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Abstract

The discretization of overdamped Langevin dynamics, through schemes such as the Euler-Maruyama
method, may lead to numerical methods which are unstable when the forces are non-globally Lipschitz.
One way to stabilize numerical schemes is to superimpose some acceptance/rejection rule, based on a
Metropolis-Hastings criterion for instance. However, rejections perturb the dynamical consistency of the
resulting numerical method with the reference dynamics. We present in this work some modifications of
the standard stabilization of discretizations of overdamped Langevin dynamics by a Metropolis-Hastings
procedure, which allow us to either improve the strong order of the numerical method, or to decrease
the bias in the estimation of transport coefficients characterizing the effective dynamical behavior of the
dynamics. For the latter approach, we rely on modified numerical schemes together with a Barker rule
for the stabilization.

1 Introduction

Molecular simulation is nowadays a very common tool to quantitatively predict macroscopic properties
of matter starting from a microscopic description. These macroscopic properties can be either static
properties (such as the average pressure or energy in a system at fixed temperature and density), or
transport properties (such as thermal conductivity or shear viscosity). Molecular simulation can be
seen as the computational version of statistical physics, and is therefore often used by practitioners of
the field as a black box to extract the desired macroscopic properties from some model of interparticle
interactions. Most of the work in the physics and chemistry fields therefore focuses on improving the
microscopic description, most notably developing force fields of increasing complexity. In comparison,
less attention has been paid to the estimation of errors in the quantities actually computed by numerical
simulation. Usually, due to the very high dimensionality of the systems under consideration, macroscopic
properties are computed as ergodic averages over a very long trajectory of the system, evolved under
some appropriate dynamics. There are two main types of errors in this approach: (i) statistical errors
arising from incomplete sampling, and (ii) systematic errors (bias) arising from the fact that continuous
dynamics are numerically integrated using a finite time-step At > 0.

The aim of this work is to reduce the bias arising from the use of finite time steps in the computation of
dynamical quantities, for a certain type of dynamics called Brownian dynamics or overdamped Langevin
dynamics in the chemistry literature. We denote by M the configurational space, which is in this work a
compact domain with periodic boundary conditions such as T¢ (with T = R/Z the one-dimensional torus).
Unbounded configuration spaces R? can also be considered under some assumptions (see RemarkH). The
overdamped Langevin dynamics is a stochastic differential equation on the configuration ¢ € M of the

system:
dgi = —BVV (q) dt + V2 dWs, (1)

where 8 = 1/(ksT) is the inverse temperature (kg being Boltzmann’s constant and T" being the temper-
ature) and W; is a standard d-dimensional Brownian motion. The function V' : M — R is the potential
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energy, assumed to be smooth for the mathematical analysis. The generator associated with ([II) acts on
smooth functions ¢ as
Lo=—BVVTVp+ Ap. (2)

The probability measure
pldg) =27 e PV dq,  Zz :/ e 7Y (3)
M

is invariant by the dynamics (IJ) since a simple computation shows that, for appropriate functions ¢ (e.g.
smooth and such that Ly is integrable with respect to u),

/ Lodp = 0.
M

Simple discretizations of (Il) may fail to be ergodic when the dynamics is considered on unbounded
spaces and the potential energy function is not globally Lipschitz [14]. In simulations of ionic solutions,
potential energy functions with Coulomb-type singularities are used and it has been observed that the
energy blows up (see for instance [8 Section 3.2]).

In order to stabilize numerical discretizations or simply to remove the bias in the invariant measure
arising from the use of finite timesteps, it was suggested to consider the move obtained by the numer-
ical scheme as a proposal to be accepted or rejected according to a Metropolis-Hastings ratio [I5] [11].
The corresponding method is known as “Smart MC” in the chemistry literature [I9], and was rediscov-
ered later on in the computational statistics literature [I8] where it is known as “Metropolis Adjusted
Langevin Algorithm” (MALA). The interest of the acceptance/rejection step is that it ensures that the
Markov chain samples the Gibbs measure p, which prevents blow-ups. On the other hand, the use of an
acceptance/rejection procedure limits the possible numerical schemes to be used as a proposal. Indeed,
when generating a proposed move, the probability of coming back to the original configuration from the
proposed move has to be computed, by evaluating the probability to observe the Gaussian increment
necessary to perform the backward move. Therefore, it is unclear that proposals which are nonlinear in
the Gaussian increment (such as the ones produced, say, by the Milstein’s scheme, see [16] for instance)
can be used, except in specific cases.

The previous works on the numerical analysis of dynamical properties of MALA established (i) strong
error estimates over finite times [5], and, as a consequence, errors on finite time correlations [6]; (ii) ex-
ponential convergence rates towards the invariant measure, uniformly in the timestep [4] (which holds up
to a small error term in At for systems in infinite volume); (iii) error estimates on the effective diffusion
of the dynamics [8].

The aim of this work is to present new proposal functions, and also to advocate the use of accep-
tance/rejection rules different than the Metropolis one, in order to reduce the systematic bias in the
estimation of dynamical quantities. More precisely, we propose in Section 2] a modified proposal which
allows to obtain a strong error of order 1 rather than 3/4 for MALA (see Theorem [3). We also show
in Section [ that the error on the computed self-diffusion can be reduced from At for MALA to At?
provided a modified proposal is considered together with a Barker rule [2] (see Theorems [6l and [B]). As
discussed in Section B3] the use of a Barker rule also reduces the bias on the self-diffusion for dynamics
with multiplicative noise (i.e. a non-trivial diffusion matrix in front the Brownian motion in (). On
the other hand, resorting to a Barker rule increases the statistical error in the simulation, roughly by
a factor 2 since the rejection rate is 1/2 in the limit At — 0 (as made precise in Remark [7)). Such
an increase in the variance was already shown in its full generality by Peskun in [I7]. However, the
reduction in the bias more than compensates the increase in the statistical error if one is interested in
simulations with a given error tolerance. We provide numerical illustrations of our predictions at the end
of Sections [2] and The proofs of all our results are gathered in Section @l As mentioned earlier, for
simplicity we shall work under the following assumption:

Assumption 1. The state spaces M is compact and has periodic boundary conditions, and the poten-
tial V' is smooth.

Compact spaces with periodic boundary conditions anyway is the relevant setting for self-diffusion
since there is no effective diffusion for dynamics in unbounded spaces with confining potentials.



2 Improving the strong order

In this section, we show how a suitable modification of the proposal leads to a Metropolized scheme with
a better strong accuracy at equilibrium that the standard MALA scheme. As was realized in [5], the
local error over one timestep arises at dominant order from the rejections and not from the integration
errors of the accepted move. The strategy to improve the strong error is therefore to add terms of lower
order (in the timestep) to the proposal, which will not have a significant impact when the proposal is
accepted, but which will significantly reduce the average rejection rate. As made precise in Lemma [I]
the rejection rate scales as At®/? for the modified dynamics, instead of At*/? for MALA. Let us also
mention that, instead of considering the modified dynamics we propose (see (@) below), we could in fact
consider dynamics with an arbitrarily low rejection rate, see Remark [Bl

We start by recalling the known error estimates for MALA in Section 2] before presenting the error
bounds obtained for our modified dynamics in Section 2221 Our theoretical predictions are illustrated by
numerical simulations in Section 231

2.1 Strong error estimates for the standard MALA algorithm

Let us first recall the definition of the MALA scheme. It is a Metropolis-Hastings algorithm whose
proposal function is obtained by a Euler-Maruyama discretization of the dynamics (). Given a timestep
At > 0 and a previous configuration ¢", the proposed move is

§ = ¢" = BALVV (") + V2ALGT,

where (here and elsewhere) (G™)n>0 is a sequence of independent and identically distributed (i.i.d.) d-
dimensional standard Gaussian random variables. For further purposes, it will be convenient to encode
proposals using a function ®a:(q, G) depending on the previous position ¢ and the Gaussian increment G
used to generate the proposed move. For the above Euler-Maruyama proposal,

N (q,G) = q — BAtVV (q) + V2ALC. (4)

We next accept or reject the proposed move according to the Metropolis-Hastings ratio Aa¢ (q"7 @”H):

_ ~n—+1 ~n n
o PV O TA@ ")
e*ﬁv(qn)TAt(qTL’Zj’n‘Fl) ’ ’

Aar (¢"7"") = min < (5)

where

1 \Y? "~ g+ BALVV(q)|?
TAt(qul):<47_rAt> exp(—lq g fAt (q”)

is the probability transition of the Markov chain encoded by (). When the proposition is accepted,
which is decided with probability Aa¢ (q", @”H), we project ¢" ! into the periodic simulation cell M.
If the proposal is rejected, the previous configuration is counted twice: ¢"t! = ¢» (It is very important
to count rejected configuration as many times as needed to ensure that the Boltzmann-Gibbs measure

is invariant). In conclusion,
m m M / n m m
qLJrl - \IlAt(qL7Gn7Un) :qn+lUngAAt(qn’<1>gl}£/l(qn,cn)) ((Pit (ql7Gl) _ql)7 (6)

where (U")n>0 is a sequence of i.i.d. random variables with i.i.d. components uniformly distributed
in [0,1], and 1yn<a is an indicator function whose value is 1 when U™ < « and 0 otherwise.

It is easy to see that the Markov chain is irreducible with respect to the Lebesgue measure and that
1 is an invariant probability measure. It is therefore ergodic, and in fact reversible with respect to p (see
for instance the references in [I3] Section 2.2]). In particular, this guarantees the scheme does not blow
up.

The following result on the strong convergence of MALA on finite time intervals has been obtained
in [5, Theorem 2.1]. We state the results for dynamics in compact spaces although it has been obtained
for dynamics in unbounded spaces, under some additional assumptions on the potential energy function.
This allows us to write strong error estimates which are uniform with respect to the initial condition qo,
rather than average errors for initial conditions distributed according to the canonical measure p (a
restriction arising from the lack of geometric ergodicity for MALA in the case of unbounded spaces,

see [18]).



Theorem 1 (Strong convergence of MALA [B]). Consider the Markov chain
q"“ = \Ifm(q", W(n+1)At — Waat, U")

started from ¢° = qo, and denote by gt the piecewise constant function defined as @t =" fort e
[nAt, (n + 1)At). Then, there exists At* > 0 and, for any T > 0, a constant C(T) > 0 such that, for
any 0 < At < At”™ and all t € [0,T], and for all g0 € M,

&

where the expectation is over all realizations of the Brownian motion (Wy)ogi<r -

At
9 — qt

o7\ 1/2
D < O(T) ALY,

Numerical simulations confirm that the exponent 3/4 is sharp (see [B Section 3.1] and Section 23]
below). Let us emphasize that, in order to have correct strong error estimates, the Gaussian increments
in the numerical scheme have to be consistent with the realization of the Brownian motion used to
construct the solution of the continuous stochastic dynamics.

2.2 Strong error estimates for a modified dynamics

The un-Metropolized Euler scheme has strong order 1 for dynamics with additive noise such as (). In
order to improve the convergence rate NG given by Theorem[I] we modify (@) with terms of order At3/?

and At?: 12
T =g+ At - YV + ALF(q") + V2AL(1d + Ato(qh) G (7)

This can be encoded by the proposal function
DX (0,G) = @R (g, G) + ACF () + V2AL [(1d + At o(q))/* ~ 1d] G.

The above definitions are formal since the matrix Id + At o(¢") should be symmetric definite positive
in order for the inverse square root to make sense. As made clear below, this is indeed the case for
sufficiently small timesteps since the matrix valued function o is smooth hence bounded on M (see
Remark [l for unbounded spaces).

Remark 2 (Alternative expressions of the diffusion matrix). It is possible to consider other diffusion
matrices which agree with (Id + Ato(q))”"? at dominant order in At, such as 1d — Ato(q)/2 which
need not be inverted but may be negative for large values of At. In [7], the authors suggest to consider
exp(—Ato(q)/2), which is always non-negative but may be cumbersome to compute in practice.

The Metropolis-Hastings ratio associated with the proposal () reads

_ -n+1 mo n
e PV )TAtd(aﬂ+17q )
efﬂV(q")Tgltod(q'r”a'nJrl) ’ ’

AR (", 7) = min (

with a transition rate taking into account the spatial dependence of the diffusion:

mod ’ 1 /2 1/2

(¢ —a+ AtEVV(9) — AtF(q)] )T (14 + At0(0)) (¢ —a+ AL[BYV(g) ~ AtF(g)])
1A

X exp | —

(9)

We denote by ¥R94(¢q, G, U) the random variable obtained by a single step of the modified MALA
scheme (7)) starting from g:
qn+1 _ \legd(qn7 C;m7 Uvn)7
with
mod mod
VR (0,G.0) = 0+ Ly s 0.) (9500 6) — a) (10)

We can then state the following strong error estimate (see Section for the proof).



Theorem 3 (Improved strong error estimates). For a smooth potential V' on the compact space M,
choose o and F' as follows:

o= gvzv, F= %(V(AV) - 5v2vvv). (11)
Consider, for At < 1/||o||Le, the Markov chain associated with the modified proposal ([0 corrected by a
Metropolis rule: "' = R (¢", Wint1yar — Waae, U™), and denote by g™ the piecewise constant

function defined as ¢>"™°% = ¢" fort € [nAt, (n+1)At). Then, there exists At* > 0 and, for any T > 0,
a constant C(T) > 0 such that, for any 0 < At < At* and t € [0,T], and for all go € M,

|

The crucial estimate to prove Theorem [Blis the following bound on the rejection rate, which makes
precise the fact that the rejection rate scales as At%/? rather than At*/? as for MALA (see Section [£1]
for the proof). As the proof shows, there is some algebraic miracle since the corrections terms, chosen to
eliminate the dominant contribution of order At3/? in the rejection rate, in fact also eliminate the next
order contribution of order At

At,mod

51\ 1/2
ghtmed g, ]) < O(T)AL

Lemma 1. For any ¢ > 1, there exists a constant Cy > 0 such that
20
ve R Bo([1- a3 (s.0%00)] ") < coar

Let us end this section with the following considerations on the extension of the improved strong
error estimates to unbounded spaces.

Remark 4 (Generalization to unbounded spaces). It is possible to extend the results of Theorem [3 to
unbounded spaces under appropriate assumptions on the potential, such as [5, Assumption 4.1] and [}
Assumptions 2.1]. These assumptions ensure that the potential energy function grows sufficiently fast at
infinity, with derivatives bounded by V' (up to order 5 in the present case), and a lower bound on the
Hessian. In this setting, error estimates can be stated for initial conditions qo ~ v, where v is such that
E.(|V(¢")[?) < R < 400 for some integer p sufficiently large. A convenient choice is v = u, in which
case q* ~ p, and the finiteness of the moments of V is guaranteed under mild conditions on V. More
generally, error estimates for generic initial conditions can be stated when the dynamics is geometrically
ergodic. See also Remark [0 for technical precisions on the extension of Lemma[dl

2.3 Numerical results

We illustrate the error bounds predicted by Theorems [l and Bl and also check the scaling of the rejection
rate obtained in Lemma [II We consider a simple one-dimensional system with the potential energy
function V(q) = ¢* already used as a test case in [5]. This example is particularly relevant since it can
be shown that in absence of Metropolization the associated Euler-Maruyama scheme is transient [14].

We compute a reference trajectory over a given time interval [0, 7] with a very small timestep Atyet.
We next compute trajectories for larger timesteps Aty = kAtyer, using Brownian increments consistent
with the ones used to generate the trajectory with the smallest timestep. More precisely, denoting by
(Gret)n=o,...,7/At,—1 the Gaussian random variables used for the reference trajectory, the trajectories
(qi")m>0 with coarser timesteps Aty = kAt.es are computed with the iterative rule for 0 < m < T'/Aty
(assuming that T'/At is an integer):

ar = Wa, (@, GEL UM,

with the Gaussian random variables

1 (m+1)k—1
m n
Gk - E Z Grcf7

n=mk

but where the uniform random variables (U;")k,m are i.i.d. and independent of the variables (Ulg¢)n>0
used to generated the reference trajectory. We denote by di the maximal error between the reference
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Figure 1: Left: Strong error over the trajectory as a function of the timestep. Right: Average rejection rate
as a function of the timestep. The results obtained with MALA correspond to ’standard’ while the ones
obtained with the scheme (I0) correspond to 'modified’.

trajectory and the trajectory generated with the timestep Aty, considered at the same times mAt, =
mkAt,er:

dr = m mk
k= max qk — Qref

m=1,...., T/ Aty

We next perform I independent realizations of this procedure, henceforth generating trajectories (q,i'm)m>o

and (qié?)m>o. Denoting by di, the so-obtained errors, the strong error for the timestep Aty is estimated
by the empirical average

Err =

, > (d)

i=1

1
I

In fact, confidence intervals on this error can be obtained thanks to a Central Limit theorem, which

shows that

oo~ 2 94

Ex ~ /E(d?) (1 + E()VE
Estimates of the average rejection rates are obtained with the empirical average of 1 — Aa.(q",q" ")
computed along the generated trajectories.

Figure [I] presents the estimates Ek,[ of the strong error and the scaling of the rejection rate as a
function of the time step Atx. The reference timestep is Aty = 10767 and we chose k = 100 x 2!
where [ = 0,..., L with L = 12, as well as an integration time 7" = 0.8192 (which corresponds to 2Aty.).
We fixed 8 = 1 and averaged over I = 10° realizations for the standard proposal @) and I =5 x 10°
realizations for the modified proposal (IZI) The first initial condition is q?e’? = 0, while the subsequent
initial conditions are the end point of the previous trajectory: qiicl’o = qi’;/mmf. The maximal value of
oa/(2E(d?)) was estimated to be less than 32 for all reported simulations, so that the maximal relative
statistical error is lower than 0.05 in all cases, and often much smaller.

As predicted by Theorems [[l and B, we find that the strong error decreases as At*/* for MALA (with
a rejection rate scaling as At*/?, as predicted by [5, Lemma 4.7]), while it scales as At for the modified
dynamics ([I0). A key element to the improvement in the strong error is the fastest decrease of the
rejection rate, indeed confirmed to be of order At®/2.

g) . o3=E@d") - (E(d)".



3 Reducing the bias in the computation of transport coef-
ficients

Our aim in this section is to modify the standard MALA algorithm in order to obtain better approxi-
mations of transport coefficients such as the self-diffusion. There are two complementary ways to do so:
consider better proposal functions, and replace the Metropolis-Hastings rule with the Barker rule [2].

We start by reviewing in Section [B] the definitions of the self-diffusion for the continuous dynam-
ics (), and recall the known error estimates of the approximations of these quantities based on MALA
in Section We next propose in Section [3.3] modified schemes to compute more accurately transport
coefficients, and state the related error estimates in Section 3.4l As we show in Section [3.5] the use of a
Barker rule also allows to reduce errors for dynamics with multiplicative noise. Finally, we illustrate the
theoretical results of this section by numerical experiments in Section

3.1 Definition of the self-diffusion

We briefly recall the setting already presented in [8, Section 1.2]. Since the positions ¢ are restricted to
the periodic domain M, they are uniformly bounded in time. To obtain a diffusive behavior from the
evolution of ¢;, we consider the following additive functional defined on the whole space R%: starting
from Qo = qo,

Qr =Qo—/3/0tVV(qs)ds+x/§Wt. (12)

The difference with g; is that Q: is not reprojected in M by the periodization procedure (By this, we
mean that we do not choose among all the images of Q; by translations of the lattice Z? the one for which
all components are in the interval [0, 1)). The diffusion tensor is then given by the following limit (which
exists in our context thanks to the existence of a spectral gap for the generator £, see for instance 8]

Theorem 1]):
2 = lim E(Qt_Qoé@Q“QO) (13)
t— o0 \/E \/i
where the expectation is over all realizations of the continuous dynamics (), starting from initial condi-
tions distributed according to the Boltzmann-Gibbs measure p defined in ([@]). In fact, as made precise
in [8 Section 1.2], the self-diffusion constant D, defined as the average mean-square displacement of the

individual particles, has two equivalent expressions:

d
2 +oo
-1 / E[VV(a) YV (g0)] dt. (15)

The expression ([[4) is called the Einstein formula. The second expression (5] involves an integrated
autocorrelation function. In accordance with the standard physics and chemistry nomenclature, we
call (IH)) the Green-Kubo formula for the self-diffusion in the sequel.

3.2 Error estimates for MALA

For the MALA scheme described in Section 2] the self-diffusion can be estimated by either discretiz-
ing (I4) or (I&). In both cases, the error is of order At. For the Green-Kubo approach, we proved
in [8, Section 2.1] (by an adaption of the results obtained in [12]) that the integrated autocorrelation of
smooth observables with average 0 with respect to p can be estimated up to error terms of order At.
More precisely, introducing

O ‘/deu:o},

it is proved in [8] Theorem 2| that, for any i, € 5""(./\/{), there exists At* > 0 such that, for any
0 < At < At

[eS) +oo
/O+ E[iﬁ(%) w(qo)]dt = At Ear [¥(¢") 0(q")] + Atry poar, (16)
n=0



with 7y, A+ uniformly bounded (with respect to At), and where the expectation on the left hand side of
the above equation is with respect to initial conditions go ~ p and over all realizations of the dynamics (),
while the expectation on the right hand side is with respect to initial conditions ¢° ~ u and over all
realizations of the MALA scheme. As a corollary,

DIX =D+ At Day, (17)

where D is uniformly bounded for At sufficiently small, and where the numerically computed self-diffusion
reads

ZA +oo
pK 10 - ¢ ;Em (Vv vvie)]. (18)

For the approach based on Einstein’s formula (4], we introduce, in accordance with the defini-
tion ([2)), a discrete additive functional allowing to keep track of the diffuse behavior of the Markov
chain: Starting from Q° = ¢°,

Q" = f Sar (q’“, G*, Uk) 7 (19)
with -
Sar (qk7Gk7 Uk) = lngAAt(qk’q)At(qk’Gk)) (‘I)At (qk7Gk) — qn) . (20)

While the Markov chain (¢")n>o remains in M, the additive functional (Q™),>0 has values in R?. The
diffusion tensor actually computed by the numerical scheme is

. _ ) Qn _ QO Qn _ QO
Dt = HEIEOOEAt [ NI ® NN :| ) (21)

where the expectation on the right hand side is with respect to initial conditions Q° = ¢° ~ p and for all
realizations of the numerical scheme. It is shown in [8] Theorem 3] that there exists At* > 0 such that,
for any 0 < At < At”,

D = D+ At Dy,

RdNXdN

where the coefficients of the symmetric matrix éAt S are uniformly bounded, at least for At

small enough. As an immediate corollary,

,DElnstcm -D + At ,DElnstcm ,DElnstcm —
At At ) At 2dN

Tr (Pat), (22)

where 52?“““ is uniformly bounded for At sufficiently small.

3.3 Presentation of the modified schemes

The modified scheme presented in Section 22l has a very low rejection rate, but it can be checked that the
choice () leads to a numerical scheme whose weak order is still 1, as for the standard Euler-Maruyama
scheme and MALA. Therefore, the error in the computation of the transport coefficients for the scheme
of Section is still of order At. It is not sufficient to aim for lower rejection rates to improve transport
properties.

We present in this section a way to decrease the errors in the transport coefficients, even if the
rejection rate is still of order At*/? — and maybe even more surprisingly if the rejection rate is close
to 1/2! The first idea is to introduce two proposals """ = ®a;(¢", G™) which are alternatives to the
standard Euler-Maruyama proposal [@l): an implicit midpoint

7+ q"
=" = BALVV <f) +V2ALG", (23)
and
= ¢ — BALVV (q" + = 22At G”) +V2AtG". (24)

The latter proposal has already been used in [3]. Since the first proposal uses an implicit scheme, the
timestep has to be sufficiently small for ®a¢ to be well defined (see Lemma [2] below). For the second



proposal, it seems that computing the probability of reverse moves from §"*! to ¢" is going to be difficult
in view of the explicit nonlinear dependence on the Gaussian increment G™. It turns out however that ([24])

can be reformulated as one step of a reversible, symplectic scheme starting from a random momentum
p" = B7Y2G" and with a timestep h = /2BAL:

n n h n
¢ =q" 0"
pitl=p" —hVV (q”“/z) 7 (25)

an«kl _ qn+1/2 + h pn«‘ﬁl'

2

As made precise below in (28]), this allows to compute ratios of transition probabilities relying on Hybrid
Monte Carlo algorithms, see for instance the presentation in [I3] Section 2.1.3]. For practical purposes,
([24) should be preferred since there is no extra computational cost contrarily to the implicit proposal ([23),
which has to be solved using fixed point iterations or Newton iterations.

Remark 5 (Higher order HMC schemes). It is possible in principle to integrate the Hamiltonian dynamics
using a reversible scheme of arbitrary accuracy, relying on appropriate composition methods (see [9,
Sections I1.4 and V.8]). This seemingly leads to proposals with an arbitrarily low rejection rate. In
practice however, the efficiency of these schemes is limited by the numerical instabilities related to round
off errors. We therefore focus on simple composition methods of order 2 such as ([23)).

The second idea to improve the computation of transport coefficients is to consider acceptance/rejection
rules different from the Metropolis procedure. In fact, we consider the Barker rule [2]. More precisely,
the acceptance rates for the Metropolis and Barker rules respectively read

ooac(a™d

MH; n ~n+1y _ . 7aAt(q",~”+1)) Barker ;y n ~n+1y _
Aar (¢%,¢"7) = min (Le ; Aai ("0 ) = 1+ oand@ )’ (26)

with, for the midpoint proposal (23]),

asila,q) = B(V(d) - V(@) + ﬁ ([q —q +BALVY <q+2q'>]2 - {q’ —q+BALVYV (‘”q/)r)

=B <V(Q') -V(g) - VV <Q+Tq> (d - q)) :

(27)
while, for [24)), we define the ratio only in the case ¢’ = ®a+(q, G):
2
1 V2AtL
aai(q.2a:(0.G)) = B(V(@ai(0.G) ~ V(@) + 5 (G ~ V2AEBVV <q +22 G)) -G (28)

With the notation used in (25)), the right-hand side of the above equation can be rewritten as 3 [H(@"LH ,p" Y — H(q", p")} ,

where H(q,p) = V(q)+p?/2 is the Hamiltonian of the system, and p” = B~ Y2G™. The new configuration
is in all cases

" =Wai(q", G UY) = ¢" + Luncan, (n @arn.am) (‘PAt (¢",G") - qn)y

where Aa¢ is one of the rates defined in ([28). Note that, for the Barker rule, the average rejection rate is
close to 1/2 in the limit At — 0 (as made precise in (B3))). Let us also emphasize that the use of a Barker
rule leads to a Markov chain which is reversible with respect to p (see for instance [I3] Section 2.1.2.2]).

Let us now discuss the ergodic properties of the schemes based on the proposals ([23]) and ([24). We
introduce the evolution operator

Parp(q) = E(d) (¢"*h) ‘ "= q)7
as well as the discrete generator

Pt = 3 [0 ) | =) - vta)]

_ D(Pailg,9)) —Plg) e 972
-/, Ane(q, Pac(g, ) AL (2m)d/2

dg,



where the expectation in the first line is over G",U". We also define the space of bounded functions
with average 0 with respect to u:

L®(M) = {Lpe L>®(M) ‘/Mfduzo}.

We can then state the following lemma (see Section 4] for the proof).

Lemma 2. There exists At* > 0 such that, for any 0 < At < At*, the proposal ([23) is well defined
whatever ¢q" € M and G" € HNQd. In addition, there exist C,A > 0 such that, for all n € N and
0 < At < At*, and any f € L=(M), the evolutions generated by either the proposal [23)) or (24)),
together with a Metropolis-Hastings rule or a Barker rule, satisfy

IPRefll o < Ce ™ ) fllzoe. (30)

As a consequence, there exists K > 0 such that, uniformly in At € (0, At™],

H (Id —Pa\ !

< K.
= <K (31)

B(L>°)

Such ergodicity results are already provided in [4, [8] for proposals based on a simple Euler-Maruyama
discretization and a Metropolis-Hastings rule. The resolvent bound (31 is a crucial ingredient to appro-
priately estimate errors in transport coefficients.

3.4 Error estimates on the self-diffusion for the modified schemes

We are now able to state error estimates concerning the numerical approximation of Green-Kubo formu-
las.

Theorem 6 (Improved Green-Kubo formula). Set a = 1/2 and o = 2 when the Barker rule is used
with either the midpoint proposal [23) or the HMC proposal 24)), and a = 1 and o = 3/2 when the
Metropolis-Hastings rule is used for these proposals. Consider two observables 1, p € c> (M). Then,
there exists At* > 0 such that, for any 0 < At < At™,

+oo too o 1
| [t otan]de = ¢ <a > Ea (e ele")] =5 [ we du) TN
0 n=0

with Ty, Ar uniformly bounded (with respect to At), and where the expectation on the left hand side of the
above equation is with respect to initial conditions qo ~ u and over all realizations of the dynamics (),
while the expectation on the right hand side is with respect to initial conditions ¢° ~ p and over all
realizations of the numerical scheme.

Note that, for the Barker rule, the quadrature formula corresponds to the standard way of computing
Green-Kubo formulas (as on the right-hand side of (If)) except that the first term n = 0 is discarded
and a global factor 1/2 is required in order to correct for the fact that the average rejection rate of the
Barker algorithm is close to 1/2.

Remark 7 (Increase in the asymptotic variance for the Barker rule). The asymptotic variance of the
time average of a function of interest f for a Markov chain (¢"™)n>0 with invariant measure p is (assuming
without loss of generality that the average of f with respect to p vanishes)

() = /M F du+2§fE(f<q”>f<qO>),

where the expectation is with respect to initial conditions ¢° ~ p and over all realizations of the Markov
chain; see for instance [13, Section 2.3.1.2] and references therein. In view of the estimates provided by
Theorem[8, the asymptotic variance of time averages computed along trajectories of schemes based on the
Metropolis rule are, for At sufficiently small,

+oo
Mtotiad$) = [ E[fla) flao) e+ 0(an),
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while, for the Barker rule,

+oo
At hunenad$) =2 [ E[fta) )]+ O(0).

This shows that At U%arker,At(f) = 2At O'l%/IH,At(f) + O(At), which allows to quantify the increase in the
variance as At — 0 due to the increased rejection rate of the Barker rule.

As a corollary of Theorem [G] we obtain error bounds on the computation of the self-diffusion as
DRE =D+ At* DY, (32)

where ﬁgf is uniformly bounded for At sufficiently small, and where the numerically computed self-
diffusion reads, for the Metropolis rule,

Dt = BdAt< / |VV|? dﬂ+ZEAt [VV( ™) VV(qO)]>.

n=1

while, for the Barker rule,

DSK =1 52“21@ [vv VV(qO)]. (33)

Compared to the results of [8] (recalled in (IT)), (32) allows to compute the diffusion coefficient up to
error terms of order At? rather than At provided the Barker rule is used.

We next present error estimates on the numerical approximation of Einstein’s formula. We still define
Q" by (@A), but replace the proposal function ®a; by the ones associated with the schemes presented in
Section [3.3] and consider the appropriate acceptance rates (28)).

Theorem 8 (Improved Einstein fluctuation formula). Set a = 1/2 and a = 2 when the Barker rule
is used with either the midpoint or the HMC proposal, and a = 1 and a = 3/2 when the Metropolis-
Hastings rule is used for these proposals. Consider the unperiodized displacement Q™ defined ([I9), with
Q% =q° ~ pu. Then,

Q" - Q° Q" Q1 o s
Dy = EIEOOIE \/_ N~ a2 + AtY Dy,
where the expectation on the left hand side of the above equation is with respect to initial conditions
¢® ~ p and over all realizations of the numerical scheme, and where @A”‘Ste‘" has uniformly bounded
coefficients.

It is possible to generalize such fluctuation formulas to more general increments f(q,da+(q, G,U))
instead of da+(q,G,U), but the corresponding formulas are quite complicated and we therefore refrain
from stating them. An immediate corollary of Theorem [§ is the following error estimate on the self-

diffusion: 1

7 34
= 5 TH (7a0), (34)
where we recall @ = 1 and o = 3/2 for the Metropolis-Hastings rule, while ¢ = 1/2 and and a = 2 for

the Barker rule. The error estimates provided by this formula are consistent with the ones provided by
the Green-Kubo approach (see ([B2))).

Einstein a ~Einstein Einstein
D =D+ At" Dxy ) D =

The proofs of Theorems [6 and [§] which can be read in Sections and respectively, crucially
rely on the following weak-type expansion of the discrete generator associated with the proposals (23]

or (24).
Lemma 3. For any i € C*(M),

Pacld,, (cw N, ¢) Ay A (35)

where Ty ar s uniformly bounded in L= (M) for At sufficiently small; and o = 2, a = 1/2 for schemes
using the Barker rule, while « = 3/2, a =1 for Metropolis-based methods.

11



The proof of this lemma is provided in Section [£3] Let us emphasize that the proposals corrected by
the Barker rule do not lead to evolution operators Pa: which have weak second order, and cannot even
be written as e2'*/2 up to corrections of order At®. This is the reason why we call B3) a “second order
type weak expansion”, by which we mean that the At?> term in the expansion of Pa; is proportional
to £2. This is in fact all we need to perform the proofs of Theorems [f] and

Remark 9. As made precise in Section[{.3, it is possible to replace the drift =NV in the proposals with
more general drifts, namely —NV'V + At F' for the midpoint proposal [23), or —VV + At VYV for the HMC
proposal ). The choice F = =NV (AV)/4 ensures that the underlying scheme is of weak order 2 (see [1,
Theorem 3.2]). However, even when F= 0, in which case the underlying scheme is only of weak order 1,
the average drift introduced by the acceptance/rejection procedures automatically corrects the drift and
ensures that the expansion (B3 holds whatever the expression of F.

3.5 Extension to diffusions with multiplicative noise
3.5.1 Description of the dynamics

In this section, we extend the results obtained for the dynamics () with additive noise to dynamics
with multiplicative noise. More precisely, we consider a position-dependent diffusion matrix M € R**¢,
assumed to be a smooth function of the positions ¢ € M with values in the space of symmetric, definite,
positive matrices. The corresponding overdamped Langevin dynamics reads

dq, = ( — BM(q:)VV (q:) + div(M)(fIt))dt +V2M'?(q) dWr, (36)

where divM is the vector whose ith component is the divergence of the ith column of the matrix M =
[]\4-17 ey Md]i
divM = (divMy, ..., divMg)" .

The generator of (B6]) acts on test functions ¢ as
T
Lo= ( — BMVV + div(M)) Vo + M : V3.

A simple computation gives, for any smooth functions ¢, ¢,

<90: £¢>L2(u) - - /M(V<,0)TM(V¢) d,u.

This shows that the canonical measure p is invariant by the dynamics (6] (choose ¢ = 1).

3.5.2 Definition of the self-diffusion
To simplify the notation, we introduce the total drift
F(q) = =BM(q)VV (q) + div(M)(q).

A straightforward adaption of the proof of [8] Theorem 1] shows that the effective diffusion tensor
associated with the dynamics (B8] is well defined and that

7= lim E (Qt\;ng ® Qt\;;%) =2 (/M M (q) pu(dq) — /OME [F(g:) ® F(qo)] dt) .

where . .
Q=+ [ Fla)ds+VE [ Mg aw.,
0 0

has values in R? and where the expectations are over all initial conditions go distributed according to p,
and over all realizations of the overdamped Langevin dynamics ([B6). The associated effective self-diffusion

D= @) =5 ([ wond- [ E[Fa F)a)

can be estimated either via Green-Kubo or Einstein formulas. Note that the above equalities reduce

to (I4)-(IH) when M = Id.
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3.5.3 Proposal functions

Proposals that can be used in conjunction with a Metropolis-Hastings procedure, and which avoid the
computation of the divergence of M, are presented in [3]. The resulting numerical method is a discretiza-
tion of the dynamics (B6]) of the same weak order as the Metropolis-Hastings method based on proposals
obtained by the standard Euler-Maruyama scheme (compare the results of [3] Section 5] and Lemma [
below). In order to simplify the presentation, we therefore restrict ourselves to the simple scheme

T = 0a(q",G") = q" + F(q")At + V2At M2 (") G™, (37)

although its practical implementation may be cumbersome. Our results can however straightforwardly
be extended to the proposal function described in [3].

As in the previous sections, we consider two types of acceptance/rejection procedures to correct the
proposal (B7): a Metropolis-Hastings rule and a Barker rule. The spatial dependence of the diffusion
matrix has to be taken into account in the acceptance/rejection criteria. In fact, we still consider the
acceptance rates (26) but change the definition of aa¢ as follows:

/ ! 1 / ! /
ase(a,d) = B(V(&) = V(@) + 15 (la— ¢ = AF@)ue) —ld = 0= AF @i o
38
+ % [ln (det M(q')) — In ( det M(q))] ,
where, for a symmetric, definite, positive matrix M, we introduced the norm |gq|ar = \/¢TM~1q. The

crucial estimate to obtain error bounds on Green-Kubo formulas and the effective diffusion is the following
result, which is the equivalent of Lemma[3] for diffusions with multiplicative noise (see Section [£7] for the
proof).

Lemma 4. For any ¢ € C*(M),

Pay —1d

Td) = G/L'l/) —+ Atu T’Lb,Ah (39)

where a = 1 and o = 1/2 when a Metropolis-Hastings rule is used, while a = 1/2 and o« = 1 when a
Barker rule is considered.

Note that the remainder terms are much larger than for diffusions with additive noise (where o = 3/2
for the Metropolis-Hastings rule and o = 2 for the Barker rule).

3.5.4 Error estimates on the self-diffusion

A straightforward adpation of the proofs of Lemma 2] (see Remark [I3]), Theorems [6] and [8] shows that,
keeping the same notation as in Section [3.4]

o] +oo
[ B vt ptan)) = 0 3" Bac ) ola)] + O 8,

n=0

so that

—+oo
é (/M Te(M)dp — a ;Em [¥(q") <p(q°)]> =D+ O (At?), (40)

n __ 0\ 2
o ﬂ(u)
n—+oo @ nAt

with a = 1 and @ = 1/2 when a Metropolis-Hastings rule is used, while a = 1/2 and @ = 1 when a Barker
rule is considered. Note that, once again, the Barker rule allows to reduce the bias in the computation
of the self-diffusion, here from v At to At.

while

=D+0(A"), (41)
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Figure 2: Scaling of the rejection rates. "Metropolis’ corresponds to ([@2]), while Barker average’ corresponds
to the first inequality in (#3]) and 'Barker absolute’ to the second one. Left: dynamics with additive noise.
Right: dynamics with multiplicative noise. In both cases, 'Barker absolute’ and "Metropolis’ are almost on
top of each other.

3.6 Numerical results

We illustrate on a simple example the results obtained in the previous sections. We consider a one-
dimensional system with M = T, at the inverse temperature § = 1, and for the simple potential
V(q) = cos(2mq) already used in [§]. For the dynamics with multiplicative noise, we consider the positive

diffusion coefficient )
1.5 + cos(27rq)>

M =
= (4

We first study the average rejection rates, based on the computations performed in Section [£3land .71
For the Metropolis rule, the predictions are

0<E (1 — ANE (q, Dae(q, G))) < KnuAt?, (42)

with a = 3/2 for dynamics with additive noise (see (B9)), and o = 1/2 for dynamics with multiplicative
noise (see (7). For the Barker rule, the rejection rate satisfies,

‘2E (Alze:rkcr (‘L q’At(‘L G))) - 1‘ < KBarkerAta7 E ‘2Aga;rkcr ((L N (‘L G)) - 1’ < kBarkerAt'yy
(43)
with a = 3 and v = 3/2 for dynamics with additive noise (see (B5) and (57))), and o = 1 and v = 1/2 for
dynamics with multiplicative noise (see (Z8])). In fact,

E lei’?k“ (q, Daclq, G)) - 1( ~E (1 _AMH (q, Dac(q, G))) .

The rejection rates were averaged over 10° iterations at 8 = 1, starting from ¢° = 0. For the midpoint
scheme, the proposed configuration is computed using a fixed point algorithm whose tolerance is set
to 10™® (this tolerance should be decreased in order to check the scaling of the rejection for smaller
timesteps). About 10 fixed point iterations were needed for convergence for At = 0.01, and less iterations
for smaller timesteps. The results presented in Figure 2l confirm the predicted rates.

Figure [3] presents the estimated self-diffusions as a function of the timestep for the dynamics with
additive noise (). We refer to [8 Section 3.1] for the precise definitions of the numerical estimators.
Expectations are replaced by empirical averages over K realizations. For Green-Kubo formulas, the sum
over the iterations is truncated to some maximal iteration index |7/At], where 7 is a given time. For the
Einstein formula, we monitor the estimated mean-square displacement E[(Q™ —Q°)?] as a function of time
up to a maximal iteration index, the slope of this curve (obtained via a least square fit) being proportional

14
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Figure 3: Left: estimated diffusion as a function of the time-step At for the dynamics with additive noise.
Right: zoom on the smallest values of At. The observed scalings of the error correspond to the ones predicted
by the theory (namely, At? when the Barker rule is used with the mipoint or the HMC scheme, At*/? when
a Metropolis rule is used with the latter two proposals, and At in the reference case corresponding to the
standard MALA scheme).

to the self-diffusion constant for the given timestep. The Green-Kubo estimation ([B3]) was computed
using K = 10° realizations and an integration time 7 = 0.6, with initial conditions subsampled every
20 steps from a preliminary trajectory computed with Atinm = 0.005. The Einstein estimation (34)) was
computed using K = 107 trajectories integrated over Nginstein = 3 X 10° iterations, with initial conditions
subsampled every 1000 steps from a preliminary trajectory computed with Atynm = 0.005. As can be
seen from the various curves in Figure [3 the error is dramatically reduced by using the Barker rule, the
midpoint and HMC schemes performing quite comparably. We also checked that the expected scalings
of the errors as a function of At are indeed the ones predicted by our theoretical results. The errors are
always larger with a Metropolis rule, though somewhat smaller with the HMC scheme compared to the
standard Euler-Maruyama discretization. Also, the Green-Kubo formula leads to more reliable results in
this simple case, as already noted in [§]. In fact, with the most precise method (HMC and Barker rule),
there is almost no bias up to timesteps of the order of At = 0.01.

Figure (] presents the estimated self-diffusion constant as a function of the timestep for the dynamics
with multiplicative noise ([B8]). The Green-Kubo estimates (@) are obtained with K = 5 x 10° realizations
for At = 107°, with a number of realizations increasing proportionally to the timestep up to K = 10°.
The integration time is 7 = 2. The Einstein estimates ([l were computed with K = 10° trajectories
integrated over Nginstein = 107 iterations. The use of a Barker rule instead of a Metropolis rule allows to
drastically reduce the bias due to the timestep in the estimation of the self-diffusion constant. Again, the
Green-Kubo formula seems more reliable. Finally, note that the error indeed seems to behave as VAt for
very small At when the Metropolis rule is used. In any case, the variations of the estimated self-diffusion
are quite sharp around At = 0 with the Metropolis procedure. In contrast, the estimates obtained
with the Barker rule are better behaved, which makes it possible to resort to Romberg extrapolation for
moderately small values of the timestep.

4 Proofs

The nth order differential of a function v applied to n vectors vi,...,v, € R? is written

d
D) (0@ @va) = Y O i, (@1 - Vnsin,

i1yenin=1
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Figure 4: Left: estimated diffusion as a function

of the time-step At for the dynamics with multiplicative

noise. Right: zoom on the smallest values of At. The observed scalings of the error correspond to the ones
predicted by the theory (namely, At for the Barker rule and v At for the Metropolis rule).

where vy, ; is the ith component of the vector vy.
Vo (n)) for any permutation o. When v

- = vp, the element v; ® - - -
These definitions can be extended to matrix-valued functions: for a given element (v1,...,v,) €
the matrix D" M (q) - v has components D" M;;(q) - (v1 ® - - -

Note that D"(q)-(v1®---®@vn) = D"(q)- (V1) @+ -®
® vy, is simply denoted by vP™.
RH)™,
® 'Un)-

In order to simplify the notation, we write all proofs for 5 = 1. The constants C' > 0 in the inequalities

may also vary from one line to another.

4.1 Proof of Lemma [

In view of (§), we can rewrite A% (q,¢') as min(

e~2at(@") 1) with

aa(q,q) =V(d) = V(g) - % [m det (Id + At o(q')) — Indet (Id + Atg(q))]
* ﬁ (¢—d + AtVV () — APF()) (1d+ Ato(q)) (g — ¢ + AtVV(¢) — APF(q))
- ﬁ (¢ —q+ AtVV(q) — AF(q)) " (1d + At o(q))(d' — g + AtVV(g) — A2 F(q)).

We first perform an expansion of aa: (q, pod (g, G)) up to terms of order At°/2 in order to determine
the correction terms F'(q) and o(g). The desired conclusion then follows from the inequality

0 <1—min(1,e”") < max(0, z).

We rewrite aai(q,q’) as

N —=Vig) - %(q’ —q)7

[ln det (Id + Ato(q"))

O‘At(qv )

Vg
1
2

+ i(q’ - )" (o(d) = () (¢ — q)

+ At%aac(q, q),

(VV(g) +VV(])) + ﬁ

— Indet (Id + Ato(qg

(44)

(|VV(q’>|2 —|VV(9)*)
)] Sy (F(q) + F(4))

Y —q) (0(d)VV () +0o(q)VV(q))

2
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where

Garla.q) = 3 (F@)'VV(@) ~ Fl@) "WV @) + 5L (PP - 1F@)P)
1

+ 500" = )" (o(d)F(q) + o (@) F(9))

1
+ 1 [(VV(&) = AtF (@) To(d) (VV(d) = AtF(¢) = (TV(9) = AtF () "o (q) (VV (q) — AtF(g))] -
As made precise below in (@8], the remainder aat(q,q’) can be thought of as being of order /At

when ¢ = ®%94(¢q, G). We therefore focus on the first terms in the expression of aa¢(q,q’). A simple
computation shows that

Vi(g)-Vi(g) - %(Q' — )" (VV(g) +VV({)) = —1—12D3V(q) (¢ —q)® — 2—14D4V(q) (q —q)®*

- o[- V(- e ) -0 e
(45)
so that
v (2250, 0)) - Via) - 5 (287 (0.G) —a) (VW0 +VV (9820, 0)) )

V2

— YA DY) 6% 4 A (JDV @) (TV () 8 G - §D'V(0) 67) + AFPR(0.6),

where the remainder R1(q, G) can be thought of as being uniformly bounded (see (@) below and Re-
mark [I0). In the sequel, we no longer explicitly give the expressions of the integral remainder terms such
as the last term on the right-hand side of (@3] and simply write O(|¢’ — g|") for some integer power r.
With this notation,

IVV(d)? = [VV(g)]* = 2VV ()" V*V(a)(d — q) + (¢ — )" (V*V(@)* (¢ — )
+D°V(g)- (¢ —)** @ VV(g)) + O (ld —al*)
so that

3/2
= Aoy () vV ()6

B (jvv (az @ 0)| - 19vr)

+ ATt (—VV(q)TVQV(q)VV(q) +GT (V2V ()’ G+ D*V(g) - (VV(g) ® G®2)) £ AP2Ry(q, ).

Here and in the sequel, remainders R (q, G) satisfy the bounds made precise in ([@7)). For the next term
to consider in the expression of aat(q,q’), we use det (Id + Ato(q)) = 1+ At Tr(o(q)) + Atrace,ae(q)
where the remainder rg4et, A+ is a smooth function of ¢g. This leads to

In det (Id + At J(q/)) — Indet (Id + At o(q)) = AtTr (o(q') - o(q)) + A#? (rdet,m(q') - rdet,m(q)) ,

so that
- % (m det [Id +Ato (¢2§d(q, G))] ~Indet [Id + At o(q)]) - —ﬁATta/ZGTV (Tro) (q)
+ Ath (VV(@"V (Tr0) (a) - Tr [D*0(a) - G*2] ) + AP/ *Ra(q, G),
Moreover,

%(q’ - (F(@)+ F(d)) =F(a)" (¢ —a) + %(q’ ~ )" (DF(q)- (¢ — ) +0O(ld —al*),

so that
S (#25%0.0) —a)" (Fl) + F (#23%(0,)))
—V2AL2F(g)TG + AP (GT (DF(q) - G) — F(q)TVV(q)) + AP Ra4(q, G).
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In addition,

@ =" (o(d)—o(@)d —a)=(d —a)" (Do(a) (¢ —q)) (d —q)

+2(d )" (Do) (¢ ~ ™) (@ )+ 0 (Id ~ ),
so that
1 mod T mod mod \/§At3/2 T
7 (2200 —q) (o (232"(0.0) - o(0) (232"(0,0) — q) = 5—G" (Do(9)- G) G

+ AP (—W(q>T (Do(q) - G)G - %GT (Do(q) - VV(q) G + %GT (D?o(q) - G*%) G)

+ At"*Rs(q, Q).
The last term to consider is
(@ =" (o(d)VV(d) +o(@VV(9) =2(¢ — ) o (@VV(e) + (¢ — )" (Da(q)- (¢ —q)) VV(q)
+(d —a)"o(@VV(@)d —a)+0(ld —d),

—

so that

~ S (#2400 —a) (o (#2740, 0)) TV (20, 0)) +0(@) YV () = —VIAP2CTo(9) TV (g)
+ A8 (VV(0) 0@V (e) - G (Do(q) - G) VV(a) = G"o(a)V*V ()G + At *Re(g, G).
In conclusion,
ast (4.955(6,0)) = AT 2(4,G) + APT(q, G) + MR (3, )
with
q3/2(q, G) = L <

2 3

—3D3V(q) LG® + GT (Do(q) - @) G>
1 1
+VIGT (TV@TVQ) - 3V (1) (@) + Flo) o @TV (D) )
The choice o(q) = V*V(q)/3 allows to cancel the cubic term in G, while

Fo) = (20 - 7°V(@ ) V(@) + 37 (100) () = § (-TV@TV(0) + AV

ensures that the linear term in G disappear. For these choices of o and F, it is easy to see that there
exist K > 0 and an integer p such that

Gt (0,985 (0.®)) | < K(1+|GI")VAL, (46)

and
IRi(q,G)| < K(1+|G|"). (47)

In fact, it turns out, quite unexpectedly, that the choice of F and o also allows to cancel @2 (g, G). Indeed,
1 1
@(0,G) = —gDV(9) - 6% + 56T (D0(q) - G**) G
1 1
+D*V(q)- (VV(g) ® G**) + 5G7 (V?V ()" G = 5 Tt [D*0(q) - G**] + G7 (DF(q) - G)
1
— 56" (Do(e) VV(9)) G =267 (Do(q) - G) VV(9) = G o(9)V*V ()G
1 1
+9v@" ([o0) - 57V @)| TV@ + 5V (1) () - F@)).
A simple computation then shows that @2(q,G) = 0 (it is clear that the first and last lines in the
above expression vanish; the fact that the sum of the second and third lines also vanishes requires a few
additional manipulations).

This finally allows to conclude that cay (q, pod (q,G)) = AtY?R(¢q, @) with a remainder R(g, G)
satisfying estimates similar to ([(@T), and gives the desired conclusion in view of ([@d]).
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Remark 10. The above proof can be extended to unbounded spaces by following the strategy presented in
the proof of [4, Lemma 5.5], assuming somme additional bounds on the derivatives of V, up to order 5.

4.2 Proof of Theorem

The proof follows the same lines as the one performed in [5, Section 4.2] for the usual MALA scheme
(trivially adapted to the case of bounded configuration spaces), with the crucial improvement on the
rejection rate made precise in Lemma [II The main ingredient is an improved estimate on the single-
step accuracy of the MALA scheme, which is itself obtained from error estimates for the modified (but
un-metropolized) Euler scheme. The estimate on the strong accuracy of the scheme finally follows by a
discrete Gronwall argument where local errors are summed up over finite time-intervals.

Single-step accuracy of the un-metropolized scheme

We first prove that the modified Euler scheme has the same accuracy as the standard Euler scheme,
compare with [5l Lemma 4.4].

Lemma 5 (Single step accuracy of the modified Euler scheme). There exists C > 0 and At* > 0 such
that, for any 0 < At < At* and any qo € M,

2
Eqo U‘I”E‘Ed(qo,WAt) —aat ] < CAP,

< CAE,

Eq, (q)rAn?d (QOy WAt) - th)

where qaq 1s the solution at time At of () with initial condition qo at t = 0, and where the expectation
is over all realizations of the Brownian motion (Wti)o<t<at-

Proof. In order to rely on the results already obtained in [5], we introduce the solution of the standard
Euler-Maruyama scheme
R (g, @) = g — AtVV (q) + V2ALG.

Then, in view of the equality ®R¢(q, G) = Y (¢, G) + At?F(q) + V2AtL [(Id + Ato(q) 2 — Id] G
and by a Cauchy-Schwarz inequality,

Eqo U‘I’rﬁgd(Qm Wat) — qae

]

2
] < 3qu Uq’gy(%y WAt) — qAt

2
] +6ALE,, U [(Id+ Ato(go)) 2 - Id] War

+ 3At*F(qo)]*.

It is proved in [5] Lemma 4.4] that Eg, [|<I>EI§{ (¢, Wae) — thﬂ < CemAt3. Moreover,

Eq, U [(Id + Ato(qo))? Id] Was 2} — AtTr ([(Id+ Ato(q)) " - Id]Q) = At g(At).

The function ¢ — g¢(t) is well defined for |t| < 3/k, with k := —mina o, and g(0) = 0. Therefore,
g(At) = Atg' (6acAt) for some Oa¢ € [0, 1]. Now, a simple computation shows that

g'(6) = Tr (o(qo) (14 + to(a0) ™ [(1d + to(0)) % ~1d] ),

Therefore,
9/ @] < llota)lle (|| + o)™+ [+ tota) 7] )

< 1, llot@)lr ( 1 )
1d+ to(go) [\ 111d + t (o) [
for some constant K; > 0 depending on the dimension d. In the above inequalities, we introduced
the Frobenius norm ||M||r = /Tr(MTM) and used the fact that Id + ¢ o is real, positive, symmetric,
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and that all matrix norms are equivalent, to obtain the second inequality by spectral calculus. Since
Id+to > (1 — kt)Id for t > 0, we conclude that

9] < R L2l

for some modified constant IN(d > 0. We finally deduce that

Eq U [(Id + Ato(q)) V2 - Id] Wa

2 2
] < CLIAR. (48)

In addition, |F(q)|? is bounded in view of the expression of F, which gives the first estimate.
For the second estimate, we note that

Eao (@2 (a0, War) = aat) = Eqy (@R (a0, War) = aa) + A Flqo).
The conclusion then follows from the estimates provided in [5, Lemma 4.4]. O

Single-step accuracy of the Metropolized scheme

Recall that UR¢4(g, G, U) is defined in (@0).

Lemma 6 (Local accuracy of MALA). There exists C > 0 and At™ > 0 such that, for any 0 < At < At*
and any qo € M,

2
B |92 (a0 War, ) — 0| ] < Car,

< CAP?,

Eqq [‘I’rﬁgd(%, Wae,U) — QAt]

where the expectation is over all realizations of the Brownian motion (Wi)o<i<ar and of the random
variable U ~ U[0, 1].

Proof. By definition of the scheme, we have

Eq, U‘I’X?d(qoy Wat,U) — qat

2
} =Eq, [AX?d (Qm DR (qo, WAt)) “I’X?d((Im Wat) — qae

]

The first term on the right-hand side is bounded using the estimates provided in Lemma [B] and the
mod

inequality 0 < A%?%(q,q") < 1 for any q,q’ € R?. For the second term, a Cauchy-Schwarz inequality
gives

+ B [(1- AR (g0, 52 (00, War)) ) a0 — aael’] -

Eao [(1— AR (g0, @2 (20, War)) ) lao — aael’]
57 1/2
< Eup [0 — 0[] Buy | (1= A2 (0, 055 a0, W) )|

From [5, Lemma 4.2], we know that, for any integer ¢ > 1, there exists a constant K, > 0 such that
Eqo [|qo - th|2e} < KAt (49)

The conclusion then follows by the above inequality in the case ¢ = 2 and by using the estimates stated
in Lemma [T
The proof of the second estimate is based on similar arguments. First,

<

Eqq [\I’[An?d(Qm Wae,U) — QAt]

Eao [AZ2 (00, @37 (00, War) ) (@37 (a0, War) — aat)]|

+ By [(1- A2 (00, DR (a0, W) ) (a0 — as)|
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The second term can be bounded by a Cauchy-Schwarz inequality as

[Bao [(1= A% (00, 922" (00, War) ) ) (a0 — a0
< Eg {(1 — AR (Qm DR (qo, WAt)))2:| v Eqo [lq0 — th|2]1/2 ,

together with (@3)) in the case £ = 1 and Lemmal[ll To estimate the first term, we write
Eqy [AZ?" (g0, 37" (g0, War)) (@37 (g0, War) — aar) ] = Eay [R5 (0, War) — gac]
—Eq [(1 - AR (a0, @R%" (a0, War)) ) (@R2" (0, W) — aar) |

and use Lemma [B] to bound the first term on the right-hand side and a Cauchy-Schwarz inequality
together with Lemmas [T and [l for the second. O

Global accuracy of the Metropolized scheme
We now have all the tools we need to prove Theorem Bl For k = 0, .., |T/At], we introduce ti := kAt
and

]
where we recall that the expectation is over all realizations of the Brownian motion (W;)o<i<r for a given
initial position go = ¢°. The Gaussian increments used in the Metropolis scheme are consistent with the

realization of the Brownian motion used to integrate the continuous dynamics. More precisely, starting
from ¢° = qo, we consider, for k > 1,

er 1= Eq “qk — qt,,

qk = \legd (qk717 Wtk - Wtkflka) .
We claim that there exist K1, K2 > 0 and At™ > 0 such that, for any 0 < At < At™,
Ekt1 < (1 =+ K1At)5k + KzAtS. (50)

Theorem [3] then follows by a discrete Gronwall inequality.

Let us now prove (B0). We denote by Q¢,s(¢) be the value at time ¢ of the solution of the SDE (Tl
starting at time s from ¢, which depends on the realization of the underlying Brownian motion. Let Fj
be the sigma-algebra of events up to the time ;. It holds

k41 2

k41
q Gty

k k
- th+lvtk (q ) + th+1ﬂfk (q ) - th+1ﬂfk (qtk)
2
k+1 k k
= ‘q = Quyyr .ty (q )’ + ’th+1»tk (¢") - Qtyyqity (gt,,)

+2 (q’CJrl = Qyy ity (qk))T (thﬂ,tk (qk) = Qtyy ity (th)) .

2
:‘q

2

Lemma [6 implies that
E “q’““ - th,tk(q’“)ﬂﬂ] < CAL,
so that
Eq, “q’““ = Quir (q’“)ﬂ < CAP.

Similarly, using [5, Lemma 4.3], there exists K, > 0 such that

Eqq “th+l,tk (@) = Qv (ary) 1 < (1 + f{lAt) Ek- (51)

It therefore remains to bound the third term on the right-hand side of (GIJ). Setting

Ap = Qi ty (qk) = Qtypr .ty () — (qk - th),
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we can rewrite the term under consideration as

(qk+1 — th+1,tk(qk))T (qk - qtk) + (qk+1 = Qtyy i (qk))TAk'

Using a Cauchy-Schwarz inequality and Lemma [6]

Eq, [(qk+1 = Qtypr ot (qk))T (qk - qtk)] =Eq, {(E [qk“ — Qtyy1.t (qk)‘ J’kDT (qk - qtk)]

k1 k 2)1/2 1/2
< Eq |:‘E [q - _th+1vtk(q )‘}—k” ] €k

< CAt%e)/? <€ %(ak + At?).

Similarly,
k+1 e\ 7 k1 NG v 2 1z
Eqo (q = Qupprti (g )) Ag| <Eg (E ‘q = Quppr i (4 )‘ Tk Eqo (E [|Ak| ‘}—kD
< CAP2E,, (B[|A?| F]) 2.

According to [5l Lemma 4.3],
E (18| 7] < KAP |¢* - au,]

so that, by a Cauchy-Schwarz inequality,

Eq (E [|Ak]*] Fi]) < KA Ey, S KA/,

q — Qi

Therefore, there exists C > 0 such that

A\ ~ 3C
Eqo [(q’c+1 - Qw,tk(q")) Ak} SOACe/" < 7 (Ater + AL,

which concludes the proof of (B0).

4.3 Proof of Lemma

Midpoint proposal with Barker rule. We first consider the midpoint proposal (23) together
with a Barker rule. We also write the proof for a general drift Fa; = —VV + At F in order to prove the
statements of Remark [0l We start by rewriting (27) as

am(qﬂz)—V(q;q %(q —q)> V<%q/—%(f/—q)> + Fa (q;q/> (4 —q)

/ + / 5
(58] (150 - o () ot
o ~[(q+4q (A 1 q+q I \®3 5
= AtF (—2 > @ -a)+5; [D V(—2 )] (@ =9 +0(d —d)-
Note that the remainder is of order O (|¢’ — ¢|°) and not O (|¢’ — ¢|*). Next,

g APV () - @

Pai(q,G) = g+ V2ALG — AtVV(q) —
(52)
+ A <‘iD3V(Q) SGP 4 %V2V(Q) -VV(q) + ﬁ(Q)) + AP Qalg”, G™).

This leads to
Pat(g,
aae(a,Pai(q,G)) = At F <q++(q)> - (V2AIG - AtV (g))

g+ ®ailq, G)
2

= At*?€35(q,G) + At€a(q, G) + At E55(q, G) + At’ani(q, G),

+ 2—14D3V ( ) : ((2At)3/2G®3 —6A°G®? VV(q)) + At?aai(q, G)
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with
6/2(0.6) = V2 (Fla)- G-+ 5DV - (0,
£(6,6) = —F(q) YV(q) + DF() - (G)%* = 1DV(@)- ()% & YV (0)) + 15 D'V(@) - ()",
and where &5/5(q, G) involves only odd powers of G and satisfies an estimate of the form

€5/2(q, G)| < L(1 +|G[*) (53)

for some integer p and some constant L > 0. A similar bound is satisfied by the remainder aa¢(q, G).
Using

+0(a®), (54)

it follows that
5/2

4

A3/?

1 ~
33 €5/2(q,G) + AP Ani(q,G),  (55)

2
AAt ((L N (q7 G)) = 53/2(‘]7 G) - ATté-z (q7 G) -

where the remainder Aa; (g, G) satisfies an estimate of the form (53) uniformly in At.

Remark 11 (Average rejection rate). Note that Ec(€3/2(q, G)) = Ec(&5/2(q, G)) = 0, while

£(0) = Ec 62(4, @) = —F(q) - TV (9) +div (F) () = {V(AV) - WV (q) + 1A%V ()

/ ZZd/'L:(L
M

/AZVdu:/ V(AV)-VV dp. (56)
M M

Therefore, the average acceptance rate at equilibrium is

is such that

since

EEc [As(2.92:(0.0))] = % +0(Af), (57)

where the expectation is over q ~ p and all realizations of the Gaussian random variable G.

On the other hand, the Taylor expansion

P (Pai(g, G)—1(q) = Vo(q) (Par(q, G) — q)+%D2¢(q)~(¢At(q, G) - q)®2+éD3w(q)~(%t(q, G)—q)®+...

leads to
P (Par(q, Q) — ¥(q) = Vb (q) - (V 2AtG — AtVV (%MG)) + AtQﬁ(q))

g+ Pailq, G)
2

+ % D?(q) - <2At G®? — 22APPG o vV <

) + APVV(q) ® VV(q)>
+ é D3y(q) - (23/ 2A2GPP — 6ALPVV (@) ® G®2)

At? 525 .
+ 5 DHb(a) - G+ AP (0, G) + AT (g, G,

with \fls /2(q, G) involving only odd powers of G. Upon further expanding

Vv <%M> =VVig)+ %DZV(q) (Pai(e,G) —q) + é D*V(q) - (Par(q,G) =) + ...
At

1 ~
=VV (g + 3 D*V(q) - (\/QAtG — At VV(q)) +3 D3V (q) - G®% + At *Vai(q, G),
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it follows

Y (Pai(q, G)) —¥(q) = V2AtVY(q) - G
+ At (=VV(q) - V(q) + D*9(q) - G¥?)

N (5)

o (< LDV () - (0 Tule) - VD) - (G & TV (@) + L DPulg) -6

2
+ ATy (q,G) + A5 5(q, G) + APV ai(q, G),
with ¥5,5(¢q, G) involving only odd powers of G and
Tiu(a, G) = F(a) - Vibla) + 3 D°V () - (VV(a) ® V(a) — 1D°V(a) - (Vibla) © G2)
~ D*(a) - (G @ (DV(@) - G)) + 3 D*0(a) - (VV(a) & TV (a)
— D) (VV(0) © G*2) + ¢ D'lg) - GO,
A simple computation shows that T4 4 (q) = Ec[T4,4(q, G)] is equal to
Tay = f-Vz/H—%(VV)TVQV(Vw)—iV(AV)-Vw—V2V : v2¢+%(VV)TV%/;(VV)—VV-V(Aw)Jr%A?z/;.
Recalling £ = —VV - V 4+ A and using the expression of £? provided in [12} Section 4.9],

Tiw = 5 L3 + (ﬁ + iV(AV)) V.

Therefore, irrespectively of the choice of ﬁ7 and in view of (BH) and the definition of the discrete gener-

ator (29)),

Pay —1d
At

[U(®ai(e, ) — w(q)] _V2Ae
4

P(q) = %EG N

Eq [€3/2(a,G) (V(q) - G)] + ATy ac(q)

= % [ﬁw(Q) + At (%LQw(q) + (ﬁ + iV(AV)> -w@ﬂ
At [

2

= Lew)a) + L) @) + APy, ala),

(F+3v@an) -] @+ arsto

which gives the claimed result (35) for the midpoint proposal (23) when a Barker rule is used.

Midpoint proposal with Metropolis rule. By distinguishing the cases z < 0 and = > 0,
zy — = <1 —min(l,e” ") < z4, x4+ = max(0, ).

Therefore, when the proposal [23)) is considered with a modified drift —VV + AtF in conjunction with
a Metropolis-Hastings algorithm, the rejection rate can be expanded as

ANF (@™, ) =1 — AP min (0, &5/2(¢", G™)) + A AN (¢, G™), (59)

with a remainder satisfying an inequality similar to (B3). However, the remainder has a non-trivial
average with respect to G as At — 0, in contrast to the case where a Barker rule is used. Therefore,
with computations similar to the ones of [8 Section 5.2],

Pa: —1d 1 ~ 1
“T =L+ At (552 + (F +V(AV) + f3/2> : Vl/)) + A 21y A
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where ,
e 9 /2

fa2(q \/_/ min (0, £3/2(q, g))gwdg«

Let us insist on the fact that the remainder now is of order At%/? rather than A¢? as in the Barker case.
As in [3] Section 5], it is possible to obtain a simpler expression of f3/2 in view of the symmetry property

€3/2(¢,9)9 = —&3/2(q, —9)9- (60)
Introducing Q(q) = {g € R¢ |€3/2(q,9) = 0},

e 9 2/2

f3/2 \/_/ 53/2 q,9 )g VQ/) ( )d/2

\/_ e 9 /2 - 1
2 [ estan)a™v0 S do = - (Fla) + 19 @1)0).
Therefore, the Metropolis algorithm based on the midpoint proposal is of weak order 2, but with a
fractional remainder of order At®/2.

HMC proposal with Barker rule. We now set F = 0 since the previous computations show
that F' does not change the weak type properties of the algorithm. For the HMC proposal (24)), the
expansion (52)) is changed as

V2

Pai(g, G) = g+ V2ALG — AtVV(g) — - APV () - G

At? 5 ®2 5/2 n m
- DV(@) -G+ AT Qa(e", G).

(61)

Note that only the term in At* changes. Therefore, (B8) holds upon changing T4 (¢, G) to
Tiu(0,G) = —1D*V(0) - (V() ® G2)
~ D*(q) - (G® (D*V(g) - G)) + 3 D*(a) - (VV(9) ® VV(2))
~ D*(a) - (VV(0) © G%) + ¢ D*(a) - G°

The rate aat(q, Pai(q,@)) defined in ([28) is computed by replacing ¢ by V in ([E8) (with the new
definition of Ty v ):
V(®ai(g,G)) — V(g) = V2ALVV(q) - G + At (—|VV(9)]> + D*V (q) - G¥?)

o (<220 - o vV + E DV 6

+ ATV (q,G) + A2V 5(q, G) + A Vac(g, G),

and expanding

3/2
vV <q+ V22At > —VV(q) + V22At D*V(q) - G+%D V() - G®2+\/§%D4V(q)-G®3+
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so that

2
% (G—\/2AtVV<q+ v22Atc:)> - G?
2
= —V2ALG-VV <q+ ”22At G) +At‘VV <q+ V22At G)

= —V2AtG-VV(q) + At ([VV(9)]* — D*V(q) - G¥?)

+ A2 <—§ D*V(q)-G®* + V2DV (q) - (G ® VV(q)))
+ At (—%D“V(q) G4 %D?’V(q) (G e VV(g) + % V2V (q) - G\z)
+ AP?Ks5(q,G) + AP Kar(q).
Finally,
aae(q, Par(q, G)) = At*2&2(g, G) + At6a(q, G) + AL *655(q, G) + Al’Anc(g, G),

with
V3 (LD @)% - LV ey
£2(0:6) = VE (DY (@) (@)%~ §0V(@) - (G TV @),
£(6,6) = —3D"V(9)- (VV(q) © G*) + 3 D*V() - (VV(9) © VV(a)) + 75 D'V (@) - G*

1
-5 Vv -af’,

and where &5/2(¢, G) involves only odd powers of G. In conclusion, the term D*V(gq) - (VV(q) ® V¥(q)),
which is absent in the expression of T4, compared to the corresponding expression for the midpoint
proposal, is compensated by an extra term in the expression of &3/o. It is then easy to prove that (BH)
holds.

Remark 12 (Average rejection rate). As for the midpoint proposal used with the Barker rule, it is
possible to prove that the average rejection rate at equilibrium is 1/2 + O(At?) (see (BD) above). This
computation relies on the fact that

&(0) = Ba[6(6,6)] = ~$V(AV) - VV(9) + 1A%V (q) + 5VV VYV () = 2 T [(VV ()]

has a vanishing average with respect to p. To prove the latter statement, we compute
d ) d
/ T [(V2V(@)] du= 3 / (92.0,V) du=-3" / 00V (00,0, V = 03, VO,V ) dp
M i,j=17M i,j=17M

= —/ V(AV)-VVdqu/ VVINVPVVV du,
M M

and use (BO).

HMC proposal with Metropolis rule. The result is obtained by a straightforward modification
of the argument for the midpoint scheme. We therefore omit the proof.

4.4 Proof of Lemma

Well posedness of the midpoint scheme. To prove that the implicit method is well defined,
we use a fixed-point argument. For a given ¢ € M and G € R?, we define Q° = g and Q"' = .Za:(Q")
with

Fa(Q) = qg— ALYV (%) +V2ALG.
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Note that, upon introducing the global Lipschitz constant Ly of —VV/,

| Zat(Q) — Fa(Q')] = At’VV <#> vy <q+2Q )’ LvAtlQ Q.

When At < 2/Ly, the mapping .#a. is a contraction, so that the existence and uniqueness of g is

ensured by the Banach fixed point theorem.

Geometric ergodicity. We prove the geometric ergodicity of schemes based on the midpoint pro-
posal ([23), the computations for the HMC proposal being similar. Our aim is to prove that, for a given
physical time 7" > 0, there exists o > 0 and a probability measure » on M such that the following
uniform minorization condition holds (see for instance [4] [12] for related estimates):

PAV—Q/AH (q,) = av, (62)

where [2] denotes the smallest integer larger than x. The term “uniform” refers to estimates which are
independent of the timestep At. To obtain such estimates, we have to consider evolutions over fixed
physical times, which amounts to iterating the elementary evolution Pa; over [T'/At] tlmesteps By the
results of [10] for instance, (G2]) implies that there exists A, C > 0 such that, for any f € L™ (M),

A ~ _
P2 < Ce e

from which (BQ) follows.

The strategy of the proof of (62)) is the following. We denote by Pa; the transition kernel associated
with the Markov chain where we perform a move according to the proposal function, and always accept
it. We first show in Lemma [7] that PX, satisfies a uniform minorization condition when iterated for a
number of steps larger than a fraction of T'/At. We next show that this property is transferred to the
scheme Pa: where acceptance/rejection is performed according to the Barker or Metropolis rules.

Lemma 7 (Uniform minorization condition for schemes without rejection). There exist At*, & > 0 and a
probability measure v such that, for any bounded measurable non-negative function f, any 0 < At < At”

and g € M,
T T
Vi e { {EJ . [E] } (P2f) (@) 25 [ fav

Proof. 1t is sufficient to prove the result for indicator functions of Borel sets E C M (see [20]). Denoting
by ¢**! = @At(ﬁ"c7 Gk) the iterates of the Markov chain, we therefore aim at proving

wef ||

for a well chosen probability measure v and a constant & > 0. The idea of the proof is to explicitly
rewrite ¢ as a perturbation of the reference evolution corresponding to VV' = 0. Since we consider
smooth potentials and the position space is compact, the perturbation can be uniformly controlled.
More precisely,

[%H P(7" € E|3’ =q) > av(E),

"= +9"+ 7", (63)
with
n—1 . n—1 ak +(7k+1
_ 7 agn _ _
_\/zAth:OG7 F" = AtZVV<72 )

Note that |#"| < [[VV||LeenAt < |[VV | oo (T 4+ At), while G" is a Gaussian random variable with
covariance matrix 2nAt Idy. Therefore,

L\ Jof?
~n ~0 _ _ n 0 — T > _ g
P €E|¢=q)=P@"€cE—q—TF")> (47rnAt) /E,q,gn exp ( 4nAt> dg. (64)

In the latter expression and in the sequel we consider that the random variable G" has values in R¢
rather than M and understand E —q—.#" as a subset of R? rather than M. This amounts to neglecting
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the possible periodic images, and henceforth leads to the second inequality. Now, for At sufficiently
small, it holds T/8 < nAt < 2T, so that

L\ gl 1\ 4)g|?
— - dg > [ — - dg.
(27rnAt> /E,q,}-n P ( 2nAt> g <471'T> /E,q,}-n P ( T ) g

Since the state space is compact, there exists R > 0 such that |¢ + .Z"| < R for any ¢ € M. We can
then consider the probability measure

v(E)=Zz" inf/ exp _M dg
" Ql<r Jpiq T ’

1\ 42
a=7n <4ﬂ'T> ’

which gives the claimed result. O

and the constant

Let us now show how to adapt the proof of Lemma [7l to the case when the proposals are accepted or
rejected according to some rule (Metropolis or Barker). We set a = 1/2 for the Barker rule and a =1
for the Metropolis one. Note first that (G3)) is modified as

" =¢" +9" + 7",
with
n—1
n / k
9" = 2Atz 1Uk<AAt(qu‘I>At(quGk))G ’

k=0

n—-1 ~k k ik

n o__ q +®At(q 7G )
P = BN L (g aar o) VY (A ).
k=0

It still holds |.Z™| < ||[VV||Le (T + At). To characterize more precisely ¢4, we decompose it as 4™ =
G" + 94" where

n—1
G = VLY 1k, G"
k=0
and

n—1
on / k
@Ggn = 2At Z (lUkSAAt(qk»‘PAt(quGk)) - lnga) G".
k=0

The latter random variable can be thought of as being small. To quantify this statement, we rewrite
each term in the sum defining 4" as some drift plus a martingale increment, independent of the previous
increments. More precisely,

<1ngAAt(qk,<pAt(qk,ck)) - 1Uk<a) G* = D(¢") + M*,
where E(M*|F;,) = 0 (Fi denoting the filtration of events up to iteration k), and
D(q) = Ev,c [(Lu<an,(@®ac0,6) — lu<a) G] = Ec [(Aat (¢, Pai(q, G)) — a) G]. (65)
In view of (G5) and (EJ), the drift term is of order At*?: there exists C' > 0 such that
ID(q)| < CAL*. (66)

On the other hand,

)2 2 kN2
e (31)']] =B [(tanssonmaon o ~ 10vce) 7] - DU

=E¢ ([a 4+ Aae (qk, @At(qk,G)) — 2min (AAt (qk,CDAt(qk,G)) ,a)] Gz) - D(qk)2
< KA?,
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so that
n—1 2
E,o <Z Mk> <nKAE?,
k=0

Therefore, by the Chebyshev inequality,

n—1 n—1
P ( G" — V28 D(d")| =1 2KnAt5/2> =P ( S M =g \/KnAt3/2> < %
k=0 k=0

By considering 1 = 7 At~/ it follows that there exists C' > 0 such that

Vn < [%W P(@L—\/E;:ZD((/“) > %) < CAP2, (67)
Since, by (G0,
\/ﬂg D(q")| < CAt,
=
it finally holds, for At sufficiently small, i
1

vng[Tw P(‘@

— 21) < CAP? < =,
At

2

We next write, as in (G4]),

P<q"eE‘q0:q):P(@GE—q—y"—.@")
2P(<ﬁ~"eE—q—ff7”—%A" gn gl)IP’(%A” <1)
;%P(@GE—q—ﬁ"—@ gr <1).
In view of the bounds on .#", there exists R € (0,+00) such that ‘q—t—ﬂ"—t—{é\” < R when ‘52" < 1.
Therefore,
]P’(q”GE‘qO:q)2%‘51‘2]%]?(547”61?—@). (68)

In order to conclude the proof, we need to determine the law of ™. When the Metropolis rule is used,
@™ simply is a Gaussian random variable of mean 0 and covariance matrix 2nAtIds, and the desired
conclusion follows by the same manipulations as the one performed below (64). The case of the Barker
rule requires some additional work. Let us first introduce the random variable N, which counts the
number of times U* < a for 0 < k< n—1. Of course, N, is a binomial law of parameters 1/2 and n,
hence its expectation is E(N,) = n/2 while its variance is Var(N,) = n/4. Therefore, by the Chebyshev

inequality,
n \/ﬁ 1
]P(‘/\/‘n— 5’ 2777> < $7

so that 4
O
4 n
On the other hand, conditionally to N, = m, the random variable gzn is a Gaussian random variable of
mean 0 and covariance matrix 2mAtId,. Therefore, for a given set E C M,

P(7"cB)>p (9 BNz )P (N2 )

AVERERES Jof?
> - T AL .
- (1 n) (47TnAt> /Eexp< nAt) dg

Together with (G8]), this allows to conclude, as at the end of the proof of Lemma/[7] that (G2) holds.

29



Remark 13 (Extension to the case of dynamics with multiplicative noise). To extend the above proof to
discretization of dynamics such as (36l), the key point is to appropriately bound G since the rejections
are encoded in this random variable. To this end, we note that the average drift ([B3), which seems to be
of order V/At, in fact is of order At in view of [D)-(@) and Lemma Ol while a bound similar to ([G7)
holds with Cv/At on the right-hand side since the variance of the martingale increments is of order v/ At
rather than At>/2.

4.5 Proof of Theorem

We follow the strategy of [12], Section 3.8] (as already done in |8, Section 5.4]) and write an approximation
of £~ using the discrete evolution operator Pa;. We write the proof in the general case when

Pay —1Id
At

for a1 > 0, a2 > 0 and 1 < a < 2, and ry,a; is uniformly bounded for At sufficiently small. The cases of
interest are given by ([Bh)). In particular, az = a1/2 in all cases. Note that (with equalities in L*(M)),

+oo
(L) g = <AtZPzt> <—Id _Af“) (-0
n=0

+oo
B <At > PXt) (a1 + a2 AtL) Y + At 71y ar) -

= a1 Ly + aa AtL*Y + At 1y A, (69)

n=0

Since £7 14 still is a smooth function (by elliptic regularity), the remainder T2 -1y A 18 uniformly bounded
in L*°(M) by Lemma Note also that since (Id — Pa;)£™ "4 and L have vanishing averages with
respect to u, the remainder r,-1, 5, has a vanishing average with respect to u. Moreover, in view

of @9,
1 1d = Pay

ai At
with a remainder uniformly bounded in At and with vanishing average with respect to u, so that

+oo —1 —1
n Id — P, 1 Id - P, -
(Atz P, At) Ly = (TA> Ly =—gv+at (TA> Foac

n=0

L'l/):— 1/)+At?1r/;7At7

The above equalities show that

+oo
L) odp = a1 A P dy — A d
/M( L)) pdp = ar t;/M( Ae) o dp o t/Ml/up u

N Id—Pa\ * o
+ At /M [(Tm> (Tﬁflw,At + A Tw,At):| pdpu,

where the sum is convergent in view of (30)). This gives the result, in view of the boundedness of the

-1
operator (%) (given by B)).

4.6 Proof of Theorem [8

The proof follows the lines of the proof of [8] Theorem 3]. We write it in the more general case when Pay
satisfies ([69). We need preliminary results on the average behavior of the increments. The first result is
obtained by considering, for a given function f, the conditional increment f(q) = E (f(q1 ) ‘ @ = q)
and using the expansion of Pa: in powers of At. In order to state the result, we introduce the operator

(Lof)@) = (L'7af)(@),  7af(6) = f(6 - a).

To be more explicit, (Lo f)(q) = —VV(q) - V(¢ — Q) + Af(q — Q), so that, in particular, (L,f)(q) =
—VV(q) - Vf(0) + Af(0). The expression of (L f) (¢) is similarly obtained by writing the expression of
£?f(q) and replacing the arguments of f by 0 everywhere.
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Lemma 8. Consider two smooth functions f,g : R — R. Then,
(@) = Ec.o (£ (6a(q, G 1)) ) = £(0) + as MU(Laf)(q) + a2 (£3f) (q) + At 1y, (70)

and

5 (Bow (f(534(0,G.0))9 (650(a, G, 1)) ) = T(@)(a) ) = 2017 (0) - Vg(0) + AtCrg(a) + Atrp 50,
(71)
where
Craa) = a2 ([£3(/9)] (0) = (0) (£39) (@) = (£2F) (0)9(0)) — @} (LaN)(@)(Lag)0).  (72)
The equality ({I)) is obtained by an application of ({0 to the function fg. The second result on the
average behavior of the increments is the following.

Lemma 9. Set « =3/2, v =2 and a =1 for schemes based on the Metropolis rule, while « = 2, v =3
and a = 1/2 for schemes based on the Barker rule. For At sufficiently small,

Sai(q) =Eculdarlg, G,U)] = —At (a1 + as At L) VV (q) + At rass(q), (73)

where rass is uniformly bounded in L (M) for At sufficiently small. The function da: has average 0
with respect to p, and the unique solution in L™ (M) of the Poisson equation

(Pa¢ —1d) Nay = 0 as, / Natdu =0,
M
can be expanded as

Nat = —L7'VV + At*No 4+ AN,y ar, (74)
where No is smooth and ]V%At s uniformly bounded in L (M) for At sufficiently small.

Proof. The expansion (Z3) is a direct consequence of Lemma B with the choice f(§) = J. The fact that
dat(q) has average 0 can be proved as in the proof of [8] Lemma 4]. From (69),

Pay —1Id

A (LTVV) =aiVV + ALYV + A rova,

so that, in view of the equation satisfied by Na; and the expansion of SAt7
(Pa¢ —Id) (NAt + 571VV) = Ata+17’VV,At-

In view of (BI)), this shows that Na: = —L7IVV + Ataﬁaym. We need at this stage to obtain weak
type expansions such as (B3] at higher order. More precisely,

Pay —1d

At
At 1/] =aQa <L'l/] + 7521/1) —+ Atas'l/J + At’y T’L/J,At?

where S is some differential operator of finite order, and the remainder is uniformly bounded for At
sufficiently small. The proof is a slight extension of the proof of Lemma [3] performed in Section and
is therefore omitted. The important point to note is that v = 3 when the Barker rule is used since terms
with fractional powers of At always come with odd powers of (z; while in contrast v = 2 in the Metropolis
case since all terms At*/? contribute for k > 1. By the same computations as above,

(Par —1d) (Nae + L7'VV) = At*T'SLTIVV + At rov,ar

This allows us to identify No = L7'SL7'VV since

Par—Td\"" 4  ala -1 -~
AL SLTVV =L SLTVV + AtTvv,at.
The latter equality can be checked by applying Pa; — Id on both sides and using (31)). |

We can now turn to the proof of Theorem
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Proof of Theoremlﬂ_. We rewrite the increment da¢(¢™,G™,U™) as the sum of a discrete martingale
0at(q™, G™ U™)—da:(q"™) and the average increment da:(¢"™). We also use Lemmal[d to rewrite da+(q™)
as

3au(d™) = PacNar(™) = Nau(@™) = (PacNai(q™) = Narlg™™)) + (Nae(@™™) = Nai(d™))-
Therefore,
n—1 n—1
> darlg™, G U™) = Nau(q") — Nae(g®) + D> ML,
m=0 m=0

with
Mgnt = 6At(q7n7 Gm7 Um) - NAt(q7n + 6At(qm7 G7n7 Um)) - SAt(qm) + NAt(qm)7

where Na:(q) = (PatNat)(q) = Ec,u [Naclg+dat(q, G,U))]. Note that (MZ,)mso are stationary,
independent martingale increments when ¢° ~ p. In view of Lemma @ Na; € L (M), so that, for a
given € € RY,

1

§" Daet = E [(sTMgtf] - /M (Be,v ([Bave(a,8a:(0,G,U)])) = (Bawe(@)”) u(da), (75)

with Bare(q,0) = €7 (8 — Nat(q+9)) and where the expectation in the first equality is with respect
to G,U and ¢° ~ p. We now use (1)) to compute the right-hand side. Note first that, in view of (74)
(setting f(0) = g(0) = Bat,e(q,9), the first argument g in Ba¢,e being a parameter),

€ oat= 5 [ (Bow ([Bostabala. G.O)I) = (Boc(@)*) utda) + A€ Tt

2 ~
= 2(11/ <|£|2 _ 2V(£TN0) . € + ’v (fTNO)’ ) dﬂ —+ At/ OBO,EvBO,E d‘LL + AtafT@At£7
M M

where Cy 4 is defined in (ZZ). Next, using the definition of fo(6) = Boe(q,0) =& 6— L7 (£'VV) (q+9)
(where again ¢ is a parameter), a simple computation shows that V fo(6) = & — [VL " (£"VV)] (¢ + )
and Afo(3) = — [AL (ETVV)] (¢ +6). Therefore, (Lofo) (q) = —€7VV (q) + VV(q) V(€7 No)(2q —
Q) + A(ETNo)(2g — Q) so that (Lqfo) () = 0 in view of the definition of Ny. Using the identity

L2 (o) = 2(Lp) (LY) + L2 + (L2 + 2V - V(L) + 2V (L) - VY + 2L (Vi - V),

obtained by iterating L(pv) = Ly + (Lp)1p + 2V - Vip, we also compute

Chy e,y (0) = 2L ([5 - V(fTNO)r) )
which has average 0 with respect to p. In conclusion,
&7 Dnik = 201 /M (|£|2 —2V(E"No) - £+ |V (¢" o) ]2) dj+ At Tk
The result is finally obtained by manipulations similar to the ones used to establish [8 Eq. (32)]. O

4.7 Proof of Lemma (4]

The result crucially relies on the expansion in powers of At of aat(q, Pai(g, G)) (defined in (B]])), where
Da(q",G") encodes the proposal (B1):

Da(q,G) = g+ AtF(q) + V2AtB(q)G.

For notational convenience, we introduced the symmetric, definite, positive matrix B(q) = M2 (¢). We
also write remainder terms as O(At?). The equality c(q, G) = O(At’) should be understood as: there
exists K. > 0 and p. € N such that

le(q, G)| < KAt (1+|GJPe).
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In particular, Eg |c(q, G)|” < C- A" for any r > 0.
Let us now evaluate the various terms in aat(q, ®at(q, G)). First,

V(®ai(, @) = V(a) = V2ALVV (9)" B(g)G + O(A1).
Consider next the terms corresponding to det M. Since
M(®1(g,G)) = M(q) + VIAIDM(q) - (B(q)G) + O(A),
it holds
det M(@4:(q,G)) = ((det M(q)) det (14 + V2AIM " (q) [DM(q) - (B(a)G)] +O(A1))
= (det M(q)) (1+ V2ALTr (M (g) [DM(q) - (B(@)G)] ) + O(AD)),
so that

%(m (det M(®ai(q,G))) — In (det M(q))) = %\/ETr (M*l(q) [DM(q) - (B(¢)G)] ) + O(AY).

We finally turn to the remaining term, which, using the short-hand notation ¢’ = ®a:(q, G), we decom-
pose as

la—d' = AF(@) g~ 1d' = 0= AF@lhig) = (la—d = AF@) i) — 10— a = MF(@) i) )

+ (lq —q = AtF(q)[Aag) — la—d' — AtF(q,)ﬁwq))-

(76)

The first term on the right-hand side of (76) is the difference between two vectors in the same norm,

while the second term is the variation of the norm a given vector when the matrix inducing the scalar
product changes. We rely on the expansion

q—4q —AtF(q") = g — Pac(q, G) — AtF(Pae(q, G))
= —V2AIB(q)G — At(F(g) + F(®a:(g, )
= —V2ALB(q)G — 2AtF(q) + O(A?),
so that
lg—q — AtF(q)3rig) — |d' — a— AtF(q) 3 = 4V2 A2GTB(g)M ™ (q)F(q) + O(AL).
For the second term, we use M(q+z)~" = M(q)™" — M~ "(q) [DM(q) - x] M~ (q) + O(|z|*):
lg — ¢ — AtF(q) ) — la — ¢ — AtF(q) 3r(q)
= (¢— g — AtF(¢))" (M(¢) ™" = M(q) ™) (g — ¢ — AtF(q)))
= —(2A0)**G"B(g)M(9) " (DM(q) - B()G) M (@) Bla)G + O(AL).
The combination of all terms gives
ani(q, ®at(q, G)) = V2AL &1 a(q, G) + O(A),
with
£1/2(0,G) = V(@) B@)G + 5 T (M~ (q) [DM(a) - (B@)G)] ) + GT B)M ™ (q) F(q)
~ 3G Bl)M ™ (q) (DM (0) - Blo)G) M~ (q) B)G
= (divM)"M~V2G + % Tr (M*l(q) [DM(q) - (B(q)G)] )

~ SGTM(g) (DM(9) - Bla)G) M (4)G.

33



Therefore,
AN (g, Pac(e, @) = 1 = V2A¢tmin (0,&1/2(g, G)) + O(At), (77)

while, in view of (&4),
arker 1 1
ART (g, @ai(q, G)) = i Z\/2A1:§1/2(q7c) + At &5(q, G) + O(AE?). (78)

Since &1 /2(q, G) is odd in G, its expectation with respect to G vanishes. The term &2(q, G) involves only
even powers of G.
To conclude the proof, we write

Pay —1Id
At

¥(q) = Ea [Am(% B, G) LLal2C)) = M

At

= aEg [w(%t(qft)) - w(q)] +Eg {(Am (0. ®a:(¢,C)) — a) w(@m(qﬁ)) — (q)
= aly(q) + Be | 222 @%7 G) —a w(éAt(q\’/% - w@} .

In the Metropolis case, a = 1 and, by the symmetry property &;/2(¢, G)G = —&1/2(q, —G)G (similar

to ([60)),

AN (q,@a1(q, @) — a (Pac(q, G)) — ¥(q)
VAL VAL

Ec = —2Ec [min (0,€1/2(¢,G)) G"B(q)V4(q)| + O(VAY)

= —Ec [612(0.G) G Bl)Ve(q)] +0 (VAL);
while, in the Barker case, a = 1/2 and

AR (g, Par(e, @) — a P(@ar(q, @) — 9(q)
VAL VAL

Ec

} = —5Ec [612(0,G) GTB)) V()] + 0 (A1),

Let us emphasize that the remainder indeed is of order At and not v/ At since &;/2(q, G) involves only
odd powers of G while £2(¢, G) and the At term in the expansion of ¢¥(®a+(q, G)) — ¥ (q) in powers of At
involve only even powers of (G. The claimed result now follows from the following lemma.

Lemma 10. For any v € R?, it holds Eg [fl/z(q, Q) (GT’UH =0.

Proof. Note first that, for a given vector b € R? and a given tensor A of order 3,
d
Eg [ (GTb) (GTU) } =b"v, Ec [ (A:G®%) (GTv) ] = Z vi (Ajji + Ajig + Aijj) -
ij=1
In view of the expression of &; /5, we introduce

A:G® =G M2 (g) (DM(q) . B(q)G)M*”?(q)Q

and
TG = 2(divM)T MG+ Tr (M*l(q) [DM(q) - (B(g)G)] )

Recall that M, M~' and B are symmetric. The components of A and b respectively read

d

Aijr = Z [Mfl/z] .[M’1/2] (Oqy Mys) B,
rys,t=1 e 557

and
d

div(M,)+ Y [MT] (94 Mrs) B

r,s,t=1

d
o =Yy
b, 2;[1\/[”]

i
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Now, in view of the equality

5[] o= ] =o.0

= $,J s,t

it holds , p u
D A+ Ay =2 [Mfl/z] (0g M) =2 [Mfl/z}  div(M,).
j=1 .8 ot r=1 o

Since

Z |:M71/2:| . [Mq/z] = [Mil}r,w

= j s.J
we also have
d d
S A= 3 (M 00 ) B
Jj=1 r,s,t=1
Therefore,
d
D Aijs + Ajig + Ajgi = bi,
j=1
which shows that Eq [ (A (G¥3 — GTb) (GTv) } = 0 and gives the expected result. O
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