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Abstract

In this paper, we build double theories capturing the idea of nondeterministic
behaviors and trajectories. Following Libkind and Myers’ Double Operadic Theory
of Systems [LM25], we construct monoidal semi double categories of interfaces, along
with what we call semimodules of systems, in the case of Moore machines, working
with Markov categories with conditionals to handle nondeterminism. We use condi-
tional products in these Markov categories to define trajectories in a compositional
way, and represent nondeterministic systems using Markov maps; channels between
systems are assumed to be deterministic.

1 Introduction

Compositional modelling is based on the principle that one can, to some extent, represent
and understand systems by first decomposing them into subsystems, then aggregating
knowledge on the subsystems and their interactions. It is expected to be a useful foun-
dation for collaborative modelling; this principle underpins the projects ModelCollab
[Red+-22| and CatColab [Ins24|. Another use of compositionality lies in the modular
design of systems, building them by combining simpler components. A potential (still
hypothetical at this stage) application of these practices is the training and deployment
of safer Al systems [Dal24].

One crucial observation is that there are many distinct notions for "systems": au-
tomata (deterministic or otherwise), (Partially Observable) Markov decision processes,
Petri nets, systems driven by ODEs, PDEs, or SDEs, etc. Each such notion gives rise to
a systems theory, which can be thought of as an ontology for systems.

The branch of applied category theory called categorical systems theory aims at giving
unified frameworks, based on categorical algebra, to describe composition operations on
systems, as well as comparisons maps, or generalized simulations between systems, and
analyse the behaviors of systems in terms of their components. Viewing systems theories
as mathematical objects in their own right, one can then consider comparisons morphisms
between them. For instance, as far as nondeterminism is concerned, probabilistic settings
can often be "coarse-grained" into possibilistic ones, by forgetting the precise probabilities
and only keeping track of the supports of the probability distributions involved.



As a matter of fact, there is a substantial body of work in categorical systems theory,
for a more in-depth overview of these, we refer the reader to [LM25, Section 1|. Many of
these frameworks focus on one aspect of systems theory:

e For instance, the symmetric monoidal point of view, where systems are represented
as morphisms s : I — O in symmetric monoidal categories, possibly with extra struc-
ture, where I denotes the input object, and O the output one; these systems can
compose sequentially and in parallel, thanks to the symmetric monoidal structure.
This common theme has been developed with many variations; see e.g. |[BK23]|,

[LFR25|, [Fri20], [CFS16].

e There is also the operadic point of view, which allows more involved composition
patterns than just sequential and parallel ones, and also does not require interfaces
of systems to be cleanly divided between inputs and outputs; see e.g. [Lib+22].

e On the other hand, various paradigms focus more on the notion of maps between
systems; a very prominent one is based on the idea of viewing systems as coalgebras
for endofunctors (see for instance [Rut00], [Kur|). Then, morphisms of coalgebras
represent simulations, i.e. comparisons that preserve external/observable behavior.

Note that these are not disjoint: there are indeed works, such as [KSW97| and
[Bae+20], that define structures combining composition of systems with maps between
systems. However, many of these rely on 2-categorical, or bicategorical, notions, which
means that only systems maps with identical interfaces are considered.

One of the latest developments in this area is based on double category theory. A
key idea, as demonstrated by Myers [Mye23|, and then Libkind and Myers [LM25], is
that wiring systems together and comparing systems are distinct operations, each of
which ought to be encoded in a specific category. However, these operations are not
independent: some compatibility conditions naturally appear. Also, one can be interested
in systems maps that are not identities on the interfaces; this motivates the use of double
categories, instead of 2-categories'. The general framework developed in [LM25] is thus
called the Double Operadic Theory of Systems.

An open question is adapting the Double Operadic Theory of Systems to nondeter-
ministic settings: although [Mye23| and [LM25| contain examples of nondeterministic
systems theories, there are issues with the notions of trajectories/system maps in those.
See the discussion in the last three paragraphs of [Mye23, Section 3.5|. Our goal is to
give an answer to this question. There is a substantial body of work on probabilistic
or nondeterministic systems, for instance in the probabilistic programming semantics
literature (see e.g. |LS25], [Heu+17|, [LFR25|), but these results do not use the double
categorical point of view mentioned above, and as such do not provide a complete answer
to our question.

In this paper, we construct theories of nondeterministic systems (see Definitions 4.1
and 4.5) that fit into a double categorical framework, for a notion of systems based on

'Recall that, in 2-categories, the 2-cells can only exist between l-cells of the same signature; the
notion of double category does not include this restriction.



Moore machines (see Definition 2.1). We describe the goals in 1.1, and give a high-level
description of our contributions in 1.2.

1.1 Goal: double theories of nondeterministic systems and behaviors

We wish to construct double theories of nondeterministic systems (see Definition 4.1),
where one direction (called the y direction in this paper) is used to wire systems together
and/or with lenses, and the other (the x direction) is used to represent morphisms of sys-
tems, i.e. generalized simulations, such as trajectories, or coarse-graining maps, between
state spaces or interfaces. Our key requirements are the following:

1. Trajectories of systems should generalize the notion of stochastic process. In par-
ticular, we want them to encode joint distributions on states at various instants,
not merely distributions on states for each individual instant. See Subsection 1.3.

2. Some form of nondeterminism in the update maps of systems should be allowed.

3. We want compositional trajectories for composite systems, that can be computed
from (compatible) trajectories of the subsystems. In particular, we would rather
keep track of all the sources of randomness and manage joint distributions explicitly,
than use a global probabilistic universe as a black box?.

1.2 Contributions

We use the framework of Markov category with conditionals (see Definition 3.1) to han-
dle nondeterminism. If C is a Markov category with conditionals, and G a directed
(acyclic) graph, we define a semimodule of systems (see Definition 4.5), in the spirit of
modules of systems in [LM25], denoted TM°°(C,G). Here, nondeterminism is handled
by C, and time is represented via G. To that end, we first find sem: triple categories
Arenal°® c ArenaSysy°°™ (Theorems 4.6 and 4.7), where the extra dimension is
meant for time-restriction, then define a semidouble category® ArenaSysg/Ioore(g ) of in-
terfaces and systems, for each G. Our main result can be stated as Theorem 4.9, and
its proof amounts to Construction 4.10. Let us now explain how we meet each of the
requirements:

1. We think of trajectories as families of Markov morphisms that are compatible with
deterministic time-restriction maps, i.e. compatible families of finite marginals. In
our semi triple categories Arena%\j/loore c ArenaSysg/Ioore, the extra dimension /direction
(called z) is used to accomodate the time-restriction, i.e. marginalization, maps.
Then, our semi double category of systems and interfaces (Theorem 4.9) is essen-
tially a functor category [G; ArenaSysy o).

2This design choice is subjective, and against mainstream conventions in probability theory; we believe
it is justified by the goal: to develop fully compositional modelling, one should not store the information
on joint distributions inside a "black box sample space"

3See Definitions 3.15 and 3.17 for semi triple and semi double categories.



2. Considering Moore machines, we allow arbitrary Markov maps to represent nonde-
terministic updates for systems, but not for lenses/channels between interfaces: the
latter are assumed to be deterministic. This is a technical restriction: it ensures
associativity of vertical composition of squares in the resulting double category.

3. Using conditional products, i.e. conditional independence assumptions, we create
joint distributions for trajectories of composite systems or lenses. See the definitions
of y-composition of xy-squares in Arena%oore and ArenaSysg/Ioore (points 7 and

9 in Constructions C.1 and C.12 respectively), and point 2 in the discussion in

Section 5.

4. To ensure that zy-interchange holds, we use copy-composition for z-composition
of z-morphisms and xy-squares. The drawback is the lack of identities for z-
composition, which is why we get sems triple categories and semi double categories.

1.3 Motivating example

In the deterministic case, the sequences of states, inputs, and outputs, is all one needs to
know. In contrast, with nondeterminism, the joint distributions contain more informa-
tion than the sequences of distributions: for instance, the event “the state of the system
is never the same twice in a row” is a property of pairs. In probabilistic settings, one
cannot assign a probability to said event based only on the distributions on individ-
ual states. This phenomenon is not specific to probability theory: it appears in many
nondeterministic settings, such as possibilism, imprecise probability, etc. Let’s assume
that nondeterminism is represented by a Markov category C (see Definition 3.1). Then,
distributions on pairs of states can be viewed as Markov morphisms 1 - S ® S, if S is
the states object, and 1 the monoidal unit, usually a singleton set in the examples. In
this context, our observation can be expressed more abstractly as follows: the function
C(1,S®S)—C(1,5) xC(1,S) is usually not an injection.

One way of addressing this issue is by working with distributions on trajectories,
such as elements of C(l,SN), assuming an object SV exists. In technical terms, such
an object is the (infinite) Kolmogorov product [FR20, Definitions 3.1 and 4.1] of the
constant sequence (.5;)ien = (S5)ien. There are technical issues to address with this
approach, yet it can be made to work (see for instance [Heu+17] and [Das+23|). One
approximation of that idea, which we shall follow here, is working with elements in
C(1,8%™) for all n, i.e. considering the projective limit of the C(1,S5®"). In favourable
contexts (namely, when the Kolmogorov product does exist), this projective limit is
actually isomorphic to C(1,SY). Even if it does not hold, one can hope for a canonical
section lim C(1,S®") - C(1,SY) of the projection C(1,S"N) - lim C(1,S5®"). For a more
general ITOtiOI’l of time, one can consider a Directed Acyclic G;Laph G. This is what we
shall do in this paper.

Let us now describe what the definitions should yield, for Moore machines, in the
case where G is the graph of integers (N, (n - n+ 1, neN)), and C = BorelStoch is the
Markov category of standard Borel spaces and measurable Markov kernels. The main



point is that trajectories, i.e. behaviors whose source is the clock system, should take
into account nondeterminism of states, inputs and outputs, for sequences of instants
(0,...,n) for all n, not just for each instant individually.

e A system (g) s (é) should be a compatible family of lenses given by mea-

surable functions expose™ : S(n) - O(n) and measurable probability kernels
update™ : S(n) x I(n+1) - S(n + 1) between standard Borel spaces. There
should be (measurable) restriction functions S(n+1) - S(n), I(n+1) - I(n),
and O(n +1) - O(n), compatible with the functions expose™. Here, the objects
S(n), resp. I(n), resp. O(n), are standard Borel spaces meant to contain the
information on states, resp. inputs, resp. outputs, from time 0 to time n, and the
restriction maps correspond to forgetting information on the last instant(s).

For instance, we could have, S(n) = S, I(n+1) = I"™ and O(n) = O™}, for
all n > 0, with S, I, O standard Borel spaces, and the system could represent
an open Markov process: the map expose™ is the n + 1% cartesian power of a
map expose : S - O, and the map update™ : S™*1 x "' - S"*2 is given by
update™(sg, ..., Sny00,- - in) = (50,...,5n, update(sp,in)) € S™2, where update :
S x I — S is the 1-step update map of the open Markov process.

e The system Time : (*, i s i ), which is just a clock, is the constant trivial lens:

the expose™ and update™ functions are the unique map from the singleton set * to
itself. Note that it is different from the usual clock in discrete-time deterministic
systems, since time is hardcoded in our theory.

I
O

source is the clock, can be represented as a square:

()=
|

. S . .
e Then, a trajectory of a system ( S) s ( ), i.e. a morphism of systems whose

It should consist in Markov maps/probability distributions p™ : * - O(n)xI(n+1),
"% > S(n), and s":* - S(n)x I(n+1), for all n € G, that are compatible with
expose™ and update™.

We also want naturality in n, i.e. compatibility with the restriction morphisms.

Informally, the map p™ yields a joint distributions on outputs at times (0,1,...,n)
and inputs at times (0,1,...,n,n+ 1), for all n. Similarly, the map ¢" : * - S(n)



encodes the joint distribution of the states at times (0,1,...,n). Finally, the map
s™ should yield the joint distribution of the states at times (0,...,n) and of the
inputs at times (0,1,...,n+1). See point 1 in Section 5 below.

2 Some background on categorical notions of systems

In this section, we describe some of the main established categorical frameworks used to
reason about systems, deterministic or otherwise. Our work can be viewed as trying to
find a common generalization of these.

2.1 Symmetric Monoidal Categories

For the remainder of this section, we fix a symmetric monoidal category C, whose sym-
metries are denoted by o4 p: A® B - B® A.

2.1.1 Moore machines

Definition 2.1. 1. A Moore machine in C is given by a triple of objects (.S,7,0) in
C, and morphisms S - O and S® I — S. We say that S, I, O are the states,
inputs, and outputs objects, respectively.

2. A lens in C is given by a quadruple of objects (I,0,I’,0"), and morphisms O — O’
and O® I - I.

Note that, with the definitions given above, Moore machines are special cases of
lenses. We wish to view lenses (I,0,I",0',f : O - O', ft : O® I' - I) as morphisms
. I r
(I,0) - (I',0"), which we denote ( 0 ) s ( o'
extra structure on C, namely copying maps copyx : X - X ® X:
Assume given, for each object X € C, a map copyx : X - X®X. Assume that copying
is (co)associative and (co)commutative, i.e. copyx; (X ® copyx) = copyx ® (copyx ® X)
and copyx;ox x = copyx for all X.

). To compose them, we need some

Definition 2.2. Considering only lenses (I,0,I',O’, f, f) such that* we have f; copyor =
copyo; (f ® f), we define the following composition:

I II II I”
Given (f, f1): ( 0 ) s ( o ) and (g,g') : ( o' ) s ( o ), we define the com-

O O//

) " il f
Leorvoi08NSl” o e 1" 22 0 I T
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posite (h,ht) : ( ! ) s ( ! ), where h = f;g, and h! is the following composite:

ol

We leave the proofs of the following Facts to the reader; they amount to computing
in C.

“The condition acn be thought of as determinism of the map f.




Fact 2.3. The composition operation of Definition 2.2 is associative.

Fact 2.4. Assume given, for each object X in C, a morphism delx : X — 1, which
makes (X, delx,copyx) a commutative comonoid in C. Assume that del is natural, i.e.
fidely =delx forall X, Y, f: X >Y.

Then, the composition operation of Definition 2.2 defines a category, i.e. admits
identities.

Moreover, this category has a natural symmetric monoidal structure.

2.1.2 Mealy machines

Here, we describe a more general notion of systems, namely Mealy machines. These can
be defined without needing copy or discard maps. Recall that we have fixed a Symmetric
Monoidal Category C.

Definition 2.5. e Given objects X, Y, a Mealy machine X — Y is given by an
object S, along with a morphism f: S® X - S®Y. We may denote it f: X Sy,

e Mealy machines compose sequentially: let f: X LA Yandg:Y z Z. Then, the
composite (f;g) : X set, Z is given by the following composite map: S® T ®

X:T Y:S
x X r e sey 2250, geT e 7.

. . S . . .
Given a Mealy machine f: X — Y, we think of the objects S, X, Y, as representing
the spaces of states, inputs, and outputs, respectively.

Fact 2.6. There is a symmetric monoidal category Mealy(C) of Mealy machines in C,
with a symmetric monoidal faithful functor C — Mealy(C), acting as identity on objects,

and mapping f: X -Y inCto f: X e, Y in Mealy(C).
In fact, one can enrich that, and get the following:

Fact 2.7. There exists a symmetric monoidal 2-category of Mealy machines in C, whose
underlying symmetric monoidal 1-category is Mealy(C), and such that a 2-morphism

from f: X LA Ytog: X Lyis given by a morphism ¢ : § - T in C, such that the
following diagram commutes:

Sex — 22X s rex
| |
f g
3 1

Sy —22 LTy

Remark 2.8. As explained in [LM25, Subsection 1.2|, this symmetric monoidal 2-
categorical approach can handle maps between systems as well as systems compositions
(sequential and parallel), but only those with identical interfaces.



2.2 Systems as coalgebras

Here, we give a (brief) introduction to the coalgebraic point of view on systems.

Definition 2.9. Let C be a category, and F :C — C an endofunctor.

1. A coalgebra for F' is given by an object X, along with a morphism d: X - FX.

2. A morphism of coalgebras ¢ : (d: X - FX) » (e: Y - FY) is a morphism
@ : X =Y such that the following square commutes:

X — 5y
; !
v 4

Example 2.10. 1. If C is cartesian closed, then for any pair (I,0) of objects in C,
there is a category of Moore machines with interface (I,0), defined as the category
of coalgebras for the endofunctor X — O x X7,

2. If C is cartesian closed, then for any pair (I,0) of objects in C, there is a category
of Mealy machines with interface (I,0), defined as the category of coalgebras for
the endofunctor X ~ (O x X)”.

3  Preliminaries

3.1 Markov categories

Markov categories are used in synthetic probability theory, where the aim is to give ab-
stract algebraic axioms for the behavior of (generalized) Markov kernels. For more back-
ground, we refer the reader to [Fri20], which develops the theory substantially.

Definition 3.1. [See [Fri20], Definition 2.1]

e A Markov category is a symmetric monoidal category whose unit [ is a terminal
object, and such that each object X is equipped with a commutative comonoid
structure (copyx : X - X® X, del, : X - I), in a way that is uniform with respect
to the monoidal structure.

Note that, since the monoidal unit [ is terminal, there are maps X®Y - X @I ~ X
and X ®Y - Y for all X,Y e€C. We think of these as projections, or marginalizing
maps.

e The Markov category C has conditionals if, for all morphisms ¢ : A - X @Y, there
exists a morphism ¢|X : A® X - Y such that ¢ equals the following composite:



Remark 3.2. From now on, to simplify notations, we shall assume that the Markov
categories we consider are strict, i.e. tensor product is strictly unital and strictly asso-
ciative. Since any Markov category is comonoid equivalent to a strict Markov category
(see [Fri20, Theorem 10.17]), this restriction is not essential.

Let us fix a Markov category C.

Definition 3.3. Let p: I - X ® Y ® Z be a morphism in C. We say that it displays
conditional independence of X and Z over Y if there exist morphisms f:Y — X and
g:Y — Z such that p = (p;my; copyy; Y ® copyy; f®Y ® g).

XY Z XY Z

Fact 3.4 (See Definition 12.8 and Proposition 12.9 in [Fri20]). If C has conditionals,
given morphisms f: A - X ®Y and g : A - Y ® Z which have the same marginal
h:A—Y, there exists a unique morphism f®y g: A > X QY ® Z, called the conditional
product of f and g over Y, with the following properties:

e The marginals of f®y gon X ® Y and Y ® Z are f and g respectively.

e The morphism f®y g displays conditional independence over Y of its marginals on
X and Z.

This conditional product can be defined as follows:




One can check that this does not depend on the choice of f|Y and g|Y, only on f

and g.

Definition 3.5. In the Markov category C, a morphism is called deterministic if it
commutes with the copy maps.

Example 3.6. 1. Any cartesian category can be viewed as a Markov category where

all morphisms are deterministic.
2. The Kleisli category of any symmetric affine monoidal monad on a Markov category,
is again a Markov category [Fri20, Corollary 3.2].

For instance, the following affine monoidal monads yield Markov categories:

e The monad P of nonempty subsets, on Set.

e The Giry monad G on measurable spaces. See for instance [Gir82, Section 4].

The Markov category associated to the Giry monad is usually denoted Stoch. Ob-
jects are measurable spaces, and morphisms are measurable kernels, for suitable
o-algebras.

3. The full subcategory FinStoch € Stoch, whose objects are finite discrete measur-
able spaces.

4. The full subcategory BorelStoch ¢ Stoch, whose objects are standard Borel spaces,
i.e. measurable spaces that are either discrete finite, discrete countable, or isomor-
phic to R, is canonically a Markov category.

The Markov categories K1(P), FinStoch, BorelStoch have conditionals. For BorelStoch,

see [Fad85, Theorem 5.

Fact 3.7 (|Fri20], Remark 10.13). The wide subcategory Cget € C, of deterministic mor-
phisms in C, is a cartesian category that contains all structure maps.

Given an ambient Markov category C, morphisms in C will sometimes be called

Markov morphisms, and morphisms in Cg4e; will be referred to as deterministic morphisms.

Notation 3.8. Given objects X, Y, Z in C and a morphism p: I - X ® Y ® Z, and
assuming the context is clear, we let x, y, z denote the generalized elements I - X,
I-Yand I - Z.

Then, we write a:ng, or xlyz if p is clear from the context, if the distribution p :

I - X ®Y ® Z displays conditional independence of X and Z over Y. We extend the
notations z 15z and x1,z to the case where p: I > X ®Y ® Z® T, for any object T € C.

Let us now extend the notations even further: if we are also given deterministic maps

[ X®Y®Z->Uorg: X®YQ®Z >V, orh: X®Y®Z - W, we may write conditional
independence relations such as uig’f Shy or (abusing notations) ulbw, or even ul,w,
to express conditional independence for the distribution (p;copyxeyez;(X ®Y ® Z ®
copyxevez); (f®g®h)): 1 >U®V ®W. We might also write expressions such as
U, TL,W, Z, OF UTLyywz, etc., with the natural interpretation.

10



3.2 Conventions

When denoting objects in Symmetric Monoidal Categories, we may write expressions such
as AB, or A B instead of A® B, in order to save space. We may also write expressions
such as AB®CD, or AB CD, for emphasis. Regarding morphisms compositions, we use
the following rules:

1. The expression f;g denotes go f.
2. The expression f ® g;h ® k denotes (f ® g); (h® k).

3. (For Markov categories) We may write o : ABCD - ACBD, instead of A® opc®
D.

4. (For Markov categories) Similarly, we may use copyp : ABC - ABBC as shorthand
for A® copyp ® C.
3.3 Triple categories
3.3.1 Strict double and triple categories

Let us first recall what we mean by "strict double categories". The reader may also refer
to e.g. [DP93, Introduction].

Definition 3.9. A strict double category is given by:

e A collection of objects.

e A pair of categories on this collection of objects, which we may call the z- and y-
categories.

e For each suitable pair of pairs of morphisms (arranged as the boundary of a square),
a collection of squares, with (strictly) associative and unital z- and y- composition
operations on adjacent squares. We require xy interchange equalities, for all suit-
able quadruples of squares. Squares shall also be called xy-morphisms.

Equivalently, a small strict double category is a category strictly internal to the
category of small categories.

Definition 3.10. A strict double functor, or morphism of (small) strict double categories,
is a functor internal to the category of (small) categories. It preserves identities and
composition strictly, in both directions.

Let us now give definitions for strict triple categories. These were introduced by
Ehresmann [Ehr63].

Definition 3.11. A strict triple category is given by:

e A collection of objects.

11



e A triple of categories on this collection of objects, which we call the z, y, and z
category respectively.

e A triple of strict double categories, suggestively named the zy, yz, and xz cat-
egories, whose underlying 1-dimensional categories are the x, y, z categories, as
appropriate. For instance, the underlying 1-categories of the xy category are the x
category and the y category.

e For each suitable sextuple of squares (arranged as the boundary of a cube), a
collection of cubes, with associative and unital x-, y-, and z- composition operations
on adjacent cubes. We require xy-, yz-, and zz- interchange equalities, for all
suitable quadruples of cubes. Cubes shall also be called xyz-morphisms.

In other words, a (small) strict triple category is a strict category internal to the
category of (small) strict double categories and double functors.

Definition 3.12. A strict triple functor between triple categories maps objects to ob-
jects, and *-morphisms to *-morphisms, for * € {x,y, z, vy, yz, xz, xyz}, sending identities
to identities, and being strictly compatible with all compositions.

Definition 3.13. Let C, D be strict triple categories. We define the triple category
[C,D] of strict triple functors, and -, y-, z-, xy-, yz-, xz-, xyz-natural transformations
as follows:

e Let F,G:C — D be triple functors. An z-natural transformation «: F' - G

1. maps objects ¢ of C to z-morphisms a(c) : F'(c) - G(c), naturally in the
direction.

2. maps y morphisms, resp. 2z morphisms, of C to xy morphisms, resp. xz
morphisms, of D, with prescribed boundaries, functorially in the y direction,
resp. in the z direction, with the usual naturality condition for xy-squares of
C, resp. xz-squares of C.

3. maps yz squares s of C to zyz cubes a(s) in D, having prescribed boundaries,
double functorially in the yz square s, and with a naturality condition for xyz
cubes of C.

We define y natural transformations and z natural transformations in a similar
way.

o Let F1,Gq, Fy,Go : C - D be triple functors, let «; : F; - G; be z-natural transfor-
mations, ¢ = 1,2, and let 81 : F1 - I3, 85 : G1 = G5 be y-natural transformations.
An xy natural transformation v with boundary

Fy i> Gy
lﬁl ng is defined by the following data:

Fy, 225 Gy
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1. It maps objects of C to xy squares in D with suitable boundaries, satisfying
naturality conditions for £ morphisms and y morphisms in C similar to those
for modifications.

2. It maps z morphisms of C to xzyz cubes in D with the required boundaries,
functorially in the z direction.

e Given eight triple functors, four xz-natural transformations, four y-natural trans-
formations, four z-natural transformations, two xy-natural transformations, two
xz-natural transformations, and two yz-natural transformations, arranged as the
boundary of a cube, an zyz natural transformation with this boundary maps ob-
jects of C to zyz morphisms in D with suitable boundary, satisfying naturality
conditions with respect to z-morphisms, y-morphisms and z-morphisms of C.

Definition 3.14. Let C be a 1-category. For * € {x,y, 2}, we let *(C) denote the triple
category concentrated in the *-direction, with only trivial squares and cubes, built from
C. Similarly, any strict double category can be viewed as a strict triple category, in (at
least) three different ways.

Conversely, if C is a strict triple category, we let C, denote the 1-category whose
morphisms are z-morphisms in C. Similarly, C,, denotes the double category obtained
by forgetting the zz, yz and zyz morphisms in C. We also let C*(a,b), or Homg(a,b),
denote the collection of *-morphisms from a to b, for * € {z,y, z}, if a and b are objects
of C.

3.3.2 Analogues without identities

Now, let us give slightly more general definitions, relaxing some conditions. Recall that
a semicategory is defined similarly to a category, except that identities are not assumed
to exist.

Definition 3.15. An z-semi double category is given by:

e A collection of objects.

e A pair of semi-categories on this collection of objects, which we may call the x-
and y- semicategories, such that the y-semicategory is a category.

e For each suitable pair of pairs of morphisms (arranged as the boundary of a square),
a collection of squares, with (strictly) associative z- and y- composition operations
on adjacent squares. We require that all z-morphisms have corresponding identity
squares for y-composition. We also require xy interchange equalities, for all suitable
quadruples of squares. Squares shall also be called xy-morphisms.

In other words, a (small) strict z-semi double category is a category strictly internal
to the complete category SemiCat of (small) semicategories. Such a structure corresponds
to the following data:
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e Objects Cy and C; in SC, corresponding to the semicategory of objects and z-
morphisms, and the semicategory of y-morphisms and zy-squares, respectively.

e Semifunctors dom and cod, from C; to Cp, mapping y-morphisms to their source,
resp. target, and mapping xy-squares, viewed here as morphisms between y-
morphisms, to their source, resp. target.

e A semifunctor 1:Cy — C; that maps each object to its identity y-morphism, and
each z-morphism to its identity zy-square.

e A composition semifunctor F : Cy x¢, C1 — Ci, acting on the objects of C; as
y-composition of y-morphisms, and on the morphisms of C; as y-composition of
xry-squares. Semifunctoriality corresponds to xy-interchange.

The conditions are strict associativity of F', the fact that the semifunctor 1:Cy — C;
is a section of dom and cod, and unitality of it with respect to F'.

Definition 3.16. A morphism of z-semi double categories, or z-semi double functor, or
semi double functor when the context is clear, is a semi double functor which is unital in
the y direction, i.e. an internal functor in the category SemiCat of (small) semicategories.

Now, let us do the same for triple categories:

Definition 3.17. A (small) strict z-semi triple category is a category strictly internal to
the (complete) category of (small) z-semi double categories and z-semi double functors.

Such a structure corresponds to the following data:

e Objects Cy and C; in SC, corresponding to the x-semi double category of objects,
z-morphisms, y-morphisms and zy-squares, and the x-semi double category of z-
morphisms, zz-squares, yz-squares, and xyz cubes, respectively.

o Semi double functors dom and cod, from C; to Cy, mapping z-morphisms, xz-
morphisms, yz-morphisms and zyz-morphissms to their source, resp. target, in the
z direction.

o A semi double functor 1:Cy — Cy that maps each object to its identity z-morphism,
each z-morphism to its identity xz-square, each y-morphism to its identity yz-
square, and each zy-square to its identity xyz-cube.

e A composition semi double functor F : Cy x¢, C; = Cy, corresponding to compo-
sitions in the z direction. Semi double functoriality corresponds to zz- and yz-
interchange for squares and cubes.

The conditions are, as before, strict associativity of F', the fact that the semi double
functor 1:Cy — C; is a section of dom and cod, and unitality of it with respect to F.

Definition 3.18. A strict x-semi triple functor is a functor internal to the category of
(small) z-semi double categories and z-semi double functors.
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We can then consider natural transformations between such semi triple functors.

Fact 3.19. Given z-semi triple categories C and ID, there exists an z-semi triple category
[C,D] whose objects are x-semi triple functors, and whose morphisms of dimension 1, 2
and 3 are natural transformations, in a sense similar to Definition 3.13 (more precisely,
to the complete Definition B.1), mutatis mutandis.

This construction is functorial, in the sense that it defines a functor [-,-] : TPxT — T,
where T' denotes the complete 1-category of (small) xz-semi triple categories and z-semi
triple functors.

4 Theories of nondeterministic systems
4.1 Modules of systems
The following Definition was taken from [LM25, Explication 4.8|.

Definition 4.1. A module of systems S:e + I consists of:

e A symmetric monoidal double category of interfaces, interface maps, and interac-
tions I.

e A symmetric monoidal category of systems Car(S).

e A symmetric monoidal functor assigning systems to their interface, Car(S) —
Tight(I).

e An action of interactions on systems Loose(II) ~ Car(S) that respects the interface.

Remark 4.2. With our conventions and terminology, the "loose" morphisms are in the
y direction, and the "tight" ones are in the x direction.

Remark 4.3. The intuition behind Definition 4.1 is the following:

e The symmetric monoidal double category I contains:

— Interfaces as objects.

Interface maps/representations between interfaces, as y-morphisms/loose mor-
phisms.

— Interactions/channels between interfaces, as x-morphisms/tight morphisms.
— Representations between channels/interaction maps, as squares.

e The symmetric monoidal category Car(S) contains:

— Systems as objects.

— System maps/representations between systems, as morphisms.
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e For each system, its interface is defined as its image under the functor Car(S) —
Tight(I).

e The composite of a system with an interaction/channel, is again a system.

e The symmetric monoidal structures correspond to "parallel product" operations,
either on systems, interactions, or maps between those.

Example 4.4. Let 2 denote the 1-category with objects 0 and 1, and a single noninden-
tity arrow 0 - 1. Let y(2) denote the double category built from 2, with 2 objects as
well, concentrated in the y-direction, with only identity squares.

Let D be a double category, and H : D — y(2) be a double functor. Assume that:

e The double category I:= H71(1) is equipped with a symmetric monoidal structure.

e The category H'(0 - 1), whose objects are arrows above 0 — 1, and whose
morphisms are squares in D, is equipped with a symmetric monoidal structure,
such that cod : H1(0 - 1) - H™'(1), = Loose(I) is a strict symmetric monoidal
functor.

Then, the data Car(S) := H'(0 - 1), cod : Car(S) — Tight(I), and the action
Loose(I) ~ Car(S) defined by composition in D, yields a module of systems.

In our context, the constructions do not yield such objects, we only get semicategories,
etc. So, let us extend the framework slightly:

Definition 4.5. A semimodule of systems S:e + I consists of:

e A symmetric monoidal z-semi double category of interfaces, interface maps, and
interactions I.

e A symmetric monoidal semicategory of systems Car(S).

e A symmetric monoidal semifunctor assigning systems to their interface, Car(S) —
Tight(I).

e An action of interactions on systems Loose(I) ~ Car(S) that respects the interface.

4.2 The triple category Arena}°or

Let C be a Markov category with conditionals. We wish to construct an x-semi triple

category Arenag/loore, where:

e The objects are interfaces, i.e. pairs of objects of C.
e The x morphisms are nondeterministic copy-composition charts.

e The y morphisms are deterministic lenses.
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e The z morphisms are pairs of deterministic maps.

This one is intended as an intermediate step. Later on, given a notion of time given by
a graph G, we shall build an z-semi double category ArenaSys}\;/Ioore(g), which will be
our candidate for a “theory of G-time nondeterministic systems”.

Theorem 4.6. There exists a symmetric monoidal x-semi triple category Arenag/loore
with the following properties:

~

. Objects are pairs (Z), where a and ¢ are objects of C.

a5 (92 s given by an object Y2\ nd a pair of Markov
4] C2 C12

morphisms g:c1 — c12 ® c2, g¥ 1 c1 ® a; — c12 ® 2 ® ajz ® ag such that g'; Teio®cs =
Te.5 9. The x-morphisms compose using copy-composition.

\S

. An x-morphism (

ay
C1

o

The y-morphisms are deterministic lenses ( ) s (22), i.e. pairs of deterministic
2

maps f:c1 - co, flici ®as — ay.

:R

. a a . . .
The z-morphisms (cl) = (02)’ are pairs of deterministic morphisms f:c1 — ca,
1 2
g:ay —>ao, inC

5. The xy-morphisms with boundary as below

(a
(fi3.f13) T(f24,f24)

() = ()

are given by y-morphisms (f1234,ff234) : 1o ) ), along with Markov

12,¢12,f12,f14)

a2

TIT

470347f347f

maps s :c1 ®az — 12 Q ¢y ® azq @ ay such that the followmg equations hold:

(a) fi2;(f1234 ® foa) = f13; f34
(b) (8;Ters0co@az1@a0; [1234 ® foa ® as) = (Tey0as; f13 ® as; f2y)

(¢) (copyey: o fls; f19) = (85 COPYers@es: flaga ® fhy)
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Composition in the x-direction is copy-composition in C. Composition in the y-
direction uses conditionals products in C.

6. The yz-morphisms with boundary as below

(f12,912)
ai ( a9
(fL“wf%g)l l (f247f£4)
as \(F34:93) (a4
are given by the equation fis; fsa = fio; foa. Compositions are just concatenations

of commuting squares in Cget.

7. The xz-morphisms with boundary as below

b

a (a12,c12,f12,f15) as

ca] — \e
(f13,g13)l l l (f24,924)

(ag) (a4)
C 7 C
3 (a3a,c34,f34,15,) 4

are given by pairs of deterministic maps f1234 : €12 = €34, G1234 © G129 — a34 Such that
the following equations hold:

(a) (fi2; f1234 ® foa) = f13; f3a
(b) (f19; f1234 ® foa ® g1234 ® g2a) = (f13 ® 913); fay

8. There is exactly one xyz-morphism, i.e. cube, for each boundary.

Proof notes. The most technical points lie in defining y-composition of xy-squares, prov-
ing that it is associative, and showing that xy-interchange holds for xy-squares. See
Construction C.1. O

Now, we wish to extend Arenayoore by adding systems, and morphisms of systems,
as new kinds of morphisms, with the following requirements: in the y direction, a system
can only be composed with a y-morphism in Arena(l\j/loore, and, in the  and z directions,
morphisms of systems can only be composed with other morphisms of systems.

Let 2 denote the category with objects 0,1, and only one non-identity arrow 0 — 1.
Recall that y(2) is the triple category constructed from the category 2, concentrated in

the y-direction.
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Theorem 4.7. There exists an x-semi triple category ArenaSysg/Ioore and an (r-semi)

triple functor F : ArenaSysy°™ — y(2) such that the fiber F~1(1) is isomorphic to

Arenagloore. It has the following properties:

1. Objects in F~Y(0) are deterministic morphisms r: 8 — S, also denoted (g)

2. The x-morphisms in F~1(0) are morphisms in the category of arrows of C.
3. The z-morphisms in F~1(0) are morphisms in the category of arrows of Cge;.

4. The y-morphisms in the fiber F71(0 — 1) are nondeterministic lenses (f, f!) :

S C1
S is equal to the projection mg.

g o~
(S s (al) with deterministic output map, such that the composite S ® aq EiR S5

5. The yz-squares from z-morphisms in F~1(0) to z-morphisms in F~1(1):

§1 (f12,912) §2
(sl) — |5,
(fl&f{'g)lT l (foa,f84)
(f34,934)
as a4
(o)==

are given by the equality fis; fsa = fi2; foa, 1.e. commutativity of certain squares in
Caet- Compositions are given by concatenations of commuting squares.

6. The xz-semi double category of the fiber F~1(0) ¢ ArenaSysg/Ioore 15 thin, with
squares given by compatibility conditions.

7. The xy-squares with boundary as below
§1 (f12,fhs) §2
(o) =&
(f13,f13) T l (f24.18,)
é% ,c34,f34, 3&)4
(Cg Cy

are Markov morphisms s : ¢1 ® a3 = S ® ¢34 ® azq ® aq such that the following
equations hold:

(a) fi2; foa = f13; f345Tey
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(b) (37 T So®c34®a34®a4 3 f24 ®c34 @ a34® CL4) = (7T51®a3; f13 ® as; f§4)

(c) (copye,; o fls; fly) = (53 Tss@a45 £54)

Compositions of xy-squares in ArenaSysg/Ioore are defined with similar ideas to
those used for Arena}}/loore, i.e. x-composition uses copy-composition in C, and

y-composition relies on conditional products.
8. There is exactly one cube for each boundary.

Moreover, consider the x-semi double category D = F~1(0 — 1), whose objects are y-
morphisms over the arrow 0 — 1, whose x, resp. z, morphisms are xy, resp. xz, squares

m ArenaSyslc\,/Ioore, and whose xz-morphisms are xyz-cubes in ArenaSysg/Ioore. Then,
there exists a symmetric monoidal structure on this x-semi double category D, such that

the codomain x-semi double functor cod: D — ArenaSysglggre is symmetric monoidal.

Proof notes. As above, the most technical points lie in defining y-composition of xy-
squares, proving associativity, and interchange. See Construction C.12. 0

4.3 Dealing with trajectories: the systems theory TMe°re(C G)

Our goal is to define, for each Directed Acyclic Graph G (representing a notion of time)
and each Markov category with conditionals C, a systems theory T™M°°™(C,G), using the
triple categories ArenaSysg/Ioore 2 Arena%}/[oore.

Notation 4.8. Let G be a directed acyclic graph. Abusing notations slightly, the free
category generated by the graph G shall be denoted by G as well. Also, consider the
graph Ar(G) whose vertices are edges in G, where there is exactly one edge from a S

to b’ < c if b =b', and no edge otherwise. As above, the graph and the free category
it generates will be denoted Ar(G). Note that there are functors dom,cod : Ar(G) - G
mapping an edge in G to its source, resp. target, and sending an edge (a — b) = (b - ¢)
in Ar(G) to the edge a — b, resp. b — c¢. Taking duals of graphs, we also have a functor
cod : Ar(G°?) - G°, mapping an edge of G to its target i.e. to the source of the
corresponding edge in G, and sending an edge (¢ ~ b) = (b ~ a) in Ar(G°), where
a - b and b — c are edges in G, to the edge b ~ a in G°?. Similarly, we have a functor
dom : Ar(G°?) - G°P.

For instance, we are interested in the example where the vertices of G are natural
numbers, and there is one edge n - n + 1 for all n.

Recall that 2 denotes the category with two objects 0,1 and one nonidentity arrow
0 — 1, and that, any category A induces a triple category z(.A) concentrated in the z
direction.

Theorem 4.9. For each directed (acyclic) graph G and each Markov category with con-
ditionals C, there exists a semimodule of systems® TM'(C,G) containing at least the
systems and trajectories described in Subsection 1.3.

5See Definition 4.5.

20



Let us now prove Theorem 4.9, by constructing the systems theory T™M°°™(C,G).
The idea is to construct the x-semi double category ArenaSysg/Ioore(g ) as a sub-double
category of the z-semi double category [2(Ar(G)); ArenaSys3°],, of z-semi triple
functors, z-natural transformations, y-natural transformations, and xy-natural transfor-

mations. The details can be found in Appendix C.1 and C.2.

Construction 4.10. We construct an xz-semi double category ArenaSysg/Ioore(g ) with
an z-semi double functor H : ArenaSys¥°(G) — y(2), as follows:

1. The objects in H_l(O) are functors S : G — Cyer. Note that any such S induces a
triple functor z(Ar(G°?)) - F~1(0) c ArenaSysgbore, mapping an edge a — b in

G to the object (g((b;) with structure map S(e°): S(b) - S(a), and mapping an
a

arrow (b= ¢) = (a = b) in Ar(GP) to the z-morphism in ArenaSysyoo given

by the deterministic maps S(e?), S(e’””). We shall use the same notations for the

functors G% — Cyer and for the triple functors 2(Ar(G%)) — Arenad°re.

2. The objects in H71(1) are pairs of functors (a,c), where a,c: G — Cyqe;. They
induce z-semi triple functors z(Ar(G)) — Arenad°°™ via pulling back along the
triple functors z(cod), z(dom) : z(Ar(G)) — 2(G°?). More explicitly, the z-semi

z(aodom)

triple functor induced by a given (a, ¢) is z(co cod)

): each arrow w ~ v in G? is
a(w
c(v)

mapped to the z morphism (

) € Arenad°®™, and each arrow (w ~ v) = (v ~ u) in Ar(G) is

a(w) a(v)
(v) ) - (c<u>
the functors a and ¢ to the arrows w ~ v and v ~ wu respectively. We shall use
the same notations for the pairs of functors G’ — Cye; and for the triple functors
2(Ar(G°)) - Arena}'°°™ that they induce.

mapped to (

) in Arenagloore obtained by applying

3. Horizontal morphisms S; — S, or z-morphisms, in the fiber H71(0), are natu-
ral transformations S; = S9 between functors from G°? to C. These induce z-
natural transformations between the z-semi triple functors Sy, Ss : 2(Ar(G?)) —

Moore

ArenaSys; .

4. In the fiber H~!(1), horizontal morphisms, or z-morphisms (Zl) - (32), are
1 2

. : a . . .
given by objects (012)’ along with pairs of natural transformations a; = a2 ® as,
12

c1 = c12 ® ¢9, between functors G? — C. They induce r-natural transformations

between z-semi triple functors z(Ar(G%)) - Arenay°°™.

5. Vertical morphisms, or y-morphisms, are y-natural transformations. Let us be
more explicit. In the fiber H71(0), there are only identity y-morphisms. In the
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fiber H~1(1), a y-morphism (al) s (GZ) is a y-natural transformation between

C1 (&)
z-semi triple functors z(Ar(G%)) - ArenaSysy°°™®, whose bottom part is in-

duced by a natural transformation cg = c1 in [G?; Cger]. In other words, the set
Y al . as .
HomAremsysg/[oorc(g)((cl)a (02)) is equal to

Y ar|. (a2 .
Hom[z(Ar(gop));Arenagloom] ((Cl )’ (C2 )) XHom[Ar(QOP);Cdet] (c15e2) Hom[gop§0det] (Cl7 02)'

a

Finally, in the fiber H~1(0 - 1), a y-morphism S s ( ) is given by a y-natural

c1
ai
€1
and a natural transformation f: S = ¢; in [G; Cget], such that the bottom part

Moore

transformation S — ( ) between z-semi triple functors z(Ar(G?)) - ArenaSys;

of the y-natural transformation S > CCLI is induced by f. In other words, the set
1

Y g9y s
Hom® Sysieore( g)(S ; (61)) is equal to the fiber product

Y 3. [@ _ . g.
Hom[z(Ar(g"p));ArenaSys(l\:/Ioore](S’ (Cl )) XHom[Ar(gom;cdet](S;a) Hom[g p§cdet](S’ Cl)'

Composition is defined as composition of y-natural transformations.

6. Squares are zy-natural transformations in [2(Ar(G)), ArenaSysy°°™]. The only

ry-squares in H~1(0) are identity squares of z-morphisms. Horizontal composition
of squares is given by z-composition of xy-natural transformations, i.e. pointwise z-
composition of xy-squares, and of zyz-cubes, in ArenaS ysg/k’ore. Similarly, vertical
composition of squares is given by y-composition of zy-natural transformations, i.e.

pointwise y-composition of xy-squares, and of zyz-cubes, in ArenaSysg/Ioore.

Definition 4.11. The systems theory T7M°°(C, G) is defined as (ArenaSysy°°(G), H),
where H : ArenaSysy°(G) — y(2) is the ()z-semi) double functor defined in Construc-
tion 4.10.

Remark 4.12. 1. One key difference with the theories defined in [Mye23, Section 3.5]
is that squares/morphisms of systems contain data, namely joint distributions, as
opposed to only witnessing compatibility conditions between data in their bound-
aries. While we feel this is justified by the context and the end result, this change
leads to more technical computations, such as managing interchange of squares.

2. One can check that the resulting double category is not spanlike (see [Mye23,
Definition 5.3.1.5]) in the examples of interest.

3. We only get z-semi double categories, due to the absence of strict identities for
copy-composition.
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5 Discussion

1. Our construction implements almost all the constraints described in Subsection 1.3.
The only missing point is naturality in n of the maps s": * > S(n) ® I(n+1), i.e.
compatibility with time-restriction. We conjecture that this condition can be im-
plemented a posteriori using a more restrictive notion for cubes in ArenaSysg/Ioore;
finding suitable hypotheses, or sufficient conditions to ensure such compatibility,
for instance a version of the Markov property, remains future work. Note that the
issue here is that the theory allows too many trajectories and behaviors to be de-
fined; it seems likely that the objects actually considered in practice always satisfy

the naturality conditions.

2. The use of conditional products for vertical composition of squares implements a
modelling hypothesis: Consider the case where G = N, with edges n - n + 1, and

S 1 C 1 I .
a system (S) s (011), a (deterministic) lens (011) s (022), a trajectory of the
system, and compatible charts for the wiring of interfaces, i.e. nondeterministic
tuples/generalized elements as below, for all n:

e (s(n),iz(n+1))eSn)e®L(n+1)

e (01(n),i1(n+1))eO1(n)® (n+1)
e (02(n),ig(n+1)) € Oz(n)® Ir(n+1)
e (01(n),iag(n+1))eO1(n)® Ir(n+1)

These are assumed to be compatible with the lens (IIO(T(;; )) s (120(2(;)1 )), and

with the system.

Then, the trajectory of the composite system (g) s (é2 ) is defined so that, for all
2

n, the states s(n) € S(n) is independent from the nondeterministic inputs ia(n+1) €
Is(n + 1) conditional on the tuple (01(n),i1(n+1)) € O1(n) ® I1(n+1). In other
words, it is assumed that, in this context, the only mutual information between
s(n) and ig(n + 1) lies in (01(n),i1(n+1)). This modelling assumption enables us
to create joint distributions for composite trajectories, in a doubly functorial way,
since we get a double category in the end. We believe this assumption is realistic.

As explained in the previous point, at this level of generality, the construction
does not guarantee coherence in time/compatibility with restrictions of the joint
distributions on S(n)®Iy(n+1), even assuming coherence for the joint distributions
on S(n) ® I1(n +1) and O;j(n)otimesla(n + 1). One can actually find simple
counterexamples, for instance if some, but not all, of the I;(n + 1) and O1(n) are
terminal objects and S, Is are constant functors.

3. Using parametric deterministic lenses enables us to represent nondeterministic
channels, by explicitly naming the sources of nondeterminism for the update maps.
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One might want to allow channels to be represented as nondeterministic Markov
morphisms, just like systems are; there are technical issues to deal with, because
one then has to find a way of managing all the implicit correlations/joint distribu-
tions at play. In fact, naively extending our definitions to allow nondeterministic
lenses breaks both associativity of y-composition for xy-squares and xy-interchange.

4. Using Directed Acyclic graphs allows us to move beyond discrete-time: for in-
stance, using the poset of nonnegative real numbers, one can represent some notion
of continuous-time behaviors. A key observation is that topological spaces of con-
tinuous or smooth paths into well-behaved spaces actually yield standard Borel
spaces. See Appendix E.

5. The constructions are functorial in the graph G, and also in the Markov cate-
gory with conditionals C; regarding the latter point, morphisms between Markov
categories with conditionals are (strict) monoidal functors that preserve copying,
discarding, and conditional products. This functoriality could be used to represent
discretization (of time) and coarsening (of the notion of nondeterminism), respec-
tively. We leave the exposition of these facts to future work.

6 Summary and outlook

From a Markov category with conditionals C, we constructed z-semi triple categories
Arenag/loore and ArenaSysg/Ioore, whose objects are interfaces, resp. interfaces and state-
objects of systems (see Theorems 4.6 and 4.7). In these constructions, the z direction is
used to deal with (deterministic) time-restriction maps, and y-composition of zy-squares
uses conditional products to create joint distributions. From these x-semi triple cate-
gories, we then built double systems theories TM°'(C, G), i.e. semimodules of systems,
for each Directed Acyclic Graph G, where G is meant to represent a notion of time
(Theorem 4.9). While there are still a few technical questions to answer, building the
(x-semi) triple categories Arena%oore c ArenaSysg/Ioore, or variants thereof, looks like an
important step.

Several research directions seem to emerge from our work.

1. Finding sufficient conditions to ensure time-coherence of composite trajectories,
and hypotheses/constraints that are natural, from the point of view of modelling,
on trajectories of systems or on cubes in ArermSys}}doore7 would help narrow down

the class of objects and refine the construction.

Another possibility is the existence of a deeper interpretation of some time-incoherence
phenomena, possibly having to do with statistical inference, approximation proce-
dures given finite-dimensional data, etc.

2. Along the same lines, one can wish to define/construct joint trajectories of subsys-
tems of a system, given trajectories of each subsystem with compatible behaviors
at the interface, using conditional products again. Studying the properties of this
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operation using the language of double categorical systems theory seems relevant
to the theory of compositional modelling®.

3. Finding a higher-level /more abstract description of the constructions could help
internalize them, or adapt them more efficiently to other contexts, e.g. enriched
ones.

4. The theory built here is directed. One could look for undirected variants, for
instance comparing this work with the treatment of Bayes nets and open factor
graphs in [Smi24].

5. Developing a dependent version of our theory, where the inputs depend on the
output of the system, would be interesting.

6. Here, we used Markov categories with conditionals to model uncertainty. One might
want to also allow exact conditioning, for instance in order to represent (evidential)
decision theory problems. One framework for dealing with these questions is partial
Markov categories [DR23|. It would be of interest to see if our constructions can
be adapted to that context, or if the language of categorical systems theory can be
useful for decision theory.

7. In cartesian closed contexts, one might be able to deal with trajectories more
directly, by manipulating nondeterministic infinite sequences. For instance, there is
a strong affine commutative monad on the cartesian closed category of Quasi-Borel
Spaces [Heu+17, Theorem 21 and Proposition 22|, which yields a Markov category
whose deterministic subcategory is cartesian closed. Unfortunately, the Markov
category of Quasi-Borel spaces does not have conditionals; thus adapting our work
to this setting does not seem straightforward.
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A Computations in Markov Categories

The following Lemma will be used for some of our computations.

Lemma A.1. Assume that C has conditionals. Let X, A, B, C be objects, let p: X —
A®B, ¢¥: X - B®C be maps with the same marginal on B. Let f: A® B -~ A® B be a
map such that the equality f = idagp holds @-almost surely, i.e. (p;copysep; [®ARB) =
(v;copyagnp). Then we have (p®pY; fRC) = ®p 1.

Proof. 1t suffices to post compose the equality (;copyaen; f ® A® B) = (¢;copysen)
with the map A® B®dely ® (¢|B;delg) : A B® A® B -~ A® B® (', and use counitality
of del 4 with respect to copy. ]

Remark A.2. There is a symmetric statement: if we are given g: B® C - B ® C such
that idpgc = g holds ¥-almost surely, then we have (¢ ®p¥; A®g) = ®p Y.

We shall apply Lemma A.1 in the following context:
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Lemma A.3. Let X, Y, Z be objects. Let x: X =Y be a morphism, and d:Y — Z be
a deterministic morphism. Let ¢ : X =Y ® Z be the composite x; X ® copyy; X ® Y ® d.
Also, let f:Y ® Z =Y ® Z denote the map delz;copyy;Y ®d.

Then, the equality f =idygz holds p-almost surely.

Proof. The proof uses determinism of d, associativity and commutativity of copy, and
counitality of del:

Y 7Y 7 Y ZY Z

Y ZY Z
= d) (]
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Y ZY

[d (d]

d)
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B Triple categories

If we are working in a (strict) double category, we might let -|- denote composition in one
direction, and —, composition in the other direction. For triple categories, we shall also
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use the notation ;,, to denote xz-composition of z-morphisms, or xy- or xz-squares, or
xyz-cubes. Similarly, let ;,, resp. ;., denote composition in the y-, resp. z-, direction.

Definition B.1. e Let F,G:C — D be triple functors. An z-natural transformation
a: F - G is given by the following data and conditions:

1. Tt maps objects ¢ of C to z-morphisms «a(c) : F'(¢) - G(c), naturally in the x
direction, i.e. a(¢);x G(f) =F(f);za(d) if f:c—d.

2. It maps y morphisms, resp. z morphisms, of C to zy morphisms, resp. zz
morphisms, of D, with prescribed boundaries, functorially in the y direction,
resp. in the z direction, with the usual naturality condition for xy-squares of
C, resp. xz-squares of C.

a(a)

F(a) > G(a)
F(f) a(f) G(f)
F >
()~ C0)
Functoriality in the y direction means a(g) = %, for all y-composable

y-morphisms f, g, where denotes y-composition, along with the equality
a(idy) = idy (g for all objects a.

For each zy-square s in C as below, with the z-morphisms denoted horizon-
tally, and the y-morphisms denoted vertically, we have F'(s)|a(f") = a(f)|G(s),
where | denotes z-composition.

a
‘f
b

—_—

g a/

fl

S
h



F(a) F(g) > F(a') a(a’) > G(a')
F(‘f) F(s) F(f") a(f’) G
Fib) F(h) —— F(lb’) a(b) G(lb’)
F(a) a(a) > G(a) G(9) > G(a')
F(‘f) a(f) G(‘f) G(s) G(f)
Fib) a(b) ; G%b) G(h) G(lb’)

We require similar equalities for xz-squares.

. It maps yz squares s of C to xyz cubes a(s) in D, having prescribed bound-
aries, double functorially in the yz square s, and with a naturality condition
for xyz cubes of C.

° > ®
F(f) =|=a(f):> /G(f)
S Ew alk) = G(k)
° > @
’ S
F(s) G(s)
7 . .
F(h) == a(h)=> G(h) 4
F(g) ——a(g) = G(9)
b >r/

Double functoriality in s means that a(idys) = id, ) if f is a y-morphism or
a z-morphism, that a(s;yt) = a(s);y a(t) if s and ¢ are y-composable squares,
and that a(s;,t) = a(s);, a(t) if s and t are z-composable squares in C.

The naturality condition for cubes is the following: if ¢ is a cube in C with yz
faces s and t, then we have a(s);; G(c) = F(¢);z a(t).
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We define y-natural transformations and z-natural transformations in a similar
way.

o Let F1,Gq, Fy,Go : C - D be triple functors, let «; : F; - G; be z-natural transfor-
mations, ¢ = 1,2, and let 8y : F1 - F5, B : G1 — G5 be y-natural transformations.
An xy natural transformation v with boundary

Fy i) Gy
l L l&, is defined by the following data:

Fy 225 G

1. It maps objects ¢ of C to xy squares y(c) in D with suitable boundaries,
satisfying naturality conditions for z morphisms and y morphisms in C similar
to modifications.

Fi(c) ) > G1(c)
Bi(e) ~v(c) ﬂz\([)
FQ(C) az(c) > GQ(C)

The naturality conditions are as follows: if f:¢c — d, resp. g:c — d is an
x-morphism, resp. a y-morphism, then we have v(¢);z B2(f) = B1(f);z v(d),
resp. (c)iy a2(g) = a1(g);yv(d).
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Fl(C)
B1(c)
Fy(c)

F2(9)

~

Fy(d)

Fi(c) ai(e) > G1(c) G1(f) > G1(d)
| | |
Bi(e) v(c) Ba(c) Ba(f) B2 (d)
| | |
Fy(c) as(c) > Ga(c) Ga(f) > Ga(d)
Fi(c) Fi(f) > F1(d) o (d) > G1(d)
| |

Bi(c) B1(f) B1(d) v(d) Ba(d)
| |

F(c) R(f) y Ih(d) as(d) s Ga(d)
ai(e) > Gi(c) Fi(c) ai(e)
v(c) Ba(c) Fi(g) ai(g)
as(c) > G;Ec) = Fl\(,d) ai1(d)
az(g) Ga(9) B1(d) v(d)
az(d) > (?;Ed) J%Jii) o (d)

Gi(c)
G1(9)
G1(d)

B2(d)

~

Ga(d)

2. It maps z morphisms f of C to zyz cubes v(f) in D with the required bound-
aries, functorially in the z direction.
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Fi(c) ai(e) » Gi(c)

S v 7

Fi(f) a1(f) G1(f)

. we & o Ba(c)
Fi(d) 7—a1(d>—> G1(d) /

B1(f) B2(f)

B — a0 —L s ()
B1(d) / / B2(d) /

Fa(f) az(f) G2(f)

L7 7 L

Fy(d) as(d) > Ga(d)

Functoriality means that identity z-morphisms are mapped to identity cubes,
and Y(f;29) =v(f);27(g), for all z-composable z-morphisms f, g.

e Given eight triple functors, four xz-natural transformations, four y-natural trans-
formations, four z-natural transformations, two xy-natural transformations, two
xz-natural transformations, and two yz-natural transformations, arranged as the
boundary of a cube, an xyz natural transformation with this boundary maps ob-
jects of C to xyz morphisms in D with suitable boundary, satisfying naturality
conditions with respect to z-morphisms, y-morphisms and z-morphisms of C.

Let us use the following convention: for triple functors, subscripts denote coordi-
nates on the diagrams, in the xyz order; the vertical direction is the y-direction,
the horizontal one is the z-direction, and the last one is the z-direction, so that our
triple functors might be named Fy1g, Fi11, etc. For 1-dimensional natural transfor-
mations, we use names such as ofj; or of;, where the superscript denotes the kind
of natural transformation, and the subscript denotes the coordinates with respect
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to the other two directions.

Fooo gy > Floo
ago 7% ajg
Foor ag, > Flo1
Yy TY Yy
Qo Yo Q9
/’YgZ/ /V%Z/
agl v W’fy O‘?1!1 v
Foio afy > F110
agy 1 af;
< / / 4 /
Fou afy > Fi11

So, an xyz-natural transformation € with boundary as above maps each object
c € C to an zyz-cube £(c) in D with boundary as below:

FOUO(C) ago(e) > FlOO(C)
ago(e) 77 (c) afo(e)
Foo1(c) gy (e) s Fioi(c)
ago(c) 75" (c) afy(c)

yd

¥*(e)

7

> Fllg(c)

agy (c) 7Y () af(c)
Foio(c) afo(e)
pd y pd
agy(c) ¥i#(e) af; (e
FOll(C) af (¢ > F111(C)

The naturality condition is as follows: if f:c—d, resp. g:c—d, resp. h:c—d, is
an a-, resp. Y-, resp. z-, morphism in C, then we have e(¢);z 77" (f) =187 (f);z e(d),
resp. £(¢)iy717(9) = 15°(9)3y e(d), resp. £(c)i= 71" (h) = 15" (h)iye(d).
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C Details of the main constructions

C.1 The triple category Arenap'oore

Here, we prove Theorem 4.6, by constructing the z-semi symmetric monoidal triple cat-

egory Arenag/loore.

Construction C.1. Consider the symmetric monoidal z-semi triple category defined as
follows.

1. The objects are pairs (Z), where a and c are objects of C.

. a a .
2. The xz morphisms (cl) = (62), also known as "co-parametric charts" or "copy-
1 2

a12

composition charts", are given by objects , along with pairs of morphisms

fia:1c1 = c12 ® ca, fll’2 1c1 ®ap = C12 ® co ® ajo ® as, such that the following square
commutes:

fl:
c1 ® ay i) c12®Ccy®aia ®as

P,k

12
cp — C12® Co

Composition is defined using copy-composition in C, i.e. composition of co-parametric

. . . . a
maps: using the same notations as above, the composite of z-morphisms (cl) =
1

(a2) and (aQ) =3 (a?’) is given by the object (a12 ®a2® a23)7 along with the mor-
C2 Co C3 C12 ® C2 ® C23

phisms c1 —> C12® 2 ® o3 ® C3 and 1 ® a1 — C12®Co®Co3®C3®a12®as®ans®asg
in C obtained by copy-composition:

it 03COPYenagi0 (c12¢2a12028 f4,);0
c1a1 —2% C1202a12a2 — C12C2A12a2 C2dy ——————F C12C2C23C3012a2023a3

fi2 COPYcy (c12¢2® fa3) N
Cl ——— C12Cg —— (12C2 C2 > C12C2€23C3

Let us show that this composition is well-defined, i.e. the required square com-
mutes:
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2y 05C0PYeqan ;0 (1202012028 f4,);0
ciay —) C120201202 — €12€241202 C202 3 C12€2€23€3G12G202303

T dela12a2 dela12a2®dela2 ™
\l/ fi2 \l/ COPYesy \L (c12¢2® fa3) N \L
C1 — C12Cg — C12C2 C2 7 C12C2C23C3

The leftmost and rightmost outer squares in the diagram above commute thanks to
(f12, f}5) and (fo3, fa3) being z-morphisms. The center square commutes thanks
to the properties of the maps o, del, and copy, coming from the Markov category
axioms.

Associativity follows from associativity of copying, along with functoriality of the
tensor product. However, there are no identity z-morphisms in general, because of
the copying; that is why we shall get an z-semi triple category.

The motivation for using copy-composition, and for such a definition for x-morphisms
in the first place, is the need for xy-interchange; hopefully, the proof of Proposition
C.8 will make it clearer.

3. The y morphisms are deterministic lenses ((zl) s (22)), i.e. they are given by
1 2
pairs of deterministic maps, i.e. morphisms in Cge: f:c1 — c2, fl:c; ® ay — ay.

.. . .. . . . aq
Composition is composition of lenses in the cartesian category Cger: given ( c =
1

(ag)) and ((QQ) = ( )) the composite ((al) s (a?’)) is given by the maps
C2 C2 C3 C1 C3

c1—>co—>cgand cq®a3 >c1®c1®ag3 >c1 ®cr®ag —> ¢ ®as —> aq.

. a a . L .
4. The z morphisms (cl) = (62), are pairs of deterministic morphisms f : ¢; — co,
1 2
g:a; —ag,in C

5. Consider the boundary of an xy square as in the diagram below:

az
C2
(f137f13)l T(f247f2b4)

(ag) a4)
C C
3 (a34,c34,f34,054) 4
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Then, a square with this boundary is given by a y-morphism ( f1234, ff234) : (le) s
12

a . . . .
(034)’ along with a morphism s : ¢; ® ag = ¢12 ® ¢c2 ® ag4 ® a4 in C, making the
34

following squares commute:

s f12
C1a3 — C12€2G3404 C] —— C12C2
I I I I
f13 f1234® f24 f13 f1234® foa
A fia A ¥ f34 v
€303 — €34C403404 C3 ——7 C34C4
S
c1a3 > C12C203404
| |
Copyclhffg Copy01262§0'§(f¥234®f§4)
+ i +
c1a1 > €12€201202

. Composition of zy squares in the = direction is given by copy-composition in C: let
s and t be two x-composable squares

b b
a (a12,c12,f12,f15) as as (a237623,f23,f2§) as
c1)] — \e

o] — \¢cs
(f1a,f1)) s (f25.f45) (f25,f48) t (f36:f46)

| | | |
el (4 N (e

— —
(ass,ca5,fa5,f55) (as6,¢56,f56,f25)

with s:c1®aq4 = c1o®co®ays; @as and t:co ® as — ca3  ¢3 ® asg  ag. Then, the
x-composite s|t is given by the tensor product of lenses (f1245 ® fo5 ® fass6, ff245 ®

L[ @12 a2 a23 Q45 as as56 . .
[ ® flase) : (012) ® (02) ® (023) s (045) ® (65) ® (056), along with the following

composite Markov map:
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€104
I

S
4
C12C204505
|
0;C0PYcqag ;0
\l/
C12C204505 C205
|
c12c2a45a50t

C12C204505 C23C305606
|

ag
KB
C12C€2€23C30450505606

Claim C.2. This x-composition is well-defined.

Proof. This relies crucially on determinism of the maps fo; and fi.; let us now
draw some commutative diagrams proving just that:

c1a4 s > C12C204505
! |
e
copyey iy o
~ +
cla1 ___ Ci12a45C2a5

flb 0'§COpy012c2§03(012C2®f¥245®f2u5)
12

v

€12€2G1202 COPYeyag ;0

|

C12C204505 C205

|
0;C0PYcyaqy ;0 / c12c2a45a5®t
T5COPYeygeneni0iflaas @ fh5®Fhs -
€12€2a4505 C23C3A5606
|

g
~ \l/
C12€2a12a2 C2a2 C12C€2€23C30450505606

|
COPYergegenses i flaas ®Fh; @ 43560 Fhe
v
c1202a12028 f3330 €12€2€23€30120202303
In the diagram above, the top and bottom pentagons commute by hypothesis on s
and t, and the middle part commutes thanks to the map f§5 being deterministic.

Similarly, in the diagram below, the top and bottom polygons commute thanks to
s and t being squares, and the central part commutes thanks to the map fo5 being
deterministic:
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c1a4 s > C12C204505

I |
fla®aq / i
<+ <+

C404 f1245® fas®aqsas C12a45C205
I |
fis / COPYegag ;0
N\ +
C45C504505 C12€2G4505 C2a5
|
c12c2a45a5t

C12C204505 €23C3A5606

|
03;C0PYcsas  f1245® fa5®a45a5® fas®as i
C12C2C23C30450505606
|
f1245® f25® f2356® f36®aasasas6a6
\1,

~

C45C504505 C505 C45C5C56C604505056 06

Ca5C504505@ g0

Commutativity of the third square (the topright one in the definition of xy-squares,
which doesn’t involve the map s) is proved similarly; we leave this to the reader. [

Associativity of this x-composition for xy-squares follows from associativity of copy-
composition, which is itself a consequence of associativity of copying, along with
functoriality of the tensor product.

777 Recall that z-composition of z-morphisms has no identities; thus, there are no
"z-identity zy-squares" either, but rather 777

As above, the use of copy-composition shall be justified a posteriori, through the
proof of xy-interchange, see Proposition C.8.

. Composition of xy squares in the y direction is more involved. Let s, ¢t be y-
composable squares as below:
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a2

(a12,c12,f12,f35)
il ¢

"

ai
C1

(f13,f13) S (foa,184)

\—/
v

() = )

(Fsafly) ca

ag) (ool g,
c3 _ Cyq

\—/

(f35,f45) t (fa6,1g)

ae

() o

e
v

—
(as6,¢56,f56,06)

: a a L .
The y-morphism 012 s 056 component of % is simply the composite of the
12 56
o . a a a a
(deterministic parametric) lenses [ 2| s [***) and ["**] = [7°°] that are part
C12 C34 C34 C56

of the data of s and t respectively.

Now, let us define the map % 1 cras = €12C2056a6, using conditional products. We
begin with the following

Claim C.3. The diagram below commutes:
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f13®as

|
(copye,;f13)®as lt
-
c1c3as C34C40a5606
|
1
cias C34C405606 @ C34C405606
I
ls 03404(156(16@(0'?]“3!456@]‘}6);0'
N
€12C203404 €34€403404 @ G566
|
(copyeypenic12€2®f1234® f24) ®azaas l’r
«

C12C2 ® €34C403404 T——> (34C403404
Proof notes. This relies on the fact that s and ¢ are squares, with the bottom
z-morphism in s being the same as the top x-morphism in . ]

Then, let « : cias — c1ace ® c34c4a34a4 @ asgag be the morphism defined as the
conditional product, over cgqcqasqaq, of the composites cias = ci1ace ® c34C4a3404
and cyas = c34cqa3404 ® asgag in the diagram above.

Finally, let % : cras = ciacaaseae be defined as the composite a;delcy,ciaz,aq, 1-€-
the marginal of the conditional product above.

Claim C.4. The map «: cras = ¢12C2 ® €34€403404 R as6a¢ 1S equal to the composite
15 (COPYerneys C12C2 ® f1234 ® f214) ® aseag ; C12¢2 ® (COPYegucsassass fi§456f£6)'

Proof. We use Lemma A.1 twice; let us first apply it with X = cias, A = c12¢9,
B = c3qcqasqaq, C' = asgag, with the maps o : X - A@Band ¢ : X - BeC
defined as the composites cias — c19¢o @ c34cqa34a4 and cras — €34€403404 ® G5606
in the diagram of Claim C.3. The map f: A® B - A® B is the composite

delcgycy (copYeygeqif1234® f24)®azaay
C12C2 C34€4A34A4 —> C12€2 Q3404 c12C2 €34c4a34a4. By

Lemma A.3, the map f satisfies the "almost sure equality" hypothesis of Lemma
Al

We then use the symmetric statement of Lemma A.1, with the same setting, except
. . delagyay
that we consider g : BRC' - B®C, defined as the composite c3qcqa34aq asga6 ———
COPYczycqagpag 0;034C4®f§456®f26®a56a6
C34C4 A5606 — > €34C4 5606 C34C4 A5606 €34€403404 A5606-

We conclude by sliding/functoriality of the tensor product. O

Claim C.5. The composite 3 makes the required squares commute.
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Proof. This follows from the fact that the marginals of a conditional product are,
by construction, equal to its factors; of course, we also use the hypothesis that s
and t are xy-squares.

Let us start with the top-left commuting square in the definition of xy-squares:

AN

7 C12C2 5606
\ /

C12C2 C34C403404 A5606
|

€34¢4

\1,

C12C2 a3404 5606

f13®as — f1234® faa®aseas
COPYcygey;C12C2® f1234® faa®assas

cias

- del

—
C12C2 C34€403404 A5606

v ~
C3a5 7 7 C34C4 5606
f35®as f3456® fas®aseac
C5a5 7 > C56C6 15606

56

In the diagram above, the bottom rectangle commutes because t is a square. Let us
now focus on the inside of the top outer rectangle. The top triangle commutes by
definition of § as the marginal of the map «. The bottom-left irregular quadrilateral
commutes because the marginal of o on c34cqas6a6 is prescribed (recall that o is
a conditional product). The irregular pentagon on the left commutes thanks to
basic properties of copy and del. Finally, the irregular quadrilateral in the middle
commutes thanks to Claim C.4, i.e. thanks to Lemma A.1.

Then, for the top-right square in the definition of xy-squares, it suffices to concate-
nate, and invoke functoriality of the tensor product:
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fi2
c] ————> C12C2
|

|
f13 f1234® fo4
I f34 ¥
€3 ——— €34C4

| |
f35 f3456® fa6
v v

fs6
cs ——— C56Cg

Finally, let us consider the bottom commuting square in the definition of xy-squares.

|0

c1a5 \ > C12C2 Q5606
«
COpYey C12C2 €34€403404 A5606 COPYeygey
l .
c1c10a5 C12C2 C12C2 Q5606
[
c1®f13®as
\l/
Cc1€30a5 C12C2 €34C403404 Q5606 €12C2® f1234® f24®aspas
c1®fl; - C12€27°C34C4 A5606
|
l ClQC2®(UQf§456®f£6)
- 5
c1as 3 > C12C2 A3404
COpycl§Cl®f{i3 COPYcq9cq §U§01202®f{1234®f2u4
ciaq ; > C12C2 (1202
f12

In the diagram above, the bottom rectangle commutes thanks to s being an zy-
square. Let us then focus on the top part of this diagram. The bottom-left polygon
commutes thanks to a being a conditional product (so its marginals are known).
The top-right polygon commutes thanks to Lemma A.1, which can be applied
because the maps fio34 and foq are deterministic. Finally, the middle pentagon
commutes thanks to Lemma A.l again, relying on determinism of the maps f:!;456
and ij. O

Remark C.6. Here, we did not need the maps ff234 and fg 4 to be deterministic.
This observation will be crucial when constructing the triple category ArenaS ysg/loore.

See Claim C.15.
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Claim C.7. This y-composition of xy squares is associative, and there are identity
squares.

Proof notes. Identity squares (for y-composition) are defined using identities of
C. Associativity follows from associativity of lens composition, associativity of
conditional products [FF16, Proposition 4.3.4] and compatibility of conditional
products with precomposing by deterministic maps. What we use is the following:
given a composition setting such as depicted below

o\ @zanfizfla) g,
o _ (&)

(fis.fl3) S (f2a.f8,)

1

—
(a34,c34,f34,f5,)

ag) el g,
3 _ Cy4

(f35:f§5) t (f467f£6)
() e )
cs

(fs7./8) U (fos:fks)

—
(as6,¢56,f56,f26)

IS
ot

et

o
ot

_
(as6,¢56,f56,026)

7 (ars,crs,f18,f4) “

the maps fi3, f35, f57, f£5, f£7 are, by definition, deterministic. Thus, the condi-
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tional products used to define 7, %, when precomposed with those maps and with
copy maps, remain conditional products. From this observation, one can then show

that both i and + are marginals of the following threefold conditional product:

(fSa S,) ®034C4a34a4 (fta t/) ®C5606a56a6 (f’LL7 u/)J

where:

(a) The maps fs:ciar = cras, fi: ciar = csas, fyu a7 = csar, are deterministic.

(b) We have fs = copye, ® a7;c1 ® fi3 ® a7;¢1 ® cOpYe, ® a7;¢1 @ €3 ® fas @ ar;c1 @
c3® flie1® fls;

(c) We have f; = fi3 ® a7; copye, ® ar;c3 ® fi5 ® ar;c3 ® fi;

(d) We have f, = (f13; f35) ® ar

(e) The maps 8’ 1 C1a3 —> C12C2 ® €34€403404, t, 1 C3a5 —> €34€403404 ® C56C6A5606
and u' : csar — cseceaseag ® argag, are defined by postcomposing s, ¢, and u,
respectively, with deterministic maps built from copy, fi234, fo4, f3456, [f56,
Fhaser flo flors, and fls.
For instance, since s : cjas — c1ac2asaa4 and s' : craz — c190o ® €34C4a34a4, ONE
is looking for a deterministic map ciocoasqaq — €122 ® c34¢4a34a4; such a map
can be defined using copy, fi234 and foqy. We leave the details to the reader.

This, along with associativity of composition for y-morphisms/lenses, shows asso-
ciativity of y-composition for zy-squares. O

Proposition C.8. The xy interchange law holds.

Proof. Let s,t,u,v be composable squares as in the diagram below:

a1
_ _

a
2
(f14,114 ‘ S (fa5,184) (! ‘ (f36,f46)

(aas,cas,f15,F55) as (a56,¢56,f56,F2)
SR L

(a12,¢12,f12,125) (ag) (a23,c23,f23,153) (3

‘16

H

—

(f47,f47)‘ t (fs8,f8%) v ‘ (fs0,flg)

a7) (a7s,c78,f78,f25) (ag) (ag9,c89,/89,/89) ag

H

C7 C8 } CQ
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We wish to show that the xy-squares j—u and 2|% are equal. First note that, by
v tlv
slu

functoriality of the tensor product, the y-morphism components of o

a12a2a23) - (a78a8a89
-

and 2|%, of
tlov?

signature
C12C2C23 C78C8Cg9

) , are equal.

Now, the definitions yield two Markov morphisms, namely i"—g and §|%, both of
which are of signature ciay — cocacescs argagasgag. To simplify notations, let
* denote copy-composition, used, among other things, for z-composition of x-
morphisms and xy-squares. Abusing notations, we omit the object over which
copy-composition is performed; we assume it is clear from the context. Let f;
denote the deterministic map (copye,;c1 ® fia ® az;c1 ® f},), whose signature is
cia7 —> Cc1a4. Let C46 = C45C5C56 and 46 = Q4505056 .

Claim C.9. With the notations above, the map ‘;—Z = (852 u)3y (t52 v) is the marginal
Om C12C2C23C3 arsagagoay of the map @ : crar — c12¢2C23C3 ® C46C6a4606 ® AT808089AY,
defined as the following conditional product:

(fs; s*ux(f1245® f25® f2356® [36) ) @cagesassas (S140a7; txV* (flsrg® Fhs® floso® flo)).

Proof. This follows from the definitions of z- and y- compositions for zy-squares,
along with Claim C.4. O

Note that all the maps involved in the definition of the conditional product in the
Claim above are deterministic, except possibly s, ¢, u, v, and the common marginal

(f14;COPyC4)®CL7;C4®f£7 f4b5*f5b6
crar cqay ca6Ceaa6a6. Also note that the maps ff245,

f%, f£356 and ng do not appear in the definition of ®.

Now, let us consider %]% Let a: cia7 = c1o0c2®cy5c5a45a5 @ argag be the conditional
product whose marginal is, by definition, the map 7. By Claim C.4, we know that
a = 3; fst, where fs : cracaarsas — c12¢2 ® cascsa45a5 ® argag is "the" deterministic
map built using copy, fias, fos, fszs and flg.

Similarly, let 3 : coas — ca3c3 ® cseceas6a6 ® agoag be equal to =5 i, where fy ,
€23C3 ® aggy —> C23C3 ® C56C6a5606 @ Ggoay is "the" deterministic map built using
copy, fa356, f36. [hego and fly.

Claim C.10. The map %|% = (859 )50 (usy v) 1s the marginal on cracaca3¢3 A78a8a089GY

of the map W : cra7 — c12C2Ca3C3 ® C46Ce04606 @ argagaggag defined as the following
. (6% CT%COP?JCQag
composite: ci1a7 — C12C2 @ C45C504505 Q@ a73a8 ————> C12C2 ® C45C5A4505 @ Coa8 @
c12¢2®Cy5C5a45a5®B®arsas o
argas C12C2 ® C45C5045a5 ® (C23€3C56C60560608909) ® Argag —>

C12C2C23C3C46C6A4606A7808A89A9 .

(Recall that C46 = C45C5C56 and a46 = a45a5a56.)

Proof. This follows from the definition of z-composition of zy-squares as copy-
composition. O
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Claim C.11. The maps ® and ¥ have the same marginals on c12¢2Co3C3®C46C6a04606
and c46C604606 ® A78A8G890AY.

Proof. This relies on the fact that the marginals of a conditional product are the
maps comprising of it, along with the "postcomposition" property of Claim C.4. [

To conclude this proof, let us show that the maps ® and ¥ are equal. We use
properties of conditional products: since, by Claim C.11, the maps ® and ¥ have
the same marginals, and ® is a conditional product over cyscscsscsaasasaseag, it
suffices to show that W is also a conditional product over cq5¢5c56c6a45a5a56a6. Let
us now prove that.

Let f}iﬁ  cqaq — Cy6Cea46a¢ denote the copy-composite fis * fgﬁ. Let s’ : ciaq —

C12C2¢45¢5a45a5 denote the copy-composite s * (f1245® fa5). Similarly, let ¢’ : c4a7 >
I I

C45CA4505a78G8, U : C2a5 —> C23C3C56C605606, and v’ : C5a8 —> C56C6U56A648909, de-

note the copy-composites of ¢, u, v, respectively, with the appropriate deterministic

maps.

By definition of the maps « and (8 as conditional products, the map ¥ is, up to
postcomposing with a suitable symmetry, equal to the following:

45 b o 262 C3 56 as agﬁ s
u’[56 v'[56
Go A5 o6 Cyasg
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Here, we wrote 45 instead of c45c¢sa45a5, and 56 instead of csgegasgag; thus we
wrote s'|45 instead of s'|cy5c5a45a5, similarly for ¢/|45, «/|56 and v'|56. The map f4
denotes (fla®az) * fi- : cra7 - cqaq. Similarly, the map f5 denotes (fos®ag) * fls :
coag —~ csas. Now, thanks to Claim C.4 applied to s, t and a, we can rewrite the
middle of the diagram above, and get that ¥ is, up to permutation, equal to:

d ep™P 4p56 "N
u'|56 v'|56
G ds ’ 5|76 ‘ cyag
J,
‘1 LM\:G%JGR
o | 3
—eCo 45 ¢505 age—
OPYcsad
545 tj45_|

For the same reason, which ultimately follows from determinism of the maps fos5
and f5ﬂ8 and Lemma A.1, this morphism is also equal to:
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Then, by sliding, it equals
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cqg C12 78 (18

By associativity of copying, along with counitality of deleting, we can rearrange
the center part of the diagram as follows:
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&

cray i caar

We now recognize this morphism as a conditional product over 45 ® 56, i.e. over
C45C504505C56C6a5606. This concludes the proof of interchange. ]

8. Consider the boundary of a yz square as below, where the vertical maps are y-
morphisms, and the horizontal ones are z-morphisms:

(f12,912)
al as
() =)

c1
(f13.f13) T l (f2a,f44)
(f34,934)
as a4
() =)

Then, a square with this boundary is given by commutation of the following square
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in Cget:

fi2
cp — Cy

flsl l 24
f

34
c3 — C4

Composition of yz-squares, in the directions y and z, is simply concatenation of
commuting squares in Cge;. Associativity and unitality are straightforward. The
yz-interchange law holds automatically, because any given boundary has at most
one square filling it.

9. The xz-morphisms with boundary as below

a1 (a12,c12,f12,f25) as
c1)] —— \e
(f13»913)l l l (f24,924)

_
€3 (a34,c34,f34,054) “

are given by pairs of deterministic maps fio34 : 12 = €34, g1234 @ @12 — asq4 such
that the following equations hold:

(a) (fi2; f1234 ® foa) = f13; f34
(b) (fly; f1234 ® f21 ® g1234 ® g24) = (f13 ® 913); fo,

In other words, the condition is commutativity of the following squares:

fia f12
C1a] ———— C12€2G1202 Cl — C12C2
[ [ [ [
f13®913 f1234® f24®91234®924 f13 f1234® f24
+ + + +
€343 ———— (34C403404 €3 —— C34C4
i f3a

Composition of zz-squares in the z direction corresponds to composition of maps in
Cget and concatenation of commutative squares. On the other hand, composition in
the z direction relies on taking tensor products of (deterministic) maps, and using
properties of copy-composition; More precisely, consider x-composable zz-squares
as below:
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10.

11.

a\ (@zehzfi) g,
c - (&)

(f14,914) s (f25,925) (f25,925) t (f36,936)

az3,C b
as (a23, 237f23,f2§) as
—

C3

— —
- (a45,c45,f45,f25) ¢ ‘s (a56,¢56,f56:f25) ‘6

Recall that xz-morphisms are composed using copy-composition, so that the z-
morphisms comprising the boundary of the composite xz square s;,t, are given
by maps fi3 : c1 — c12c2¢23¢3, fi3 i c1a1 = c1ac202303a12a2a93a3, and fag : ca —
C45C5C56C6, fhg €Al = C45C5C56C60450505606-

Then, the deterministic maps fi34¢ : C12C2C23 = €45C5C56, §1346 : 01202023 = (4505056
we are looking for can simply defined as fissg = f1245 ® fos5 ® fosse and gi346 =
91245 ® g25 ® §2356-

Now, note that associativity of such x-composition follows from associativity of
the tensor product. Also, zz-interchange follows from functoriality of the tensor
product. Thus, the only thing left to check is that this z-composition is actually
well-defined. As one might expect, this relies on compatibility of deterministic
maps with copying. Let us show that one of the required squares commutes; we
leave the other one to the reader:

by 03C0PYeqag ;0 c12€2a12028 [,
C1a] —— C12€2G12G2 ——— C]2€2G12G2 C2G2 — C12€201202 C23C302303

la

f14®g14 f1245® fo5®912450925  (f1245® f25®912450925) @ (f250925) C12C2€23€30120202303
|
l f1245® f25® f2356® f36 ©91245®g25©92356 ©936
\l/
€404 ——— C45C5Q4505 Foomo— ¢ C45C504505 C5a5 ————— C45C5C56C60450505606
fis 7iCoPYesas; cascsaasas® fig

The leftmost and rightmost squares in the diagram above commute because s and
t are xz-squares, respectively. The center square commutes thanks to naturality of
o and determinism of the maps fo5 and gos.

There is exactly one cube, i.e. zyz-morphism, for each boundary. All properties of
cubes are then automatically satisfied.

The symmetric monoidal structure is given by the tensor product in C, which
restricts into the cartesian product in Cge.
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C.2  The triple category ArenaSysy°e 2 Arenad

Here, we give details for the proof of Theorem 4.7. Recall that 2 denotes the 1-category
freely generated by the graph 0 — 1, and that y(2) denotes the triple category built from
that, concentrated in the y-direction.

Moore

Construction C.12. We define the z-semi triple category ArenaSys; , along with
the triple functor F' : ArenaSysy°®™® — y(2) such that F~1(1) ~ ArenaMoore as follows:

1. The class of objects is Ob(Arenad®™)uMor(Cget). In fact, we shall have Ob(F~!(1)) =
Ob(Arenadloore) = 0b(C)? and Ob(F~1(0)) = Mor(Cget). Abusing notations, an
element r: § > S of Mor(Cger) may be denoted g )

S

is a pair of morphisms f*: S - Sy, f: S, — Sy in C, such that f*;ro = r; f.

Composition is given by composition in C. Checking that it is well-defined amounts
to concatenating commutative squares in C.

2. 1fr : S > 81, 1o : Sy > S are in Mor(Cget), an x-morphism (gl) = (52)
1

Note that we do not use copy-composition here, contrary to the case of Arena?{loore.

3. A z-morphism (gl) = (22) is a pair of deterministic morphisms g : S - §2,
1 2

f:81 = S5 in C, making the following square commute:

S;li)gg

Sli>52

4. Ifr: S — S e Mor(Cge) and (Zl) € Ob(Arenad'°®™®), a y-morphism (g) - (Zl) is
1 1

a

a nondeterministic lens ((g) s ( )) with deterministic output map, given by an

C1
object € C, a deterministic map f:S — ¢1 in Cge, and a map ff:S®a; - S in C,
such that the following triangle commutes:

S®a —>S

N
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The only y morphisms between objects in F~1(0) are identities. Composition is
given by composition of lenses, and composition in C. Checking that it is well-
defined amounts to basic computations in the Markov category C.

. The zz-double category of the fiber F~1(0) is thin. Consider a boundary as below,
where the vertical maps are z morphisms, and the horizontal maps are x morphisms:

§1 (f13,f13) §3

() =5
(f127912)u \u(f347934)

§2 (f2a,1%,) §4

()=

Then, there is a square with this boundary if and only if the following squares
commute in C:

—~ b, o~
g, I, 3, s 1125 g,
| | | |
g12 g34
ot ff fi“
3, 3, s, P4 g,

Note that the vertical arrows are deterministic here, only the horizontal ones are
nondeterministic. One can check that compositions are well-defined by concatenat-
ing, i.e. composing, commutative squares. Associativity and interchange are then
automatic. Note that these new xz-squares only involve systems/morphisms in the
fiber F~1(0), so there are no compositions with previously defined xz squares in

Moore
Arenag .

. The only yz squares in F~1(0) are identities of z-morphisms. Now, for the nontrivial
yz squares, from z-morphisms in F~(0) to z-morphisms in F~1(1), consider the
boundary of a yz square as below, where the vertical maps are y-morphisms, and
the horizontal ones are z-morphisms:

§1 (f12,912) §2
()=
(f13,f13) T l (f2a,f44)
(f34,934)
as a4
HEAH

Then, a square with this boundary is given by commutation of the following square
n Cdet:

o7



s 2y g,

f13l l 24
f

34

C3 —> C4

Composition of yz-squares in the direction z is concatenating commuting squares.
STOP Associativity is automatic.

Let us now define y-composition for the new yz-squares. Let s, ¢ be nontrivial
y-composable squares as below:

§1 (f12,912)
_—

(f13,f15) S (foa,f84)

—
QL
wow

N—

(f34,934)

(f35,/45) t (fa6,f4g)

J
|

S

C5 CG

(f56,956)

Note that the bottom yz-square belongs to ArenaMoore it is also given by a "com-

muting square condition". Concatenating the two commuting squares together,

one gets that the required square (for the composite ) commutes. Associativity

and interchange are automatic.

7. The only zy squares in F~1(0) are identities of z-morphisms. For the nontrivial
ones, consider the boundary of an zy square as in the diagram below:

5 (f12.f12) §2
:
S1
(flSyf{tg)J/T l (foa.f8,)
as (a34,c34,f34,f3,)
——
c3 C4
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Then, an zy square with this boundary is given by a morphism s : Sias —
Socsggasqay in C, making the following squares commute:

fi2
Siaz 2 > Sacsqassaq S; —— S
| | | |
f13®as (0;c34® f24)®az4a4 f13 foa
v 34 v Y fagidelcgy v
c3a3 > €34C403404 c3 (]

sidelcgyasgy

Sias > Soay
| |
fls £l
v ~
~ il T
Sl 7 SQ

8. Let us now define z-composition for these new xy-squares. Recall that z-composition
for the bottom z-morphisms of such squares uses copy-composition, yet the top
z-morphisms (those in the fiber F~1(0)) compose in the usual way. Thus, our
x-composition operation for zy-squares shall use a mix of usual and copy compo-
sitions. Consider a setting as below, with x-composable squares s and ¢:

§1 (fi2,f25) 372 (f23./53) §3
Sy) ———————> \Sy) —— \S;

(f1a,f1) s (f25,f88) t (f36,f4¢)

|

a (a45,c45,f45,f55) as (a56,¢56,f56,f26) ag
cr)] — \es)] —— \¢g

The map s|t = s;:t : Sjag = S3 c45¢5¢56a45a5a56 ag is defined as the following
composite:

s COpY s, ®C4504505 ;520450459 fos®as Sacgsaq5cs ®copYar,
St1a4 — S ca5a45 a5 ——————> 5259 ca5a45 as Sa ca5a45 505
o c45C5a45a5@t o
S2 C45045 C5a5a5 —> C45C504505 S205 ————— C45C504505 S3C5605606 —> 53 C45C5C5604505056 A6 -

Omitting the various "tensoring with identities" in the notation, this composite
looks like this:

s COpYSy o;f25 COPYay o
S1a4 — S casa45 a5 —— 5259 ca5a45 a5 ——> So Ca5045 C505 —— S2 C45a45 C5A505 —>

t o
C45C5a4505 S2a5 —> C45C5045a5 S3C56a5606 —> 53 C45C5C5604505056 OG-

Associativity of this composition holds for the same reasons as associativity of copy-
composition in C: associativity of copying and functoriality of the tensor product.
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Recall that there are no z-identities, so we don’t have identity xy-squares, but
rather 777

It remains to show that this composition is well-defined, i.e. that the three squares
in the definition of zy-morphisms commute. For the top-right and bottom ones, it
suffices to concatenate the corresponding squares for s and ¢, and recall the basic
properties of del and copy: copy-composition followed by deletion is the same as
usual composition! For the top-left square, the proof is very similar to the one we
gave in the case of Arenag/loore, and relies on determinism of the map fo5. We refer

the reader to the proof of Claim C.2 for inspiration.

Note that we do not need the map f£5 to be deterministic here: the use of standard
composition, rather than copy-composition, for the "top parts" of the squares,
allows for nondeterministic lenses.

. As in Arena?{loore, composition of xy squares in the y direction is more involved,

and relies on conditional products. Let s, t be y-composable squares as below:

~ b ~
Sl (f121f12) 82
S1) — \S

(f13,f13) S (f2a,£4,)

as (a3a,c34,f34,f8,) a4
cg)] — \«

(ag) (a34,c34,f34,f54) a4)
_—
(f35,f45) t (f16,f4)

o
o
R

-
5 (as56,¢56,f56,/2) “
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Claim C.13. The following diagram commutes:

f13®as
S 105 > C30a5
copys, ;51® f13®as ¢
~ 4
Siczas €34C405606
Sl®f2§5 COPYcgycy ®COPYargag
~ 4
Sias C34C4 €34C4 A5606 A5606
s copyc34§f3456§0'§f£6®f§456
~ 3
S2c34a3404 €34€403404 ® C5605606
COPYS4;0352¢34® f24®azaaq -
~ - 4
S92 ® €34€403404 ————> €34€403404

Proof notes. As in the case of Arenay{oore, this relies on the fact that s and ¢
are squares, with the bottom horizontal morphism in s being the same as the top
horizontal morphism in . O

Then, let a: 51 ® as = So @ cgycsa34a4 ® cseas6a¢ denote the conditional product
over cg4cqazqay4 of the composites above, and let % be the composite (o; delcy,ciazias)
S1® a5 — So ® cs6a56a6.

Claim C.14. The map « : Sias — S5 34C403404 C56a56a¢ 95 equal to the composite
o deleya, COPY Sy ;COPYSyag ;O
S1as — S3 c34c4a34a4 C5ea56a6 ——> 52 €34034 C56A5606

S2¢34a34® f24@c56a56a6®(f24®as; flg) o
Sa c34a34 S2 c56a56a6 S2a6 S €34a34 C4 C56a5606 A4 —

S92 €34€403404 C5605606 -

Abusing notations by omitting tensors with identities, this composite is:

o delcyay, COPYS,3CODYSyagiT
Stas — 52 €34€4a3404 C56a5606 —— 52 €34034 C5605606

J24®(f24;f1g) o
S €34a34 S2 c56a56a6 S2a6 —————> S2 €34034 C4 C56a5606 A4 —> 52 C34C403404 C56A5606 -

Moore.

Note that this Claim is weaker than its counterpart Claim C.4 that held in Arenag
we do not expect to recover « from its marginal 7, because there is no way of get-
ting an output in csq this time. However, this Claim will suffice for the proof
of interchange; actually, one can check that the corresponding weaker statement
would have been enough for the proof of xy-interchange in Arenag/loore as well.

Proof. The proof is very similar to that of Claim C.4: it relies on using Lemma
A.1 twice, with X = Sias, A = 59, B = cgqcqasqsaq and C = czgasgag. We leave the
details to the reader. O
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10.

11.

Claim C.15. This composition is well-defined, i.e. the required squares commute.

Proof notes. As in the case of Arenag/loore, proving that this is well-defined relies

on the fact that the marginals of conditional products are known, and on Lemma
A.1, which can be applied to the deterministic maps f§456, fjﬁ, and foy. O

Associativity uses determinism of the lenses that are in Arenag/loore, ie. in F71(1),
determinism of the output maps of the lenses in F~!(0 — 1), and associativity of
conditional products. We refer the reader to the proof of Claim C.7.

Proposition C.16. The zy-interchange law holds for xy-squares in ArenaSysg/Ioore.

Proof notes. By construction, the only new case we have to check is the following:

5;1 (f12,f25) g (f23./53) g
() ——= () /= (s)

s (fzjﬁ )

(f1a,f1)

(a4 (a45,¢45,f15,1}5) (a5) (a567056»f56:f5b62 (a6)

{ ——
] |

IS

(fSG,f;!G)

- cs

(far fi7) t (fs8,/8%) v (fo0,fkg)

Cq
ar (azs,cr8,f78,f28) ag (a897089,f89:f8b92 ao
Cr

&3] } €9

The proof is very similar to that of Proposition C.8; our computations there did
not need the fact that the y-morphisms in the top squares were deterministic, only
that the output maps there were. Thus, applying the same proof ideas, invoking
Claim C.14, yields the result. O

There is exactly one cube, i.e. zyz-morphism, for each boundary. All properties of
cubes are then automatically satisfied.

The symmetric monoidal structure on the z-semi double category F~1(0 — 1) is
given by the tensor product in C, which restricts into the cartesian product in
Cyget; checking that this structure makes the codomain double functor cod : D —

ArenaSys}\f;’?e symmetric monoidal is straightforward, and left to the reader.
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D Examples of discrete-time systems and behaviors

Let us describe in more detail the kinds of discrete-time systems and behaviors men-
tioned in Subsection 1.3. So, we work in the Markov category with conditionals Borel-
Stoch, and the graph G is the graph on natural numbers with edges n — n + 1. Here,
we consider systems that are given by a Markov kernel between standard Borel spaces:
update : S x I - S, along with a measurable map expose : S - O. Then, for each
integer n > 0, we define update™ : S x "1 - §"*2 and expose™ : " - O™ via
update™ (50, ..., Sn, 005+ in) = (50, ..., 8n, update(sy,in)) € S"*2 and expose™(sg, ..., sp) =
(expose(sy),...,expose(sy)). Recall that, in this formalism, we have S(n) = S™*
O(n) =0"" and I(n+1) = 1"

The restriction maps are given by the projections that forget the last coordinate.
Unfolding the definitions (Point 6 in Construction C.12, and Construction 4.10), one
can check that the condition for y-morphisms in the double category ArenaS ysgﬁ%m(g ),
i.e. y-natural transformations between triple functors in [2(Ar(G)); ArenaSysy°o®),
corresponds to compatibility of the maps expose™ with the restriction maps of O and S;
it holds by construction. Thus, each pair (expose,update) as above defines a system in
the sense of T™Mo°(C, G).

E Continuous-time systems

One can represent continuous-time systems in our framework by using suitable graphs
G. For instance, let G = (Ry0,<) be the graph of nonnegative real numbers, with the
strict order relation, and let us keep working with the Markov category with conditionals
C = BorelStoch. We now describe a class of systems in the theory TM°°(C, G).

For any Euclidean space E and any nonnegative real 7, let C°(r, E) denote the
separable Banach space of continuous maps from [0,7] to E, with the norm ||f||co =
sup, ||f(¢)||. Similarly, let C(r, E) denote the separable Banach space of functions f :
[0,7] = E that are continuous on [0, r], continuously differentiable on (0,7), and whose
derivatives have finite limits at 0 and 7, with norm ||f||cr = sup, ||f(¢)]] + sup; || f (¢)]].

These separable Banach spaces yield standard Borel spaces, if one only keeps the
measurable structure. In fact, each Euclidean space E defines functors Ey, B : GP —
BorelStoch, via r = C%(r, E), resp. 7~ C'(r, E), with restriction morphisms given by
restriction of functions. Note that there is a natural transformation F; = Ej, given by
the continuous embeddings of Banach spaces C*(r, E) < C%(r, E).

As explained in Notation 4.8, one can pull back these functors along the functors
dom, cod : Ar(G?) — G, to define objects in the double category ArenaSysy°(G).
Thus, given Euclidean spaces S, O, I, one can consider systems given by families of maps
update(r - s) : CH(r,8) x C%(s,I) - C'(s,5) and expose(r) : C*(r,S) - C°(r,0), for

0
go((;:é))) for all 0 <7 < s. For

instance, this could represent a system driven by an Ordinary Differential Equation with

all 0 < r < s. In this case, we have (é)(r - §) = (
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continuous parameters’ .

Remark E.1. 1. This approach is not restricted to Euclidean spaces; one can gener-
alize it to smooth manifolds.

2. One can go beyond spaces of continuous, or continuously differentiable, maps. For
instance, to allow for jumps, spaces of piecewise smooth maps can be relevant.

F Conditional independence

Here, we wish to demonstrate the relevance of our key underlying assumption of condi-
tional independence (see point 2 in Section 5), by providing sufficient conditions for it to
hold. Again, we work with C = BorelStoch and the graph G of natural numbers.

Recall (Notation 3.8) that, given standard Borel spaces X, Y, Z and a probability
distribution p on X xY x Z, viewed as a Markovmap p:* > X ®Y ® Z, we let z, y, 2
denote the generalized elements * - X, * > Y and * - Z, and write z1}z, or z1,z, if
the distribution p: * > X ® Y ® Z displays conditional independence of  and z over y.
We also extend the notation to the contexts with deterministic maps f: X®Y ® Z - U,
g: X®YQ®Z »v,and h: X®Y ® Z - W; we may then write ul{’g’h’pw, or ulbw, or
even ul,w.

Let us now recall the formal properties of this independence relation, sometimes
referred to as the semigraphoid properties. See [Fri20, Lemma 12.5] for the proofs.

Proposition F.1. Let C be a Markov category with conditionals. Letp: I - X QY ® Z,
g: I ->X180Xo0Y®Zandr:I - X®Y ®T ®Z be morphisms in C.

1. (Symmetry) If x1hz, then 21"z, where T: X ®Y ® Z > Z®Y ® X is the deter-
ministic map given by the symmetric monoidal structure.

2. (Decomposition) If x1,z21]z, then x113z.
3. (Contraction) If 21y ,z and x1yt, then x1yz,t.
4. (Weak union) If z1,2913z, then x11] 4,2

In fact, the first three properties hold even if C does not have conditionals.

Consider a system S = (g) s (él ) in the general sense of the theory T™M°'¢(C,G)
1
01 02 S 02

Now, consider a trajectory of the composite system S’ ie. asquaret in ArenaSysg/Ioore(g)
as below:

and a lens L = (Il ) s (I2 ), so that the composite yields a system S’ = (S) s (I2 )

"Adding an error/exception value to the state spaces, one can deal with the cases where the input is
not compatible with the existing state trajectory. Developing a dependent version of the theory would
yield a cleaner definition
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Remark F.2. In this context, we have, for all n € N, a Markov map/probability distribu-
tion t"" : * > S(n)® I3(n+1). Then, using the expose maps of the system S and the lens
L, the update map of the lens L, and copy maps, all of which are deterministic, such a t"™
induces a probability distribution p”: % - S(n) @ Io(n+1)® I1(n+1) ® O1(n) ® O2(n).

Claim F.3. The collection of Markov maps (u™), yields squares t and t12, by marginal-
izing: the maps t" : * - S(n) @ [1(n+1) and t{y : + > O1(n) ® Iz(n + 1) defined as
marginals of u”, for all n, define squares.

Proof notes. These computations rely on Lemma A.1. O
Now, we would like to know whether the equation ¢’ = é holds.

Claim F.4. Let n € Nyy. Let q be the Markov map defined as q := (t"";ress(0 > 1 —
~=n)®Il(n+1)), so that ¢: * > S(0) ® Iy(n+1). Assume the following

1. The Markov map t"" : » - S(n) ® Iz(n + 1) is generated from the map q using the
update map of the system S/, and the (deterministic) restriction maps given by the
functor Is.

2. We have iz(n + 1)L51n(n)5(0).

Then, we have the conditional independence property ia(n + 1)L; (n+1)o;(n)S(n). In

t

other words, the map t"™ is the nt" component of the y-composite e

The first hypothesis of the Claim means the following: we define a family of Markov
maps qx : * = S(k) ® Is(n + 1), for 0 < k < n, by induction. We put qo = ¢, and qg41

S(k)®(co ni1);res®Ia(n+1))
)T S()Io(k + 1) Ia(n +

is the composite * —» S(k)Ia(n+1)
up g @Iz (n+1)
1) ———— S(k+1)I3(n+1). Then, the assumption is that t"" : * > S(n)® Iy(n+1)

is equal to g,.
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Proof. We prove by induction on 0 < k <n that is(n+ 1)L’;:(n)i1(n+1)s(k). For k =0, this
follows from the fact that, under the distribution u”, we know that i;(n+1) € I1(n+1)
is the image of (01(n),ia(n + 1)) under a deterministic map, namely the n'* compo-
nent of the update map of the lens L, almost surely. More explicitly, this observation,
along with the second hypothesis, implies the independence io(n + 1)i1(n + 1)L’0‘1n(n)s(0),
which then implies, using the semigraphoid properties of conditional independence, is(n+

IDIT s(0).
1(n)i1(n+1)
To conclude, let us prove the property for k+ 1 assuming it for k, given 0 < k <n. By

induction hypothesis, we have is(n + 1)Lg:(n)i1(n+l)s(k). By assumption, we know that

under the distribution x", the marginal s(k+1) € S(k+1) is equal to update®,(s(k), iy (k+
1)). By compatibility of conditional independence with post-composition, this implies
that io(n +1)1" s(k +1), as required. O

01(n)i1(n+1)

G Behaviors of tensor products of systems

In this section, we discuss behaviors for tensor products of systems. More specifically,
we define operations that yield behaviors of tensor products, given behaviors of the
components and extra compatibility data. This is a very first step towards answering
the questions described in Section 6, 2. We fix arbitrary C and G.

Let us begin with the following observation: in the monoidal triple category ArenaSysg/[oore,
there are canonical morphisms from tensor products to their factors. For instance, if

O;
71, mo of the following shapes:

; I; . . . .
(fi, flﬂ) : (?) s ( ) are y-morphisms, for ¢ = 1,2, then there exist canonical zy-squares
(2
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S198)] — \S1
(fi®f2,fiefh) ™ (f1.0h)

(or26) — (0)

01809 (1) Oq

~ ~ (71'2,71"2) ~

51 ® SQ _—_— SQ

Sl ® S2 — SQ
(fief2,flefl) m2 (f2,f%)

L ®I _ I
01 ® 09 (72,72) O

Note that these squares only contain deterministic maps.

Definition G.1. We work in the triple category ArenaSysg/Ioore.

e Let s1 and so be xy-squares as below:
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T\ o) (5
T)] —— \S)

(fo,f(’i) S1 (f17 %)

o) — = (o)

(901,981)

7\ ek (g,
T)] —— \S,

(fo,f(’!) S92 (f2, g)

b)) =——=(3)

(902,985)

Let rq : T - T, r: §1 — 51 and 7y : §2 — S5 denote the deterministic structure
maps.

1 L eI . —
Let (go12, 9512) : (O(z)) =1 (01 z 022) be an z-morphism whose projections are equal
to (go1, 951) and (go2, 952) respectively.
Assume that Ij is isomorphic to the monoidal unit, and that the map f& T®ly~
T — T is an isomorphism in C.
Then, we define the composite of s; and sy over (9012,9812), which we denote

51V go19,g8,,52 OF $1VS2, as the following zy-square:
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+ Vv

T (p012,0%15) 395
T S1® 52

(fo.fY) 51Vs2 (frof2,fief)

(I(] ) ( L eI )
OO (901279512) Ol © 02

1. Fori=1,2,let t; : T ® Iy - S; ® I; ® Is ® O1 ® O3 be the conditional product
over I; ® O; of the maps (s;;copys,; fi): T ® Ip - S; ® I; ® O; and (fo;g("m) :
T®Ily—>11®1,® 01 ®0-.

Then, let t : T ® Ip > S1 ® 52 ® I1 ® Is ® O1 ® O be the conditional product
over I; ® Is ® O1 ® Oy of the maps ;.

2. The morphism s1Vso : T®1Iy - S1®59® 11 ® 15 is then defined as the composite
t;delo, @0, -

3. Let us now define the morphisms @12 : T — S1 ® S5 and @512 T>5®5,.
The morphism g19 is defined as the composite

~ Vv

T;T®IQm81®52®11®121>51®52.

The morphism go'(’m :T > 5, ®S, is defined as the following composite:

~ ~ toft ~  ~
TET—>T®IOM—VSQ>51®SQ®11®IQM>81®SQ.

Claim G.2. This composition is well-defined, i.e. these maps define an xy-square in

ArenaS ysg/[oore .
Proof. e Let us first show that the following square commutes:

~ b —~ ~
TMSMX)SQ

We claim that the following diagram commutes:
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o Po12 PN
T > 51 ® 59

AN /v
o
N\

T o;(fiefh)

\~ /
ro

s1Vsa2 71®T2

T®I — = 5195’

| o

T Sl®52

$p012

The top and bottom polygons commute by definition of the maps @12 and @%12.
The rightmost triangle commutes thanks to the properties of the maps fiN and r;, i.e.

g. I ) -
that fact that (?) s ( OZ ) are y-morphisms, for the structure maps r; : S; - S;.
i i
e Then, let us prove that the square below commutes:

s1Vs2

Tely ———————— 519511 ® 1
m; fo;0 m(f18f2);0

Iy ® Og b—)]1®12®01®02

9012

We claim that the following diagram commutes:

s1Vs2

T® I > 5105011 ® I

m; fo;0 S195011®1,®01®09 m(f1®f2);0

T

™

| \ 3

Iy ® Og s [1® 158 01 ® Oy

b
9012

Indeed, the bottom-left polygon commutes by marginalisation of the map ¢, which
was defined as a conditional product. The top-right polygon commutes thanks to
Lemma ?7.
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e Now, commutativity of this square implies another commutativity property re-
quired for xy-squares; we claim that the diagram below commutes:

T

$012

fo

Oo

~

/

Sl®82®11®12

s$1Vs2

Tely —21¥2

> S1® 5o

goi2

m; fo;0 T (f1®f2);0 fi®f2
Ip ® Og b—> L ®I, ® 01 ® 09
/ 9o12 \
s> 01 ® Oy

e Finally, it remains to show that the maps s;Vsy and @512 are compatible with the
(deterministic) maps f§ and ff ® fi, i.e. that the following square commutes:

51Vs2

Tl —————— 510501191
oiffefi

>§1®§2

Y012

This holds essentially by definition of the map @512 :T - 51 ®S,. Said definition
corresponds to commutativity of the bottom polygon in the commutative diagram

below:
T® I s1V52 > S1 0S50 ® I
) id/
id o108 /
T® I X S195 1)1
1 ~T aifief
T o;fief}
o
T y 51 ® 5,

The leftmost polygon in this diagram commutes

b
Y012

fTel~ T is an isomorphism.
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Thus, we have checked all the properties required for the maps ¢g12, go%m and s1Vss
to define an xy-square. O

Claim G.3. The projections of this square are the original squares s1 and sy. In other
words, we have (s1Vs2)|m; = s, fori=1,2.

I
Proof. e First note that, by hypothesis on the z-morphism (901279512) : (OO) =
0

(11®12

0180 ), the composites with the projection z-morphisms are equal to the z-
1 2

morphisms (goi, g5,;) : (é?)) =3 ((I)’) for i =1,2.

e Then, for ¢ = 1,2, the composite (s1Vs2;7s,e1,) : T ® Iy is equal to s;, because the
conditional product t: T ® Iy - S1® 5o ® I1 ® I ® O1 ® O3 marginalizes to the map
ti:T®ly—>S;®11 ® Is ® O ® Og, which in turn marginalizes to s;.

e Now, let us show that the composite (pp12;7;) : T — S; equals g, for i =1,2. Tt
suffices to check that the following diagram commutes:

T ©012 s S1®.5,

\ /
$1Vs2

Ty —————— 518501191

bi] 8; S; ®I; ® O;
l \ lﬂ
idp —~ s
T SZ ®I;
©0; ']Jzu
0 i T
Si

\
$oi
1 : Si

The leftmost part of the diagram commutes because fg :T® Iy » T was assumed

to be an isomorphism, and it is also a section of the composite T' 5T75Te Io.

e To conclude, let us show that 4,0512;7Ti = go%i, as morphisms T — S;, for i = 1,2. We
claim that the following diagram commutes:
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o~ b o~ o~
T Fo12 > S1® .9,
Y /
T o;(flefh)
\ L /

Tl ————— 51051111

N, b

idg Si S; 1, ®0O; o
\ lﬁ
SZ' ® I;
1}
T b > S
¥oi

Indeed, the top polygon commutes by definition o£ gp(")m. The bottom-left one
commutes if precomposed with the map f(q :T®Iy — T, by assumption on ga(b)i; since
f(ﬂ was assumed to be an isomorphism, this implies that the bottom-left polygon
commutes. The triangles involving s1Vss, t; and s; commute by marginalization
of conditional products. Finally, the rightmost polygon commutes because of basic
properties of the projections .

This concludes the proof. O

Remark G.4. The simplest example of y-morphism ((;) s ((I)O )) that satisfies the
0

assumptions is that where In = Og =T = T = 1, the monoidal unit of C, and all maps are
the unique (deterministic) isomorphism of 1. In that case, the operation V can be used
to define trajectories of tensor products of systems.
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