.,
where

T = li?T,, =inf{r > 0,[M], > s}.
uls
u#s

Note that 7,_ is also a stopping time, with 7;,_ < 7, for all s. We therefore only need
to show that M is constant on [T,_, 7], that is, intervals on which [M] is constant. Note
that [M*%].. = s, so that (M? — [M])® is a uniformly integrable martingale. We apply
the optional stopping theorem to 7,_, to get

]E [(Mz - [M])T,Jﬁfxf] = M%yf - [M}Tsf'
Using the fact that [M];,_ = [M];, = s, we obtain that E[M2 — M2 |.%; ] =0, so0
E[(Mq, —M;,_)*] =0as.

Hence, M is constant a.s. on [T,_, T,] and B, = M;_ = M. = B,. Hence, B is contin-
uous at s, almost surely. We now need to prove that a.s. B is continuous on R;. To
this end, for all r € Ry, let S, := inf{t > r,M; # M, } and T, := inf{t > r,[M], # [M], }.
Then, for each r, T, = S, a.s., and both are cadlag (because M and [M] are continuous).
So, T and S are indistinguishable, and B is continuous. O

It is also clear that B is adapted to ¢4. We now show that B is a Brownian mo-
tion. Again, M?> — [M] is a uniformly integrable martingale. By the optional stopping
theorem, we obtain that, for 0 < r < s < oo:

E[Bs|gr] = E[MTSL%\T)‘] = MTr = Br7
and
E|[B: —s|%] =E [M; — M), |Z:,| =M; — [M];, =B, —r.

Hence, [B]; =t for all 1. We conclude the proof using Lévy’s characterization of the
Brownian motion. O

A big interest of the Dubins-Schwarz theorem is the following.
Theorem 30. Let M be a continuous local martingale. Then, the following hold:
(i) P(limy_ye |[M;| = 00) = 0.
(ii) {o:1lim;e M;(®) exists and is finite } = {® : [M]e(®) < oo}, up to null events.
(iii) {[M]e = oo} = {limsupM; = +oo and liminfM; = —eo}, up to null events.
In other words, either M converges, or it oscillates.

Proof. We know by Dubins-Schwarz theorem that M; = Bjy},, where B is distributed
as a standard Brownian motion. Since [M] is continuous, the three items follow from
the same events for the Brownian motion. O
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5.3 Transience and recurrence of Brownian motion

We now consider Brownian motion in dimension possibly larger than 1. One of the
most important properties to check on d-dimensional Brownian motion is what is called
transience or recurrence. Namely, what is the probability that the process ever returns
to the origin 07

Theorem 31. Let B be a d-dimensional Brownian motion. Then:

(i) ifd =1, then B is point-recurrent, that is, for any x € R, {t,B, = x} is unbounded
a.s.

(ii) if d > 3, then B is transient, that is, lim;_,« ||B;|| = + a.s.

(iii) if d = 2, then B is neighbourhood-recurrent, that is, for every nonempty open set
O CR?, {t,B; € OY is unbounded a.s. However, it is not point-recurrent, since,
for all x € R?, Py (B; = x for some t > 0) = 0.

Proof. Observe that (i) is a consequence of limsup B; = +o0 and liminfB, = —co. We
now turn to (ii). Since ||B;||> > || (B})z + (Btz)2 + (B,3)2
d=73.

We claim that, in dimension 3, f: x> ﬁ is harmonic at any x # 0, that is, Af =0
(check). Therefore, by 1t6’s formula, letting 7 := inf{z,#, = 0}, we get that

, it suffices to prove it for

M, = f(Bt/\‘L')

is a local martingale. Furthermore, M > 0 so by Proposition 8 M is a nonnegative
supermartingale. Hence, it converges a.s. by Theorem 17, to some M. We only need to
show that M = 0 a.s. To this end, observe that, on the event {M > 0}, {HTer’t >0} is

bounded. But B! is unbounded a.s. so this holds with probability 0. Finally, M = 0 a.s.
and thus ||B|| — o a.s.

We now need to consider the case d = 2. Without loss of generality, we will assume
that Bp = 1 and show that B never hits 0, but is close to it infinitely often. For k € Z,
let ry := ek and J; = inf{t > 0,||B;|| = ri}. Setalso J :=J_.. = inf{r > 0,|B;|| = 0}.

We first show that J = +oo a.s. To this end, define 7o = 0 and, letting Z, := ||Br, |/,
set Ty1 = inf{t > T,,,||B;|| € {e"'Z,,eZ,}}. Then, for k,m > 1, we have that J_; <
J if and only if the random walk (logZ,),> visits —k before visiting m. On the
other hand, by 1td’s formula, we have that M, := log||B;,|| is a local martingale, since
(x,y) > log(x* 4+?) is harmonic on R?\{0,0}. If we stop it at time 7,,, it is bounded
so (M;a,,t > 0) is a UI martingale. By the optional stopping theorem applied to 7,1,
we have

E[logZ,+1|logZ, = k] =logZ, = k.
Thus,
P(logZ,+1 =k+1|logZ, =k)=1/2,

and (logZ,)n>0 is a simple symmetric random walk on Z. Hence, again by optional
stopping theorem, we have that

P(J_k < Jm) = 0.

—_— =
m+k k—ro0
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Therefore, P(J < J,,) =0, for all m > 0. Since J,,, — o0 a.8. as m — oo, we conclude that
J = 4o a.s. Moreover, fix € > 0 and choose k € Z . such that e % < &. Then, by recur-
rence of the simple random walk on 7Z, there are infinitely many »n such that logZ, =0
and, for any such n, there exists m > n such that logZ,, = —k, that is, ||Br,|| < €. The
result follows. O

5.4 Exponential martingale, Girsanov’s theorem and Cameron-Martin
formula

(Lecture 17: 15/01/2024 )

Girsanov’s theorem is connected to the fact that, if our set (Q,.%) and a random
variable X on Q is given, then changing the probability measure that we put on .%
changes the distribution of X.

Example (EA simple example of change of measure). Let Q = {1, } with the o-
algebra F := {0,{w, },{mm},Q}, and consider the variable X defined as X (w;) =
0,X (@) = 1. Then, consider the probability measures P defined as P(@;) = P(a,) =
1/2, and Q defined as Q(m,) = .4,Q(@,) = .6. Then, under P, X is a Bernoulli vari-
able of parameter 1/2, while under Q, it is a Bernoulli variable of parameter .6.

Hence, changing the underlying probability measure changes the laws of the ran-
dom variables. Girsanov’s theorem exploits this idea, and shows how semimartingales
changes under a change of measure.

If I am given the entire trajectory of a Brownian motion with drift, I can figure out
whether it came from a Brownian motion with drift or without drift. Indeed, if it has
drift u, then % — U a.s. ast — o. However, it is less clear if [ am only given part
of this trajectory (say, up to time ¢). But this can be estimated. In particular, changing
the drift makes the laws of these processes absolutely continuous with respect to each
other. This is the content of Girsanov’s (or Cameron-Martin’s) theorem, which can be
used to understand processes with drift.

In particular, we will see as an example (Example 5.4) that we can compute the
distribution of inf{r > 0,B, + ct = a} for a,c € R.

Exponential martingale
Let us first define a specific local martingale of importance, called the exponential
(local) martingale associated to a martingale.

Definition 35 (Exponential martingale). Let M € .#, 1o with My = 0 a.s. The process
(Z;,t > 0) defined as
1
Zt = éa(M)t = exp <M[ — 2[M]¢>

is called the exponential (local) martingale.

To show that it is a local martingale, let f(x,y) :=exp (x — % y). Then, It6’s formula
provides:

7, = f(M,,[M],) = £(0,0) + /0 Z,dM, — /0 %zsd[M]x + % /0 Zd[M],

t
:/ ZdM;,
JO
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or equivalently dZ, = Z;dM;, so that Z € 4 .

This exponential martingale has nice properties, which allows us to derive two
important results: Girsanov’s theorem, and the Cameron-Martin formula.

Let us start with a lemma.

Lemma 10 (Exponential martingale inequality). Let M € .4, ;o with Mo = 0. Then,
forall x > 0,u > 0, we have

2
P (suer > x, [M]e < u> < exp <) .
>0 2u

Proof. Fix x >0 and set T := inf{r > 0,M; > x}. Fix now 6 > 0, and let

1
Z:=&(0MT) =exp(oMT — E(JZ[M]T).
Then, Z € A, jo and |Z] < e, Hence Z 6 M 2 and converges to some Z... By
optional stopping theorem, we have 1 = IE[ |. Finally, for any u > 0, we get
P (sule > x, [M] ) (supM > x, M) < )
>0 >0

| /\

AT
< o526 by Markov’s inequality.

Finally, we observe that 6 —> %Qzu — Ox is minimum when Ou = x. The result follows.
O

The next proposition is a criterion for & (M) to be a uniformly integrable martin-
gale, which will be our assumption in the statement of Girsanov’s theorem.

Proposition 17. Let M € A, 1, with My = 0 be such that [M.. is uniformly bounded.
Then, &(M) is a Ul martingale.

Proof. Let C € (0,c0) such that [M].. < C. By the exponential martingale inequality,

we get for all x > 0:
p( M, > >< ( x2>
su X ex
op = P\"2c

Now, observe that sup,-o& (M), < e**Prz0M "and

E I:esuptzoMt} — /OO]P( SuPr}OMI 2 l) dﬁ(

= / <supM, > logl) di
>0

luz,l
<1+/ T dA < oo,

Hence, sup,- &' (M), is integrable and therefore &' (M) is a UI martingale . O

Remark. Let M € M, j,c be such that E[sup,~oM;] < oo. Then M is a true martingale.
Indeed, fixt > s > 0 and A E Zy. Letting T,) be a sequence of stopping times reducing
M, we have 0 = E[14(M™ —M™)]. By dominated convergence, this converges to
E[14(M; — My)], which is thus equal to 0.
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Before stating Girsanov’s theorem, we briefly recall notions from measure theory
(see also Theorem 1).

Definition 36. Let P, P be two probability measures on a measured space (Q,.F). We
say that P is absolutely continuous with respect to P if, for all A € Z,

P(A) =0=P(A) =0.

In this case, we write P < P and there exists f : Q — R (defined up to a P-null set)
that is 7 -measurable, such that, for all A € F:

P(a) = /Q F(0)LperdP(0).

f is called the Radon-Nikodym derivative of P with respect to P. We write

dP  dP

dP ﬁyzf'

Theorem 32 (Girsanov’s theorem). Let M € A j,c with My =0 azzd such that Z :=
& (M) is a UI martingale. We can define a new probability measure P < P on (Q, F)
by setting, for all A € F:

P(A) =Ep[Z~14].

Then, for all X € '///CJ”E(P)’ X-[X,M € ,///ql,,c(]fp). Moreover; the quadratic varia-
tions of X under P and P agree a.s.

Remark that we have

dP
— =Zw.
dP

Proof of Girsanov’s theorem. Observe first that P is well-defined: since Z is Ul Z..
exists a.s., Ze > 0 and E[Z.] = E[Z] = 1 by optional stopping. Thus, P(Q) = 1.
Countable additivity is obtained by monotone convergence. Furthermore, clearly, if
P(A) = 0 then P(A) = 0 and we have P < P. Now, let X € ., ;,.(PP) and define, for
all n:

T, :=inf{r > 0,|X, — [X,M);| > n}.

Then, P(7, — =) =1, s0 IF’(T,, — o) = 1. It suffices to show that, for all n, YT .=
XU — X M)™ € M, 1o.(P). Then without loss of generality we can assume that Y is
uniformly bounded. Then, for P, by integration by parts:

d(YZ), = Y,dZ; + Z,dY, +d|Y,Z),
= Y;Z;dM; JrZz(dXt *d[XvM]t) +d[YaZ]t
= Y,Z,dM, + Z;(dX, — d[X ,M),) + Z,d[X . M),
=Y, Z,dM, + Z,dX,,

where we have used that Z = (Z- M), and Kunita-Watanabe. Hence, YZ € ., ;,.(P).
Furthermore, Z is a Ul martingale and Y is uniformly bounded so {Y7Zr, T stopping
time, T <to} is UL, and thus YZ is a true martingale.
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Hence, forallt > s > 0 and A € %, we have
Ep [1a(Y; = Y5)] = Ep [1aZo(Y; = Yy)] = Ep [1a(ZY: — Z,Y)] = 0.

Thus, Y € A4, joc(P).
Finally, to see why the quadratic variations are the same, recall that

[2"]r—1
Y K —Xppn)?
k=0

converges ucp (uniformly in probability on all compacts) for IP, and thus also for P. [

We can get from there a lot of results. For instance, let X be a continuous P-
martingale. Then, X is a continuous P-semimartingale, whose Doob-Meyer decompo-
sition is: X = (X — [X,M]) + [X,M]. Hence, the class of continuous P-semimartingales
is included in the set of continuous P-semimartingales (with equality if Z., > 0 P-a.s.).

Corollary 10. Let B be a Brownian motion under P, and M € M. joc(P). Let P be as
in Girsanov’s theorem. Then, B = B — [B,M| is a Brownian motion under P.

Proof. By Girsanov’s theorem, B € .#, j,.(P), and [B)F = [B]F =t. The result follows
by Lévy’s characterization. O

We will now state a useful consequence of this result, which is the Cameron-Martin
formula.

Definition 37. Recall the definition of the Wiener space (W, % ,1t). Let W := C(R4,R)
the set of continuous functions from Ry to R. Let W := 6(X,,t > 0), where (X;);>0 is
the canonical process on (W, %), that is:

X W—-R o— o).
The Wiener measure [ is the unique measure on * such that X is a Brownian motion.

Definition 38. Define the Cameron-Martin space
!
H = {h e W,h(t) = / o (s)ds for some ¢ € LZ(RJr)} .
0

For h € J¢, write h for ¢.
Theorem 33 (Cameron-Martin formula). Let h € 57 and, for all A € W/, set
phA) :=pu(weW,0+heA)

(in words, u" is the law of X; + h(t), where we recall that X is a Brownian motion on
W). Then, u" < u, and the Radon-Nikodym derivative is given by

h el {es]
% = exp (/0 h(s)dX; — %/0 h(s)zds> .

(Lecture 18: 17/01/2024 ]

52



Proof. Set, for allt >0, M; = [ h(s)dX; = | ¢ (s)dX;. Then, M is a local martingale
and [M], = [} ¢(s)*ds. Since ¢ € L?, we have

[M]e < oo,

so by Proposition 17, &(M) is a Ul martingale. By Girsanov’s theorem, & (M) defines
a new probability measure [P, with

uexp(/ h(s)dX, — /h st)

and, under P, X := X — [X, M] is a Brownian motion. But, for all :
t
X M) = [X,0-X) = (0 X.X) = [ 9(5)ds =

Hence, X; = X; + h(¢) ; under P, X has the law of X, 4 h(¢) and P = " as wanted. [
We finish with an application of the Cameron-Martin formula.

Example. Let B be a standard Brownian motion and, for a > 0, set T, := inf{r >
0,B; = a}. Let ¢ € R. We are interested in the distribution of the stopping time

S :=inf{t > 0,B, + ct = a}.

Clearly, if ¢ = 0, we have that S, = T, and the result is given in Example 2.6.
Thanks to the Cameron-Martin formula, we can handle the case ¢ # 0. Fixt > 0, and
apply the Cameron-Martin formula with ¢ : s — clo<g<;, so that h: s — ¢ (sAt). Define
the function on Q*:

Fiwre 1max[01,]w(.s)2u
Applying the Cameron-Martin formula provides

P(S, <t)=E[F(B+h))

:E{F(B)exp</0w¢ dB—f/ o (s 2ds>]
a2

We know that t — exp (cB, — %t) is a martingale, so that by optional stopping

theorem:

c? c?
E {exp <CB, - 2t) ﬁ,ATa] = exp (CBt/\Ta - E(t A Ta)>
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We therefore get by tower property

2
P(S,<r)=E {12,9 exp (cB,/\Ta - %(t A TJ)}

2
=E |:1Ta<t exp (ca — 2TL,)}

t 2 2
a "
:/ ds e T e TS
0 \2ms3
2

! a 1
= [ ds———e 5@),
/0 V2ms3

So, the density of S, is

a _1
S ——e

Vors3

(a—cs)?

In particular, for t — oo, we get

1 ife>0
]P(Sa<°°):{ e2ca ifc<0.

This is consistent with the fact that a Brownian motion with negative drift converges
a.s. to —oo.

6 Appendix: Brownian motion and the Dirichlet prob-
lem

We end this lecture by going back to Brownian motion, and showing one of its many
interesting features.

The Dirichlet problem is a famous problem in analysis, which can be formulated
as follows. Fix a domain of R?, that is, an open connected subset of R4, and a function
¢ defined on its boundary dD := b\ﬁ. Is it possible to find a harmonic function f

defined on D (that is, such that Af := ¥4 f 0 on D) such that flap = 9?

i=1 9x2 =

Definition 39. We say that a domain D satisfies the Poincaré cone condition if, for all
x € dD, there exists a nonempty open cone C with origin at x (that is, a set of the form
{x+tu,t >0,u €U} where % is bounded and open) and such that, for some r > 0,
we have

CNB(x,r) C D

Theorem 34 (Dirichlet problem). Let D be a bounded domain satisfying the Poincaré
cone condition. Suppose that ¢ : 0D — R is continuous. Let B be a d-dimensional
Brownian motion and J := inf{t > 0,B, € dD}. Then, J is an a.s. finite stopping time
if Bo = x € D, and the function

u:D—Rx—E,[¢(By)]
is the unique continuous function on D satisfying

Au(x) =0 for all x € D
u(x) = ¢(x) for all x € dD.
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This theorem provides existence and uniqueness, under the only condition that ¢
has to be continuous. Furthermore, the solution is easily expressed in terms of Brown-
ian motion.

In order to prove it, we need the following results:

Theorem 35 (Spherical averages). Let D be a domain in RY, and let u: D — R be
measurable and locally bounded. The following conditions are equivalent:

(i) u€ C*(D,R) and Au = 0 on D (harmonicity)
(ii) For any ball B(x,r) C D, we have

1
u(x) = W/B(”)M(Y)d/l(ﬁ,

where A is the d-dimensional Lebesgue measure on RY.
(iii) For any ball B(x,r) C D, we have

1
wwzgﬁﬁa;ﬁAmWﬁuwc@»

where © is the surface area measure on dB(x,r).
We will not prove this.

Theorem 36 (Maximum principle). Let u: R? — R be harmonic on a domain D C R?.
Then:

(i) If u attains its maximum in D, then u is constant on D;

(ii) If u is continuous on D and D is bounded, then

maxu(x) = max u(x).
xeD () x€oD ()

(Lecture 19: 22/01/2024 ]

Proof. To show (i), let M be the maximum of u, and V := {x € D,u(x) = M}. Then, V
is closed in D and by Theorem 35 (ii) it is open. Since D is connected, V = D and u
is constant equal to M. To prove (ii), since u is continuous on D and D is bounded, u
attains its maximum on D. By (i), either the maximum is on @D, or u is constant on D.
But if u is constant on D, by continuity it is constant on D and in particular attains its
maximum on dD. O

Proof of Theorem 34.

Uniqueness of the solution

Suppose that there are two solutions u, 4’ continuous on D. Then, u —#’ is harmonic on
D and, by the maximum principle, we have

max(u(x) () = max(u(x) 1/ (x)) =0,

so u < u' on D. The same way, u > u’ and the result follows.

55



Existence and explicit form of the solution

Define u : x+— E,[¢ (Br)]. Since D is bounded and ¢ is continuous on dD, u is bounded
on D. Let us first show that u is harmonic, by showing that it satisfies Theorem 35 (ii).
Let x € D and & > 0 such that B(x,8) C D. Let T := inf{r > 0,B; ¢ B(x,8)}. We have
that

u(x) =Ex[¢(Br)] = Ex [Ex[¢(Br)|Zr]]
=E,[Eg,[¢(By)]] by strong Markov property

1
= SEEEE) /M u(y)dol(y),

where in the last equality we used the radial symmetry of Brownian motion (which
implies that By is uniform on dB(x, §)).
Let us now show that u is continuous on D. It is continuous on D, clearly, since it is
harmonic. We use the Poincaré condition to prove that it is continuous at any z € dD.
Let z € dD be fixed. For all x € D, we have that

u(x) —u(z)| = |Ex[¢(By) — ¢
<E.[|¢(Bs) -9 ()],
so we only need to prove that lim,_,; yep E,[|@ (By) — ¢

to find r > 0 such that if x € D and |x —z| < r, then E,[|¢(B;) — ¢ (z)|] < €.
Fix r > 0, and let x € DN B(z,r). We have:

El[¢0(Br) — ¢ ()] = Ex[|@(By) — 9 (2) [Ny, 2ip] + Exl|@(By) — 9(2)[ L., <ip);

where, for a set A, J4 is the first hitting time of A.
The first term can be easily bounded:

EXH(b(BJ) - ¢(Z)|]1133(2,r) Z/D] < sup |¢(y) - ¢(Z)‘7

ly—z|<ryedD

which goes to 0 as r — 0 by continuity of ¢.
The second term can be bounded brutally:

Ex[|¢(Bs) — 0(2)[1s,..,, <in] < 2(|0]|-Px(Jop(.r) < D),

and thus we only need to prove that P, (J5(, ,) < Jp) — 0, uniformly in x € DN B(z, 7).
Observe that, for any r > 0, we have

IP)x(‘laB(z.,r) < -,D) < IEDx(‘]&B(z,r) < t) +IPX(‘ID > t).

We bound the first term using the distribution of B;, and the second term taking the
limit as x — z.

We have clearly that lim;0(Jgp(,) < t) = 0 uniformly in, say, z € B(z,r/2).
Hence, we only need to prove that, at ¢ fixed, lim,_,;Py(Jp >¢) = 0. This is clear
by the cone property.

This ends the proof, and solves the Dirichlet problem. O
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