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Mean-field conditioning

Introduction .. .
Conditioning
Conditioned

particle system

From - 1L
itioning to Vt (S [0’ T]’ Xiv = N ZX#N S 0

control
i=1

Large
deviations

Mean-field . L
control Mean-ﬂeld limit
As N — +o00, this becomes
vte[0,T], E[X: <0,

where

dX, = =V V(X,)dt — V[W % Law(X,)](X;)dt + dB:.

= Deterministic constraint!
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From o 1 N )

vtelo, T], X, = o S XN <o.
i=1

Large
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control Rare event

Tricky situation when

P(v¥te[0,T], X, <0) —— 0.

N—+o00

= What is the conditional law of particles as N — +00?
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From conditioning to control
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Large deviation principle

LGl L Path empirical measure

Large
deviations

N
1
N . E
Mean-field :u’[O,T] = N 6X[i0y,NT].

control

Large deviations
There exists Hr : P(C([0, T],R)) — [0, +oc] such that for any
A C P(C([0, T],R)),

P(ufl ;€ A[VE€[0.T], X, <0) = e Nir(A—mintr],

where

Ir(A) = H[O','lfe B Hr (1o, 17)-

vte[o, 7], [ xdui(x)<0

= Constrained variational principle.
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Related control problem

Introduction

Large Controlled process

deviations
Mean-field dXS = =V V(XP")ds — V[W x Law (X)X )ds
control +a(s, XEm)ds +dBs, t<s<T,
Summary
f XERT = X XE

for some control function v: [t, T] x R = R.

Value function

« measurable

i
1
Fr(t.) = inf E / (s, Xe#)Pds,
vselt, T], EX: 7o) <o “t

< One looks for @ which realises F7(0, 1).

= McKean-Vlasov control problem with law constraints.
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From conditioning to control

Theorem

inf

weP(C([0,T],R))
vte[o,T], fxdut(x)go

Hr(ppo, ;) = inf _ Ho(uo) + Fr(0, uo),

1o €P(R)

f xdpo(x)<0

and any minimiser [ij 1| of the Lh.s. is the path-law of the
optimally controlled process:

dX; = —VV(X;)dt — V[W x Law(X,)](X;)dt
+a(t, X)dt +dB;, 0<t<T,
70 ~ Ko,
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for @ which realises F1 (0. [iy).
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HJB equation

Introduction

Optimal control

Large
deviations Moreover, there exists A € M ([0, T]) such that @ = —V¢, where
Mean-field

control at(p—V\/V(p—2V(W*ﬂt)V¢+ IAQD

Summary IVSO|2 (dt)Id]R,

o(T,)=0.
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HJB equation

Introduction

Optimal control
Large

deviations Moreover, there exists A € M ([0, T]) such that @ = —V¢, where
Mean-field

control at(p—V\/V(p—2V(W*ﬂt)V¢+ IAQD

Summary IVSO|2 (dt)Id]R,

o(T,)=0.

Long time perspectives
As T — +00, expected convergence towards stationary solutions of
. . 1 T 0,p,00\ (2
inf lim sup —TIE la(t, XpH)|2dt.
0

« measurable T 400 2
VteR,, E[X2#* %] <0
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Summary

Summary

Law(ufy ;€A |vt[0.T]. X, <0)

Gibbs principle

inf H
s T(kp, 1))

Ve, [ xdu(x)<0

Dawson- (/ \\)v

= o —> PDE system on (Law X"‘
inf 2f Ela(eX)Pde 5 equation y (Law(X{), ¢)
vt, E[X]<0
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Assumptions
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Linear functional derivative
The map ¥ : P(R?) — R is assumed to be C' in the following
sense: for any u, i/ € P(RY),

SV +e(u — ) = (p—u', 55 (1)),
for W : P(RY) x RY — R continuous, with polynomial growth.

Constraint qualification assumption
Some fifo, 77 with H(/io 11110, 71) < +0c exists, satisfying

Vt € [Oa T]7 \U(ﬁt) + </1t - EU %(ﬁt)> < O

Example

In the linear case ‘WV(

u) =V, and a sufficient condition is
V[O,T]({Vt € [07 T]v V(Xt) < _77}) >0,

for some 7 > 0. Wy, would also work.
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From conditioning to constraints
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Given ¥ : P(RY) — R, define the stopping time

Summary

o = inf{t >0, W(x(X")) > 0},
Then — 1 log P(T < 7'12/) converges to

.
. 1 / * 2
inf = ||8t,ut —L /,Lt” dt.
(mdo<r< € A0, TLPEY) 2 Jq e
Veeld, Tl, W(jie) <0

= Describes large conditioned systems.
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Fundamental examples

Introduction

Large
deviations Example (Markov diffusion)

Mean-field

When vjo 1) is the law of the diffusion

control

Summary

dXi = b(X!)dt + dBi,

the Doob transform shows that Z[’(\]{T] = (Z[%:A;], N Z[gl”%),

dZti’N _ b(Zt'.’N)dt LV InPZN (7—“’)’ > T — t)dt +dBi,

is exchangeable and LaW(X[%ﬁT]|T < 7 )-distributed.

=- Mean-field limit for interacting particles.
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