|:> restart,
|:> with (algcurves) : with (gfun) : with( plots ) : with(CurveFitting) :

Site Percolation on the UIPT
Generating series of triangulations with a boundary
Algebraic equations for T(p,t,ty) and T _1(p,t) (Section 2)

> eqfunT =y +x"2%z*T "2 + (y-1)*z* (T-») 2/ (y*x*T) +z/ (y*x)* (T-y-x*TI)
_T;

— 1)z (T—y)? L2 (aTI+T—y)

eqfunT:Zy-i-xzzTa—l- 6l
yxT VX

T (1.1.1.1)

[ Functional equation for the series T=T(t,y,p), with T1=[y"1]T(t,y,p). t=edges, y = perimeter, p=outer
| edges
[ > eqfunT:=p+y”"2xtxT 2+ (p-1)*xtx(T-p) "2/ (pxy*T)+t/ (pxy)*(T-p-y*T1)-T;
—)t(T—p)* | t(-yTI+T—p)
+
i pyT Py
;The quadratic method above gives the following algebraic equation for T1
> eqTl := 64%T1"3xt"5-27*xp”" 3%t 5-96kT1"2%pkt " 4+30kT1lxp~ 2%kt 3+p~ 3kt~ 2+
T1"2%pxt-T1xp”"2;

eqT] == 64T’ £ —27p° £ —96 TI* pi +30TIp* P +p° £+ TP pt—TIp*  (1.1.1.3)
[ we simplify it with w=t*3 and (T1=t*TI
> eqtTl:=subs(t=w"(1/3),simplify(subs(T1=tT1/t,txeqTl)));

eqiTl == (-27w> +w) p> +1T1 30w —1)p* + (96 w+ 1) (TI* p+ 64T’ w  (1.1.1.4)
[ > algeqtoseries (eqtT1, w, tT1, 4);
p p

7 wl + ) —2pw—|—O(w3),p-i-pw—4pw2-|-32pw3-l-O(w4),pw-|-4pw2 (1.1.1.5)

egfnT == p+ 2 1 T2 + 2 —T (1.1.1.2)

+32pw3+336pw4+0(w5)}

[ Similarily for T=T(tty,p)

> eqTt = numer(factor(subs(Tl =tTl/t, T= Tt,y=t-y,t=w3 ,eqfunTj));indets(%);
eqTt := wy3 Tt3p—pyTt2—|—p2yTt—|— Tt2p—2Ttpz—Tz‘z‘T]y—I—p3+Ttp—p2
{Tt,p, tT1,w,y} (1.1.1.6)
=> allvalues ( algeqtoseries (eqTt, y, Tt, 3, true) );
=0 =p +m1) (2p(p=1) +2p" —p—1)
p

p— y (1.1.1.7)

1
+;(—tT]p2+tT]2p—p2 (p—)—(p—\ Tl +p(p—1)—tTI* +p°




2 2 2
-tTlp~ +tI'l"p— T~ > 3
E ¥y +0o(y)

;tTl = 12T2 for p=1 (which is ok : root loop transfrom with the root loop counted twice)

2 2 2
-p tT1 tTl” — T
> Simpliﬁ/[subs[pZ l,— P TP ])

p+titlly—

0+ pim1) ¥ +0() |

3

p
(T1 (1.1.1.8)

5

2 2 2
-p Tl Tl —tT1
> 272 = factor(— P TP ]

p
71 (p* — p Tl + ¢TI
o012 = L = p Tl +1T1) (1.1.1.9)
| p
Rational parametrizations (Lemma 3, Lemma 4 amd proposition 5)
;Rational partametrization for tT 1(p,t)
Uu—-1)R2U-—-1
s e YU=DEUSD),
—1)2U—-1
wu = LY )2( v—1) (1.1.2.1)
[ p3U—1U
> (T1U =
202U—-1) °
p3U—-1U
TIU = 1.2,
(T1U U (1.1.2.2)
> simplify (subs (w=wU, (Tl =tT1U, eqtT1));
0 (1.1.2.3)
;Rational parametrization for T(p,t,ty):
. 2V (V—2+4U) _
> WUV=-—"3 2 2 2 3 2>
U p—6U V—12U p—6UV" =V +2UV+4Up+2V
2V(V—=2+4U
YUV = - —— . : ( . 3) 5 (1.1.2.4)
8P p—6U V—12U0p—6UV =V +2UV+4Up+2V
o U e 8U p—6 U V=120 p—6UV =V’ +2UV+4Up+2V>
' 4(U—-1)UQU-1) ’
— S p—6U V—12U0p—6UV =V +2UV+4Up+2 717 1125
' 4(U-—1)UQRU-1)
;The equation verified by Ttp defines a unique power series in y with constant term p.
> factor(subs(y =0, eqTt));
p(Tt—p+1) (Tt—p) (1.1.2.6)
[ > factor (eqTt — subs (y =0, eqTt));
Tty (T2 pwy* — Ttp + p> — (T1) (1.1.2.7)

;the rational parametrization verifies eqTt:
> simplify (subs(w=wU,y=yUV, Tt=TtUV, tT1 =tT1U, eqTt));

(1.1.2.8)



0

(1.1.2.8)

[ The parametrization is good : V=0 is the only solution of y=0 and T=p, and y(V) is increasing in a

| neigborhood of 0:
> simplify (subs (V=0, TtUV) ); simplify(subs (V=2 — 4 U, TtUV) )
p
— 1
[ > factor (subs (V= 0, factor (diff (yUV, V) )));
1

S

Up (U—1)
;Singularity of U:
> eqUc = factor (diff (wU, U)); solve(%);
1
eqUc =3 0> —3U+ 5
1 £ 1_J3
2 © 2 6
1 3
> Uc:= 5~ %;wc = simplify(subs (U = Uc, wU));
1T
2 6
e V3
36

> allvalues ( algeqtoseries ( (we- (1 — WWZ) —wU), WW, U, 6));

;+\/3?—1\/?WW2_ s 3wt +o(wwb), ;_ Jg N ﬁ6WW
+ESZVW SJ;;VW +0(WW7’2)1,[2 J— 1J_WW
_ 729 3 wwt +o(wwb), ;_ Jz B ﬁ6WW . ﬁSZVW
_W_FO(WWHz)l
=> Using = %_ Jg _ ﬁ6WW n ﬁSZVWz B 5@;1/;4/3;

;Transfer to tT1 (not needed for the moment):

(1.1.2.9)

(1.1.2.10)

(1.1.2.11)

(1.1.2.12)

(1.1.2.13)

(1.1.2.14)

> collect(expand (convert(simplify (series (subs (U = Using, tT1U), WW, 4) ), polynom) ), WW,

factor);

(1.1.2.15)



2 Ww? 3 ww? 3 —2
P p T (52, L1218)

;expansion of the partition function Z=t2T2/(p"2*t"3):

272
> Ztser := collect[expand[convert(simpliﬁ/[series [subs [tT] =1T1U, U= Using, — ),
pw

ww, 4) j,polynom] ], WW,factor);

3 2
o 2J2 Bp—3+2y3)ww’ 3 (Bp—27+163) ww (112.16)
3p 4p
33 (-p—7+4/3)
4p

Critical points and poles of y(V) for t arbitrary (Lemma 4)
;We can also chek that y(V) has only one pole for V>0, which will be useful later.
1) The Polynom of degree 3 giving the poles goes to -infinity when V goes to infinity and its value at V=
| 0 is positive (U is between 0 and Uc):
> collect(8 U p—6 P V=120 p—6 UV =V +2UV+4Up+ 2V V, factor);
P (-6U+2) VP —2U@BU—1)V+4UpRQU—1)(U—1) (1.1.3.1)
:2) The polynom is increasing at V=0:
> factor(subs(V=0,dif (8 U p—6 V" V=120 p—6 UV =V +2UV+4Up+2 V>,

7))

2UQ3BU—-1) (1.1.3.2)
_3) This leaves only two possibilities: a) only one pole at some V>0, b) One positive pole and two
| negative poles. The positive pole is between 1-2U and 2*(1-2U):
| The value of the polynom at 2(1-2U) is negative:
> factor(subs(V=2-(1—-2U),(1.1.3.1)));
AURU—-1)U-1)(p—1) (1.1.3.3)

;The value of the polynom at (1-2U) is positive:
> factor(subs(V=1—-2U, (1.1.3.1)));

QU-1)(4Up—20"—4Up+4U—1) (1.1.3.4)

;The second factor is negative for p in (0,1) and U in (0,Uc]:

20 —4U+1
> [9) . ) . . — B .
factor(solve(/),p)),evalf(solve(/o)),evalf(Uc),plot[ AUQU-T) ,U=0 ch,
20 —4U+1
4U (U—1)

1.707106781, 0.2928932190
0.2113248653
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;Now we look for the critical points in V of yUV for fixed U in (0,Uc]:

> eqVeU := collect(numer (factor ( (diff YUV, V)))), V, factor);

eqVcU =2V '+ (-16U+8) 1V  —43U—-1)3U—-2) 1P —16Up (2U—1) (U (1.1.3.5)
— 1) V—16Up(U—1)2U—1)*

;There is a double root only when U=Uc:

> factor (discrim(eqVcU, V) );

“BI0R2 U p (p—1) QU= 1) (U—=1)* (216 U° p* — 216 U° p — 648 U° p* (1.1.3.6)
+729U° + 648 U° p + 702 U* p* — 2187 U° — 702 U* p — 324 U° p* + 2673 U*
+324 P p+ 54U pP — 1701 UP — 54 U p + 594 U* — 108 U + 8)

> factor(discrim (216 U° p* — 216 U p — 648 U° p* + 729 U° + 648 U° p + 702 U* p?

— 218707 =702 U p — 324 UP p> + 2673 U + 324 UP p + 54 U? p* — 1701 UP
— 54U p+594UF — 108U +8,p));

08 TA QU 12 (U—12 (6P —6U+1) (1502 — 15U +4)° (1.1.3.7)
> plot((6 U —6U+1),U=0.Uc);
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;Recall that this polynomial is positive at V=0: there are 2 or 4 real critical points, we will see that it is 4.
| The value at 2(1-2U) is always positive:
> factor(subs(V=2(1—-2U),eqlcU));

16U ((U—-1)2U—1)* (p—1) (1.1.3.8)
;The value at 1-2U is negative if U <Uc, 0 if U=Uc:
> factor(subs(V=1—2U,eqVcU));

26U —6U+1) (2U—1) (1.1.3.9)
[ Conclusion: We have 4 critical points vl <0 <v2 < 1-2U <v3 < 2(1-2U) < v4, one pole between 1-2U
and 2(1-2U) and possibly two negative poles. Note that this also ensures that the positive pole is between
| v3 and 2(1-2U).
> factor(subs(V=1—2U,yUV)); factor (subs(V=2-(1 —2 U),yUV));

202U—-1)
AU p—2U*—4Up+4U—1
0 (1.1.3.10)

;yUV 1s increasing in a neighborhood of 0:

> factor(subs(V=0,diff YUV, V)));
1

- m (1.1.3.11)
:For t=tc and y+(p,tc) >1:
> factor(subs(U=Uc, V=1—2-Uc,yUV) — 1);
“2pt 143 (1.1.3.12)
2p—1+ \/?

Critical points and poles of y(V) at t_c (proof of Theorem 1)
|:A more detailed look for U=Uc:



> yUcV = factor (subs (U = Uc, yUV') );
6V (-3V+2J3) 12.1)
9V Y3 =9V +6Vy3 +2pJ3 -9V -9V
:We first want to compute the 4 critical points:
> eqVcUc = factor (subs(U = Uc, eqVcU));

2003 -9 —4pJ3) (-37+J3) 1.2.2)

27

yUcV =

eqVcUc = -

[ One of the critical points is 1-2Uc=sqrt(3)/3, which we alrealdy knew. We can have explicit trigonometric
| expressions for the three others:

4
w2 )
> Veminus = - . 3 ; Veplusright == 2 sqrt3(3 )
cos [ 3 -arccos (sqrt(p)) j
1 —
sqrt| —& sart| £
3 3
+ . ; Veplusleft == Pi\’
cos [ 3 arccos (sqrt(1-p)) ) cos ( 3 -arccos (sqrt(p) ) - 3 )
Veminus = - \/?\/?
3 oo ( arCCOS(J?)j
3
2 ' -
Veplusright == 3 + 3
3 ( arccos(\/ l—p ) )
3 cos
3
3
Vepluslefi V3 p (1.2.3)
. | arccos (\/;) T
3 sin 3 + 3

> simpliﬁ/(subs(VZ Veminus, 9 7 J3 -9 I 4p \/?) ); Simpliﬁ/(subs(VZ Veplusleft,
9 12 J3 -9 I 4p \/?) ); Simpliﬁ/(subs(VZ Veplusright, 9 Vv J3 -9 s
—4p\/?)) assuming p < 1 and p > 0;

0
0
3
- ! 7|4 (p—1) cos[ arccos 3‘ 1=p) (1.2.9)
[ arccos(\/ l—p ) ]
cos 3

oo TD))
) 3 5o s

4




| Maple does not recognize directly the trigonometric identity cos (3t) = 4 cos”3 t - 3 cot t which is weird :

> simplify(subs(p=1—p, (1.2.4)));
0 (1.2.5)

| We can plot the 4 critical points of y(V):

> plotVeminus == plot(Veminus, p =0 ..1, color = blue) : plotVeplusleft :== plot(Veplusleft, p = 0
..1, color = yellow) : plotVeplusright := plot(Veplusright,p =0 ..1, color = green) :
plotVe := plot(sqrt(3) /3, p=0..1, color = red) : plots [ display ]( { plotVcminus,
plotVeplusleft, plotVeplusright, plotVe} ),

1.5 1

0.5 1

0.2 0.4 0.6 0.8 1

-0.54

;The smallest positive critical point is the yellow one (Vcplusleft) for p<1/2 and sqrt(3)/3 for p>1/2:
> Vplus := min(Veplusleft, sqrt(3)/3);

Vplus := min \/? , \/?\/; (1.2.6)
3 : arccos(\/; ) T
3 sin 3 + 6

[ The corresponding value for y, which is the radius of cv of T(p,t c,t cy), is >2 for p<1/2 and <2 for
| p>1/2 but always >1

> plot(subs (V= Vplus, yUcV),p=0..1); plot(Vplus,p=0..1);
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[ There is only one negative critical point (Vcminus), but we have to check where it is compared to the
| potential negative poles of Ve. First we check for which values of p such poles exist:

> collect(denom (yUcV'), V, factor); factor (discrim (%, V') ); solve(%s); evalf (%);
917+ (93 =9) 1P+ (6J3 —9)V+2pJ3
729 (2p—1+Y3) (18p—9+53)
PN s

2 18 7 2 2
0.0188747755, —0.3660254040 1.2.7)

[ The are negative poles are for p<0.018 and one of them is between the negative singularity and 0. We will
not consider these values of p in this paper but it might be interesting to investigate: for these values of p,




L y(V) has no negative singularity.
> plot(subs (V= Veminus, yUcV),p=10.1);

30+
204
10+

0

0.2 0.4 06 08 +

~10-
-204
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—40 -

-504

601 |

Perimeter asymptotics at p=1/2 and t=t_c (Lemma 12)
;The singularity of V are at y+=2 and y-=-4:
_ sqrt(3) 1

> simpliﬁ/(subs ( V= 3 P U=Uc, yUVj );Simpliﬁ/[subs [ V= Veminus, p =

1
—, U
2 b
= Uc, yUVj );
2
—4 (1.3.1)

;The singular expansion of V at YY=1-y/2
1
> algeqtoseries [SubS[U: Ue,p= E’y: 2-(1 =YY), numer(y — yUV) ), Yy, r, 5];

Y, Root0f(3 7' +1) vv* E

J? + Rootof(3 Z+ 1)y 3y L + O(YY5’3)l(1.3.2)

3 3
B 1 1
rt(3 ) 1 3 3 YY 1 1 3 =
. Sq 3 3
> = —— = | = YY — = | = - YY
Veritser 3 ( 3 j + 3 3 3 ) ;
23 1|3 23 43
V3 3 YY YY 3 YY
Veritser = 3 3 + 3 9 (1.3.3)

;Singular expansion of T

1 1
3 — 3
rt(3 1 Yy 1 1
> Ttcritser == Simplzfj/[series [subs[V sart3) (?] YY? 4+ — ?(?)




4
3

1
- YY ,pZE,UZUC,TtUV,YY,Z ; collect(%, YY, factor);

516 213 516 513
3516 yy2 | +31,6w4,3_53’ yy® !

Ttcritser = O(YYz) —

2 6
(3YY+3)/3
+
6
53516 yySI3 3516 yy2)3 3 YY 3
. : - ; p3ll6yydls J_z + Jz_ +0(rr?) 34

:The expansions for Delta and Theta are done when needed in the worksheet.

Singular expansions at t_c of the weights and the series Delta(p,z)
parametrized by V (Lemma 8)

;Recall the equation satisfied by Tt = T(t,ty):
> eqTt,
3 3 2 2 2 2 3 2
It pwy — Tt py+Ttp "y + Tt p—2Ttp" —TttTly+p +Ttp—p (14.1)

;We deduce from it an equation satisfied by Fptz; = p \tilde F(p,t,z):
1

> eqFptz = factor(numer[subs [p =1—p,Tt=(1—2z)-Fptz,y= 1 , eth) ) j;
—z

eqFptz == —Fpl‘z3 wp — Fptz2 p Z+ Fpl‘z3 w+ Fptz2 pz+ Fptz2 ) Fptz p2 z— sz‘z2 z (1.4.2)

—Fptzp2—3Fptzpz—p3-I—Fptzp—FptthI +Fptzz+2p2—p

> collect(eqFptz, z, factor);
Fpt (p— 1)+ Fpiz (p—1) 2p+ Fpiz— 1)z — Fptz wp + Fptz> w — Fptz p* — p° (1.4.3)
+ Fptzp — Fptz tT1 +2p2 —p
:We isolate the term in z=0 and substract the equation satisfied by T(t,1-p,t/(1-2):
> factor(coeff (1.4.3),2,0) -subs(p=1—p,y=1, Tt= Tlminuspyis1, eqTt));
- (Fptz — Tlminuspyis1) (Fptz2 pw + Fptz pw Tlminuspyisl + p w T]nftirmspyis]2 (144
— Fptz2 w — Fptz w Tlminuspyisl — w T]minuspyis12 +p2 —p+ tTI)
:We specialize the second factor at z=0 for which Fptz = TIiminuspyisl = T(1 — p, t, ¢t) :
> factor(subs (Fptz = T'lminuspyisl, sz‘z2 pw + Fptz pw Tlminuspyis] +pw Tlmirmspyisl2
— Fpt22 w — Fptz w TIminuspyisl — w Tlminuspyisl2 —|-p2 —p+ tT]) );
3pw T]miimspyis]2 —3w T]miimspyis]2 + p2 —p+ 1Tl (1.4.5)
:It is the derivative of the agebraic equation satisfied by T:

> simplify(subs(y=1,p=1— p, -diff (eqTt, Tt)) );
PP+ (3T w—1)p—3TF w+1TI (1.4.6)
;We now do the expansions at U=Uc:
| Equation y(U,V) = y(Uc,Vuc) :
> eqyUVc = numer ( factor ( (subs (V= Vuc, yUcV) — yUV') ) ); indets (%);




eqyUVe == 963 U Vucp — 723 U* VVuc — 144 3 U* Vucp — 723 U V* Vuc
+ 723 UVVuE + 723 UVVue+16J3 UVp + 483 UVucp + 18 V> Vuc®
— 18 V2 Vuc® — 54 V? Vuc® 4+ 36 VVuc® — 18 V> Vuc + 36 V Vuc® + 36 V Vuc
— 144 P Vuc® p + 108 U* V' Vuc® + 216 U* Vuc® p + 108 U V> Vuc> — 72 U V Vuc®
— 108 UV Vuc* — 72U Vuc® p— 12U V Vue — 123 V> Vuc + 18 3 V> Vuc®
+363 V: Vuc+ 43 V2 p—36Y3 VVuc* —243 VVue—83 Vp
(U, V, Ve, p) (1.4.7)

| We plug the development of U at Uc to get the development of V at Uc:

> Vsing := V + subs (Vuc =V, collect(convert(simplify (op (2, algeqtoseries (subs (V= Vuc + VV,
collect( (simplify (subs (U = Using, eqyUVc))), WW, factor) ), WW, VV, 3, true))),
polynom), WW, factor));

Vsing = V— (2 (1269 ¥° /3 — 405 V" — 180 V' p /3 +2502 V* /3 — 4698 I°
+16563 V2 p—192 1 p—1791 V> (3 + 171 V> +28p /3 — 1848 V'p
st ) rwwt) ] (12 (012 T =91 —ap ) (<37 +43)°)
+ (V3 (23 =27V 42043 V' p—162 1V p—18 V> J3 — 117V +8p 3 —210 Vp +

L)) - e

3V+J3
;expansion of the partition function Z=t2T2/(p"2*t"3):
> tser;
2J2 Bp—3+2y3)ww’ 3 (3p—27+16J3) ww’ 140
30 py (1.4.9)
33 (-p—7+4/3)
4p

:Expansion of \tildeF (p,t,z) = 1/p * z/(1-z) * T(1-p,t,t/(1-z)) with 1/(1-z) = \hat y(1-p):
> collect(convert(simphﬁ/( %- series (subs (V= Vsing, U= Using,p=1 — p, (yUV — 1)
- THUV), WW, 4) j polynom), ww, factor);
22 (93 =91 —6Vvy3 —2pJ3 +91V*+2J3 —9v) v (-3V
2TV w) [ (37 +y3) (92T =91 +4p (T —47)p)

~ (V3 (013 -9 -6V Y3 —2py3 +91*+2J3 —9V) 2V 3 =3V +1)v(-3v
CayT) ) - (9123 -9V’ —6Vy3 —2pJ3 +91V +23 —9V) /3

6p

:The series Delta of the paper:



b

coeff ((1.4.10), Ww, 3)
coeff ((1.4.9), WW, 3) )
Deltaser = (14.11)

3(91P Y3 =9V —6Vy3 —2pJy3 +9V*+2J3 —9V)V(-3v+23)
(—3V+J?)3 (91”3 =91V +4p 3 —4y3)(Bp—3+2J3)

> Deltaser = factor[

Finite cluster probability (Proof of Theorem 1)

Formulas for cylinder generating functions

1 1
2(%_;_2j sqrt((;—cplus)-(;—cmoins))
' 1 . 1 cplus + cmoins (1 n 1
1 1 . zl-z2 2 zl z2
sqrt| | — — ¢plus |- | — — cmoins
z2 z2
+ cplus'cmoins) -1
N T
L (eplus + cmoins) o - o '
122 7 cplus cmoins .
1 1 . 1 1 .
7 cplus —; — cmoins i cplus —, — cmoins
Weyl = 5 (1.5.1.1)
N
zl z2
;The coefficient we need
1
> Simphﬁ/(subs (22 = —, coeff (series(Weyl, z1,4),z1, 3) J ) assuming z/ > 0;
z
2 - cplus cmoins (cplus — cmoins)2
-z" 4+ | (-z + cplus) (-z + cmoins) + ) > z 2
- (1.5.1.2)
J (-z + cplus) (-z + cmoins)
;And the antiderivative
> -int((1.5.1.2),z);
z z \/22 + (-cmoins — cplus) z + cplus cmoins
s (1.5.1.3)
2 2
_ cmoins \/ 2+ (-cmoins — cplus) z + cplus cmoins
4
_ cplus \/zz + (-cmoins — cplus) z + cplus cmoins
4



Computation of the integral bounds

[ We have to solve y(1-p,V) = y(p,V+/-(p))(y(p,V+/-(p))-1); there is a symetry p <--> 1-p and V <-->
[ 2sqrt(3)/3 - V in play:
. 2 sqrt(3) yUcV
> =1— =2 -) _ _yYer .
szmpllj_j/(subs (p l—p, V 3 V,yUch factor( SOl —1 j ;
0 (1.5.2.1)

We also know that (2sqrt(3)/3 - V-(p)) is V+right(1-p) and (2sqrt(3)/3 - V+left(p)) is V+left(1-p),
therefore we want to solve y(p,V)=y(p,Vc) for Vc=V-(p), V+left(p) and sqrt(3)/3. Obviously, Vcis a
double solution and we want to identify the third one. We will proceed formally since we can't get Maple
| to simplify the expressions:

> collect(simplify (rem (numer (yUcV - subs (V= Vepluslefi, yUeV) ), (V — chlusleﬁ)z, V),

trig), V, factor) assuming p > 0 and p < 1; plot(%,p=0..1);
3
18sin[arms(m + “) [4103 ’2Sm[arc"°5(m n “) _4Sm[afccos(m
3 6 3 6 3
! 2

P 2) a2 ) o mldB) (5,

+ = +3
6 3 6 ps

4 2

_6ﬁ[_4p3/zsm(arccosm+J NETESNETE [arccos Zj

3 6

3
+4sin[ arccos(\/;) N ﬂ:j p2—4sin( arccos( p J

3 6 3

3.x107°
2.%x107°

1.x107° 1

0.2 0.4 0.6 0.8 1

-1.x107°1

-2.x107-
| This is the equation we want to solve:
> factor (numer (yUcV - subs (V= Ve,yUcV)));

18 (63 VP Ve+6 3 VVE =91Vl =23 Vp—2J3 Vep—9VVe+4p) (V (152.2)
— Ve)



| One of the roots of the polynom of degree 2 is V¢, we want the second one:
> collect(6\/?V2 Ve + 6\/?I/Vc2 — 91V —2p\/?V—2\/?ch— OVVe+4p,V,

factor);
3Ve (3Ve+2y3) 1P =y3 (3Vey3 —6VE+2p) ¥ (1.5.2.3)
. 23 (-3Ve+23)p
3
> Jactor (subs (V="Vc, %));
C(9re 49 chﬁ—34pﬁ) (V3 —3¥c) (1.5.2.4)

;The third solution is given by the ratio
coeff ((1.5.2.3), V,0)
coeff ((1.5.2.3), V,2) Ve’

> JVcoint =

2 J?f (1.5.2.5)
9 Ve

Veint ==

;We can check that it is indeed a root if Vc is critical.
> factor (subs (V= Vcint, (1.5.2.3)) );

23 (-9ve + 9V Y3 —4p3) (V3 =3Ve)p (1.5.2.6)

27 Ve

[ First we look at the upper bound for the integral. When there is no negative pole (so p not too close to 0),
it is given by:
> Vminusint := simplify (subs (Vc = Veminus, Vcint), trig);

NEN )

2

3

Vminusint = (1.5.2.7)

3
;We have to check that 2sqrt(3)/3 - Vminusint is smaller than Vplus(1-p):

2-sqrt(3
> plot({%() — Vminusint, subs(p=1 — p, Vplus)},p= O..l);
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;The lower bound is given by:
> Vplusint := simplify(subs (Ve = Vplus, Vcint), trig);
2
J3p (1.5.2.8)
Ex e
3 b
3 sin[ arccos(\/?) " 165)

Vplusint ==

9 min

3
;When p<l1/2, it is given by:

Yl

> Vplusintsubcrit := simplify| subs | Vc = , Veint | |;
. arccos(\/; ) T
3sm| —————— + —
3 6
2
23 sin[ arccos3(\/?) + % ]
Vplusintsubcrit == 3 (1.5.2.9)
;When p>1/2:
rt(3
> Vplusintsupcrit == simpliﬁ/(subs ( Ve= sq3#’ Vcint) );
2 3
Vplusintsupcrit == 1)3\/— (1.5.2.10)

;And it is also smaller than Vplus:

2 sqrt(3 2 sqrt(3
> plot({%() — Vminusint, %() — Vplusint, subs (p =1 — p, Vplus) },p = O..l];
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L 14

Computation of the integral
>
| The root factor factorized as in the paper:

1
L coeﬁ‘(numer( UV j, v, 3) |
yUcV’ 1 ’
d — |, V2
coeﬁ’( enom[ SV j, , )

913 =91+ 6V 3 +2pJ3 -9V -9V

6V (-3Vv+2J3)

1

B (1.5.3.1)
L | B o
> rooffactor = - sqrt((Vpi — V) - (V — Vi) )- PV (V= Vm) .
2 ( 2-sqrt(3) ]
Vel ———— =V
3
rootfactor = Upi= V) (V= Vmi) (V= Vp) (V= Vm) (1.5.3.2)
2V [2 VEl — VJ
3
;The term involving Delta:
> deltafactor = factor(Deltaser-subs ( p=1—p, fa}c}tl(z;/dl(ﬁfygcl{/cf, IV)) ) ) );
deltafactor = 3 (1.5.3.3)

2
(3p—3+2Y3)(-3v+3)
[ We saw that Vp =1/2 +sqrt(3)/2 - 3/2*Vpi and that Vm = 1/2 + sqrt(3)/2 - 3/2*Vmi, the last factor is
| given by:




1 1 rt(3 3 3
> lastfact0r==W-I—?—F%—Z-Vmi—z-Vpi;
2 3 2

9OV J3 =91 +6Vy3 +2pJ3 —9V* -9V 1 3
lastfactor = /3 +6VJ3 +2pJ3 P (1.5.3.4)

6V(-3Vv+2J3) 2 2

_ 3Vmi 3 Vpi
4 4

;There is also a constant in from of the intergal:
1 .
p-subs (U= Uc,wU)-2-Pi )’

> constfactor = rationalize(

constfactor = 6 \/? (1.5.3.5)
pr

Maple cant compute the integral in general.
We try to compute the integral when p<1/2. In this regime Vm = sqrt(3) - 2*Vmi and Vp = sqrt(3) - 2*
Vpi. (warning, this takes a long time !!! You can skip the next 2 entries and go to the supercritical range
| direclty.).
> ProbaFiniteSubcrit == simplify (int(subs (Vm = sqrt(3) - 2* Vmi, Vp = sqrt(3) - 2* Vpi,
constfactor -rootfactor - deltafactor - lastfactor ), V= Vpi..Vmi) ) assuming Vpi < Vmi and Vpi
S sqrt(3) 2sqrt(3)

and Vmi < 3

Vini =

2
2-sqrt(3) arccos (sqrt(p) ) -
—3 (cos( 3 )] , Vpi

> ProbaFiniteSubcritVal = Simphﬁ/[subs

2-sqrt(3 (V) ’
= %() : [sm( % + % ] ) ,ProbaFiniteSubcrit]] assuming p > 0
1
< =
and p 5

;The expression looks awful but should simplify to 1. We do not do it since this was already known.
> ProbaFiniteSubcritVal,

6

2+ (p-1)y3) cos[ 2 arccos (/p ) J + (3 + ( 3P (1.5.3.6)

3 BB

1024

1
3 -
9

5

St N

Y 2mE) ) IS (15 50 ) o (7]

3 4 4

N [(9? L 27p _247jsin(2arccos(\/;) )_53+ ( 53p

4 3




L5 J?] Cos[zarccos(ﬁ) ]3+ ([ 27p 93

3 8 4

3 32 32

o 2 ) 2amms() ), 2T (22T 3]

COS( 2 arccos (/7 ) j2+ [( 99%? L 297  297p ] Sin[ 2 arccos (/7 ) ]

32 32 3

171p 171 )ﬁ) COS[ 2 arccos (/7 ) j+ ( 117 117p

32 32 3 32 32

(
39ﬁ]sm[2arms(5) ]_ 377, [ 377 377p )EJ

32 64 64

)| [ BT | 2ol | |

3 3 3

3 3 3 3 3

N ( 512 [ 256p , 256 )ﬁ) Cos[zarccos(ﬁ) ]10+ [(ﬁ

+(256p 256 )ﬁ) COS[4arccos(J?) ]+ (ﬁ 256 2

3 3 3 3 P73

128 )\/?— 226 B 1024p]008(2arccos(ﬁ) J9+ [(( 256

* 9 3 3

-1 J J3 — 128p — 256 p* + %) sin[ 2 arccos (/) ] + [(ﬁ

3

12 2 1024 2 4 12
n 38p+ §6p2)\/?+ O3p+ §6jcos[ arccos(\/;)]_i_( 8

+ (63—4—64;—17)\/?) cos(Zarccos(\/?))-l— [%p—l—%pz—l—%)ﬁ



8
2 J 1024 2
+128+1280pjcos[ arceos p)] +[[[( 024p 56)\/ + 256 p°

3 3

4arcc0$(5) ]Jr [_%JFM

128
+128p—chos[ 3

—64p] cos(2 arccos(\/;)) + (— 33§8p + 5;2 j 3 - 163£ + 128 p

_768p2jsin[2arccos(ﬁ) j+ (( 256 896 128 )J—— 3584 p

3 SR S A

3 3 3

_ﬂ)cos[4arccos(\/?)]+(ﬂ+(w

— %) \/?) cos(2 arccos(\/;)) + [1088p2 + 79904 — 11320 p) \/?— 960

N 13696p]008(2arccos(5) J7+ [[([ 640 3584p )J—Jrg%p

3 3

3 3

—320p + 18356 j cos[ 4arcc0s(\/?) ] n [_ 448\/? 4204

— 224p] cos (2 arccos (Vp ) ) + (24;& — 63—4) J3 +832p" —480p + 160]

Sm[ 2 arccos (/7 ) ] N [( 1792 . 3712 2 8576 w- 4864

3 3 3

3 3 3

3328 )COS[ 4 arccos (7 ) ] N ( 1792 [ 896 p

— E;;i) \/?) cos(2 arccos(\/;)) + (—448p2 + 14932 + 12308 p) \/?



6
_ 2176p 784]008( 2 arccos (\/p ) ] + [[((_512,7—128)\/?—384192

3 3 3

—192p + 64) cos( 4arccos(\/;) j + (64\/?— 96 + 96p) cos(2 arccos(\/?))

3

1 44 104 2
+( 7376p - 330) 3+ 830 —1720p+2944p2]sin( arcco;(ﬁ) j

N (( 1480 448 , 4120]\/?_ 1408p 2576)COS[ 4 arccos (/) ]

3 PT3P 9 3 3 3

+ ( 1§8 + ( 64;p — 63—4j ﬁj cos(2 arccos(\/;)) + (— 72364 p2 — 19216

) ) 2L 22

3

121 2 4
- fOPJﬁ—3136p2+2008p— 8339 )cos( arcco;(ﬁ) j

+ [% — 736 + 736pj cos(2 arccos(\/?)) + [ 39(;4p — 17360 J \/?

42 2 4 1
+ —308 +304p + 384p2] sin[ arc"o;(ﬁ) ] + ([——7336 p4 130 336 »

L 19424 )J?Jr 27584p 8512 ] COS( 4 arccos () JJF( 3328 [

9 3 3 3

- 16§4p + 16364 j ﬁj cos(2 arccos(\/;)) + (—584p2 _ 1207

134 11968 5228 2 (Vp) ! 3232
L L e e e I (G

3 3



6848 p
3

6416 ) COS( 4 arccos ({p ) j N [%

2
J3 — 1856 1904 p — ——
J r+ P 3 3

—392+392p) cos (2 arccos (Vp ) ) + [ 8622" + 31348 )ﬁ—2632p2

2 12
+2502p—2142j sin( arccos (/) ]Jr ((_ 536 i 50380 &

1 4 211 1
+ 7866 )ﬁ+6208p—2852) cos[ arc"o;(ﬁ) ]+ (— 36 + ( Oigp

+ 103—58) \/?) cos(2arccos(\/;)) + (483—161924— % - 1634p)\/?

+ 14816 p 5356 ] cos( 2arccos(\/?)

3
3 3 3 ] +[[((2368p—788)ﬁ+1848p2

— 1326 p + 1750) cos[ 4 arcco;(ﬁ) j + (-426p — 2843

+426) cos(2 arccos (\p ) ) + (-2064 p + 876) /3 — 1320 p> + 858 p — 1906

sin[ 2”0003(5) ] + ((-900p> + 576 p — 828) V3 — 3528 p

+1080) cos( 4 arccos(/p ) ] + (432 + (216 p — 216) 3 ) cos(2 arccos (V7 ) )

3

2arccos (V7) |
+(822p2—585p+1131)ﬁ+3696p—1578Jc0s[ R j

+ [(((263219— 1160)ﬁ+2172p2—2136p+2332)c05[ 43“"30;(5) ]Jr(



~444 p — 296 \[3 + 444 ) cos (2 arccos(\/p ) ) + (-80p +40) 3 +306p> — 672 p

—202] sin[ 2”0003(5) ] + ((-1254p% + 1233 p — 1347) 3 — 4560 p

+2010) cos( 4ar°°°§w?) ] + (513 + (Slzﬁ

— %) \/?) cos(2 arccos(\/;)) + (— 56351 p2 - 3016871 + 12271 pj \/T

— 6006 p + 793£] cos[ 2ar°C°§(ﬁ) ]+ ((672p —336) /3 + 582 p°

—660p+646)cos( 4ar°C°;(ﬁ) j+213 p+ 2? —1] (p

2 2 3 3 P 3

_ cos(2arccos(Vp)) i]] Sm[ 2 arccos (/7 ) ]+ ([ 3977 4112 2

L 13027 )ﬁ+4980p— 64346 ) COS[ 4 arccos (/7 ) ]

5 3
. 1679 (24 (p—1)3) [P— COS(zacmOS(ﬁ)) _%] ]

3
/2\/?_\/?005[ 2arcco§(\/?) ]+35in( 2arc00;(\/?) j n (%

[pz_ 2_7p+ 33173 j33l4
— 1380]9) 3t ! 12 cos[ Zarcco;(\/?) ]

31487 2 233 1/4 3 I4 7873
1 _ =22 Lo
+(( 36 +19p T p)3 +3 [ T



| 4048 p j)sm( 2 arccos ({7 ) )+ [(ﬁ—l2p)3ll4

9 3 6

35 (2 - M7 1LY 34
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3 3 6
3]4 2 75 67
223 — = p4 —
74D \ 414 ( TR 10 arccos (v )
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27 113 3[4
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31 16 48 16 J
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2 5 19 ;34
(2_417)31/4 (p I 12]3 ]COS[ZOarccos(\/?)]
6 3 3

52 5 33 221 N4
* (3p 4 12pj3

3/4 7
623 (p-i- 124 ) ]sm( 10arCCOS(\/;) )+

13 5 2, 13 Naif4
i 9 3 (4 3 7 121”)3
23314( _ﬂj
4 14 1
n sin arccos(\/;) (- 319 " 8_5p
9 3 36 12
_20 gl (9260 16 arccos(Vp) | Lo 5
3 2 3 3 3 36
3[4( 3
43 p+ -
8 20 13
+ —pj 3ty 5 sin[ arc“;su;) ] + [(——67

I(J_p]31[4_12 (pz_ 131 535J33,4JCOS(8arccos(J?)J

144 P 432



+mj)sm(4arccos(ﬁ))+((_2o , 289 43 )31,4

9 3 3P T3 TP

2 3

12 3

+33 14 [l—IOpjjsin[ 8 arccos (/) ]+ [ 1 + (i
(

ARIEE= )
(

+ %)j cos (2 arccos (V) ) +

(14 B2

2 3
77 7 3]4

17(192——1?—_)3
+ 683 68 cos (4 arccos (V) ) + (2_1§_p)3ll4

4(p2—%p+%)3314 251
_ 3 cos (6 arccos (V) ) + (T—ﬂpz

65 304

3B Vs, [p 14 ) . . 185 )

+7pj3 + 3 s1n(2arccos(\/;))+((v+15p

—ap) (0 S s (7)) + ([ 5+ 20

—2p2j3ll4+33l4 [—83—17 +2j) sin(6arccos(\/?)) + (Mgﬁ

16 pz_ﬁp_ 33077 33[4
8267 ) 3! 4 64 192

6 3

Joms o BT | el ] (s

3 3 3

13312
—4608p2+5632pj 3114 5304 (_ . p +2048)j Sm( arCCOS3(\/;) ]
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10
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+

JCOS(M] + ([ 16§84 -|-5120p2
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5 10243 /4
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512 512 7
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3
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3 8192 3
10 8
9 cos[ arccos3(\/?) J 15 cos[ arccos3(\/?) ]
N 4 * 16
6 4
27 COS[ arccos3(\/;) ) 57 COS( arccos3(\/?) ]
i 64 a 512
2
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2048 Sm[ 3 )+(( 2 4p+2p)ﬁ



(V) ! 63 27 27 27
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3p+3)cos[—3 ] +((16+16 8pjﬁ+ i
9

2 161 6 6 6

7 j cos[ arccos(\/F) ) n (( 9 » 9 ) 3 9p

0 3 e e ” TR e

64 64 32 16
7
69 175 75 75 75
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16 3 s12 ¢ 512 P 128
5
75 77 33 33 33
L5 Y o AecosWp) | (L7 33 L 33 N = 33p
128 3 2048 2048 1024 512
3
33 arccos (\/p ) 147 63 , 63 63
50 j €08 3 i (8192 T 8192 7 T 4006 p) V3~ Soas
63 p arccos(\/?) 49 49 p 343 l47p2
L PR W S S — 3
T 2048 )COS[ 3 * ( 2048 T 2048 )J—+ 8192 8192
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+

8192

1
> plot(ProbaFiniteSubcritVal,p =0.. 5~ 0.01 );
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| In the supercritical range p>1/2 (we will replace Vmi by its value later, it is easier for Maple):

rt(3
> ProbaFiniteSupcrit := simpliﬁ/(int(subs(lfm =sqrt(3) - 2* Vmi, Vp = 5613#, Vpi
2.p-sart(3 2-p-sqrt(3
= %(), constfactor-rootfactor~deltafactor~lasy"actor), V= %() Vmi ) J
1 2-p-sqrt(3 2-sqrt(3
assuming p > > and p < 1 and Vmi > %()and Vmi < %();
64\ Vmi

ProbaFiniteSupcrit :== - | 648 \/2 J3 =3 Vmi [4 Vimi® 2 + % (1.5.3.7)

+ 32 Vi

o 2 3w 12 1283 i 2 ]p3;2
3 9

32
N 645(3+9¢?) Vimi 167 (14 JF) v 12

7|2
+ 165(3+3ﬁ) mi o o (1 4+ J3) vmi !

_ 2 i (1+J3)Jp ((p—ﬂ) Vmi6+19Vmi5+(47p
2

9

9 9

4 136Vmi3+(46p 116)Vmi2+16Vmi 4pj33]4
3 9

— 49 | 1
)mz—i— 3

57 19 19 P 19

6 5 3
12 2 144
_;(19(_20 9 Vimi N Vini +( 5767)1/"”4 Vi

124 p 362 2 . 256 Vmi 14
+( 57 57 )sz + 57 ]sz3 4 P




34 1[4
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2 16
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3[4
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2 141
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3|4
3]4 15]2 5. Vmi 43 +31I4
813° M ymi* 12 7V 5

27314 s Sk
- 2 Jle + %) 5 p
52414 3|4 72 1]4 9|2
. [_433,4Vmi3,2+ 39sz2 310% 333 2sz L 3693 16sz
4533I4V 112 27 1 13 |2 1933]4
- Mo 2 T [P | -
8 16 4
3|4 1[4 3|4
393 573 249 3
—1231/4]Vmi3/2+( — + > ijiSlz—i-(——g
1[4 34 1]4 3[4
99 3 369 3 963 3 1467 3
_T)V’”’m*[ 6 16 ]Vmi912+[_6—4
Ces3ty e (273010 asest Y s e3P et
8 " 16 32 i 64

+ Vi (31’4+33’4))]])] (27 =3 vimi)”!
P T JT=p I3 13 vmi T =T 12 (a8p—48+32y7))

;We replace Vmi by its value:

2

> ProbaFiniteSupcritVal := simplijj/(subs(VmiZ % : [cos( arccos(zqrt(p)) )) ,

1
ProbaFiniteSupcritJ] assuming p > 5 andp < 1;




7
] (1.5.3.8)
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16 3

)]

2

_2p3]2)cos[arccos(\/;)) +[ 3jp3 ) 2p512 +[_2 3

3

3)7)o{ et

e M[ [arccos3( ) ] [ arccos (7).
5

4

3
220 (o )

3 3

2

—1)4] [mp312 2p—1/2c0s[m053(mj —1 (24p—24
i)

3

+163) sin[arccosé(\/;) ]

1.07
0.9-
0.8
0.7-
0.6+
0.5
0.4+
0.3

0.21

0.14

i

0.5 0.6 0.7 0.8 0.9 1.0
p

;We will try to simplify the expression. If you have an nicer way to do it, please tell me !

2-sqrt(3)
3

2
: (cos (theta) ) ,p = (cos(3-theta) )2, 1- ProbaFiniteSupcrit), trig) ] ) ) ) assuming theta

> ProbaPercoSupcVal? = factor (rationalize (Simphfv (expand (simpliﬁ/ (Subs ( Vi =

Pi
>0 theta < —;
and theta BE

ProbaPercosupcval? = - (2 (~16 cos(8)° -1 + 2 cos (6) (1.5.3.9)



+32c0s(8)° -1 +2cos(8)
+16c0s(0)°y (-1 +2cos(8)*) (16cos(8) — 16 cos(8)” + 1)
—24cos(8)*/ -1 +2cos()
—24c05(0)" (-1 +2cos(8)*) (16cos(8) — 16 cos(8)” + 1)

+2\/?cos(6)2\/ -1 -|—2cos(6)2 +8005(6)2\/ -1 +2cos(6)2

+9¢cos(8)° Y (-1 +2cos(8)”) (16cos(8)* — 16 cos(8)” + 1)
31 +2c05(8) = -1+ 2c0s(6)° )

J(-1+2c0s(8)) (16cos(8)* — 16cos(8)” + 1) (cos(8) +1)° (cos(8)
- 1)5)/((27cos(e)2—72cos(e)4+48cos(e)6+2ﬁ—3) (-2 cos(6)

+3) " cos(8)” (2cos(8) + /3 ) sin(0) ')

[ > ProbaPercoSupcVal3 = simplify(expand((1.5.3.9)), trig);

ProbaPercoSupcVal3 = - (4 (/ ~48cos(0)" + 18 cos(8)” — 1 + 32 cos(0)° [ﬁ (1.5.3.10)

g (cos(e)z - ;)3] J -1+ 2cos(8)” +256cos(8)"" — 640 cos (8)"

+ 544 cos(E))6 — 168 cos(E))4 + 9cos(6)2J (cos(0) + 1)5 (cos(0)

— 1)5 (cos(e)z— ;)j/((27cos(9)2—72cos(9)4+48cos(9)6+2\/?

—3) (4 cos(E))2 — 3)2005(9)2 sin(e)lo)

[ The terms to the power 5 simplify with the sinus™10 and a minus sign. For the rest several factors
| simplify with cos(6theta) = 2p-1.

> combine(27 cos(e)2 - 72 cos(e)4 + 48 cos(e)6 +2J3 —3);

; +2J3 + 30052(69) (1.5.3.11)
i 2
> combine((4 cos(G)2 —3) cos(G)z);
1 | cos(66)
T+ (15.3.12)
) . 6 4 2
> combine(32 cos(0)" — 48 cos(0)" + 18 cos(08)” — 1);
cos(60) (1.5.3.13)

> factor(256 cos(e)10 — 640 cos(G)8 + 544 cos(G)6 — 168 cos(6)4 +9 cos(G)z);
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c0s(8)° (16 cos(6)* — 16 cos(8)* + 1) (4cos(8)’ —3)° (1.53.14)

> c0mb1'71e(cos(9)2 (4005(9)2_3)2)
I cos(66)

_|_

1 1.5.3.1
5 : (1.5.3.15)

> combine( (16 cos(e)4 — 16 cos(e)2 +1) (2 cos(e)2 —1));
cos (6 6) (15.3.16)

:The final expression for the probability that the root cluster is infinite:

> ProbaPercoSupcVald := (2 (\/2197—1 (ﬁ— (2-cos(9)2 - 1)3) (2 cos(e)2 —1)
J -1+ 2c0s(8)” + (2p—1)-(%+ 2"2_1 ) j)/((%+2ﬁ
P 222D (L 2021,

2 2 2
ProbaPercoSupcVald := (1.5.3.17)
23 2\3 /2
2 (2 =T (VT = (c14200s(8)2)) (-1 +2¢c0s(8)’)  +2p—1)p)

(3p—3+2Y3)p

;Again, Maple does not simplify ...
arccos (sqrt(p))
3

> simplify (subs (theta = , ProbaPercoSupcVaM) — ProbaPercoSupcVall )

1
assuming p > Eandp < I;plot(%,p=0..1);

-1 16 \/Zp——l (3\/?—3]93 12) Cos(arccos;\/?) j

6

o ) (3 )

M I e R R

3 3

—2ﬁ)cos[m(mj +[(_3g7_5\£?]p3]2+5195]2+(67

3 16 4

3

5T ) )|




_3m [arccoz(ﬁ))p(p_%_zﬁ)ms[ 3(JF)]
4 +

=7 (-7 - 1) 5! +p'2:(1+ﬁ)¢;)si[“00°53(m] (5
B () )
T [::coz(ﬁ)jp ]/2008[%:0053(5) ]2—1
3 l_ps.[arcco:(ﬁ) [COS[ cccccc : (J?)]
_%] [ 3(5))[(5—219” ( 3(5)] +( 3?
43,3 ] [ CCCCCC : (Vr) ]4+[9I/6;_ 9p;/2)005[arccos(5) ]2_p3/2

16




1.5%107 11

1.x1071 1

5.x10712

[ > plot(probaplot,p=0..1);
1-

0.8 1
0.6 1
0.4 1

0.2 1

0

0.2

;Plot of the probability displayed in the article

1
> probaplot == piecewise( > < p, subs [thetaz

0.4

0.6

T

arccos (sqrt(p))

3

0

;The symptotic expansion in pp=p-1/2:

0.2

0.4

0.6

+ pp , ProbaPercoSupcVal4 ) ,pp, 1 ) j, polynomj ) ) J;

5314 Jop (3+4J3)

26

0.8

> simplify ( expand ( rationalize (convert ( simplify (series (subs (theta =

arccos (sqrt(p))

3

, ProbaPercoSupcVal4 j ] :

,pZE

(1.5.3.18)



BDFG functions (Lemmas 9 and 10)

Lemma 9

[ The condition on y_+(p) and y_+(1-p) for a contour integral representation of f"bullet and f*diamond in

Lemma 7
-1

1
) , =0

subs (V= Vplus, yUcV")

> plot[subs(p =1 — p,subs(V="Vplus, yUcV) ) — [1 -

)

2.5+

]

151
1-
051
0 \* r
0 0.2 0.4 0.6 0.8 1
Lemma 10
;The singularity of T are at y+=2 and y-=-4:
-, sqrt(3) ! - _ 1
> simplify| subs| V= 3 P U=Uc,yUV | |;simplify| subs| V= Vcminus, p = bR U
= Uk, yUVj );
2
—4 (1.6.2.1)
;The values of z*+ and z"*diamond:
-3 (3)]
1 2 4 1 2 4
> = gi ] _—— |- = g7 / S N A .
zd = simplify 2 (e ; zp = simplify 1 (e ;
] — S e
34
2
zd = 3 \/_

(1 £ MN



2743
= 1.6.2.2
zp D) (1.6.2.2)
_Asymptotic expansion for T at y=2. First we compute an expansion of V(y), then we inject in the

| expression for T:

1
> algeqtoseries(subs(UZ Uce,p= 3,)/:2-(1 — YY), numer(y — yUV") j, YY, V,S);

. 3 43
J YY R Z2+1) vy
33+Rooz()f(3_z3+1) ry' 3+ T 0010f (3 _ 3+ ) (1.6.2.3)
+O(YY5/3)l
B 1 1
rt(3 ) N T vy 11y s 1
o . sq 3 3
> ' whi S S . - _ —.| = . -
simplify| series | subs| V 3 [3 ) Yy- + 3 3 (3 J Yy ,p 5 U
=Uc, TtUV ,YY,ZJJ;collect(%, YY, factor);
506 yy2 |3 516 yys5 (3
YY YY YY +3)
o(rr?) - 2T L gtleypyils 33 TEER IR
2 6 6
53516 yySls 3516 yy2l3 NER SN E
- ; - ; 3t loyyt s 4 S+ +o(r?) (624

;The hypergeometric functions and their developments
2

(I-ux

~—

1
Pi [ sqrt(x- (1 —x)) .
series (Subs (u =1 — uu, hypergeom(

1
> simpliﬁ/( — - int ,x=0.1 ] ] assuming |u| < 1; map (simphﬁz,

2
2 1
hypergeom([— 35 }, [1],u]

4
1 3 .
sqrt(x- (1 — x)) (1 —u-x) 3 ,x:()--l]] assuming |u| < l;map(simpliﬁ/,

1
> simpliﬁ/(ﬁ' int[

series (subs (u =1 — uu, hypergeom(

hypergeom([—;l : 1 [1],14)

(1.6.2.6)



5210 2) 9l 2) W 23 e
3) . 3 L 32m2 J3 uu
2

2 3
327 8 165r[§)

+ O (u?) (1.6.2.6)

1
> simplij_‘j/( P int(

st (1 —x)) (1 — u-x),x=0..1)j assuming |u| < 1;

% +1 (1.6.2.7)

;Asymptotic expansion of phi:

l—sqrt[%j-(d - 2 sqrt(z1))

1
1—sqrt(%)-(zz + 2sqrt(z]))
> phi:=
1—2- sqn[%]-(zz - 2 sqrt(z]))
:Value at (zp,zd):

> simplify(subs(zI1 = zp,z2 = zd, phi) ) ;
1 (1.6.2.8)

;derivatives at (zp,zd):

> simplify (subs (z1 = zp, z2 = zd, simplify (diff (phi, z1)))); simpliﬁ/(subs (z] =zp,z2 =zd,

. ... diff (phi, z2) j))
simplify| ——————— ;
P ﬁ[ sqrt(zp)

203
81

M (1.6.2.9)
81

;The factor in front of the functions I \alpha:
> simplify| 1 — ! ;
2-(1 - sqrt[ %)-(zd— ZSqrt(zp)))
2 (1.6.2.10)
;Value of kappa”diamond and kappa™+
3 7
13 ( 2 ) 2 - 5
182°'°T 3 6 6
3 3 203 3
> = o7 } | — . 2. -—_
kappa_d = simplify ; 752 ( 5 ) ( 21 ] sqrt(2-wc) L
3
42'16 r( AN
kappa_d = 3 5 (1.6.2.11)




182! 13 (2 ’ 2 5 1 =2 W .2d
o [3) 3V (203 Sq( )
> kappa_p = simplify 3 s : 21 : 5
T 2-we-(zp)
3
30
2 9

3
204822’3F(§) 2 s

kappa_p = (1.6.2.12)

5103 1

ki
> simpll'ﬁ/[ % );

1[4
122
8 \/8_1 3 (1.6.2.13)

Volume and perimeter exponents (proof of Theorem 2)
| The factor Delta(z)/z in the integral in terms of V((1-z)"(-1)) meaning

1 R
> factor[subs [pZ E,Deltaser- (1 - V) ]],
yUc

36 (3443 ) V(-3 V+2J?)2

_ (1.7.1)

13(-3v+3+y3)(-3v=3+y3)(-3 V+ﬁ)4

1
3 1

t 1 YY 1
> simpllﬁ/[series[subs[l/ngﬁ—(?J 'YY3+——(?) - YY P 5

; collect(%, YY, factor);

-1
1
Deltaser - (1 — yUCV) ], YY,2]

16+ (-81+ 1083 ) o(yr' ?) +

-81 +108 /3

643516 16313 16316 43213

o(rr' %) + 643 L 16 351 117 351 351

+ +
1053 351 yy' 3 yy2 |3

432 B3 yy? 3 4 cagyr+12)3' 3
yy* I3

(1.7.2)

163°/0  43'13
351 * 117
v |3
:In the previous display YY =1 -y/2=1-1/(2(1-2)) :

+

1 1
> series(l — m,Z: ?,2);



()

;Expansion of the hypergeometric function

4 3
?9 E}a [3]92)92_ 192),

N 36r(gjﬁr(§) (="'l _4n (z—1)

> series (hypergeom(

1.7.4)
5 2 3[2 5 2 (
~ “ T ~ “
(e )r(5) st )r(5)
2
saor( 2| y3r[2) (=)l 1yl
6 3 2
+ T2 +0((z—1))
n
;There is a Beta prefactor in Euler's integral representation of the hypergeometric function:
3 3
> R — .
Beta( 25 ),
% (1.7.5)
5 2
I'f — I'f —
RN 0 3 Rkl 3 I T LN LA SR RS
Ppaprime == Sumph n3l2 351 117 4 8 16
1
_4 ) we 6
1 1 2 2y ? Sqrt( 2 ) 1
+ we b+ 4 . 2 s rt(zp)
sqrt(—)-Z sqrt(—) 4 1+ T qri(zp
_1
- (sqrt(zp) -kappa_d + zp-kappa_p) " |;
91376/771/7F(2J18,7317/21513/14(435,6 +31/3j23/14
kappaprime = 3 ] 3 (1.7.6)

569927 27

;the constant in the expansion for the tail probability of the volume of the cluster
kappaprime

> kappa = simplify s evalf (%0);

GAMMA ( ] j




18] 7 56
631376]771]7F(§) ! 317]21513]14[43I +31]3]23]14

A 12 |7 1
56992 nt 1“(7)

0.2782825983 a.7.7)

;The constant in the expansion of the law of the perimeter of the cluste

[835]6 231/3

3
6
+ 3
-8 351 117 )
> kappaprime = simplify AN 5 ;evalf (%);
GAMMA ( 3 j GAMMA( "3 )
2
2
g33 16 (435’6+331/3)r(3)
kappaprime = 3
117 n
0.4543907536 (1.7.8)




