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1 Introduction

Databases represent information by storing facts as atoms, typically under the closed-world
assumption: any fact not present in the database is considered false. In many settings,
however, one may have additional knowledge about the world that is not explicitly stored
in the database. To reason about such implicit knowledge, one can extend the database
with a logical layer, forming a knowledge base. In this context, a fact is considered true if
it is entailed by the combination of the database and the logical layer. Users can then pose
queries over the knowledge base to retrieve information that may not be explicitly stored.

In this paper, we focus on a class of logical layers known as tuple-generating dependencies
(TGDs), or ezistential rules. Within this framework, several subclasses of rules have been
studied, including linear rules (where the body is atomic), guarded rules, and frontier-
guarded rules, which impose various syntactic restrictions on how variables appear in rule
bodies and heads.

A central type of query over knowledge bases is the conjunctive query (CQ), which
consists of a conjunction of atoms. A fundamental problem is to determine whether a
given CQ is entailed by a knowledge base. Since the logical layer may allow infinitely many
rule applications, the canonical model of a knowledge base may itself be infinite. To address
this issue, one may try to rewrite the query into an equivalent query that can be evaluated
directly over the original database. While it is well known that every conjunctive query
is rewritable under linear TGDs [1], this property does not hold in general for guarded or
frontier-guarded TGDs.

Another fundamental question concerns the behavior of the chase procedure. Indeed,
applying a TGD may introduce new atoms, which in turn enable further rule applications.
As a consequence, the chase may generate an infinite sequence of atoms and never termi-
nate. Determining whether the chase terminates has therefore been extensively studied [2].
Chase termination and query rewritability are closely related: both seek finite representa-
tions of the potentially infinite consequences of a knowledge base, although they do so in
different ways.

The main result of this paper is that, for guarded TGDs, the rewritability of arbitrary
conjunctive queries is equivalent to the rewritability of atomic queries. In other words,
deciding whether every conjunctive query admits a finite rewriting can be reduced to
deciding this property for atomic queries alone. We also investigate the frontier-guarded
setting, where we obtain a different characterization. Finally, we study the problem of
chase termination for guarded and frontier-guarded TGDs.

The remainder of this report is organized as follows. Section [2|introduces the necessary
preliminaries on tuple-generating dependencies, conjunctive queries, ontology-mediated
queries, and the semi-oblivious chase. Section [3] formally introduces the two static-analysis
problems studied in this report: uniform first-order rewritability and uniform termination
of the semi-oblivious chase. Section [] presents the linearization of guarded TGDs into
linear TGDs, which will be used in the study of uniform rewritability. Section [5]| estab-
lishes the complexity of uniform first-order rewritability for guarded TGDs, by proving



both the upper and lower bounds. Section [0] investigates to what extent the techniques
developed for guarded TGDs can be extended to frontier-guarded TGDs, and presents
the corresponding characterization in terms of sub-body queries. Section [7] introduces a
linearization procedure adapted to frontier-guarded TGDs. Finally, Section [§ uses this
linearization to establish the complexity of uniform termination of the semi-oblivious chase
for frontier-guarded TGDs, before we conclude in Section [9

2 Preliminaries

Relational Structures. We assume three pairwise disjoint countably infinite sets of
constants, nulls, and variables, denoted by C, N, and V, respectively. A term is either a
constant, a null, or a variable. For an integer n > 0, we write [n] = {1,...,n}.

A relational schema is a finite set of relation symbols, each associated with a non-
negative integer called its arity. We write R/n to denote that the relation symbol R has
arity n, and write ar(R) = n when convenient.

An atom over a schema is an expression of the form

R(t1,...,tn),

where R/n belongs to the schema and each t; is a term.

Instances and Homomorphisms. An instance is a (possibly infinite) set of atoms
containing only constants and nulls. A database is a finite instance containing only con-
stants. The active domain of an instance I, denoted dom(7), is the set of terms occurring
in I.

Given two sets of atoms A and B, a homomorphism from A to B is a mapping h from
the terms occurring in A to the terms occurring in B that fixes every constant and satisfies

R(h(t)) € B

for every atom R(t) € A, where h(f) denotes the tuple obtained by applying & componen-
twise to t. We write
A— B

whenever there exists a homomorphism from A to B.

Tuple-Generating Dependencies. A tuple-generating dependency (TGD) is a constant-
free first-order sentence of the form

Vavy(e(z, g) — Iz (z, 2)),

where ¢(Z, §) and 1(Z, Z) are non-empty conjunctions of atoms. As usual, we omit universal
quantifiers and write
o(z,y) = IZ2Y(z, 2).

The conjunctions ¢(Z, §) and 1(Z, z) are called the body and the head of the TGD, and
are denoted by body(c) and head(c), respectively. The variables occurring in both the
body and the head are called the frontier variables of o and are denoted by fr(o).

An instance I satisfies a TGD o, written I |= o, if every homomorphism from body(o)
to I extends to a homomorphism from head(c) to I. A set of TGDs X is satisfied by I,
written I =X, if I |= o for every o € X.



Guarded and Frontier-Guarded TGDs. A TGD o is guarded if there exists an
atom in body(c) containing every variable occurring in the body of o. Such an atom is
called a guard of o.

Similarly, o is frontier-guarded if there exists an atom in body(o) containing every
frontier variable of o. Such an atom is called a frontier guard. Every guarded TGD is
frontier-guarded, but the converse does not hold.

Conjunctive Queries. A Boolean conjunctive query (CQ) is a first-order sentence of
the form
Q=3 (AN NA,),

where each A; is an atom whose variables belong to T.
We identify @ with the set of atoms {4;,...,A,}. An instance I satisfies @), written
I E Q, if there exists a homomorphism from @ to I.

Ontology-Mediated Queries. An ontology-mediated query (OMQ) is a triple
0 =(5,%,Q),

where S is a relational schema, Y is a finite set of TGDs, and @ is a conjunctive query
over the schema obtained by extending S with the relation symbols occurring in X.

Given an S-database D, a model of (D, X)) is an instance I O D such that I = X. The
answer to O over D is the set

ans(0, D) = ﬂ Q(I),

[-(D.5)

called the certain answers of O over D.

The Semi-Oblivious Chase. The semi-oblivious chase is a procedure that con-
structs a universal model of a database and a set of TGDs by repeatedly applying rules.

A trigger for a TGD o on an instance I is a homomorphism from body(c) to I. Applying
a trigger extends I with a fresh copy of head(c), where frontier variables are mapped
according to the trigger and each existentially quantified variable is replaced by a fresh
null determined by the trigger.

Starting from a database D, the semi-oblivious chase repeatedly applies active triggers
until no active trigger remains, or indefinitely if this process does not terminate. The
resulting instance is denoted by

chase(D, X).
It is well known that the semi-oblivious chase is universal, in the sense that it homomorphi-

cally maps to every model of (D, X). Consequently, conjunctive queries can be evaluated
directly on the chase, as proved in [3]

Proposition 2.1. For every ontology-mediated query O = (5,3, Q) and every S-database
D

7

ans(0, D) = Q(chase(D, X)).

For every integer k > 0, we denote by chasey (D, X)) the instance obtained after at most
k rounds of the semi-oblivious chase. Thus,

chaseo(D, ) = D,

and, for every k > 0, chasey1(D,X) is obtained from chase, (D, X) by applying all active
triggers to chase, (D, X). The result of the semi-oblivious chase is then

chase(D,Y) = U chase (D, X).
k>0



3 Static Analysis of TGD’s

We now introduce the two main decision problems considered in this study. Briefly, given
a set of TGDs X, we are interested in deciding whether:

1. every conjunctive query admits a finite first-order rewriting;
2. the chase terminates for every database.

Let us now give more detail on each problem.

3.1 Uniform First-Order Rewritability

The goal of query rewriting is to answer queries over a knowledge base without explicitly
computing its consequences under the TGDs. Instead, one seeks to transform the original
query into an equivalent first-order query that can be evaluated directly over the input
database. Uniform first-order rewritability asks whether such a rewriting exists simultane-
ously for every conjunctive query over a fixed data schema.

We now formalize this notion.

Definition 3.1 (Uniform First-Order Rewritability). Let X be a set of TGDs over a schema
S. We say that X is uniformly first-order rewritable relative to S if, for every conjunctive
query Q over S, there exists a UCQ query Q' such that, for every database D over S,

Q'(D) = cert(Q, D, X%).

This naturally gives rise to the following decision problem. Given the class of TGDs C,
we define:

Problem:  UniformRewritability(C)
Input: A set 3 € C of TGDs and a data schema S.
Question: Is ¥ uniformly first-order rewritable relative to S?

The complexity of this problem will be our main focus for guarded and frontier-guarded
TGDs.

Theorem 3.2. The problem UniformRewritability is 2-EXPTIME-complete for both guarded
and frontier-guarded TGDs.

We first focus on the guarded case.

The proof of Theorem [3.2is given in Section[5] The upper bound is based on a charac-
terization showing that uniform first-order rewritability can be reduced to the rewritability
of a restricted family of atomic queries. More precisely, it is sufficient to consider ground
atomic queries over the signature induced by the data schema and the predicates occurring
in X. Since there are only exponentially many such queries (up to renaming of constants),
deciding uniform rewritability amounts to checking first-order rewritability for each of them
individually. As first-order rewritability of atomic queries can be decided in 2-ExXPTIME,
this yields the desired upper bound.

The key ingredient of this characterization is a linearization procedure, presented in
Section [4 which transforms a set of guarded TGDs into an equivalent set of simple-linear
TGDs for query answering. This construction is inspired from [4]



3.2 Uniform Termination of the Semi-Oblivious Chase

Another central question is whether the semi-oblivious chase always terminates. More
precisely, given a set of TGDs 3, we ask whether the chase terminates on every database
over a fixed data schema. When this is the case, the chase can always be computed in
finite time, making it possible to answer conjunctive queries by evaluating them directly
over the chase instance.

We now formalize this notion.

Definition 3.3 (Uniform Semi-Oblivious Chase Termination). Let ¥ be a set of TGDs
and let S be a data schema. We say that ¥ is uniformly terminating relative to S if, for
every database D over S, the semi-oblivious chase Chase(D,X) is finite.

This leads to the following decision problem.

Problem:  UniformTermination
Input: A set X of TGDs and a data schema S.
Question: Does the semi-oblivious chase terminate on every database over S7

For guarded TGDs, the complexity of UniformTermination is already known [5]. In this
paper, we focus on the frontier-guarded setting and establish the corresponding complexity
result.

Theorem 3.4. The problem UniformTermination is 2-EXPTIME-complete for frontier-guarded
TGDs.

4 Linerization of Guarded TGDs

Linearisation is a transformation that reduces query answering under guarded TGDs to
query answering under linear TGDs by explicitly encoding local consequences of the rules
into the database.

Intuition. Given a database D and a set of TGDs X, the completion Dy, = complete(D, X)
contains all ground facts over dom(D) that are entailed by ¥. The key idea of linearisation
is to compress the information in Dy, by grouping, for each atom, all facts that can be
derived over the same domain.

More precisely, instead of representing each fact individually, we associate to every
atom o = R(a) its X-type, which consists of o together with all facts in Dy, whose terms
are drawn from dom(a). This local neighbourhood is then represented by a single fresh
predicate symbol [7], called a type atom.

Y-types Let ¥ be a set of TGDs over a schema S. Let o = R(t) be an atom.

Two tuples ¢ and % of the same length are said to have the same equality pattern, written
t ~ a, if for all positions 4, j it holds that t; = ¢, iff u; = u;.

A X-type is a pair 7 = (v, T) where:

e v is an atom R(u) whose terms are taken from {1,...,k} for some k < ar(X), and

e T is a set of atoms such that dom(7T) C dom(y) and v ¢ T.

Intuitively, v represents a canonical guard atom together with its equality pattern, while
T represents all additional atoms over the same domain that are entailed under 3.

Given an atom a = R(f), we say that a X-type 7 = (7,T) belongs to X-types(a) if
~= R(u) and t ~ u.



For a database D, the X-type of o in D is the type

typep s(a) = (7,T)
such that v matches the equality pattern of v and

T = {p € complete(D, X)) | dom(B) C dom(a)} \ {a}.

Linearised database. The linearisation of D, denoted lin(D), is obtained by replacing
each atom o = R(a) of D with a single atom [7](a@), where 7 = typep »(a). Thus, each
atom of lin(D) compactly represents all information about « that is derivable under ¥
within its domain.

Linearised rules. Each guarded TGD is transformed into a set of linear TGDs. Intu-
itively, whenever a rule can be applied to a type 7, we produce new type atoms corre-
sponding to the X-types of the atoms in the head of the rule. In this way, the application
of rules is simulated at the level of types, and every rule has a single atom in its body.

Projection to the original schema. Each type atom represents a collection of atoms
over the original schema. To recover these atoms, we introduce, for every X-type 7 = (v, T)
and every atom 8 € {7} UT, a linear rule

[7](z) — B(2),

where the variables of § are instantiated according to the canonical ordering of the terms of
7. These projection rules ensure that every fact encoded by a type atom can be recovered
over the original schema, allowing conjunctive queries over the original predicates to be
evaluated without modification.

Theorem 4.1 (Correctness of the guarded linearisation). Let D be a database over the
original schema S, and let 2 be a finite set of guarded TGDs. Let

I = chase(D, X) and J = chase(Lin(D), Lin(X)).

Denote by J|g the restriction of J to predicates of the original schema S. Then I and J|g
are homomorphically equivalent:

I—>J|S and J|S—>I.

Consequently, for every conjunctive query @ over S,

IEQ <= JEQ.
Proof. We prove the two homomorphisms separately.

From the original chase to the linearised chase. We construct, by induction on the chase
derivation of I, a mapping
h:1—J|s.

Initially, every atom o = R(a) of D is replaced in Lin(D) by a type atom

[7)(@),

where 7 is the type of a. By definition, 7 contains a. Hence, the decoding rule associated
with a derives

R(a)



in J. Therefore, the identity mapping on the constants of D defines a homomorphism from
D to J|S

Assume now that the mapping has been defined after some finite number of chase steps.
Consider an application of a rule

o (3, 7) — F (3, )
in the original chase. Let g be the corresponding trigger, so that

g(¢) C 1.

Since o is guarded, its body contains an atom - whose variables include all variables
of ¢. The image g(v) therefore contains all terms used by the trigger. By the induction
hypothesis, the image of the body under h o g occurs in J|g. These local facts are encoded
by a type atom associated with h(g(7)).

The construction of Lin(X) contains a linear rule simulating this application of o on
that type. Applying this rule creates type atoms for the head atoms of 0. The decoding
rules then produce the corresponding original atoms in J|g.

Map every fresh null introduced by the original chase step to the fresh null introduced
by the corresponding linearised chase step. Extending h in this way preserves all newly
generated head atoms. Thus, the induction invariant is maintained.

Taking the union of these compatible finite mappings yields a homomorphism

hil—Jls.

From the linearised chase to the original chase. We now construct a homomorphism
k: J|s — 1

by induction on the derivation of type atoms in the linearised chase.
Consider first a type atom occurring in the linearised database:

[7](a) € Lin(D).

By definition of Lin(D), the type 7 records atoms that are entailed from D and ¥ over the
domain of the corresponding guard atom. Since the chase is a universal model of (D, %),
every original-schema atom decoded from [r](a) occurs in I. Hence, the identity on a maps
all such decoded atoms to I.

Suppose now that a type atom

[7'1(b)

is generated by a linearised rule from a previously generated type atom

[7)(@).

By construction of Lin(X), this linear rule exists only if there is a rule 0 € ¥ and a
homomorphism from the body of ¢ into the collection of atoms encoded by 7. Moreover,
7/ describes the atoms obtained by applying ¢ under this homomorphism and by closing
the resulting local instance under .

By the induction hypothesis, all atoms encoded by 7 map to I. Thus, the corresponding
body homomorphism gives a valid trigger for o in I. Since I = chase(D, Y) is closed under
applications of rules from X, the required head atoms are present in I. We map the fresh
nulls introduced in the linearised step to witnesses produced by the corresponding rule
application in I. Every original-schema atom decoded from [7'](b) is therefore preserved.

Taking the union of these mappings over the linearised chase derivation gives a homo-
morphism

k:Jls— 1.



We have proved that I and J|g are homomorphically equivalent. Since conjunctive

queries are invariant under homomorphic equivalence, for every conjunctive query @ over
S,
I'EQ <= JlsEQ.

As @ uses only predicates from S, this is equivalent to

IEQ = JEQ

5 Uniform First-Order Rewritability of Guarded TGDs

We are now ready to discuss the proof of Theorem [3.2] We start with the upper bound in
Section [5.1] and then establish the lower bound in Section (.21

5.1 Upper Bound
5.1.1 Rewriting over Complete Databases

The proof of the upper bound begins with a rewriting result for complete databases. More
precisely, we first show that, once a database contains all consequences relevant to its
active domain, conjunctive-query answering under guarded TGDs can be reduced to the
evaluation of a union of conjunctive queries over that database.

This first step is formalized by the following claim:

Claim 5.1. Given % a set of Guarded TGDs and a CQ @Q, there is a ucqg Qx such that,
for every database D,

Dg/\E'ZQ <— Dx ':QE
Note that thank to theorem [4.I] we have the following proposition:
Proposition 5.2. Given a set of guarded TGD ¥ and a CQ Q, for every database D,

DsAS EQ < lin(D) Alin(Ds) = Q

The difficulty is that guarded TGDs do not enjoy the same rewriting properties as linear
TGDs. The idea is therefore to transform the problem into one involving linear TGDs.
Using the linearization procedure, we replace the original ontology by an equivalent linear
one, compute a UCQ rewriting in this simpler setting, and finally show that this rewriting
correctly answers the original query over the completed database.

Definition 5.3 (Delinearisation of a UCQ over a linearised database). Let Q' = \/i_, C;
be a UCQ over the linearised schema, where each C; is a conjunctive query consisting
of linearised atoms [7](Z). The delinearisation of Q’, denoted Q", is the UCQ over the
original schema obtained by replacing each linearised atom [T](Z) with the set of atoms
7(Z) it represents:

n

@=V{ A @),

i=1 \[7](Z)eC;

where for each T, T(Z) is the set of original atoms associated with the X-type 7.



Proof of Claim[5.1 We know that there exist a UCQ Q' such that for every database D
lin(D) A lin(X) |= lin(Q) <= lin(D) = Q'. We know want to prove that

lin(D) £ Q' <= Dy = delin(Q")

which prove Claim
We prove both implications.

(=) Assume lin(D) | Q'. Since Q' is a UCQ, there exists a disjunct ¢! of Q' and a
homomorphism
h:q — lin(D).

Every atom of ¢! is of the form [r](Z) for some ¥-type 7. By construction of lin(D), we
have:

lin(D) = [r](@) iff Dy F 7(a).

Hence, for every atom [7](z) of ¢!,

Dy = 7(h(Z))-

Let g be the CQ obtained from ¢’ by replacing each atom [7](Z) with the conjunction 7(Z).
Then the same homomorphism h witnesses that

Dg ':q.

Since ¢ is a disjunct of delin(Q'), we conclude that
Dy |= delin(Q").

(<) Assume Dy, = delin(Q'). Then there exists a disjunct ¢ of delin(Q') and a homomor-
phism
h: q— Dy.

Each atom of ¢ belongs to some X-type 7(Z). Since Dy = 7(h(Z)), by construction of

lin(D) we obtain
lin(D) = [7] (h(#)).

Let ¢! be the CQ obtained by replacing each 7(Z) in ¢ with [r](Z). Then the same homo-
morphism h satisfies
lin(D) |= ¢

Since ¢ is a disjunct of @', we conclude that
lin(D) = Q.

Therefore,

lin(D) = Q' <= Ds k= delin(Q").

5.1.2 Characterization of Uniform Rewritability

We now show that the rewriting result established in the previous subsection completely
characterizes uniform first-order rewritability. The forward implication is immediate, since
atomic conjunctive queries are a particular case of conjunctive queries. The converse relies
on the fact that every conjunctive query over a complete database can be rewritten as
a union of conjunctive queries, and that each ground atomic query admits a first-order
rewriting by assumption.



Theorem 5.4. Let X be a set of guarded TGDs. The following are equivalent:
1. (3,CQ) is first-order rewritable;
2. (8,ACQ) is first-order rewritable.

Proof. The implication (1) = (2) is immediate.

Assume now that every atomic conjunctive query is first-order rewritable with respect
to X. Let @ be an arbitrary conjunctive query.

By Claim [5.1} there exists a UCQ Qs such that, for every database D,

Da2|:Q <~ DZ }ZQZH

where Dy, denotes the completion of D with respect to X.
Since @y is a union of conjunctive queries, it is enough to rewrite each disjunct inde-
pendently. Hence, assume that
m
Qs =\ o,
i=1

where each «; is an atomic formula.

The atoms of @)y, may share variables. To account for every possible identification
between these variables, we consider all partitions of the variables of Qs.

Let 7 be such a partition. To every equivalence class of 7, we associate a fresh constant.
Replacing each variable by the constant associated with its class yields a ground conjunction
Q.

By assumption, every ground atom occurring in QF, admits a first-order rewriting.
Rewriting each atom independently and taking their conjunction yields a UCQ ¢, satis-
fying

DYEQE <« DEon

The rewriting procedure for ground atomic queries is invariant under renaming of the
fresh constants. Therefore, replacing each fresh constant by the variable representing its
equivalence class gives a UCQ .

Finally, define

¢:\/$7T7

where the disjunction ranges over all partitions of the variables of Qx.

By construction, every homomorphism from @y into a complete database induces ex-
actly one partition of its variables, and conversely every satisfying assignment of one dis-
junct of ® defines a homomorphism from @x. Hence,

Ds = Qs = D E ®.
Combining this equivalence with Claim [5.1} we obtain
DY EQ — DEO,

showing that @ is first-order rewritable with respect to 3. O

5.1.3 Decision Procedure and Complexity Analysis

We now use Theorem to derive the upper bound for uniform first-order rewritability.
The characterization established in the previous subsection shows that it is sufficient to
decide whether all atomic queries are first-order rewritable with respect to the input set of
guarded TGDs.

We rely on the following known result, proved in [6]

10



Theorem 5.5 ([6]). Given a set ¥ of guarded TGDs, a data schema S, and a ground
atomic query q, deciding whether q is first-order rewritable with respect to ¥ over S can be
done in 2-EXPTIME.

We can now establish the desired upper bound.
Theorem 5.6. The problem UniformRewritability(G) is in 2-EXPTIME.

Proof. Let X be a finite set of guarded TGDs and let S be the data schema. By Theo-
rem[5.4] ¥ is uniformly first-order rewritable relative to S if and only if every atomic query
over

S Usch(X)

is first-order rewritable with respect to 3.
It is enough to consider ground atomic queries up to renaming of constants. Indeed,
for a predicate R of arity n, a ground atomic query

R(cyy ... cn)

is determined, up to constant renaming, by the equality pattern of the tuple (c1,...,¢p).
Such an equality pattern is represented by a partition of the set [n]. We may therefore
choose one canonical ground atom for each predicate and each equality pattern of its
arguments.

The number of partitions of [n] is the n-th Bell number, which is bounded by

20(n log n).

Consequently, the number of canonical ground atomic queries over S U sch(X) is at most
exponential in the size of the input.
The decision procedure is therefore the following:

1. enumerate all canonical ground atomic queries over S U sch(X);
2. for each such query ¢, apply the decision procedure of Theorem [5.5}

3. accept if and only if every query considered is first-order rewritable with respect to
3.

The correctness of the procedure follows directly from Theorem [5.4] Indeed, the proce-
dure accepts precisely when all atomic queries are first-order rewritable, which is equivalent
to uniform first-order rewritability for conjunctive queries.

It remains to analyze its running time. There are at most exponentially many canonical
ground atomic queries, and each invocation of the atomic rewritability procedure takes
double-exponential time. Thus, the complete procedure runs in 2-EXPTIME, proving the
claim. O

5.2 Lower Bound

We introduce the following problem, where D is a fixed database composed of only one
atom, so we will confuse the database and the atom,

Problem :  QueryAnswering(D)
Input : A set X of guarded TGDs, an atomic boolean query ¢ without constant.
Question :  Does the chase of D and ¥ entail ¢ ?

In [7], it is proven that

e This problem is 2-EXPTIME-complete when the arity of the predicate is not bounded

11



e This problem is EXPTIME-complete when the arity of the predicate is bounded

We can assume all rule heads are atomic. To prove Theorem [3.2, we will reduce this
problem to UniformRewritability(Guarded)

3 be a set of guarded TGDs with atomic heads, and ¢ be a boolean atomic query.

We will now define a few set of rules. We assume that all the introduced predicates are
fresh, meaning they dont appear in X or D.

o X, = {p(z) Ar(z,y) = p(y),r(z,y) — IZinit(x, 2), init(z, Z) — D(Z)} where Z has
the arity of D.

® Yfood = {flood(x) — h(z,...,x),q(x1,...,x,) — flood(x1)} for all predicate h.

Note that both those rule set are guarded.
We now define ¥/ = ¥, U Rfgoq U X.

Proposition 5.7. X/ is uniformly rewritable if and only if the chase of D and X entails q.

Proof. We will show both sides of the implication.

We prove the forward implication by contraposition. For this we show that if the chase
of D and X does not entail ¢, then 3’ is not uniformly rewritable. Indeed, query p(z)Aa(z)t
is not rewritable. Indeed consider database D,, = {p(z1),7(21,a2),...7(an—1,b),a(b)} that
has schema S. Since the query ¢ is not in the chase of D and X, then the flood is never
derived. Hence, in ¥’ the only way to derive an atom of the form p(x) is to use the rule
p(z) Ar(z,y) — p(y). On database D,, that rule has to be applied at least n times in
succession to derive p(ay,). Indeed, we have

Chase; (Dy,,Y') s = (a(b), p(z1), p(x2), (21, 02), . . . 7(An—1,D),

then

Chasey(Dr, %) |5 = (a(b),p(z1), p(x2), p(x3),7(x1,a2), ... 7(an-1,b),
ect. Hence, since we can take n as large as we want and since this is the only way to derive
p(b), then we know that query p(a) A p(b) is not rewritable because we do not respect the
BDDP, hence the set of TGDs X/ is not uniformly rewritable.

Let us now show that if ¢ is entailed by ¥ and D, then ¥’ is uniformly rewritable. For
the rewritability, we work on schema {p,r}. Let @ be a boolean query with no constant.
Let D’ be a database on S. If there is an atom of form r(x,y), then by deriving the atom
D, we can then derive an atom of the from ¢(x1,...,x,), that then allows us to derive the
flood to retrieve flood(z). Hence, we can for any atom of the form r(z,y), derive flood(z).
Then, with the rule flood(z) — h(z,...,z), we can satisfy any query. If D’ has no atom
of form r(z,y) then no rule can fire, so if there are only atoms of form p(z) then @ is a
rewriting of itself. Hence, a rewriting of the query can always be r(x,y) V@, so @ is indeed
first order rewritable. Hence, R’ is uniformably rewritable U

Note that the creation of rules is linear in Y. This claim allows to prove both point of
Theorem [3.2

Proof of Theorem[3.34 We will prove both points seperately.

For the problem UniformRewritability(Guarded) with unbounded predicate, we have a
clear reduction from QueryAnswering(D) with unbounded arity. We know that problem is
2-EXPTIME-complete. The reduction we presented runs in polynomial time, and thanks
to Proposition we know that our reduction holds.

For the problem UniformRewritability(Guarded) with bounded predicate, we do the
same reduction, and note that the rules created also have bounded arity, since the newly
created predicate have arity smaller than the arity of the database. O

Note that since we have the reduction for guarded we also have it for frontier guarded.
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6 Towards Frontier-Guarded TGDs

The proof developed in the previous section suggests a natural question: how much of the
argument actually depends on guardedness?

The key ingredient is Claim Recall that, for every set ¥ of guarded TGDs and
every conjunctive query @, there exists a UCQ @y such that, for every database D,

D272|:Q < DZ |: Qz.

In other words, once the input database has been completed with respect to ¥, conjunctive-
query answering under ¥ becomes UCQ-rewritable.

The remainder of the proof of uniform rewritability relies only on this property. Indeed,
once such a UCQ Qy is available, the argument of Section reduces its atoms to atomic
queries and uses their first-order rewritings. This naturally raises the following question:

Does Claim [5.1) remain true for frontier-guarded TGDs?

If the answer were positive, the same proof strategy could be reused almost unchanged
in the frontier-guarded setting. Unfortunately, this is not the case. Even over complete
databases, conjunctive queries under frontier-guarded TGDs are not necessarily UCQ-
rewritable.

The following example shows that our proprety does not hold for frontier guarded
TGDs.

Example 6.1. Consider the following frontier-guarded TGD:
Y ={s(z,y), r(z,z) = Its(z1t)}.

This rule is frontier-guarded: the only frontier variable is z, and it is guarded by the atom
r(x, z). Notice, however, that the rule is not guarded, since no atom in its body contains
all three variables x,y, z.

Consider the Boolean conjunctive query

Q = 323y (q(x) A s(z,y)).
For everyn > 1, let
Dn = {p(al)ﬂ"(ah CLQ),T(CLQ, a3)7 e 7T(an717an)7q(an)7 s(al, bl)}

Starting from s(a1,b1), the rule can propagate an s-atom along the r-path. More pre-
cisely, after one application we obtain

s(ag, ba),

where by is a fresh null; after two applications we obtain
s(as, bs),

and so on. Eventually, after n — 1 successive applications, the chase contains
s(an, by).

Since q(an) € D, it follows that

chase(D,,Y) E Q.

13



On the other hand, the rule never creates a new ground atom: every generated s-atom
contains a fresh null in its second position. Consequently, completing D,, with respect to
ground consequences does not reveal the propagation along the r-path.

Moreover, the number of chase rounds needed to satisfy @ is unbounded: for the database
D,,, at least n—1 successive rule applications are required before an atom of the form s(ay, t)
s generated. Hence there is no uniform bound k, independent of the database, such that

chase(D,Y) =Q = chasei(D,Y) = Q.

By the bounded derivation depth characterization of UCQ rewritability, Q is therefore
not UCQ-rewritable with respect to ¥ as proved in [1]

Thus, even though Y is frontier-guarded, conjunctive-query answering over complete
databases is not necessarily UCQ-rewritable. This shows that the characterization that
holds for guarded TGDs, does not extend directly to frontier-guarded TGDs.

Although our characterization does not extend directly to frontier-guarded TGDs, this
does not mean that uniform first-order rewritability cannot be characterized for this larger
class. Instead, a different family of queries has to be considered.

For this purpose, we introduce the notion of sub-body queries. Intuitively, these queries
are obtained by selecting some atoms from the body of a rule and existentially quantifying
all variables occurring in the selected atoms.

Definition 6.2 (Sub-body Queries). Let ¥ be a set of TGDs. We define the set of sub-
body queries of X, denoted B(X), as

B(x)={3z A\ B(z) |0 €%, ACbody(o), T =terms(A), = terms(4)\C ¢,
BEA

where C denotes the set of constants.

In other words, a sub-body query is obtained from an arbitrary subset of the body of
a rule, with all variables existentially quantified and the constants, if any, left unchanged.

Using this family of queries, we obtain the following characterization of uniform first-
order rewritability for frontier-guarded TGDs.

Proposition 6.3. Let ¥ be a set of frontier-guarded TGDs and let S be a data schema.
The following statements are equivalent:

1. ¥ s uniformly first-order rewritable relative to S;

2. for every query Q € B(X), the ontology-mediated query (S, %, Q) admits a first-order
rewriting.

This result shows that, although the characterization used for guarded TGDs cannot
be transferred directly to the frontier-guarded setting, uniform rewritability can still be
reduced to the rewritability of a specific finite family of queries derived from the bodies of
the rules.

We will not develop the proof of Proposition [6.3] in this report. This characterization
is part of ongoing work and is intended to be presented in a subsequent article, potentially
together with a more general result.

For the remainder of this report, we instead focus on the second problem introduced
earlier: the uniform termination of the semi-oblivious chase. To study this problem for
frontier-guarded TGDs, we develop a new linearization procedure adapted to this larger
class of rules. We will show that this transformation preserves the relevant termination
behavior of the chase and use it to establish the complexity of uniform chase termination
for frontier-guarded TGDs.
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7 Linearization of Frontier-Guarded TGDs

We now introduce the linearization procedure that will be used to study chase termination
for frontier-guarded TGDs. As in the guarded case, the objective is to replace a set of
rules by a set of linear TGDs while preserving the behavior of the original chase. The
construction is, however, more involved. Indeed, in a frontier-guarded rule, the guard is
only required to contain the frontier variables, and therefore the applicability of a rule
cannot in general be determined from the guard atom alone.

To overcome this difficulty, we associate with every atom a richer notion of type, record-
ing not only its predicate and equality pattern, but also the configurations of rule bodies
that can be realized around it in the chase. For simplicity, we assume throughout this
section that TGDs have atomic heads. The complete formal construction and its technical
details are given in Appendix [A]

Y-types. Let D be a database, let 3 be a set of frontier-guarded TGDs, and let
a=R(ty,..., tg)
be an atom of chase(D, ). Its Y-type with respect to D, denoted t3 (), is a tuple
tH(a) = (R,~,G),
where R is the predicate of «, ~ records the equality pattern of its arguments, that is,
t~j = b=ty

and G records the rule-body configurations that can be realized around «.
More precisely, G contains a pair (G, 7) whenever there exists a rule o € 3, a subset
G C body(o), and a homomorphism

h: G — chase(D,Y)
such that 7 associates some terms of G with positions of o and
h(z) = a[r(z)]

for every x on which 7 is defined.

Thus, the component G records which fragments of rule bodies can occur in the chase
while fixing some of their terms to arguments of «. This additional information is precisely
what is needed in the frontier-guarded setting, where atoms outside the frontier guard may
be required to witness the applicability of a rule.

There are at most doubly exponentially many different ¥-types. For every type t =
(R,~,G), we introduce a fresh predicate p;. Its arity is the number of equivalence classes
of ~.

Linearized database. For an atom
(Jé:R(tl,...,tk) eD,

let (},...,t;) be obtained by keeping the first occurrence of each distinct term of «, in
their order of appearance. We encode « by the type atom

pt%(a)(tlh s 7t;)

The linearized database, denoted lin(D), is the set of all such type atoms.
The linearized rule set is composed of three families of rules.
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Origin reconstruction rules. The first family simply recovers the original atom repre-
sented by a type atom. If t = (R, ~,G) and R has arity k, we introduce a rule

pt(xlv v 793]) — R(Irank(1)7 s 7Irank(k))7

where rank(7) identifies the equivalence class of position ¢ according to its first occurrence.
These rules reconstruct exactly the original database from its linearization.

Saturation reconstruction rules. The second family reconstructs consequences that
can be obtained without introducing new terms. Suppose that o is a Datalog rule and that
a type t = (R, ~,G) contains (body(c), ), where 7 is defined on the frontier variables of
o. The information stored in the type then guarantees that the body of ¢ can be realized
while fixing its frontier to the corresponding positions of the represented atom. We can
therefore introduce a linear rule

pi(@) — P(@),

where P(Z,) is the corresponding instantiation of the head of o.
Together with the origin reconstruction rules, these rules recover the part of the original
chase whose terms already occur in the database.

Complex rules. It remains to simulate rule applications that introduce fresh nulls. Sup-
pose that an application of a rule o € 3, whose frontier is guarded by an atom «; of type
t1, creates an atom as of type to. We introduce a linear TGD of the form

P, (Z) = 2 e, (Y)-

The tuple y preserves the frontier terms inherited from «;, while positions corresponding
to existential variables of ¢ are filled with fresh existential variables from Z.

The crucial point is that this construction depends only on the types ¢t; and %5, and
not on the particular atoms a; and as used to define it. More precisely, if an application
from an atom of type ¢; produces an atom of type t3, then the same transition can be
reproduced from any atom of type t;, producing an atom of type t5. The proof of this
property, which is the main technical part of the construction, is deferred to Appendix [A]

We denote respectively by X, 3. and X, the sets of origin reconstruction, saturation
reconstruction and complex TGDs, and define

lin() = Sor USer U S

By construction, every rule of lin(X) has a single type atom in its body and is therefore
linear.
The correctness of the construction is summarized by the following proposition.

Proposition 7.1. Let ¥ be a set of frontier-quarded TGDs and let D be a database over
a schema S. Then
chase(D, %) and chase(lin(D),lin(Z))‘S

are homomorphically equivalent.

The full definition of the linearization, together with the proof establishing Proposi-
tion is presented in Appendix [A]

8 Uniform Termination of the Semi-Oblivious Chase
We now turn to the proof of Theorem [3.4] The lower bound is already known from the

literature [2], where it is shown that UniformTermination(G) is 2-ExpPT1ME-hard. Therefore,
it remains to establish the matching upper bound for frontier-guarded TGDs.
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Our proof relies on the linearization procedure introduced in the previous section. The
main idea is that, instead of considering the semi-oblivious chase on every possible database,
it is sufficient to study the chase of a single, canonical database after linearization. This
considerably simplifies the problem while preserving the termination behavior of the chase.

To formalize this idea, we use the notion of a critical database. Given a schema .S,
the critical database of S, denoted Dg, contains one fact for every relation symbol of the
schema, where every argument is replaced by the same arbitrary constant c. Formally,

Ds={R(c,...,c) | Re S}.
——
ar(R)
The key characterization underlying our approach is the following.

Proposition 8.1. Let ¥ be a set of frontier-quarded TGDs and let S be a data schema.
The following statements are equivalent:

1. X ensures the uniform termination of the semi-oblivious chase relative to S;
2. the chase chase(Lin(Dg), Lin(X)) is finite.

Before proving this characterization, let us explain how it yields the upper bound of
Theorem By Proposition deciding whether ¥ is uniformly terminating reduces to
constructing the linearized database Lin(Dg) and the linearized set of TGDs Lin(X), and
then checking whether the chase of the former with respect to the latter is finite.

The critical database can clearly be constructed in polynomial time. Moreover, Sec-
tion |A{shows that both Lin(Dg) and Lin(X) can be computed in double-exponential time.
Since Lin(X) is a set of simple-linear TGDs, the finiteness of chase(Lin(Dg), Lin(X)) can
be decided in polynomial time in the size of the linearized instance and rule set [8]. Conse-
quently, the overall procedure runs in double-exponential time, proving the desired upper
bound.

8.1 Proof of Proposition [8.1

The proof of Proposition [81] follows from two independent ingredients.

The first is a classical result stating that, to decide whether a set of TGDs guarantees
uniform termination over a schema, it is sufficient to consider the critical database of that
schema.

Lemma 8.2. Let S be a schema and 3 a set of TGDs. The following are equivalent:
1. X ensures the uniform termination of the semi-oblivious chase relative to S;
2. chase(Dg,X) is finite.

The second ingredient shows that the linearization procedure preserves the termination
of the semi-oblivious chase.

Lemma 8.3. Let D be a database and % a set of frontier-guarded TGDs. The following
are equivalent:

1. chase(D,X) is finite;
2. chase(Lin(D), Lin(X)) is finite.
Proof. We prove both implications. Recall that

Lin(3) = Sor U S, U S,
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where ¥, contains the origin reconstruction rules, Y, the saturation reconstruction rules,
and Y. the complex TGDs.

The important observation is that rules in X,,.UX, do not introduce fresh nulls. Hence,
from a finite set of terms, they can derive only finitely many atoms. As a consequence, an
infinite chase under Lin(X) must contain infinitely many applications of complex TGDs.

We also use the following property of the construction, established in Section [} if an
application of a rule o € 3 whose frontier is guarded by an atom of type t; creates an atom
of type t2, then the corresponding complex TGD

bty (f) - Elzpb (y)

belongs to ¥.. Conversely, whenever this complex TGD is applied to a type atom repre-
senting an atom «a; of type t1, the application can be realized in the original chase by an
application of ¢ whose frontier is mapped to «a;, producing an atom of type ts.

(=) Assume that chase(D, X)) is infinite.

Since ¥ is finite and predicates have finite arity, an infinite chase cannot contain only
finitely many terms: over a finite set of terms, only finitely many atoms can be formed.
Therefore, chase(D, ) contains infinitely many applications of existential TGDs introduc-
ing fresh nulls.

We show inductively that every atom created by such an application has a corresponding
type atom in

chase(Lin(D), Lin(X)).

For atoms of D, this holds by definition of Lin(D). Namely, for every « € D, the atom
P12 () (@)

belongs to Lin(D), where @ consists of the distinct arguments of « in order of first occur-
rence.

Assume now that an atom s is created in the original chase by an application of a
TGD o, and let a; be an atom guarding the image of the frontier of o. Suppose that oy
has type t; and that as has type to.

By induction, the type atom corresponding to a; occurs in the linearized chase. By
construction of 3., there is a complex TGD

bty (‘f) - EIZth (g)

simulating this application. Hence the corresponding type atom for as is generated in the
linearized chase.

Thus every existential creation step of the original chase is simulated by a complex-rule
application in the linearized chase. Since there are infinitely many such creation steps, the
linearized chase contains infinitely many applications of complex TGDs and is therefore
infinite. Hence

chase(Lin(D), Lin(X)) is infinite.

(«=) Assume now that
chase(Lin(D), Lin(X))

is infinite.

As observed above, the rules in 3, UX, introduce no fresh nulls. If only finitely many
complex TGDs were applied, then only finitely many terms would occur in the linearized
chase. Since the rule set and the schema are finite, only finitely many atoms could then be
generated. This would contradict the assumption that the chase is infinite.

Consequently, infinitely many complex TGDs are applied.
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We now show inductively that every type atom generated through complex TGDs can
be realized by an atom of the original chase having the same X-type.

The type atoms initially occurring in Lin(D) directly correspond to atoms of D, so the
property holds at the beginning of the chase.

Suppose that

Pty (b)

is generated from
i, (@)
by a complex TGD
P, () = 32 pe, (9),

and assume inductively that p;, (@) is represented by an atom «; € chase(D, X)) of type t;.

By the type-transition property of the linearization, the complex TGD comes from an
original TGD ¢ € ¥ that can be applied with its frontier guarded by «;. Moreover, this
application produces an atom sy whose Y-type is exactly t;. We therefore associate py, (b)
with this newly produced atom as.

Fresh nulls introduced by the complex TGD are associated with the fresh nulls intro-
duced by the corresponding application of ¢. Thus the construction can be continued along
the whole sequence of complex rule applications.

Since the semi-oblivious chase identifies triggers according to their restriction to fron-
tier variables, distinct active applications of a complex TGD correspond to distinct frontier
mappings. The construction of complex TGDs preserves precisely these frontier arguments.
Consequently, infinitely many active complex-rule applications yield infinitely many dis-
tinct existential applications in the original semi-oblivious chase.

It follows that chase(D,Y) contains infinitely many fresh nulls, and hence infinitely
many atoms. Therefore,

chase(D, X)) is infinite.

We have proved
chase(D, ¥) is finite <= chase(Lin(D),Lin(X)) is finite.

O

Combining Lemmas[8:2]and [B.3]immediately yields Proposition[8:1} Indeed, by Lemmal[8:2]
3 ensures the uniform termination of the semi-oblivious chase relative to S if and only if

chase(Dg, X)
is finite. Applying Lemma to the critical database Dg, this is equivalent to
chase(Lin(Dg), Lin(X))
being finite. Therefore,
Y. uniformly terminates relative to S <=  chase(Lin(Dg), Lin(X)) is finite,

which is precisely Proposition [8:1]
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9 Conclusion and Future Work

In this report, we studied two static-analysis problems for existential rules: uniform first-
order rewritability and uniform termination of the semi-oblivious chase. Our objective was
to understand these problems first for guarded TGDs and then for the more general class
of frontier-guarded TGDs.

For uniform first-order rewritability, we first considered guarded TGDs. Using a lin-
earization into linear TGDs, we showed that conjunctive-query answering over complete
databases can be reduced to the evaluation of a union of conjunctive queries. This al-
lowed us to characterize uniform first-order rewritability in terms of atomic queries: a set
of guarded TGDs is uniformly first-order rewritable if and only if all atomic queries are
first-order rewritable. Together with existing results for atomic-query rewritability and the
lower-bound reduction presented in Section 5.2, this yields the desired complexity result.

We then investigated the extension of this approach to frontier-guarded TGDs. The
main intermediate property used in the guarded case fails in this more general setting:
conjunctive queries are no longer necessarily UCQ-rewritable over complete databases.
Nevertheless, this does not prevent a characterization of uniform first-order rewritability.
As stated in Proposition 6.3, atomic queries can be replaced by the finite family of sub-body
queries B(X). The proof of this result was not developed in this report and constitutes
part of our ongoing work.

Our second direction concerned uniform termination of the semi-oblivious chase. To
study this problem for frontier-guarded TGDs, we introduced a new linearization procedure
based on richer types that record local configurations of rule bodies. We showed that this
transformation preserves chase termination. Combined with the critical-database property
and known termination results for simple-linear TGDs, this gives a 2-EXPTIME upper
bound for uniform termination of frontier-guarded TGDs, matching the known lower bound
for guarded TGDs.

Several questions arising from this work remain to be investigated. In particular, we
intend to further develop the frontier-guarded rewritability results presented in Section 6.
The characterization through sub-body queries suggests that the techniques developed here
may extend beyond the precise setting considered in this report. We hope to strengthen
these results, potentially obtaining a more general characterization, and to present the
complete proofs together with the linearization techniques in a future research article.

More broadly, the results of this internship show that moving from guarded to frontier-
guarded TGDs requires keeping track of substantially more information about the inter-
action between rule bodies. Understanding how this additional structure can be repre-
sented while retaining decidable and computationally manageable static-analysis problems
remains a natural direction for future work.
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A Linearization of Frontier-Guarded Tuple-Generationg
Dependencies

The linearization construction presented in this section is due to Michael Thomazo. The
proof of the main correctness proposition stated at the end of the section, however, was
developed as part of this internship with his help and the help of my supervisor.

A.1 Presentation of the Linerization

To simplify the presentation, we assume TGDs to be with atomic head. This is done
without loss of generality .

Definition A.1 (3-type). Let D be a database, ¥ be a set of frontier-quarded TGDs. Let
a be an atom of chase DY.. The Y-type of a with respect to D and ¥, denoted by t5(a),
is the tuple (R, ~,G) where:

e R is the predicate symbol of a;

o ~ is the equivalence relation on the positions of a such that for all i,7, i ~ j if and
only if afi] = alj

e G is the set of all pairs (G, ) for which there exists a TGD o € ¥ such that:

G C body(o);
— 7 is @ mapping from a subset S C terms(G) to the positions of a;

there exists a homomorphism h : G — chase DX such that h(t) = a[n(t)] for all
tesS.

Note that there is a double-exponential number of Y-types. For each X-type t =
(R, ~,G), we introduce a fresh predicate p; of arity the number of ~-classes. The following
proposition is a corollary of CQ entailment being solvable in double-exponential time under
frontier-guarded TGDs.

Proposition A.2. For any atom « in D, the t%(a) is computable in double-exponential
time.

Linearization simply collects all the X-types for database atoms.

Definition A.3 (Linearized Database). Let D be a database and ¥ be a set of frontier-
guarded TGDs. The linearized database of D w.r.t. ¥ is defined as follows: for each atom
a(x) € D, let tx be the tuple formed by the first occurence of each distinct term in x,
preserving their original order. Then the linearization of D is {px ) (tx) | a(x) € D}.

The following notion of rank is merely a technical tool to describe our construction.

Definition A.4 (Rank). Let ~ be an equivalence over {1,...,k} for some k € N. For
each equivalence class C under ~, define min(C') = min{i | i € C}. The rank of C is
rank~(C) =1+ [{C" € {1,...,k},_ such that min(C’) < min(C)}|. We define the rank of
an element of {1,...,k} as the rank of its equivalence class.

Definition A.5 (Origin Reconstruction TGD). Let (R,~,G) be a dependency type, where
R is a predicate of arity k. For eachi € {1,...,k}, let rank(i) be the rank of its dependency

class under ~. The origin reconstruction TGD associated with (R, ~) isVz1 ...z pr~g(x1,. ..

R(Zrank(1)s - - - » Trank(k) ), where j is the number of equivalence class under ~.

The following proposition illustrates the interplay between origin reconstruction TGDs
and linearization.
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Proposition A.6. Let X be a set of frontier-guarded TGDs, D be a database with signature
S, and D’ be the linearization of D w.r.t. X.. Let X, be the set of all origin reconstruction
TGDs associated with X -types. Then chase D’ZOT|3 =D.

Proof. For every atom « = R(t1,...,t;) € D, let t5(a) = (R,~,G) and let (t},...,t})
be the tuple consisting of the first occurrence of each distinct term of «, in their order of
appearance. By definition of the linearized database, pr~(t1,...,t;) € D'.

Let pr,~g(T1,...,27;) = R(Trank(1)s - - - » Trank(k)) be the origin reconstruction TGD as-
sociated with the dependency type of «.

For every position i € {1,...,k}, the rank of ¢ is precisely the position of the equiv-
alence class of ¢ under ~ when the classes are ordered by the first occurrence of one of
their elements. Since (#},...,t;) was obtained by keeping exactly the first occurrence
of every distinct term of «, it follows that ¢/, ) = ali for every position i. Conse-
quently, applying the origin reconstruction TGD to pr ~ g(#,...,t;) produces exactly the
atom R(a[l],...,a[k]) = a. Since this argument applies to every atom of D, we obtain
D C chase D', s

Conversely, every TGD of ¥, has a head over the original signature and a body con-
sisting of a single type predicate. By construction of the linearized database, every type
atom occurring in D’ corresponds to an atom of D, and the associated origin reconstruction
TGD reconstructs precisely that atom. Hence no atom over the original signature other
than those of D can be produced.

Therefore, chase D'Y, s = D. O

Definition A.7 (Saturation Reconstruction TGD). Let o be a frontier-guarded Data-

log TGD with head p(y1,...,yx). Let (R,~,G) be a dependency type such that G contains

(body (o), ) for some mapping © whose domain includes fr(o) (hence, y1 to yx ). The satu-

ration reconstruction TGD associated with this X-type, o and 7 isVx1,...,2j PR~ g(Z1,...,T;) =
P(Tr(yr)s -+ Tr(yy)), where j is the number of equivlance classes of ~.

The following proposition illustrates the interplay between the whole set of reconstruc-
tion TGDs and linearization.

Proposition A.8. Let ¥ be a set of frontier-guarded TGDs, D be a database with signature
S, and D’ be the linearization of D w.r.t. ¥.. Let X, be the set of all origin reconstruction
TGDs associated with Y-types, and g, be the set of all saturation reconstruction TGDs
associated with Y. Then chase D'Y,, U Ysr|s = chase DXierms(D)-

Proof. By the previous proposition, chase D'%,, s = D. As saturation reconstruction
TGDs and orginal reconstruction TGDs do not interact, it remains to show that the sat-
uration reconstruction TGDs reconstruct exactly the atoms of chase DY whose arguments
belong to terms(D).

We first prove chase DYjierms(p) C chase D'Y,, U Xy 5. Let p(t1, ..., tx) € chase DXjierms(D)-
Then there exists a frontier-guarded TGD o : body(c) — p(y1,...,yr) and a homomor-
phism A : body(c) — chase DY such that h(y;) = t; for every 4. Since o is frontier-guarded,
the frontier variables all occur in the guard atom of the body. Let a be a database atom
guarding the image the frontier, and let (R, ~,G) = t5(a). By definition of dependency
type,(body(c),7) € G, where m maps every frontier variable y; to the position of h(y;) in
a. Since « is a database atom, p;» (o) (tx) belongs to D', where {x is the tuble formed by
the first occurence of each distinct term in «, preserving their original order. Therefore the
corresponding saturation reconstruction TGD is applicable. It derives p(t1,...,tx) because
the variables occurring in the body of the reconstruction TGD are instantiated with the
arguments of «, and 7 reproduces exactly the values of the frontier variables under h.

We now prove the converse inclusion.

Every atom over the original signature derived by a saturation reconstruction TGD is
obtained from a type predicate pr ~ g(a1,...,a;) already present in D’, and from a TGD
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associated with a pair (body(c), ) € G. By definition of G, there exists a homomorphism
h : body(c) — chase DY, mapping every variable in the domain of 7 to the corresponding
position of the guard atom. Since the head of a Datalog TGD contains only frontier
variables, the atom produced by the saturation reconstruction TGD is exactly the head of
o under h. Therefore it already belongs to chase DX..

Moreover, saturation reconstruction TGDs introduce no existential variables, so every
derived atom contains only terms of D. Hence chase D'Y,,. U Ysr|s C chase DYlierms(D)-

Combining the two inclusions yields the result.

O

Definition A.9 (Complex TGD). Let ay of type t1 = (R1,~1,G1) and as of type to =
(Ra, ~2,G2) be two atoms of chase DY, such that there exists a TGD o with head atom «yp,,
and a homomorphism m from body(c) to chase DY such that:

e ay guards w(fr(o));
e «y is the atom resulting from this TGD application.

The complex TGD associated with oy and as is the TGD:

e (21, .., x5) = 32 pe, (Y1, -, u1)

where z is a tuple of fresh existential variables, and for each i € {1,...,1}:

o if there exists m such that ap[m] is an existentially quantified variable and rank.,(m) =
i, then y; is an existentially quantified variable from z;

e otherwise, if there are two positions i’ and m’ such that rank.,(i") =4, and rank., (m') =
m and w(anl) = aslm’], then y; = Ty

To understand the intuition behind the above complex TGDs, let us consider the fol-
lowing proposition.

Proposition A.10. Let ay € chase DX be an atom of X-type t1 = (R1,~1,G1), and
ag € chase DY of X-type to = (Ra, ~2,G2) obtained by applying the TGD o € ¥ by m where
the guard of o is mapped to . Let o be an arbitrary atom of L-type t1, and let ¢ be
the mapping that associated to the i*" argument of ay the i*® argument of o/y. Then o is
applicable by an extension of (1 o T)g (s that maps the guard of o to oy, and the atom o
thereby created is of X-type ts.

Proof. 1 is well defined.

Since a1 and o/ have the same X-type t; = (Ry,~1,G1), they have the same predicate
R; and the same arity. Moreover, ~1 encodes the equality pattern among their arguments,
and thus aq[i] = aq[j] if and only if o [i] = o [j]. Hence v is well-defined.

o is applicable via an extension of {yow. Since «y is obtained by applying ¢ to a;, the
pair (body(c), m,) belongs to Gi, where m, is such that for any ¢ € fr(o), as[m,(t)] = 7(t).
As o) has the same type as a1, there exists a homomorphism

I’ : body(o) — chase DX

that agrees with ¢ o 7 on every frontier variable of . Thus A’ is a trigger of o whose
restriction to the frontier is precisely 1 o w. Applying o with A’ produces an atom .
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o, has the same predicate, the same equality pattern as as. Both atoms are
produced by the same TGD o, so they have the same predicate. Moreover, frontier variables
are identified according to v, which preserves the equality pattern of oy, while existential
variables are fresh in both applications. Hence two positions of the head of o are equal
in g if and only if they are equal in o). Therefore ao and of have the same first two
components (Rg, ~2) of their dependency types.

The third components of Y-types of a; and o}, are equal. We show that G, C GJ,
the converse follows by exchanging the roles of oy, @y and o} and of. Let (G, m2) € G(a2),
witnessed by a homomorphism h : G — chase DY such that h(t) = ag[m2(t)] whenever
mo(t) is defined. Partition the atoms of G into two sets:

G, = {8 € G| h(B) contains a descendant of a term generated in s},

and G4 = G\ G. Since ¥ is frontier-guarded, every path from an atom of G4 to an atom
of G| passes through a frontier term of ay. Hence every term shared by G+ and G| is
mapped by h to a frontier term of as. We can thus assume without loss of generality that
my is defined on all such variables. Let m be the restriction of 73 to the terms of G4 that
are mapped to frontier positions of ay. Then (Gy,m) € Ga(as), and since the frontier
terms of az also belong to ai, (G4, 7}) € G1, where 73 () is defined when 74(¢) is, and is
such that aq[m4(t)] = ai[m}(¢)]. Hence, as a; and o) have the same type, there exists A’
that maps G4 into chase DX mapping the relevant terms (including those shared with G)
into the frontier terms of o according to 7.

It remains to show that A’ can be extented to G|. Consider an arbitrary chase sequence,
and enumerate the descendants of as as vy = ag,71,... according to their order of their
first creation in the chase sequence (an atom may have been generated several times due
to full TGDs). We show that there exists in chase DX 4,71, ... descendants of of, and a
homomorphism ¢; from T'; = {y9,...,7} onto I'; = {+{,...,7.}, such that for each i > 0,
p; extends y;_1, and every strict descendant of the frontier of as are mapped to strict
descendant of the frontier of a}.

Base case: g = ¢

Inductive case: let us assume ¢; is defined, and let us show that ~;, ; can be generated.
vit+1 is created by a rule application 041, m;+1. Let body(c;+1) be partitioned into By =
71 (1) and By = body(ci41)\ By. As ¥ is frontier-guarded, it holds that all terms shared
by B4 and B; are mapped by w41 to terms(as) N terms(ay). Hence (By, ), where mp
maps the shared terms to the corresponding positions of a;y, belongs to the type of atomy,
and thus to the type of atom’. Thus, there exists a homomorphism h4 from By to chase DX
agreeing with ¢ o m; 1 on all terms shared with Bj.

Define h| by h| = (¢i © Tit1)terms(B,)- BY construction of ;, this is a valid homomor-
phism from Bj to I';. h4 and h) are compatible, as the terms shared by By and B, are
mapped through ¢ to the frontier terms of o. Hence h) U hy is a valid homomorphism
from body(o;41) to chase DX, forming a trigger for o;11. Let 7, be the atom generated
by it.

We extend ¢; to ;11 by setting ¢ 1(vit1[j]) = 7vip1lj] for each position j.

By considering T'y, such that G maps to Iy, by h, it holds that G| maps to I'}, by ¢y oh.
By construction ¢y oh and h' agree on terms shared between G4 and G, which shows that
Go C G, and concludes the proof. O

A.2 Proof of the corectness

Proposition A.11. Let ¥ be a set of frontier-guarded TGDs, D a database with signa-
ture S. Let Lin(X) = X, U X5 U X.. Then chase DX is homomorphically equivalent to
chaseLin(D)Lin(E)ls.
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Proof. Let
I = Chase(D, X) and J = Chase(Lin(D), Lin(X)).

We prove the result by constructing homomorphisms
h:I—Js and g:Js— 1

For an atom
a:R(al,...,ak) el,

let
tp(a) = (R, ~,9),

and denote by
red(a) = (g, ... ,a;)

the tuple obtained by keeping the first occurrence of every distinct term of ¢, in their order
of appearance. Thus, for every r € {1,...,k},

a, = red(«)[rank(r)].

From the original chase to the linearized chase.

We construct h inductively along a chase derivation of I. At every stage, we maintain
the following invariant: for every atom « already generated in the original chase, J contains
the type atom

Pe3 () (h(red(a))).
For the initial database, let o € D. By definition of Lin(D),

Pe3 (o) (red(at)) € Lin(D).

Since homomorphisms are the identity on constants, we initially define h(c) = ¢ for every
¢ € terms(D). Hence the invariant holds for every atom of D.
Furthermore, the origin reconstruction TGD associated with ¢ () reconstructs exactly
a. Consequently,
DCJs.

Assume now that the invariant holds after some number of chase steps, and consider a
new atom as obtained in the original chase by applying a TGD ¢ € X through a homo-
morphism

7 :body(o) — I.

Since o is frontier-guarded, the image of its frontier is contained in the image of a body
atom. Let c« be such an atom, and write

tl = t% ((11) and tQ = t%(O@).

We distinguish whether o creates a new term.

First case: o is a Datalog TGD.

In this case, no new null is introduced. By definition of the X-type of a7, the compo-
nent Gy records the existence of the homomorphism witnessing the application of o. In
particular,

(body(c),m) € G1

for the corresponding positional mapping .

By the induction hypothesis, the type atom corresponding to a;; occurs in J. Hence the
associated saturation reconstruction TGD can be applied. By construction of this TGD,
the atom thereby produced is exactly

h(ag).

26



Thus
h(ag) S J\s-
No extension of h is required, since no fresh term has been created.

Second case: o introduces existentially quantified terms.
By definition of the complex TGDs, since an application of ¢ from an atom of type t;
produces an atom of type t2, the set Y. contains the complex TGD

Py (21, x5) = 32pe, (Y1, - ur)

associated with this transition.
By the induction hypothesis, J contains the type atom corresponding to ;. We may
therefore apply this complex TGD. Let

ptg(bla c '7bl)

be the type atom obtained from this application.

By construction of the complex TGD, every argument of g inherited from the frontier
of o is represented by the corresponding argument of the type atom of a;. Consequently,
its image is already determined by h.

For every null n freshly created in aw, let n’ be the corresponding fresh null introduced
by the application of the complex TGD, and extend h by

h(n) =n'.

The equality relation ~5 stored in t5 guarantees that this extension respects all equalities
between positions of a. Hence

pi, (M(red(az))) € J.

The invariant is therefore preserved.
Finally, applying the origin reconstruction TGD associated with to gives

h(ag) S J‘S.

Thus, by induction, every atom of I is mapped to an atom of J|s. Since the mappings
constructed at successive stages agree on all previously introduced terms, their union is a
well-defined homomorphism

h:I— J\S

From the linearized chase to the original chase.
We now construct a homomorphism

g:Jis — 1.

For this direction, we proceed inductively along a chase derivation of J. We maintain the
following invariant:
for every type atom
pt(bla e 1bj) € Ja

where t = (R, ~,G), there exists an atom
a=R(ay,...,ar) €1

such that
th(a) =t
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and, writing
I'ed(Oé) = (a”i17 ey aij)7

we have
g (br) = @,

for every r € {1,...,j}.
We say in this case that « realizes the type atom p;(bs,...,b;) through g.
For the initial instance, every type atom of Lin(D) is, by definition, of the form

Pig (o) (red(a))

for some o € D. Taking this atom itself as its realization and letting g be the identity on
constants establishes the invariant for Lin(D).

Origin and saturation reconstruction TGDs do not produce type atoms. Hence the only
rules that can extend the collection of type atoms are the complex TGDs.

Assume therefore that

ptz(b/lﬂ .. '7b;)

is generated from
ptl (b17 ey bj)

by a complex TGD
Py (@1, @5) = 2Py (Y1, u)-

By the induction hypothesis, there exists an atom
ay €1

of type t; realizing py, (b1, ..., b;).

By definition of a complex TGD, this rule exists because there are atoms a1, as € I of
types t1 and ts, respectively, such that as is produced from a; by an application of some
TGD o € X.

We now apply the previous proposition. Since a; and o have the same X-type t1, the
application of o producing as can be transferred to ). Hence there exists an application
of o whose frontier is mapped to the corresponding terms of o} and which produces an
atom

ay €1

such that
th(ay) = ta.

We use o, as the realization of the newly generated type atom.

Every argument of py,(b},...,0]) inherited from its body is mapped by g to the corre-
sponding frontier term of . This is consistent with the already defined mapping g, by
the construction of the complex TGD and by the previous proposition.

For each fresh null n’ generated by the complex TGD, let n be the corresponding fresh
null generated in the application of o producing o4, and extend g by

g(n') =n.

Again, the equality component of ¢ guarantees that this definition is well defined. There-
fore o, realizes the newly generated type atom, and the invariant is preserved.

It remains to verify that every atom over S generated in J is mapped by g to an atom
of I.

Atoms produced by origin reconstruction TGDs.
Consider a type atom

pt(bh...,bj)
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realized through ¢ by an atom
a:R(al,...,ak) el,
where t = (R, ~,G). The associated origin reconstruction TGD produces

R(brank~(1)7 cee 7brankw(k))'

By the invariant and the definition of the rank function,

g(brankN (z)) = a

for every ¢ € {1,...,k}. Consequently, the image under g of the reconstructed atom is
exactly
R(ay,...,ar) = «,

which belongs to I.

Atoms produced by saturation reconstruction TGDs.
Consider a saturation reconstruction TGD associated with a type

t=(R,~,G),
a Datalog TGD o € %, and a pair
(body(o), ) € G.
Suppose it is applied to a type atom
pi(b1,...,05).
By the invariant, there exists an atom
ael

of type t realizing this type atom.
Since

(body(c), ) € G,
the definition of the Y-type of a guarantees the existence of a homomorphism
w:body(oc) — I

which maps every term in the domain of 7 to the corresponding position of «.
Since o is Datalog, every variable occurring in head(o) is a frontier variable. Hence, by
construction of the saturation reconstruction TGD, applying ¢ to its head gives exactly

w(head(o)).

Since
I = chase DY,

and therefore I = X, we have
u(head(o)) € I.

Thus the image under g of every atom generated by a saturation reconstruction TGD
belongs to I.

We have shown that every atom of J|s is mapped by g to an atom of I. Since all
extensions of g agree with its previous values, their union defines a homomorphism

g:J|S—>I.
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We have therefore constructed homomorphisms
chase(D, ¥) — chase(Lin(D), Lin(X),5)

and
chase(Lin(D), Lin(X),s) — chase(D, ¥).

Hence
chase(D,Y) and chase(Lin(D),Lin(X¥)s)

are homomorphically equivalent.
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