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Résumé

Les graphes sont des objets mathématiques qui servent a modéliser tout type de réseaux, comme
les réseaux électriques, les réseaux de communications et les réseaux sociaux. Formellement un graphe
est composé d'un ensemble de sommets et d’un ensemble d’arétes reliant des paires de sommets. Les
sommets représentent par exemple des individus, tandis que les arétes représentent les interactions entre
ces individus. Dans le cas d’un graphe pondéré, chaque aréte posséde un poids ou une décoration pouvant
modéliser une distance, une intensité d’interaction, une résistance. La modélisation de réseaux réels fait
souvent intervenir de grands graphes qui ont un grand nombre de sommets et d’arétes.

La premiére partie de cette thése est consacrée a I'introduction et a ’étude des propriétés des objets
limites des grands graphes pondérés : les graphons de probabilités. Ces objets sont une généralisation
des graphons introduits et étudiés par Lovasz et ses co-auteurs dans le cas des graphes sans poids sur les
arétes. A partir d’une distance induisant la topologie faible sur les mesures, nous définissons une distance
de coupe sur les graphons de probabilités. Nous exhibons un critére de tension pour les graphons de
probabilités lié & la compacité relative dans la distance de coupe. Enfin, nous prouvons que cette topologie
coincide avec la topologie induite par la convergence en distribution des sous-graphes échantillonnés.

Dans la deuxiéme partie de cette thése, nous nous intéressons aux modéles markoviens cachés indexés
par des arbres. Nous montrons la consistance forte et la normalité asymptotique de l'estimateur de
maximum de vraisemblance pour ces modéles sous des hypothéses standards. Nous montrons un théoréme
ergodique pour des chaines de Markov branchantes indexés par des arbres avec des formes générales. Enfin,
nous montrons que pour une chaine stationnaire et réversible, le graphe ligne est la forme d’arbre induisant
une variance minimale pour I'estimateur de moyenne empirique parmi les arbres avec un nombre donné
de sommets.

Mots clés : graphes pondérés aléatoires, réseaux stochastiques, graphons de probabilités, modéles
markoviens cachés indexés par des arbres, chaines de Markov branchantes, processus de branchement

Abstract

Graphs are mathematical objects used to model all kinds of networks, such as electrical networks,
communication networks, and social networks. Formally, a graph consists of a set of vertices and a set
of edges connecting pairs of vertices. The vertices represent, for example, individuals, while the edges
represent the interactions between these individuals. In the case of a weighted graph, each edge has a
weight or a decoration that can model a distance, an interaction intensity, or a resistance. Modeling
real-world networks often involves large graphs with a large number of vertices and edges.

The first part of this thesis is dedicated to introducing and studying the properties of the limit objects
of large weighted graphs : probability-graphons. These objects are a generalization of graphons introduced
and studied by Lovasz and his co-authors in the case of unweighted graphs. Starting from a distance that
induces the weak topology on measures, we define a cut distance on probability-graphons. We exhibit a
tightness criterion for probability-graphons related to relative compactness in the cut distance. Finally,
we prove that this topology coincides with the topology induced by the convergence in distribution of the
sampled subgraphs.

In the second part of this thesis, we focus on hidden Markov models indexed by trees. We show the
strong consistency and asymptotic normality of the maximum likelihood estimator for these models under
standard assumptions. We prove an ergodic theorem for branching Markov chains indexed by trees with
general shapes. Finally, we show that for a stationary and reversible chain, the line graph is the tree shape
that induces the minimal variance for the empirical mean estimator among trees with a given number of
vertices.

Keywords : random weighted graphs, stochastic networks, probability-graphons, hidden Markov
models indexed by trees, branching Markov chains, branching processes
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Chapitre 1

Grands graphes denses et leurs objets
limites, les graphons

1.1 Une bréve introduction aux graphes finis

On fait usuellement remonté le début de la théorie des graphes a I’étude par Leonhard Euler [Eul36]
en 1735-1741 du probléme des septs ponts de Konigsberg, qui consiste & trouver un chemin en boucle
passant exactement une fois par chacun des septs ponts.

FIGURE 1.1 — Giugcd Bogdan. (2005) Représentation graphique du probléme des sept ponts de Konig-
sberg. Wikimedia commons. https://upload.wikimedia.org/wikipedia/commons/5/5d/Konigsberg
_bridges.png

Les graphes sont des objets mathématiques qui servent & modéliser tout type de réseaux. Les réseaux
apparaissent naturellement dans un grand nombre de contexte divers, nous en donnons quelques exemples :
les réseaux internets et de communications [FFF99, BAJ00, LWO06], les réseaux de transport [RBO05,
BCMO09], les réseaux électriques [AAN04, SAL18|, ou bien encore les réseaux sociaux [AB02, New03].
Mentionnons également les processus épidémiologiques [DM10, KMS17] ot le graphe modélise le réseau
d’interactions entre les individus susceptibles de s’infecter les uns et les autres. Et enfin mentionnons les
réseaux biologiques [BS02, Lew09] qui peuvent prendre différentes forme comme par exemple un graphe
résumant les interactions protéines-protéines.

Formellement, un graphe G = (V| E) est composé d’un ensemble de sommets V(G) = V et d’un en-
semble d’arétes E(G) = E qui est un sous-ensemble de V' x V. Selon le contexte, les sommets représentent
les individus, les croisements ou les noeuds qui composent le réseau, tandis que les arétes représentent
les interactions entres des individus, les routes entre des croisements, ou les capacités, résistances ou
débits entre des nceuds. Lorsque 'ensemble E est symétrique, on dit que le graphe G est symétrigue ou
non-orienté et que les arétes sont non-orientées. Sinon, on dit que le graphe G et les arétes sont orientés,
et les arétes ne peuvent alors étre parcourues que dans un seul sens. Voir la Figure 1.2 pour un exemple
d’un graphe non-orienté et d’'un graphe orienté. Dans notre cas, nous n’autoriserons pas les arétes allant
d’un sommet vers lui-méme, et que 'on appelle des boucles (ou “self-loops” en anglais). Usuellement, un
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graphe sans boucles est dit simple. Ici, tous les graphes seront simples et donc nous ne le préciserons pas.
Nous dirons qu’un graphe est étiqueté (ou numéroté ou ordonné) si ces sommets sont ordonnés, et qu’un
graphe est non-étiqueté si ce n’est pas le cas.

FIGURE 1.2 — Un exemple d’un graphe étiqueté non-orienté (4 gauche) et d’un graphe étiqueté orienté
(a droite).

Notons également que I’on peut associer a chaque aréte un poids ou une étiquette pour venir rajouter
de l'information quantitative ou qualitative (e.g. distance, résistance, capacité, fréquence d’interaction,
contenu de messages, etc.), et I'on dit alors que le graphe est pondéré ou étiqueté. Nous y reviendrons
dans une section ultérieure. Mentionnons aussi les multi-graphes qui sont des graphes ou ’on autorise
deux sommets & étre reliés par plusieurs arétes simultanément, et qui peuvent étre vu comme des graphes
pondérés par des poids entiers.

Pour une aréte (u,v) d’un graphe, on appelle extrémités de 'aréte les sommets u et v. Le degré d’un
sommet du graphe est le nombre d’aréte du graphe dont ce sommet est une extrémité. Lorsque le graphe
est orienté, pour chaque aréte (u,v) (qui est donc orientée, et que l'on appelle parfois aussi arc) on
distingue sa source u de sa destination v. De plus, pour un sommet d’un graphe orienté, on définit pour
ce sommet son degré sortant (resp. degré entrant) comme étant le nombre d’arétes dont il est la source
(resp. la destination).

Lorsque le graphe G comporte un nombre fini de sommets v(G), on dit qu’il est fini. Pour un graphe
fini G avec v(G) = n sommets, quitte & numéroter arbitrairement les sommets, on peut alors supposer

que V est égal & [n] := {1, - ,n}, et on définit sa matrice d’adjacence A qui est de taille n x n par :
W1 siger
771 0 sinon.

Un graphe fini est caractérisé par son nombre de sommets et par sa matrice d’adjacence. Pour comparer
les matrices d’adjacence de graphes qui ont des nombres de sommets différents, on peut les représenter
dans I’espace plus grand des fonctions de [0,1]? a valeurs dans {0,1}. Pour cela, on associe & chaque
matrice d’adjacence A d’'un graphe fini & n sommets son image pixelisée en découpant le carré unité
[0,1]% en n? petits carrés de coté 1/n, et en inscrivant sur ces petits carrés la valeur des coefficients de la
matrice A (sur les figures qui suivent, carré blanc pour la valeur 0, et carré noir pour la valeur 1).

Dans la Figure 1.3, on donne un exemple de graphe symétrique avec sa matrice d’adjacence et 'image
pixelisée correspondante. Notons que pour 'image pixelisée, l'origine est placée dans le coin en haut a
gauche afin d’étre en accord avec la convention de numérotation des coefficients d’une matrice.

L ©
o x
O © 1

FIGURE 1.3 — Un exemple de graphe, sa matrice d’adjacence et son image pixelisée.
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Nous verrons dans la section suivante que ces représentations en images pixelisées permettent de
donner une bonne intuition de la notion de convergence pour les suites de grands graphes aléatoires,
ainsi qu’une bonne intuition de leurs objets limites (i.e. les graphons, qui seront définis formellement en
Section 1.3).
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Notons qu’un graphe fini avec v(G) = n sommets a au maximum n? arétes s’il est orienté, et a au
maximum (g) arétes s’il est non-orienté. L’indice de densité p d’un graphe G est défini comme le ratio
entre le nombre d’arétes e(G) du graphe G et le nombre d’arétes maximales possibles; pour un graphe
non-orienté c’est donc :

_e(G) 2¢e(G)
&) =T = W) 1)

et de maniére similaire pour un graphe orienté. On dit qu’une suite de graphes finis (G, )nen €st une suite
de graphes denses (resp. creux, ou “sparse” en anglais) si la suite de leurs indices de densités (p(G,))nen
converge vers une constante strictement positive (resp. vers 0). Ce critére de suite de graphes denses
permet d’éviter que les images pixelisées associées aux graphes ne deviennent quasiment intégralement
blanches lorsque n tend vers l'infini (et donc que la limite ne soit triviale). Notons également que pour
une suite de graphes denses (G, )nen avec v(Gp) = n, le degré moyen d’un sommet croit linéairement
avec n.

1.2 Modéles de graphes aléatoires et heuristique de leurs limites

Nous allons maintenant introduire quelques modéles de graphes aléatoires. Nous allons également en
profiter pour donner une heuristique de convergence pour estimer la limite de ces différents modéles de
graphes aléatoires en utilisant les images pixelisées introduites dans la section précédente.

Le modéle d’ErdéSs-Rényi : Le modéle de graphe aléatoire le plus simple et 1'un des plus étudiés
est celui introduit par d’Erdés et Rényi [ER59, ER60, ER61a, ER61b] en 1959, mais en réalité déja étudié
avant eux par Gilbert [Gil59] en 1959. Ce modéle posséde deux parameétres : le nombre de sommets n,
et une probabilité p € [0,1]. On construit ensuite un graphe aléatoire (symétrique ou non) qui posséde n
sommets et dont les arétes sont présentes indépendamment les unes des autres avec probabilité p.

Notons qu’Erdés et Rényi ont également considéré une variante de ce modéle ou l'on fixe le nombre
d’arétes k, et ot le graphe symétrique est uniformément distribué sur ’ensemble des graphes & n sommets
et k arétes.

Dans la Figure 1.4, on présente les images pixelisées des simulations du modéle d’Erdés-Rényi pour
n = 10, 50 et 100 sommets et avec une probabilité de présence d’arétes de 1/2. On remarque que les images
pixelisées de ces graphes aléatoires semblent converger « visuellement » vers le carré unité uniformément
gris dont le niveau de gris est 1/2 sur I’échelle allant de blanc pour 0 & noir pour 1. En particulier, notons
que cette convergence « visuelle » est nécessairement plus faible que la convergence L.

FIGURE 1.4 — Heuristique de convergence pour les images pixelisées du graphe aléatoire d’Erdés-Rényi
(a gauche de la fleche) avec parameétre p = 1/2 et n = 10, 50 et 100 sommets (de gauche a droite). La
limite (& droite de la fleche) est un carré uniformément gris dont le niveau de gris est 1/2 sur I'échelle
allant de blanc pour 0 & noir pour 1.

Le modéle a blocs stochastiques : Il existe également une généralisation inhomogéne du modéle
d’Erds-Rényi que l'on appelle le modeéle a blocs stochastiques (en anglais, “stochastic block model” ou
SBM). Ce modéle est apparu indépendamment dans différentes communautés scientifiques sous différents
noms : SBM en statistique et en machine learning [HLL83|, “planted partition model” en informatique
théorique [Bop87, BCLS87, DF89)], et “inhomogeneous random graph” dans la littérature mathématique
[BJRO7|. Ces derniéres années, la terminologie qui semble dominer est SBM.

Le modéle a blocs stochastiques posséde plusieurs paramétres : un nombre de sommets n, un nombre
de types ou de communautés k pour les sommets, une mesure de probabilité v sur ’ensemble des types
[k] = {1,---,k}, et une matrice (p;;)i<i j<n de taille n x n dont les coefficients sont des probabilités
dans [0, 1]. Le modeéle & blocs stochastiques permet de générer un graphe aléatoire (symétrique ou non)
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de la maniére suivante : chacun des n sommets i regoit indépendamment des autres un type aléatoire X;
dans [k] distribué selon v ; puis, conditionnellement au vecteur de types (X;)1<i<n, chaque aréte (¢, j) est
ajoutée ou non indépendamment des autres avec probabilité px, x,. Notons qu’en général les variables
de types (X;)1<i<n servant a la construction du graphe ne sont pas observées (on parle alors de variables
latentes ou cachées).

Une application importante du modéle & blocs stochastiques est la détection de communauté [Abb18]
ou l'on cherche & inférer les différentes communautés des sommets & partir de ’observation seule des
arétes du graphes. Nous en reparlerons plus tard.

Dans la Figure 1.5, on présente les images pixelisées de simulations du modéle a blocs stochastiques
pour n = 10, 50 et 100 sommets, avec deux communautés (k=2) de méme taille (i.e. les types sont
équiprobables) et dont la matrice des probabilités de présence d’arétes (p; ;)i<i j<2 @ pour coefficients
P11 = p2,2 = 3/4 (intra-communautaire) et p; 2 = p21 = 1/4 (extra-communautaire). On remarque que
les images pixelisées de ces graphes aléatoires semblent converger « visuellement » vers 'image pixelisée
associée a la matrice (p; ;)i1<i j<2. Notons que la définition d’image pixelisée associée & une matrice
d’adjacence d’un graphe (dont les coefficients sont 0 ou 1) peut facilement étre étendue & une matrice
dont les coefficients sont a valeurs dans [0, 1].

FIGURE 1.5 — Heuristique de convergence pour les images pixelisées pour n = 10, 50 et 100 sommets
(de gauche a droite) du modéle a blocs stochastiques avec deux communautés de méme taille, et dont les
arétes sont présentes avec probabilité 3/4 a 'intérieur des communautés et 1/4 entre les communautés.
La limite est I'image pixelisé de la matrice parameétre du modeéle (p; j)1<i j<2-

Modéle a attachement uniforme croissant : Le modéle a attachement uniforme croissant permet
de construire de maniére itérative une suite de graphes aléatoires symétriques (G, )n>1. On commence
par le graphe G; contenant un unique sommet. Puis, & chaque étape, on définit un nouveau graphe G,
a partir du précédent en ajoutant un nouveau sommet et en reliant chaque paire de sommets distincts
qui n’était pas déja connectés a I’étape précédente par une aréte indépendamment des autres paires avec
probabilité 1/n.

Dans la Figure 1.6, on présente les images pixelisées de simulations de graphes aléatoires & attachement
uniforme croissant pour n = 10, 50 et 100 sommets. On remarque une fois de plus que les images pixelisées
de ces graphes semblent converger « visuellement » vers vers le graphe en nuance de gris de la fonction
W de [0,1]? dans [0, 1] définie par W (z,y) = 1 — max(z,y) pour tout z,y € [0, 1].

FIGURE 1.6 — Heuristique de convergence pour les images pixelisées pour n = 10, 50 et 100 sommets
(de gauche a droite) du modele & attachement uniforme croissant. La limite est le graphe de la fonction
W(z,y) = 1 — max(x,y) en niveau de gris sur I’échelle allant de blanc pour la valeur 0 & noir pour la
valeur 1.

La re-numérotation des sommets ne change pas la limite : Les exemples précédents pourraient
laisser penser que nous disposons toujours d’un ordre sur I’ensemble des sommets d’un graphe. Hors,
pour les réseaux issus du monde réel, il n’existe pas en pratique d’ordre canonique sur ’ensemble de
leurs sommets. La convergence de graphes que nous avons présentée plus haut sous forme d’heuristique
doit donc étre insensible & la re-numérotation ou permutation des sommets. Nous allons également voir
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que si la convergence dépendait de la numérotation des sommets, alors 'utilisation d’une numérotation
des sommets qui rassemble les sommets semblables est nécessaire pour pouvoir obtenir une limite non
triviale.

Pour illustrer notre choix d’une convergence invariante par re-numérotation des sommets, considérons
deux exemples. Dans le premier exemple (Figure 1.7), on considére des graphes bipartites complets,
c’est & dire dont les sommets sont répartis en deux groupes de méme taille, et toutes les arétes reliant
un sommet d’un groupe a un sommet de autre groupe sont présentes (mais aucune aréte reliant deux
sommets d’'un méme groupe n’est présente). Dans la Figure 1.7, on présente les images pixelisées des
graphes biparties complets avec n = 10, 50 et 100 sommets en considérant deux possibilités de tri des
sommets : par groupes dans la premiére ligne, et en alternant les groupes dans la deuxiéme ligne. Dans
le premier cas, la limite de la convergence « visuelle » est évidente (avec ou sans re-numérotation) : c’est
I'image pixelisée associée & la matrice 2 x 2 avec des 0 sur la diagonale et des 1 sur I’anti-diagonale. Dans
le deuxiéme cas, la limite pour une convergence « visuelle » sans invariance par re-numérotation est une
image uniformément grise de niveau de gris 1/2, et ne conserve donc que la densité moyenne d’arétes.
Tandis que pour une convergence avec invariance par re-numérotation, la limite dans le deuxiéme cas est
la méme que dans le premier cas.

FIGURE 1.7 — Heuristique de convergence pour les images pixelisées pour n = 10, 50 et 100 sommets (de
gauche a droite) pour le graphe bipartite complet. Les sommets sont triés par groupes dans la premiére
ligne, et sont en alternance de groupes dans la deuxiéme ligne. La re-numérotation des sommets ne change
pas la limite.

Considérons maintenant un deuxiéme exemple. Dans la Figure 1.8, on présente les images pixelisées
de simulations du modéle a blocs stochastiques sous les mémes paramétres que dans la Figure 1.5 plus
haut (et toujours avec n = 10, 50 et 100 sommets). Les sommets sont triés par communauté dans la
premiére ligne et sont triés selon une permutation aléatoire dans la seconde ligne. Comme nous ’avons
déja remarqué avec la Figure 1.5, la premiére ligne de la Figure 1.8 converge « visuellement » vers
I'image pixelisée de la matrice (p;j)i<i j<2 des probabilités d’arétes (parameétre du modéle). Pour une
convergence sans invariance par re-numérotation, la deuxiéme ligne présente une situation similaire au
modéle d’Erdds-Rényi et on obtient une convergence « graphique » vers une image uniformément grise
dont le niveau de gris est la densité moyenne d’arétes (ici 1/2). Tandis que pour une convergence avec
invariance par re-numérotation, on obtient la méme limite pour les deux lignes.

Ainsi, remarquons que cette invariance de la limite par re-numérotation des sommets est 1a pour per-
mettre de détecter les structures sous-jacentes et les caractéristiques propres des sommets (par exemple,
« age », type ou numéro de communauté) influengant la formation d’arétes. Mais cette propriété d’inva-
riance par re-numérotation sert aussi a éviter certains cas triviaux ou la seule information donnée par la
limite serait la densité d’aréte moyenne dans le graphe.

Quelques autres modéles de graphes aléatoires : L’étude des réseaux issus du monde réel
(comme le réseau internet ou les réseaux sociaux) a permis d’exhiber de nouvelles propriétés différentes de
celles du graphe d’Erd&s-Réniy. Nous présentons quelques-unes de ces propriétés parmi les plus étudiées.

Une premiére propriété partagées par de nombreux réseaux réels est d’étre des réseaux dits « petits
mondes » (“small worlds” en anglais), c’est & dire que les distances typiques entre deux sommets sont
petites. Les réseaux petits mondes ont été introduits par Watts et Strogatz [WS98] en 1998 (voir aussi
[Dur06, Chapitre 5] ou [van24, Partie III]). Une croyance populaire qui illustre bien le concept de réseaux
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FIGURE 1.8 — Heuristique de convergence pour les images pixelisées pour n = 10, 50 et 100 sommets
(de gauche a droite) du modele a blocs stochastiques avec deux communautés de méme taille, et dont les
arétes sont présentes avec probabilité 3/4 a l'intérieur des communautés et 1/4 entre les communautés.
Les sommets sont triés par communautés d’appartenance dans la premiére ligne, alors qu’ils sont dans
un ordre aléatoire dans la seconde ligne. La limite est 'image pixelisé de la matrice paramétre du modéle
(pi,j)1<i,j<2 avec ou sans re-numérotation des sommets.

petits mondes est que chaque individu serait connecté & n’importe quel autre individu par une chaine de
connaissances mutuelles de longueur au plus 6 (voir [Dur06, Section 1.3] pour une discussion sur cette
croyance et d’autres similaires).

Une autre propriété des réseaux réels est qu’ils sont souvent des réseaux invariants d’échelle (“scale-
free networks” en anglais), c’est & dire que la distribution (P(k))ren du degré des sommets suit une loi
puissance (ou “power law” en anglais) P(k) ~ k=7 avec v un paramétre est typiquement dans (2, 3).
Le terme de réseaux invariants d’échelle est du aux propriétés d’auto-similarité de ces réseaux. Cette
propriété d’invariance d’échelle de certains réseaux réels a été observée pour la premiére fois par Barabasi
et Albert [BA99] en 1999 (voir aussi [Dur06, Section 1.4] ou [vanl6, Section 1.3]).

Les graphes représentant des réseaux réels ont également un caractére tnhomogeéne, c’est a dire que
la densité d’arétes (ou probabilité d’avoir une aréte) n’est pas uniforme dans le graphe et peut dépendre
de caractéristiques propres aux sommets extrémaux de 'aréte. Nous donnons quelques exemples de telles
caractéristiques inspirées des réseaux réels pouvant influer sur la probabilité de formation d’arétes. Nous
avons déja rencontré un exemple de graphes inhomogénes avec le modéle & blocs stochastiques ot les carac-
téristiques des sommets étaient leur appartenance a I'une communauté. Les sommets peuvent également
avoir des temps de « naissance » différents induisant des sommets anciens et nouveaux aux propriétés
différentes. Les sommets peuvent aussi avoir une position géographique qui encourage la formation d’aréte
avec des sommets proches géographiquement plutét qu’avec des sommets éloignés. Enfin, avec comme ins-
piration des réseaux biologiques ou épidémiologiques, des traits comportementaux ou génétiques peuvent
également étre des caractéristiques importantes des sommets.

Citons quelques modéles de graphes aléatoires exhibant certaines de ces propriétés.

e Le modéle de configuration donne un graphe aléatoire ou les degrés des sommets sont fixés (para-
métre du modele). Ce modéle a été introduit indépendamment par Bender et Canfield [BC78| en
1978 et par Bollobas [Bol80] en 1980 entre autre pour étudier les graphes réguliers (dont tous les
sommets ont le méme degré qui est fixé). Pour plus de détails voir [JLR0OO, Chapitre 9], [FK15,
Chapitre 11] ou [vanl6, Chapitre 7].

e Le modéle de Watts et Strogatz [WS98] donne un graphe aléatoire avec des degrés (des sommets)
bornés, un grand nombre de triangles et un petit diamétre (i.e. la distance maximale entre deux
sommets), et donc est petit monde. On part d’un graphe circulaire avec n sommets ou chaque
sommet est relié a ses k plus proches voisins & gauche et & droite, et on reconnecte chaque aréte
avec probabilité p & un nouveau sommet en conservant I'une des extrémités. Pour plus de détails
voir [Dur06, Section 5.1].

e Le modéle a attachement préférentiel a été introduit par Barabasi et Albert [BA99] et produit des
graphes aléatoires invariant d’échelle. Ce modéle est construit de maniére récursive, en partant d’un
unique sommet, a chaque étape de temps un nouveau sommet est ajouté et est relié par une aréte
a d sommets choisis aléatoirement proportionnellement a leurs degrés. Notons que I’ « 4ge » d’un
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sommet (I’étape de temps ou il est rajouté) influence son degré. Pour plus de détails voir [Dur06,
Chapitre 4], [FK15, Chapitre 19] ou [vanl6, Chapitre 8.

e Les graphes aléatoires géométriques (parfois aussi appelé modeéle & espace latent, ou “latent space
model” en anglais) sont des modéles de graphes aléatoires ot chaque sommet posséde une position
sur un espace géométrique latent et est relié par une aréte uniquement aux sommets a moins d’une
certaine distance r. Pour plus de détails voir [Pen03].

e Le modéle de graphe aléatoire exponentiel (parfois aussi appelé modéle p*) est un modéle inspiré
de la physique statistique : on part d’une loi de référence (e.g. la loi uniforme sur ’ensemble des
graphes avec n sommets), puis I’on change la loi en pondérent la probabilité de tirer chaque graphe
par un facteur exponentiel. Ce facteur exponentiel peut par exemple faire intervenir des termes
de dépendance entre les arétes et méme une dépendance & des caractéristiques des sommets. Cela
permet d’obtenir des graphes aux caractéristiques proches de celles observées pour les réseaux
réels. Ce modeéle a été introduit par Holland et Leinhardt [HL81] en 1981, et a connu plusieurs
améliorations depuis [Str86, FS86, AWC99, PN04]. Pour plus de détails voir [RPKL07] ou [LKR13].

1.3 Les graphons, objets limites des grands graphes denses

Dans cette section, nous allons désormais nous intéresser aux graphons, qui ont été introduits par
Lovéasz et Szegedy [LS06] en 2006. Les graphons apparaissent comme les objets limites des suites de
grands graphes denses. Ces graphes sont trop grands pour étre représentés entiérement dans les appli-
cations ciblées. L’idée est donc de passer d’une représentation combinatoire donnée par le graphe & une
représentation en continuum infini donnée par le graphon. Nous présenterons les propriétés importantes
des graphons. Notons que les principaux résultats sur les graphons ont été réunis dans une monographie
écrite par Lovéasz [Lov12| en 2012.

Notons également que Diaconis et Janson [DJ08] ont montré que la théorie des graphons et des limites
de graphes est liée a la théorie des tableaux échangeables de variables aléatoires introduite par Aldous
[Ald81] et Hoover [Hoo79].

1.3.1 Les graphons

Un graphon est une fonction mesurable symétrique W de [0,1]? dans [0,1]. De maniére usuelle, on
identifie deux graphons qui sont égaux presque partout. On dénote par W l’espace des graphons. Un
graphon peut donc étre vu comme une image pixelisée en nuance de gris, voir les exemples de la section
précédente. On peut également voir le graphon W comme un graphe pondéré infini dont ’ensemble des
sommets est U'intervalle [0, 1] et dont les arétes sont pondérés par des poids dans [0, 1] qui représente la
densité locale moyenne d’interaction (i.e. d’arétes).

Une classe importante de graphons est celle des fonctions étagées (ou step-functions en anglais). Un
graphon W est une fonction étagée s’il existe une partition (mesurable) finie {Sy,---, Sk} de Uintervalle
[0,1] telle que W est constant sur chaque ensemble S; x S; pour 1 < 4,5 < k. Remarquons que les
graphons fonctions étagées représentent les modéles & blocs stochastiques vu & la section précédente :
pour la partition {Si,---,Sk} on choisit des intervalles dont les longueurs sont données par la mesure
v=(v(1),---,v(k)) sur 'ensemble des types [k], puis on définit Ws, x5, = ps; pour 1 <4,5 < k.

A tout graphe fini G avec n = v(G) sommets, on peut associer un graphon W fonction étagée via une
construction proposée par [BCLT08, Section 3.1]. Pour cela, on découpe I'intervalle [0, 1] en n intervalles
(J1, -+ ,Jn) de méme longueur 1/n (définies par J; = [©=1, L) pour 1 < i < n), et on définit W pour
tout x € J;, y € Jjet 1 <i,j <mpar:

Welo.) = {1 si (0,) € E(G)

0 sinon,
ot 'on suppose sans perte de généralité que V(G) = [n]. Remarquons que le graphe du graphon Wg (en
tant que fonction) est I'image pixelisée associée au graphe G. Notons que l'ordre des sommets de G peut
changer la définition de W¢ en changeant 'ordre des intervalles. Cependant, comme les graphes que nous
considérons sont non-ordonnés (i.e. il n’y a pas d’ordre sur les sommets), nous verrons dans la prochaine



1.3. LES GRAPHONS, OBJETS LIMITES DES GRANDS GRAPHES DENSES

section qu’en travaillant & permutation prés des sommets nous pouvons identifier ces différentes valeurs
de Wg.

Les graphons permettent également de définir un modéle de graphes aléatoires inhomogénes a variables
latentes G(n, W) que l'on appelle W -graphe aléatoire et dont les paramétres sont le nombre de sommets
n et un graphon W. Pour cela, on commence par générer les variables latentes ou types des sommets
X1, , X, selon des lois uniformes sur U'intervalle [0, 1]. Puis, conditionnellement aux types des sommets
X1, , Xy, chaque aréte est ajoutée au graphe indépendamment des autres avec probabilité W (X;, X;).
Notons que le modeéle de W-graphe aléatoire généralise le modéle & blocs stochastiques dans le cas ou
I’espace de types des sommets est quelconque et potentiellement infini. Notons également qu’il existe des
résultats de concentration pour ces W-graphes aléatoires, voir [BCLT06a] ou [Lov12, Chapitre 10].

Enfin, mentionnons qu’il est possible de remplacer l'espace [0, 1] par un espace probabilisé (€2, A4, i)
quelconque et de définir des graphons W comme des fonctions mesurables symétriques de Q2 dans [0, 1].
Cela n’offre pas vraiment plus de généralité, mais permet dans certains contextes d’application de repré-
senter de maniére plus naturelles les types ou traits des sommets (e.g. 4ge, position géographique, traits
génétiques, appartenance a des communautés). Notons que travailler avec des graphons construits sur un
espace probabilisé quelconque introduit quelques difficultés techniques. Par simplicité, dans la suite, nous
nous concentrons sur le cas ot {2 = [0, 1] muni de la mesure de Lebesgue.

1.3.2 Distance de coupe et convergence pour les suites de graphes denses ou
de graphons

Nous allons désormais introduire la distance de coupe qui permet de définir précisément la notion de
convergence pour les graphons et les graphes denses, et que nous avions évoquée sous forme d’heuristique
plus haut. Cette notion de convergence a été initialement introduite par Borgs, Chayes, Lovasz, Sos et
Vesztergombi [BCL*06b, BCLT08|.

La distance de coupe est basé sur la norme de coupe || - ||[g qui a été introduite par Frieze et Kanan
[FK99] en 1999. Dans le cas d’une matrice carrée A de taille n x n avec n € N* (e.g. A est la différence
des matrices d’adjacence de deux graphes & n sommets), sa norme de coupe est définie par :

1
|Allo = 2 Sax > Al

i€8,j€T
Un couple de sous-ensembles S, T C [n] s’appellent une coupe du graphe. La norme de coupe s’interpréte
donc comme le maximum sur toutes les coupes possibles S, T C [n] du graphe du nombre ou de la somme
des poids A, ; des arétes (i,j) traversant cette coupe de S vers T'. La définition de la norme de coupe
s’étend naturellement aux graphons. Pour toute fonction mesurable bornée W de [0,1]? dans R (et en
particulier si W est un graphon), sa norme de coupe est définie par :

W(z,y) dzdy|,
SxT

[Wlo = sup
S, TC[0,1]

ot le supremum est pris sur Pensemble des sous-ensembles mesurables S, T C [0, 1]. Ainsi, pour un graphe
fini G, sa matrice d’adjacence A et son graphon associé W donnent la méme valeur ||A|lg = |[Wello
pour la norme de coupe.

Notons que la norme de coupe est plus petite que la norme L' : on a |[W||g < [[W]|;. Cependant, la
norme L' est trop restrictive pour la convergence qui nous intéresse : si ’'on reprend ’exemple heuristique
précédent du graphe d’Erdés-Rényi de paramétre 1/2, la norme L' empéche toute convergence car les
graphons associés & ces graphes aléatoires (G, )nen sont a valeurs dans {0,1} et donc |[Wg, —W|1 =1/2
pour W le graphon constant égal & 1/2. Tandis que nous verrons que la convergence a lieu pour la norme
de coupe.

Mentionnons le lemme de régularité faible (qui intervient dans les preuves de nombreuses propriétés
pour les graphouns, et est une variante du lemme de partition de Szemerédi) qui pour la norme de coupe
entre tout graphon W et son approximation par un graphon fonction étagée fournit une borne uniforme
en le nombre d’éléments de sa partition de [0, 1], voir [FK99] ou [Lov12, Chapitre 9.
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FIGURE 1.9 — Matrices d’adjacence et graphons associés pour deux graphes distincts. Notons que l'on
peut passer d’'un graphon a l'autre en ‘re-numérotant” via une bijection mesurable ne préservant pas
la mesure. Cependant, aucune permutation des sommets ne permet d’obtenir un de ces deux graphes a
partir de 'autre. De plus, notons que la densité moyenne d’arétes f[o,l}z W (z,y) dedy n’est pas la méme
pour ces deux graphons, tandis que les deux graphes ont le méme nombre d’arétes.

Comme nous l'avions évoqué plus haut sous forme d’heuristique, la notion de convergence pour les
graphes denses et graphons que nous considérons ici est a ré-étiquetage (ou re-numérotation) prés des
sommets. Notons que pour le ré-étiquetage des graphes, une propriété importante des permutations des
sommets est de préserver la masse / la mesure, voir Figure 1.9. Pour les graphons, il est donc naturel de
remplacer les permutations des sommets d’un graphe fini par des bijections mesurables de [0, 1] préservant
la mesure. De plus, les graphes bipartites de tailles différentes mais ayant le méme graphon associé
présentés en Figure 1.7 (ligne du haut) indiquent qu’on peut en fait relacher ’hypothése de bijectivité.

Le ré-étiquetage d’un graphon W par une application (non nécessairement bijective) mesurable ¢
préservant la mesure de [0, 1] donne un nouveau graphon W% défini par W¥¢(z,y) = W(¢(x), ¢(y)) pour
tout z,y € [0, 1]. On peut alors définir la (pseudo-)distance de coupe dg, qui est une version a ré-étiquetage
prés de la norme de coupe || - ||g, pour tous U, W deux applications mesurables bornées de [0, 1]? dans R
(et en particulier si U et W sont des graphons) par :

00 (U, W) = min [U¢ = W]
©,

= min sup
TeM s 7c(0,1)2

/ (U(z,y) — W(r,s)) m(dz,dr)n(dy, ds)|,
SxT

ou pour la premiére égalité le minimum est pris sur ’ensemble des applications mesurables ¢ et
préservant la mesure de [0, 1], et ou pour la second égalité M est 'ensemble des mesures de couplages entre
deux copies de [0, 1] munie de la mesure de Lebesgue (i.e. des mesures de couplages entre les distributions
de probabilités des types de sommets de deux graphons), le supremum est pris sur Pensemble des sous-
ensemble mesurable S, T C [0,1]2, et D'intégrale est sur (z,r) € S et (y,s) € T. Voir [BR09, Lemme 2.6]
ou [Lov12, Théoréme 8.13] pour I’équivalence entre ces deux expressions et le fait que les minima sont
atteints.

Notons également que la définition de la distance de coupe dg peut s’étendre au cas ou chacun des
deux graphons est construit sur un espace probabilisé distincts pour les types des sommets, voir [Jan13|.

Notons que deux graphons distincts peuvent étre a distance nulle pour d5 (e.g. un graphon fonction
étagée et sa copie ol on réordonne les blocs de la partition). En identifiant les graphons qui sont a distance
nulle pour la distance de coupe d, on obtient un espace quotient w qui est 'espace des graphons non-
étiquetés. La pseudo-distance de coupe dp induit une distance sur I'espace W que l'on appelle encore
distance de coupe et que ’on note encore d. De plus, la distance de coupe o rend 'espace VW compact.

Théoréme 1.3.1 ([LS07, Theorem 5.1]). L’espace des graphons non-étiquetés W mauni de la distance de
coupe 4 est un espace métrique compact.

Notons que la suite de graphes aléatoires (G(n,W)),ecn- échantillonnés a partir d’'un graphon W
converge presque slirement vers ce graphon W pour la distance de coupe dg, voir [BCLT06a] ou [Lov12,
Chapitre 10]. En particulier, on obtient que 'espace des graphons non-étiquetés W est le complété de
lespace des graphes finis (non-étiquetés) pour la distance de coupe ég. Enfin, on obtient également que
la convergence pour la distance de coupe coincide avec la converge heuristique « visuelle » présenté en
Section 1.2 dans le cas du graphe d’Erdés-Rényi et du modéle & blocs stochastique. De plus, notons que
pour la distance de coupe 0 on retrouve I’égalité entre les graphons des lignes du haut et du bas dans
les Figures 1.7 and 1.8.
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1.3.3 Densités d’homomorphisme et lien avec la distance de coupe

Nous allons maintenant relier la convergence pour la distance de coupe ég & une autre notion de
convergence pour les graphes denses introduite avant elle par Lovasz et Szegedy [LS06]. Cette autre notion
de convergence repose sur les densités d’homomorphisme de graphes et est parfois appelée convergence a
gauche.

Notons qu’une troisiéme notion de convergence (appelée convergence a droite, reposant également sur
les densités d’homomorphismes et ayant des liens avec des concepts de physique statistique) équivalente
aux deux autres a été étudiée par Borgs, Chayes, Lovasz, S6s et Vesztergombi [BCLT12| (voir aussi
[Lov12, Chapitre 12]).

Notons également qu’on peut exprimer de nombreux paramétres de graphes via les nombres et densités
d’homomorphismes, voir [FLS06] ou [Lov12, Section 5.3] pour des exemples. Enfin, notons qu’il existe
pour les paramétres de graphes un équivalent de la théorie des approximations de Taylor ot les polynémes
sont remplacées par des combinaisons linéaires de densités d’homomorphisme, voir [DGKR15].

Les nombres et densités d’homomorphisme de graphes

Soient F' et G deux graphes. Un homomorphisme (de graphe) ¢ de F dans G est une application
de V(F) dans V(@) préservant les arétes, c’est & dire que pour chaque aréte (u,v) € E(F), on a aussi
(p(u),¢(v)) € E(G). L’homomorphisme de graphe est donc une application préservant la structure
d’adjacence de graphe définie par les arétes. On note Hom(F, G) 'ensemble des homomorphismes de F'
dans G, et on appelle |[Hom(F, G)| le nombre d’homomorphisme de F dans G.

Dans certains cas, on peut vouloir se restreindre au sous-ensemble Inj(F,G) C Hom(F,G) des ho-
momorphismes injectifs (i.e. qui envoient les sommets de F' sur des sommets distincts de G). On peut
également se restreindre au sous-ensemble Ind(F,G) C Inj(F,G) des homomorphismes induits qui pré-
serve les relations d’adjacence et de non-adjacence, c’est a dire que (u,v) € E(F) si et seulement
si (p(u),p(v)) € E(G). On appelle |Inj(F,G)| le nombre d’homomorphisme injectif de F dans G, et
|Ind(F, G)| le nombre d’homomorphisme induit de F dans G.

Usuellement, on fixe le graphe F' qui est vu comme un « petit » graphe, et on fait varier le graphe
G qui est vu comme un « grand » graphe. Les nombres d’homomorphisme |[Hom(F,G)|, |Inj(F,G)| et
|Ind(F, G)| sont donc des paramétres de graphes qui compte le nombre de copies étiquetées de F' dans
G avec plus ou moins de restrictions : avec ([Hom(F,G)|) ou sans (|Inj(F, G)| et |Ind(F, G)|) répétitions
possibles des sommets de G, et en préservant (|Ind(F,G)|) ou non (JHom(F, G)| et |Inj(F, G)|) la relation
de non-adjacence. Notons que dans ce contexte, le graphe F' est parfois aussi appelé motif ou graphlet.
Donnons un exemple : si F' est un triangle (trois sommets tous reliés deux-a-deux par des arétes), alors
|[Hom(F,G)| = |Inj(F,G)| = |Ind(F, G)| est égal au nombre de triangles dans G multiplié par 6 (pour
tenir compte des permutations des sommets). Dans la Figure 1.10, on présente un exemple de calcul pour
deux graphes donnés de ces différents nombres d’homomorphismes.

FIGURE 1.10 — Un exemple des nombres d’homomorphismes de graphes ou les graphes F et G sont
respectivement les graphes de gauche et de droite sur la figure. On trouve Hom(F, G) = 30, Inj(F,G) = 18,
et Ind(F, G) = 4. Faisons quelques remarques sur les décomptes liés au choix pour l'image de (b, a, c). Les
choix (1,5,4) et (4,5,1) sont comptés indépendamment dans chacun de ces nombres d’homomorphismes.
Le choix (2,1, 3) est compté pour Hom(F, G) et Inj(F, G) mais pas pour Ind(F, G) a cause de 'aréte (2, 3).
Enfin, le choix non-injectif (2, 1,2) est compté pour Hom(F, G) mais pas pour Inj(F,G) et Ind(F, G).

Remarque 1.3.2. Certains auteurs étudient les comptes de sous-graphes xr(G) plutot que les nombres
d’homomorphismes, la seule différence étant le fait de ne pas compter plusieurs fois le méme sous-graphe
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a cause des permutations possibles de ces sommets, c’est & dire :

_|Ind(F,G)|

ol |[Aut(F')| est le nombre d’isomorphisme de graphe (i.e. de morphisme de graphe induit bijectif) d’un
graphe F' dans lui-méme (voit [BR09, Section 2.1] pour plus de détails.)

Comme le nombre d’homomorphisme |Hom(F,G)| croit avec la taille du graphe G, pour espérer
trouver une limite, on travaille plutdt avec sa version normalisée ¢(F,G), que l'on appelle densité d’ho-
momorphisme et qui est définie par :

|[Hom(F, G)]
npb

t{F,G) =

)

ot 'on note p = v(F) et n = v(G) le nombre de sommets respectifs des graphes F et G, et n? est le
nombre d’applications de V(F') dans V(G). De la méme maniére, on définit la densité d’homomorphisme
injectif tinj et la densité d’homomorphisme induit tinq par :

nj(F, G)| Ind(F, G)|
G G

ou (Z) est le nombre d’applications injectives de V(F') dans V(G). Remarquons que la densité d’ho-

tinj(F,G) = et tind(F, G) =

momorphisme induit ¢,q(F, G) peut s’interpréter comme la probabilité qu’en tirant p sommets de G
uniformément sans remise, on obtienne un sous-graphe étiqueté de G qui soit une copie de F'. Pour la
densité d’homomorphisme injectif ¢in;(F, G), on autorise ce sous-graphe & avoir plus d’arétes que celles
de F. Et pour la densité d’homomorphisme ¢(F, G), le tirage des sommets est de plus fait avec remise.

On observe facilement que ces différentes notions d’homomorphismes sont reliées entre elles, voir
[LS06, paragraphe 2.4] ou [Lov12, Section 5.2.3]. Pour F', G deux graphes finis avec p et n sommets
respectivement, en bornant la probabilité de collision lors du tirage des sommets, on obtient :

L(p

1F.6) - tu(F.6) < 1 (5) (1)
n\2

On rappelle que e(F) = |E(F)| est le nombre d’arétes d’un graphe F. De plus, en utilisant un principe

d’inclusion-exclusion (que 1'on peut interpréter comme une formule d’inversion de M&bius), on obtient :

tng(F,G) = Y tma(F,G) et tuna(F.G)= Y (-1 0(F, @), (1.2)
F'DOF F'DOF

ou F' O F signifie que V(F') = V(F) et E(F) C E(F'). Ainsi, si les densités d’homomorphisme induit
ting sont plus précises, elles contiennent autant d’information que les densités d’homomorphisme t qui
sont plus simples & étudier et sur lesquelles nous allons donc nous concentrer.

Il a été montré dans [Lov67] (voir aussi [Lov12, Théoréme 5.29, Section 5.4]) que les nombres d’ho-
momorphisme caractérisent un graphe : si |[Hom(F,G1)| = |[Hom(F, G2)| pour tout graphe fini F, alors
G1 = G,. Tandis que les densités d’homomorphismes ne caractérisent pas totalement un graphe : si G(p)
est obtenu a partir de G en remplagant chaque sommet par p sommets jumeaux (c’est & dire p copies
reliées aux mémes sommets par arétes), alors t(F,G(p)) = ¢(F,G) pour tout graphe fini F. Cependant,
c’est le seul défaut de caractérisation par les densités d’homomorphisme (voir [Lov12, Théoréme 5.32,
Section 5.4]) : si ¢(F,G1) = t(F,G2) pour tout graphe fini F', alors il existe un graphe fini G et des
entiers pi,ps tels que G; = G(p1) et Go = G(p2) on = dénote la relation d’isomorphisme de graphes (i.e.
Pexistence d’un isomorphisme de graphes entre les deux graphes). En particulier, cela signifie que G et
G4 ont la méme image pixelisée (& permutation prés des sommets).
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Les densités d’homomorphisme pour les graphons

La définition des différentes densités d’homomorphisme s’étend de maniére naturelle aux graphons en
utilisant la correspondance avec les graphes finis, voir [LS06]. Pour tout graphe fini F et tout graphon
W, on définit donc les densités d’homomorphisme par :

t(F, W) = tin;(F, W) = / I Wiz [ da

OAYE ( ye B(r) i€V (F)
et tina(F, W :/ le,x 1—Wi(x,xy) dz;.
a(FW) o II weee) I ( )11
,J)EE(F (1,5)¢E(F) eV (F)

Remarquons que les densités d’homomorphlsme sont invariantes par ré-étiquetage du graphon W, c’est
a dire t(F,W¢¥) = t(F,W) et tina(F,W¥) = tina(F,W) pour tout graphon W et toute application
mesurable ¢ préservant la mesure de [0, 1]. Notons également que pour tout graphe fini G, on a t;,;(F, G) =
tinj (F7 WG).

La raison pour laquelle les densités d’homomorphisme injectif ¢,;(F, W) coincident pour les graphons
avec les densités d’homomorphisme ¢(F, W) est di au fait que la probabilité que deux sommets tirés
uniformément sur [0, 1] soient égaux est nulle. Intuitivement, les tirages de sommets avec ou sans remise
coincident quand le nombre de sommets est infini (considérer (1.1) quand n tend vers l'infini). De plus,
les formules reliant les densités d’homomorphisme injectif et induit tinj et tina présentées en (1.2) restent
valables pour les graphons.

On dit qu’une suite de graphes finis (G,)nen est convergente si pour tout graphe fini F, la suite
(t(F,Gp))nen converge dans R. Le résultat principal de Lovész et Szegedy [LS06] pour la convergence
en terme de densités d’homomorphisme est le suivant, garantissant ’existence d’un graphon limite pour
toute suite convergente de graphes denses.

Théoréme 1.3.3 ([LS06, Theorem 2.2]). Pour toute suite de graphes convergente (G )nen, il existe un
graphon W tel que :
lim t(F,G,) =t(F,W), pour tout graphe fini F.

n—oo

Enfin, terminons par le résultat de Borgs, Chayes, Lovasz, Sos et Vesztergombi [BCLT08] donnant
I’équivalence entre la convergence pour la distance de coupe dg et la notion de convergence définie par
les densités d’homomorphisme.

Théoréme 1.3.4 ([BCLT08, Theorem 3.7]). Pour toute suite de graphons (W, )nen et tout graphon W,
les propositions suivantes sont équivalentes.
(i) im0 t(F, W,,) = t(F, W), pour tout graphe fini F'.
(#) lim,,— o0 0g(W,,, W) = 0.
(iii) Pour tout k € N, la suite de graphes aléatoires (G(k, Wy,))nen converge en distribution vers G(k, W)
c’est a dire, on a lim,_oo P(G(k,W,,) = F) = P(G(k,W) = F) pour tout graphe fini F' ¢ v(F) =
sommets.

1.3.4 Applications des graphons

Ces derniéres années, les graphons ont été utilisés dans de nombreux contextes d’application : les
méthodes d’estimation non-paramétriques et les algorithmes pour les réseaux massifs [BC17], les modéles
épidémiologiques SIS [DDZ22, DDZ23|, ’étude des propriétés de transférabilité pour les réseaux de neu-
rones graphiques (en anglais, “graph neural network” ou GNNs) [KBV21, KV23]. La limite d’échelle des
graphes pondérés convergeant vers un graphon L3 (i.e. une fonction mesurable L3 de [0, 1]? dans R ) est
étudiée dans [BBBT23], ce résultat étant la généralisation de la limite d’échelle pour le graphe aléatoire
d’Erdos-Rényi dans la fenétre critique (i.e. pour une probabilité de présence d’aréte p, = n=! + An~4/3
dépendant de n, ot pS = n~! est la probabilité critique pour I’émergence d’une composante « géante »
du graphe de taille linéaire en n). De plus, il y a eu des développements récents dans étude des systémes
4 champ moyen utilisant les graphons pour représenter ’hétérogénéité des interactions dans la population
du systéme : les jeux stochastiques et leurs équilibres de Nash [CH21, LS22], la dynamique d’opinion sur
un graphon [AN22], I'apprentissage par renforcement multi-agent coopératif [HWYZ23], les systémes de
particules en interaction [BWZ23, BK24], pour n’en citer que quelques-uns. Voir aussi le récent survey
[AD24].
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1.3.5 Autres objets limites pour les graphes

Les suites de graphes creux, dont la densité moyenne d’arétes tend vers 0, convergent toutes vers le
graphon nul. Pour la théorie des graphons, tous les graphes creux sont donc considérés comme équivalent
au graphe vide, ce qui ne donne aucune information sur la structure de ces graphes. Dans cette section,
nous présentons quelques autres théories permettant de traiter le cas des graphes creux.

Dans le cas des graphes de degrés bornés (parfois aussi appelés régime “very sparse” en anglais),
leur structure est bien décrite par la théorie de Benjamini-Schramm [BS01] (parfois appelé convergence
locale), et par un de ses raffinements, la convergence locale-globale [BR11, HLS14]. L’objet limite de la
convergence locale-globale peut étre représenté par un graphe borélien dont les degrés sont bornés (appelé
un graphing) et satisfaisant certaines propriétés de mesurabilité (voir aussi [Lov12, Section 18.3]).

Plusieurs théorie existe pour essayer d’étendre la convergence des graphons dans le cas de graphes
creux de densités intermédiaires, c’est & dire dont le nombre d’arétes est sur-linéaire (2(n)) mais sous-
quadratiques (o(n?)). Une premiére piste développée par Bollobas et Riordan [BR09] en 2009 consiste
a re-normaliser la matrice d’adjacence pour obtenir une densité d’arétes effective constante, et traduit
I’intuition que deux graphes ayant des densités différentes peuvent néanmoins étre structurellement si-
milaires. Intuitivement, cette idée de re-normalisation pour tout de méme approximer des graphes creux
par un graphon est ’analogue du modéle d’Erdés-Rényi avec une probabilité de présence d’arétes py,
dépendant de n comme p,, = plogn/n. Cette théorie a ensuite été améliorée par Borgs, Chayes, Cohn
et Zhao [BCCZ19, BCCZ18]| en autorisant les graphons a étre des fonctions L? au lieu de juste borné,
ce qui permet de plus grandes fluctuations dans les degrés des sommets (par exemple des graphes creux
avec certaines parties denses). Ces LP-graphons permettent entre autre d’analyser les graphes invariants
d’échelle.

En paralléle, plusieurs auteurs [VR15, Jan16, CF17, BCCH18| ont proposé de traiter le cas des graphes
creux de densité intermédiaire en considérant des graphons construits sur un espace o-fini pour les types
des sommets (au lieu d’un espace de probabilité), et que l'on appelle graphezes ou graphon processes.
Les graphexes permettent de générer des graphes aléatoires avec un nombre dénombrable de sommets et
un nombre fini d’arétes via un processus ponctuel de Poisson sur ’espace de types des sommets. Voir
également [BCCL19, BCCV19, VR19, BCDS21, Jan22] pour des graphexes un peu plus généraux. Notons
que les LP-graphons et graphexes traitent de différents graphes creux selon que la cause du faible nombre
d’arétes est uniformément répartie ou non entre les sommets, voir I'introduction de [BCCH18| pour plus
de détails.

Plus récemment, dans le but d’unifier les différentes théories de limites de graphes, Backhausz et Sze-
gedy [BS22] ont introduit un nouvel objet, le graphop (contraction de graphe et opérateur) qui correspond
a lopérateur de transition sur un graphe. Voir aussi [KLS19, NODM20] pour d’autres tentatives d’unifier
les différentes théories de limites de graphes.

1.4 Les graphes pondérés

La plupart des exemples de réseaux issus du monde réel que nous avons donnés en Section 1.1 sont en
fait des réseaux pondérés : chaque lien entre deux nceuds du réseaux posséde une information supplémen-
taire ou un poids qui représente selon le contexte une distance, une intensité d’interaction, une résistance
ou une capacité. Il nous faut donc compléter nos graphes en rajoutant des poids ou des décorations sur les
arétes. Voir la Figure 1.11 pour un exemple de réseau d’interaction protéine-protéine : les sommets sont
les protéines et différents types d’interactions sont représentées par des arétes de différentes couleurs;
notons que la base de données STRING [SKK'23| permet de générer des graphes similaires avec une
grande variété de protéines. Voir aussi la Figure 1.12 qui représente un graphe social d’interactions entre
utilisateurs sur un post du site web “Reddit” : les sommets sont les utilisateurs, et la taille des arétes
orientés représente le nombre de messages envoyés d’un utilisateur & un autre, tandis que la couleur
représente la teneur du message (sur une échelle allant de négatif a positif).

Formellement, soit Z un espace polonais (i.e. un espace métrique complet séparable) qui contient les
décorations possibles des arétes (e.g. Z = R ou R pour des poids). Un graphe pondéré (ou graphe décoré,
ou Z-graphe) G = (V, E, ¢) est la donnée d’un graphe (V, E) (pour la structure d’adjacence) et d’une
fonction de décoration ¢ de E dans Z qui a chaque aréte e € E associe une décoration ¢(e) dans Z.
(Ces graphes sont parfois aussi appelés graphes étiquetés au sens ou les arétes sont étiquetées, et non
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TUBB2B

FIGURE 1.11 — Brainist. (2018) STRING protein-protein interaction networks of proteins associated
with microlissencephaly STRING database : http://versionl0.string-db.org/ Wikimedia commons.
https://commons.wikimedia.org/wiki/File:MLIS-STRING10.png

pas comme précédemment ol les sommets étaient numérotés.) Notons que l'on retrouve les multi-graphes
pour Z = N.

Il est parfois plus naturel ou plus simple d’attribuer aux arétes absentes du graphe une décoration
commune qui est un élément neutre ou un point cimetiére d (possiblement rajouté dans ce but) de Z
(e.g. le poids neutre 0 lorsque Z = R) ; ceci permet de considérer le graphe comme complet.

Il existe de nombreux modéles de graphes aléatoires pondérés. Les modéles les plus simples consistent
a prendre un modeéle de graphes aléatoires (non pondérés, comme ceux introduits en Section 1.2) et &
rajouter des poids indépendants et uniformément distribués sur les arétes. Par exemple, des modéles de
configurations ou les arétes regoivent des poids aléatoires indépendants distribués selon des lois expo-
nentielles ont été considérés pour étudier la percolation de premier passage [BVDHH10], le temps de
“flooding” (premier temps o tout les sommets du graphe regoivent une information partie d’un unique
sommet) [ADL13], ou encore le diamétre du graphe (maximum de la distance pondérée entre deux som-
mets du graphe, ou la distance pondéré est le minimum du poids total des arétes d’un chemin reliant les
deux sommets) [AL15] Des modéles de graphes géométriques aléatoires (chaque sommet & une variable
latente qui est une position dans un espace géométrique) ot les sommets et les arétes regoivent des poids
indépendants et identiquement distribués ont été considérés pour étudier la distance pondéré entre deux
sommets choisis aléatoirement de maniére uniforme [KL20].

Dans les modéles plus complexes de graphes aléatoires pondérés, la distribution du poids de chaque
aréte peut dépendre des caractéristiques ou variables latentes des sommets extrémaux. Dans [Gar09],
Pauteur étudie des graphes aléatoires ou chaque sommet u regois un poids aléatoire w,, dans (0,1), puis
chaque paire de sommets {u, v} est reliée par une aréte dont le poids est distribué selon une loi géométrique
de paramétre w,w,. Un autre exemple est le modeéle & blocs stochastiques pondérés (en anglais, “weighted
stochastic blocs models”) ou la distribution du poids des arétes dépend des numéros de communauté des
deux sommets extrémaux, et qui a été étudié pour résoudre les problémes de détection de communauté
[LMX15] (voir également [XML14] pour des modéles plus généraux ot les décorations des arétes viennent
d’un espace compact), d’estimation exacte des communautés [JL15], et pour obtenir des bornes sur le
nombre de sommets mal-classifiés [XJL20].

De plus, récemment, dans [HV23], les auteurs ont étudié la limite du poids total de ’arbre couvrant
minimal (en anglais, minimum spanning tree ou MST) pour une suite de graphes aléatoires pondérés.
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FIGURE 1.12 — Siobhén Grayson. (2017) Reddit is a social news aggregation, web content rating, and
discussion website. This is a network visualisation of one submission from the subreddit called ’skeptic’.
Each participant is represented by a black circle (node) and the coloured lines connecting nodes together
(edges) represent the responses of participants. Node size represents ‘in-degree’, arrows indicate the edge
direction, edge width the number of interactions, whilst the colour scales according to how negative (red)
to positive (blue) a response is. Altogether, the image provides an example of how sentiment analysis,
a natural language processing technique, can be used to enhance social network analysis of discussion
forums. Wikimedia commons. https://commons.wikimedia.org/wiki/File:Network_visualisatio
n_incorporating_sentiment_analysis_of_the_subreddit_%27skeptic}27_from_Reddit.png

1.5 Contribution : les graphons de probabilités

Dans cette section, nous présentons de maniére synthétique les résultats du Chapitre 3 (qui corres-
pond a la prépublication [ADW23]) : I'introduction et I’étude des graphons de probabilités (en anglais,
“probability-graphons”) qui sont les objets limites pour les suites de grands graphes denses pondérés.

Motivés par les exemples des sections précédentes, nous considérerons les graphons de probabilités
comme des limites possibles des grands graphes pondérés ; ils sont définis comme des applications de [0, 1]?
vers l'espace des mesures de probabilité M;(Z) sur un espace polonais Z muni de sa tribu borélienne
B(Z). Pour un graphe pondéré (possiblement aléatoire) G = (V, E, ¢) dont les poids sont a valeurs dans Z,
on l'identifie avec le M (Z)-graphe G’ = (V, E, ¢’) ou pour toute aréte e € E, le poids ¢(e) est remplacé
par la masse de Dirac ¢'(e) = d4(c) en ce poids (ot J. dénote la masse de Dirac en z € Z). Précisons que
si G est un graphe pondéré aléatoire, alors G’ est un M, (Z)-graphe aléatoire dont chaque décoration
d’aréte est une masse de Dirac en un point qui lui est possiblement aléatoire. La construction du graphon
associé W présentée en Section 1.3.1 s’étend alors naturellement au cas des graphes pondérés et des
M (Z)-graphes (comme nous le verrons en Section 1.5.2).

De plus, les graphons de probabilités permettent de généraliser les modéles de graphes aléatoires
pondérés présentés dans la Section 1.4. A partir d’un graphon de probabilité W, on définit le W-graphe
aléatoire G(n, W) de maniére similaire & la construction présentée en Section 1.3.1. Pour cela, on com-
mence par générer les variables latentes ou types des sommets Xy, .-+, X, selon des lois uniformes sur
I'intervalle [0, 1]. Puis, conditionnellement aux types des sommets X7, - -+, X,,, chaque aréte (i, j) recoit
un poids aléatoire Z; ; indépendamment des autres arétes et distribué selon la mesure de probabilité

Dans cette section, nous allons définir une généralisation de la distance de coupe pour les graphons
de probabilités. Nous verrons que la topologie induite par cette distance caractérise la convergence en
distribution des sous-graphes échantillonnés (G(k, W,,))nen pour tout k& € N* pour les suites de graphons
de probabilité (W, )nen.
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1.5.1 Résumé des résultats et de la littérature proche

Dans le Chapitre 3, nous étudions les propriétés topologiques de ’espace des graphons de probabilités
Wi lorsque Z est un espace polonais général : ’espace W, est un espace topologique polonais et nous
donnons des distances de coupe « naturelles » sur W; qui sont complétes. L’une des principales difficultés
est que l'espace des mesures de probabilité M (Z) peut étre muni de nombreuses distances qui induisent
la topologie de la convergence faible (i.e. la convergence étroite ou convergence en distribution des mesures
de probabilité), chacune d’elles donnant lieu & une distance de coupe différente sur ;. Nous prouvons
que la topologie induite sur W ne dépend pas du choix initial de la distance sur M;(Z), & condition
que cette distance satisfasse certaines conditions générales simples, et en particulier si cette distance est
quasi-convexe (une propriété généralisant la convexité d’une norme). Cependant, nous soulignons que ces
distances de coupe ne sont pas toutes complétes. Nous vérifions également que cette topologie caractérise
la convergence en distribution des sous-graphes échantillonnés avec des poids aléatoires sur les arétes
ou, de maniére équivalente, la convergence des densités d’homomorphismes des sous-graphes décorés
par Cy(Z) (I'espace des fonctions continues bornées de Z dans R). De maniére similaire au cadre des
graphons, nous prouvons la convergence en distribution des grands sous-graphes pondérés échantillonnés
(G(n,W))nen+ & partir d’'un graphon de probabilité W vers ce dernier. Nous fournissons également un
critére de compacité pour étudier la convergence des graphes pondérés vers les graphons de probabilités ;
ce critére est un analogue du critére de tension pour les mesures de probabilités et généralise la condition
de compacité dans [KR11] pour les multi-graphes (i.e. quand Z = N).

Lorsque Z est compact, cette question a été étudiée dans [LS10] et dans [Lovl2, Section 17.1] en
utilisant la convergence des densités d’homomorphismes de sous-graphes décorés avec des fonctions réelles
définies sur Z, voir aussi [KR11]| sur les multi-graphes ot Z = N, mais les propriétés métriques de
I’ensemble des graphons de probabilités W; n’ont été établies que lorsque Z est fini, voir [FOSU16]. Le
travail [KLS22] est une extension de [LS10] ou M (Z) est remplacé par 'espace dual Z d’un espace
de Banach séparable B. La norme introduite sur l'espace des graphons & valeurs dans Z implique la
convergence des densités d’homomorphismes des sous-graphes décorés par B, cependant il n’y a pas
d’équivalence a priori. Comme M (Z) est un sous-ensemble du dual de Cy(Z), cette approche couvre une
partie de notre cadre lorsque Cy,(Z) est séparable, c’est-a-dire, lorsque Z est compact (voir Section 3.2
dans le Chapitre 3).

Concomitamment & notre travail, dans [AD23], les auteurs ont étudié les équations & champ moyen
sur de grands graphes a poids réels modélisant des interactions avec un noyau de probabilité de [0, 1]? vers
M (R), Pensemble des mesures de probabilité sur R, mais ils n’ont pas étudié les propriétés topologiques
de ’ensemble de ces noyaux de probabilité.

En conclusion, nous pensons que le cadre unifié développé ici est facile a utiliser et permettra d’utiliser
les graphons de probabilités pour étudier les grands graphes (aléatoires) pondérés.

1.5.2 Deéfinition des graphons de probabilités

Commengons donc par définir les graphons de probabilités, qui sont un analogue des graphons pour les
graphes pondérés. Pour éviter toute confusion, dans le reste de ce chapitre nous dirons graphons & valeurs
réelles au lieu de graphons. Nous considérons le cas général ou les graphes pondérés prennent leurs poids
d’arétes dans un espace polonais Z (e.g. Z, R ou R?%), ce qui couvre également le cas des graphes décorés,
des multi-graphes (graphes avec éventuellement plusieurs arétes entre deux sommets) pour Z = N, et
des graphes dynamiques (ot les poids des arétes évoluent au fil du temps) pour par exemple Z = RN ou
Z = C([0,1]) (Vespace des fonctions continues de [0, 1] dans R).

Nous définissons un graphon de probabilités comme un noyau de probabilité W : [0,1]2 — M;(Z), ol
M (Z) est espace des mesures de probabilité sur Z.

Définition 1.5.1 (Graphon de probabilités). Un graphon de probabilités est une application W de [0, 1]?
dans M1(Z) telle que :

(i) W est une mesure de probabilité en dz : pour tout (z,y) € [0,1]%, W (z,y;-) est dans M1 (Z).

(i) W est mesurable en (x,y) : pour tout sous-ensemble mesurable A C Z, la fonction (x,y) —
W (z,y; A) définie sur [0,1])? est mesurable.
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Un graphon de probabilités peut étre interprété comme suit : le poids aléatoire z d’une aréte entre
deux sommets de type x et y dans [0, 1] est distribué selon la mesure de probabilité W (z,y;dz). En
particulier, le cas spécial Z = {0,1} permet de retrouver les graphons a valeurs réelles : en effet, tout
graphon & valeurs réelles w : [0,1]% — [0, 1] peut étre représenté comme un graphon de probabilités dont
les valeurs sont des lois de Bernoulli :

W(z,y;-) = w(x,y)o1 + (1 — w(z,y))do,

ou ¢, dénote la masse de Dirac située en z. Mentionnons qu’il est possible de définir les graphons de
probabilités sur un espace de probabilité plus général (2, A, i) que [0, 1] pour les types de sommet, voir
la Remarque 3.3.4 dans le Chapitre 3 pour les détails. Notons que le Point (ii) dans la Définition 1.5.1
est équivalente & la mesurabilité de W en tant qu’application de [0, 1] dans M;(Z) muni de la topologie
faible (i.e. la topologie de la convergence faible), voir la Section 3.2 du Chapitre 3.

Dans le Chapitre 3, nous définissons et étudions également les propriétés des noyauz & valeurs mesures
signées qui sont des fonctions mesurables bornées (en masse totale/norme de variation totale) W :
[0,1]2 — M (Z) dont les valeurs sont des mesures signées (de masse totale finie), mais par soucis de
briéveté, nous nous concentrons principalement sur les graphons de probabilités dans cette introduction.
Notons qu’une des difficultés est que la topologie faible n’est en général pas métrisable sur ’espace des
mesures signées My (Z), voir la Section 3.2 du Chapitre 3.

Comme les graphons de probabilités sont des fonctions mesurables, nous identifions les graphons de
probabilités qui sont égaux pour presque tout (z,y) € [0,1]%, et nous dénotons par W; l'espace des
graphons de probabilités. De plus, comme nous considérons des graphes pondérés non-étiquetés (c’est-a-
dire dont les sommets sont non-ordonnés), nous devons considérer les graphons de probabilités & « ré-
étiquetage » prés : pour une application mesurable préservant la mesure ¢ : [0,1] — [0,1] (application
de ré-étiquetage pour les graphons de probabilités), nous définissons W% (z,y; ) = W(p(z), ¢(y); ) ; nous
disons que deux graphons de probabilités sont faiblement isomorphes s’il existe des applications préservant
la mesure ¢, : [0,1] — [0, 1] telles que U¥(z,y) = W¥(x,y) pour a.e. (z,y) € [0,1]2. Nous dénotons par
17\71 I’espace des graphons de probabilités ot I'on identifie les graphons de probabilités qui sont faiblement
isomorphes.

Comme nous ’avons remarqué dans la section précédente, Nous pouvons toujours supposer que les
graphes pondérés sont des graphes complets en ajoutant toutes les arétes manquantes et en leur attribuant
un poids / décoration 9 qui est un point cimetiére ajouté a Z. Tout graphe pondéré G peut étre représenté
comme un graphon de probabilités W de la maniére suivante : dénotons par n le nombre de sommets
de G et divisons l'intervalle unité [0, 1] en n intervalles Iy, - - - , I, de longueurs égales, alors W est défini
pour (z,y) € I; x I; comme Wg(x,y;-) = dg(;,5), ot ¢(i,j) est le poids sur I'aréte (i, j) dans G. Notons
que les graphes pondérés peuvent étre orientés ou non-orientés; dans le cas des graphes pondérés non-
orientés, leurs objets limites sont des graphons de probabilités symétriques, c’est-a-dire des graphons de
probabilités W tels que W (z,y; ) = W(y, x; ).

1.5.3 La distance de coupe pour les graphons de probabilités et ses différentes
propriétés

Les différents choix pour la distance de coupe

Bien qu’il existe une distance usuelle sur ’ensemble des réels R, ce n’est pas le cas pour les mesures de
probabilité, les mesures ou les mesures signées dotées de la topologie faible. Dans ce chapitre et dans le
Chapitre 3, notons que mesure signifiera toujours mesure positive. (Rappelons qu’en général, la topologie
faible n’est pas métrisable sur les mesures signées, voir la Section 3.2 du Chapitre 3.) Présentons quelques
distances et normes couramment utilisés. Commengons par la distance de Prohorov dp qui peut étre
définie pour deux mesures p,v € M, (Z) par :

dp(p,v) =inf{e > 0:VA € B(Z), p(A) <v(4A%) +e¢ et v(A) < u(A%) +e},
ou A* = {x € Z : Jy € A, do(x,y) < €} (ou dp est une distance induisant la topologie sur Z) est le

e-voisinage ouvert de A. Mentionnons également la norme de Kantorovitch-Rubinstein || - [|[xkr (parfois
également appelée norme de Lipschitz bornée, ou “bounded Lipschitz norm” en anglais) et la norme de

19



1.5. CONTRIBUTION : LES GRAPHONS DE PROBABILITES

Fortet-Mourier || - ||pm définies sur les mesures signées (mais métrisant la topologie faible sur les mesures)
pour p € M4 (Z) par :

lzllkr = sup {/ f dp: f est 1-lipschitzienne et || flc < 1},
z

lez|lent = sup {/ f dp: f est lipschitzienne et || f|loo + Lip(f) < 1},
z

ol || flloo = SUp,ez | f(x)| est la norme infinie et Lip(f) est la plus petite constante L > 0 telle que f est
L-lipschitzienne. Nous appelons suite déterminant la convergence toute suite F = (fi)ren C Cp(Z) telle
que pour toute suite de mesures (i, )nen €t mesure u, si limg, oo fz freduyn, = fz fr du pour tout k£ € N,
alors (pn)nen converge faiblement vers p. Nous utilisons également une norme || - || 7 basée sur une suite
déterminant la convergence F = (fi)ren C Cp(Z) et définie par :

lellm = 27Fu(fi)l-

keN

Voir la Section 3.3.8 du Chapitre 3 pour différentes propriétés et relations de ces distances. Pour m €
{KR,FM, F}, nous notons d, la distance induite par la norme Ny,.

Pour définir un analogue de la norme de coupe pour les graphons de probabilités, nous devons d’abord
choisir une distance dy, qui métrise la topologie faible sur 'espace des mesures de sous-probabilité M<1(Z)
(i.e. des mesures de masse totale au plus 1); nous définissons alors la distance de coupe dp ,, pour les
graphons de probabilités comme :

dom(U, W) = sup dm(U(S x T;-), W (S x T -)),
S, TC[0,1]

ol le supremum est pris sur tous les sous-ensembles mesurables S et T de [0,1], et oa W(S x T;+) =
foT W(z,y;-) dady est une mesure de sous-probabilité et de méme pour U. De plus, si la distance d,
est dérivée d’une norme N,, définie sur 'espace des mesures signées M (Z), alors la distance de coupe
do,m est dérivée de la norme de coupe Ng p, définie sur les noyaux a valeurs mesures signées :

Nowm(W) = sup Nm(W(SxT;-)).
5,7C[0,1]

Dénotons par 71 : (z,y) — x et 7o(x,y) — y les projections sur chacune des deux composantes de
[0,1]? vers [0,1]. Pour un graphon de probabilité W € Wy, un indice i € {1,2} et deux sous-ensembles
mesurables S, T C [0,1]?, on définit :

WT(SxT;-) = W(ri(x,7), 7i(y, s); ) m(dz,dr)r(dy, ds),
SxT

ou l'intégrale est sur (z,7) € S et (y,s) € T. Nous définissons ensuite la distance de coupe non-étiquetée
00,m sur 'espace des graphons de probabilités non-étiquetés W, comme :

60.m (U, W) = mindn ,,(U?, W¥)

P,

= min su dn (U™ (S < T;), W™ (S xT;-)),
TEM S,TC[E,1]2 ( ( ) ( ))

ou pour la premiére égalité le minimum est pris sur 'ensemble des applications mesurables ¢ et ¢
préservant la mesure de [0, 1], et ol pour la second égalité M est I’ensemble des mesures de couplages
entre deux copies de [0, 1] munie de la mesure de Lebesgue, le supremum est pris sur 'ensemble des sous-
ensemble mesurable S, T C [0,1]2. Dans le Chapitre 3, voir la Proposition 3.3.18 pour des expressions
alternatives de 00y, (y compris la preuve que le minimum existe pour la deuxiéme expression) et voir le

Théoréme 3.3.17 qui énonce que 00y, est bien une distance sur VNVL Remarquons que 'indice m permet
de rappeler la dépendance de dg 1, et dgn, par rapport & dp,. Dans la Proposition 3.4.13 du Chapitre 3,
nous prouvons un équivalent du lemme de régularité faible pour les graphons de probabilités.
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1.5. CONTRIBUTION : LES GRAPHONS DE PROBABILITES

L’équivalence des topologies

Nous définissons la notion de distance quasi-convexe, qui généralise la convexité d’une norme.

Définition 1.5.2 (Distance quasi-convexe). Soit (X,d) un espace métrique qui est un sous-ensemble
conveze d’un espace vectoriel. La distance d est quasi-convexe si pour tous T1,T2,y1,y2 € X et pour tout
a € [0,1], nous avons :

dlazy + (1 — a)xg, ays + (1 — a)y2) < max(d(z1,y1), d(x2,y2)).

En particulier, toute distance (sur un sous-ensemble convexe d’un espace vectoriel) qui dérive d’une
norme est quasi-convexe. De plus, les distances que nous avons présentées précédemment sont toutes
quasi-convexes (voir le Lemme 3.3.21 dans le Chapitre 3).

Lemme 1.5.3. Les distances dp, dxg, dry et dx sont toutes quasi-convexes sur My (Z).

Un fait intéressant est que sous certaines conditions sur dy,, (y compris le cas o d, est quasi-convexe),
la topologie induite par la distance de coupe associée d , ne dépend pas du choix particulier de dy,. Le
théoréme suivant est un cas particulier de deux résultats du Chapitre 3, le Théoréme 3.5.5 ainsi que le
Corollaire 3.4.14.

Théoréme 1.5.4. Les distances de coupe 00, o0 dm est une distance quasi-conveze sur M<i(Z)
qui induit la topologie faible, induisent la méme topologie sur l’espace des graphons de probabilités non-
étiquetés Wi .

En particulier, les distances de coupe dg p, dokr, dorMm et 0o 7 induisent la méme topologie sur
I’espace des graphons de probabilités non-étiquetés Ws.

Le critére de tension pour la convergence

Rappelons que Z est un espace polonais. Nous affirmons maintenant que Wl est également polonais
pour la distance 0 » (mais pas toujours pour 0 x!), et nous renvoyons au Théoréme 3.5.10 du Chapitre 3
pour d’autres distances.

Théoréme 1.5.5. L’espace des graphons de probabilités non-étiquetés (Wh do,p) est un espace métrique
polonais.

Nous donnons un analogue du théoréme de Prohorov avec un critére de tension pour les graphons
de probabilités. Nous disons qu'un sous-ensemble de graphons de probabilités K C W, est tendu si
l’ensemble des mesures de probabilité {My : W € K} est tendu (au sens des mesures de probabilité),

ou lapplication W € Wy — My, € M;(Z) est définie par :
My (-) = W([0,1]%-).

Notons que ce critére de tension pour les graphons de probabilités rappelle le critére de tension pour les
mesures aléatoires, voir [Kall7, Theorem 4.10]. Le résultat suivant est une conséquence du Théoréme 3.5.1
et de la Proposition 3.5.2 dans le Chapitre 3 ainsi que du Corollaire 3.4.14 lui aussi dans le Chapitre 3.

Théoréme 1.5.6 (Propriété de compacité). Considérons la topologie sur Wl du Théoréme 1.5.4.
(1) Si une suite d’éléments de Wi est tendue, alors elle admet une sous-suite convergente.
(i) Un sous-ensemble KK C Wi est relativement compact si et seulement si il est tendu.

(iii) Si Z est compact, alors l’espace 17\71 est compact.

En particulier, pour Z = {0, 1} on retrouve la compacité de l'espace des graphons a valeurs réelles
énoncée dans le Théoréme 1.3.1.
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1.5. CONTRIBUTION : LES GRAPHONS DE PROBABILITES

1.5.4 Echantillonnage & partir d’un graphon de probabilités et lien avec la
distance de coupe

Convergence des W-graphes aléatoires

Enfin, nous relions la topologie de la distance de coupe g, avec I’échantillonnage de sous-graphes.
Les graphons de probabilité permettent de définir des modeéles de graphes aléatoires pondérés (le modéle
de W-graphe aléatoire) qui généralisent le modéle a blocs stochastiques pondérés, et qui jouent le role
de sous-graphes échantillonnés pour les graphons de probabilité. Le W-graphe aléatoire (ou sous-graphe
échantillonné a partir de W) de taille k, noté G(k, W), a deux paramétres : un nombre de sommets k et
un graphon de probabilité W pour les poids des arétes. Le graphe aléatoire G(k, W) est défini comme
suit : tout d’abord, soit Xy, -+, Xy k variables aléatoires (les « types des sommets ») indépendants et
uniformément distribués sur [0, 1] ; ensuite, étant donné X7, - - - , Xj, chaque aréte recoit indépendamment
un poids, ou le poids de I'aréte (i, j) est distribué selon W (X;, X;; ).

Nous démontrons également la convergence presque siir des sous-graphes échantillonnés pour la topo-
logie du Théoréme 1.5.4, voir dans le Chapitre 3 le Théoréme 3.6.13 ainsi que le Corollaire 3.5.6.

Théoréme 1.5.7. Soit W un graphon de probabilité. Alors, p.s. la suite des sous-graphes échantillonnés
(G(k,W))ken= converge vers W pour la topologie du Théoréme 1.5.4.

Pour prouver ce théoréme, nous adaptons le schéma de preuve de [Lov12, Sections 10.5 et 10.6] en
nous appuyant sur les premier et second lemmes d’échantillonnage pour les graphons & valeurs réelles. La
preuve est réalisée en utilisant la distance de coupe dg r en raison des bonnes propriétés d’approximation
de || - |l

Les densités d’homomorphisme pour les graphons de probabilités

Rappelons les densités d’homomorphismes pour les graphons & valeurs réelles définies dans la Sec-
tion 1.3.3. Dans le cas des graphes pondérés et des graphons de probabilité, nous devons remplacer I’ab-
sence / présence des arétes (qui est & valeur 0-1) par des fonctions tests de Cy(Z) décorant les arétes de F.
Ainsi, nous définissons la densité d’homomorphisme d’un G-graphe F'9 qui est un graphe fini ' = (V, E)
dont les arétes sont décorées par une famille de fonctions ¢ = (ge)ecr d’un sous-ensemble G C Cy(Z)
(en pratique, nous considérons seulement les cas G = Cy(Z) ou G = F C C,(Z) une suite déterminant la
convergence), dans un graphon de probabilité W comme :

Wy =gy = [T W) T e
0,1
S

i,j)€E i€V

ou W(x,y; f) = [, f(z) W(z,y;dz). De plus, ME, définit une mesure sur ZZ, que nous notons encore
ME,, définie par M (®cepge) = M (g) pour g = (ge)ecr- Notons que lorsque F est le graphe complet
avec k sommets, MVI{} est la mesure jointe de tous les poids des arétes du graphe aléatoire G(k, W), et
caractérise ainsi le graphe aléatoire G(k, W).

Lien entre I’échantillonnage et la distance de coupe

Dans le Lemme 3.7.5 de comptage et le Lemme 3.7.7 de comptage faible du Chapitre 3, nous prouvons
que la norme de coupe ||-||g,# permet de controler les densités d’homomorphismes. Réciproquement, dans
le Lemme 3.7.8 de comptage inverse du Chapitre 3, nous prouvons que la norme de coupe || - ||[g # peut
étre controlée par les densités d’homomorphismes. En particulier, la topologie de la distance de coupe
s’avére étre exactement la topologie de la convergence en distribution pour les sous-graphes échantillonnés
de toute taille donnée ; le résultat suivant est une conséquence directe du Théoréme 3.7.11 du Chapitre 3.

Théoréme 1.5.8A4(Caractérisation de la topologie). Soit (Wy,)nen et W des graphons de probabilité
non-étiquetés de Wy. Les propriétés suivantes sont équivalentes :
(i) (Wp)nen converge vers W pour la topologie du Théoréme 1.5.4.
(#) limy, o0 t(F9, W,,) = t(FI, W) pour tout Cyp(Z)-graphe F9I.
(#3) limy, oo t(F9, W,,) = t(F9, W) pour tout F-graphe F9, pour une suite déterminant la convergence
F donnée.
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1.6. PERSPECTIVES

(iv) Pour tout k > 2, la suite de sous-graphes échantillonnés (G(k,W,,))nen converge en distribution
vers G(k, W).

Nous pouvons maintenant revenir au probléme initial de trouver un objet limite pour une suite conver-
gente de graphes pondérés (G, )nen; ici, convergente signifie que pour tout k > 2, la suite (G(k,G,,) =
G(k,Wg,,))nen des sous-graphes échantillonnés de taille k (définie ci-dessus) converge en distribution (vers
un certain graphe aléatoire limite). Notons que le critére de tension pour une suite de graphons de proba-
bilité (W},)nen peut étre reformulé de maniére équivalente en termes de tension de la suite (G(2, W,))nen
des sous-graphes échantillonnés de taille 2. Ainsi, la convergence en distribution de la suite (G(2, Gp))nen
implique sa tension, et donc la tension de la suite des graphons de probabilité (W, )nen. Ensuite, le
Théoréme 1.5.6 garantit I'existence d’un graphon de probabilité W et d’une sous-suite (Wg,, )nen de la
suite (Wg,, Jnen qui converge pour la distance de coupe d  vers W. Enfin, le Théoréme 1.5.8 garantit
que pour tout k > 2, la suite (G(k, G,,))nen converge en distribution vers G(k, W).

En conséquence, les graphons de probabilité sont exactement les objets limites pour les suites de
graphes pondérés (possiblement aléatoire) (Gp)neny dont le nombre de sommets tend vers linfini et
telle que pour chaque taille k¥ > 2, la suite des sous-graphes échantillonnés (G(k, G,,))nen converge en
distribution. Notons que lorsque le nombre de sommets ne tend pas vers I'infini, la limite est simplement
un graphe pondéré.

Remarque 1.5.9 (Extension aux poids sur les sommets). Le cadre que nous avons développé pour les
graphons de probabilité pourrait facilement étre étendu pour ajouter des poids sur les sommets, ou de
maniére équivalente pour permettre des boucles auto-référantes (i.e. des arétes reliant un sommet a lui-
méme). Dans ce cas, les graphes pondérés et les graphons de probabilité ont un noyau a deux variables
(graphon de probabilité) W¢ pour les poids des arétes comme précédemment, et un noyau a une variable
WY :[0,1] = M1(Z) pour les poids des sommets. Notons que dans ce cas, pour préserver la consistance
de I'information entre les poids des sommets et des arétes, nous choisissons d’utiliser la méme application
préservant la mesure @ : [0,1] — [0, 1] pour les deux noyaux WV et W¢ lors du ré-étiquetage.

1.6 Perspectives

Limites locale et d’échelle de ’arbre couvrant minimal (MST) d’une suite de graphes pon-
dérés aléatoires

Comme mentionné en Section 1.4, récemment, dans [HV23], les auteurs ont étudié la limite du poids
total de I’arbre couvrant minimal (MST') pour une suite de graphes aléatoires pondérés. En suivant ce qui
a été fait pour arbre couvrant uniforme dans [HNT18, ANS24]|, on s’attend a ce que les limites locale
et d’échelle du MST soient directement construites a partir de la limite des graphes aléatoires pondérés,
c’est a dire a partir d’un graphon de probabilités.

Détection de communauté pour le modéle a blocs stochastiques pondérés ou décorés (en
anglais, weighted SBMs et labeled SBMs)

Un probléme trés étudié sur le modéle a blocs stochastiques est I’estimation des communautés, c’est
a dire le fait d’estimer les variables cachés de communauté des sommets, et se divise selon le degré de
parcimonie du graphe en deux cas : détection de communauté (©(n) arétes) et estimation exacte des
communautés (©(nlogn) arétes) ; voir le survey d’Abbe [Abb18] pour plus de détails.

Dans le cas ot les arétes sont pondérées ou décorées, comme mentionné en Section 1.4, le modéle a blocs
stochastiques pondérés ou décorés (en anglais, “weighted SBMs” et “labeled SBMs”) a été étudié dans le
cas symétrique (seulement deux distributions de poids / décorations partagées par toutes les arétes selon
qu’elles soient intra- ou extra-communautaires) pour résoudre le probléme d’estimation des communautés.
Dans le cas d’un espace fini de poids / décorations, le seuil de faisabilité (théorique et algorithmique) a été
exhibé et démontré pour la détection de communauté [LMX15] et l'estimation exacte des communautés
[JL15]. De plus, le nombre de sommets mal-classifiés a été étudié dans le cas de poids réels [XJL20] et
de poids / décorations dans un espace mesurable général [ADL22]. Notons que ces différents résultats
font intervenir un rapport signal-bruit (en anglais, “signal-to-noise” ratio ou SNR) qui repose sur la
divergence de Rényi d’ordre 1/2. Notons que pour deux mesures de probabilité discrétes P = (p;)1<i<n
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et @ = (¢i)i<i<n, la divergence de Rényi d’ordre 1/2 est définie par D, /3(P[|Q) = —2log S PG
(une généralisation de la divergence de Kullback-Leibler et qui est liée a la distance de Hellinger).

Il serait donc intéressant d’étendre les résultats de détection de communauté et d’estimation exacte
des communauté au cas de distributions de poids / décorations sur un espace mesurable quelconque.
Et il serait également intéressant d’étendre tous ces résultats au cas des modéles & blocs stochastiques
pondérés ou décorés non-symétriques.

Estimation de graphons de probabilités a partir de graphes échantillonnés

Dans le cas de ’estimation pour la norme L? des graphons & valeurs réelles & partir de graphes échan-
tillonnés, plusieurs méthodes ont été étudiées sous 'hypothése de régularité que le graphon est hélderien
(possiblement par blocs). (Notons que pour la norme de coupe, [KV19] suggére que le meilleur estimé est
directement le graphe échantillonné.) La méthode d’estimation la plus étudiée [ACC13, WO13, GLZ15,
KTV17, LG24] consiste & approximer le graphon par une fonction étagée, ou de maniére équivalente
par un modéle & bloc stochastique, ceci nécessitant une étape d’estimation des blocs (ou groupes) de
sommets comme dans la détection de communauté. Notons qu’il existe une variante de cette méthode
[BCS15, BCSZ18| pour une estimation privée limitant I'information individuelle révélée sur chaque som-
met. Une autre méthode d’estimation est la méthode spectrale [Chalb, Jial8] consistant a ne garder que
les valeurs propres au dessus d'un certain seuil dans la décomposition en valeurs singuliéres de la matrice
d’adjacence. Voir aussi le récent survey de Gao et Ma [GM21] pour plus de détails sur ces différentes
méthodes et le lien avec la détection de communauté. Il serait également intéressant d’étudier I’estimation
de graphons de probabilités a partir de graphes échantillonnés.
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Chapitre 2

Modéles markoviens cachés indexés par
des arbres

Repartons du probléme de détection de communauté pour le modéle & blocs stochastiques pondérés ou
décorés présenté en ouverture 4 la fin du Chapitre 1. Le lien entre ce probléme et celui de reconstruction sur
les arbres avec des poids ou décorations sur les arétes a été étudié dans [HLM12, LMX15]. Commengons
donc par définir les arbres, et nous reviendrons aprés au probléme de reconstruction sur les arbres et
commenter son lien avec la détection de communauté.

2.1 Une bréve introduction sur les arbres

2.1.1 Définition formelle des arbres

Rappelons que les graphes ont été définis dans la Section 1 du Chapitre 1. On dit qu’un graphe est
connere si pour toute paire de sommets du graphe est reliée par un chemin. On dit qu’un graphe est
acyclique 'l n’existe pas de chemin en cycle dans le graphe. Un arbre est un graphe connexe acyclique.
Pour un graphe connexe (et donc aussi pour un arbre), la distance de graphe entre deux sommets est le
plus petit nombre d’arétes d’un chemin séparant ces deux sommets. Notons que le caractére acyclique
d’un arbre implique que pour toute paire de sommets, il existe un unique chemin de longueur minimale.
Notons également qu'un graphe fini avec n sommets posséde n — 1 arétes.

SR

OO ONNCONCO

FIGURE 2.1 — Exemple d’arbre enraciné planaire. Notons que les feuilles ne sont pas toutes dans la
derniére génération : les sommets 12 et 21 sont des feuilles et sont dans le génération 2.

Un arbre est dit enraciné s’il existe un sommet distingué noté 0 que l'on appelle alors la racine. Un
arbre enraciné T peut étre décomposé en la suite de ses générations : la racine 0 est le seul sommet de la
génération 0, les sommets voisins de la racine forment la génération 1, et plus généralement les sommets a
distance k de la racine forme la génération k. Pour un sommet u € T' de la k-iéme génération, ses voisins
dans la génération k+ 1 sont appelés ses enfants, et si k > 1 (i.e. si u n’est pas la racine) son unique voisin
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2.1. UNE BREVE INTRODUCTION SUR LES ARBRES

dans la génération k — 1 est appelé son parent et est noté p(u). Notons que seule la racine 9 n’a pas de
parent. Des sommets partageant le méme parent sont appelés des sommets fréres. Un sommet qui n’a pas
d’enfants est appelé une feuille. Nous notons h(u) la hauteur du sommet u € T, c’est-a-dire sa distance
a la racine §. Un arbre enraciné T est dit ordonné ou planaire si les enfants de chaque sommet sont
munis d’un ordre. Par exemple, pour un sommet u € T ayant d enfants, cela signifie que les enfants de u
sont ordonnés en une suite ug,- - - ,uq. Dans la Figure 2.1, nous présentons un exemple d’arbre enraciné
planaire. Un autre exemple d’arbre enraciné planaire que nous reverrons par la suite est I’arbre binaire
complet infini ot chaque sommet a exactement deux enfants, voir la Figure 2.2.

R z

FIGURE 2.2 — L’arbre binaire complet est un exemple d’arbre enraciné planaire infini ol tous les sommets
ont exactement deux enfants.

Pour tout k € N et w € T de hauteur h(u) > k, on note p*(u) € T le k-iéme ancétre de u qui est
obtenu en appliquant k fois successivement la fonction parent p en partant de u ; de plus, u est appelé un
descendant de p*(u). Pour un sommet u € T, on note T'(u) le sous-arbre de T enraciné en u et composé des
descendants de u. Pour deux sommets u,v € T', on note uAv le sommet de T qui est I’ancétre commun le
plus récent (en anglais, “most recent common ancestor”), ou plus simplement par abus I'ancétre commaun,
de u et v. Notons que la distance de graphe d sur T entre deux sommets u et v, qui est le nombre d’arétes
de (P'unique) plus court chemin de u & v, peut s’écrire d(u,v) = h(u) + h(v) — 2h(u A v). Pour un arbre
enraciné T', on note G, la n-iéme génération de I'arbre T et 1), = U}}_,G}, l'arbre T' jusqu’a la génération
n incluse. Si cet arbre T est fini, on appelle sa hauteur le numéro de la derniére génération non vide,
c’est-a-dire le maximum de h(u) pour u € T. Pour une suite z = (x,,u € T') indexés par T', par simplicité,
pour tout sous-ensemble A C T' (possiblement infini), nous notons x4 = (z,,u € A).

Dans cette thése, nous ne considérons que des arbres ot chaque sommet a un nombre au plus dé-
nombrable d’enfants (et méme le plus souvent un nombre fini). Dans ce cas, tout sommet « d’un arbre
enraciné planaire T' peut étre décrit de maniére unique par la notation de Neveu [Nev86] qui encode le
chemin de la racine 0 jusqu’a u. Nous définissons la notation de Neveu de maniére récursive : un sommet
u € T de hauteur n > 1 est encodé par la suite d’entiers (u(;)1<i<n € (N*)" si u est le u(,)-iéme enfants
de sont parent p(u) et que p(u) est encodé par (u(;))1<i<n—1; la représentation de la racine 0 est la suite
vide unique élément de (N*)°. Ainsi, si un sommet u € T de hauteur n est encodé par (u(i))1<i<n, alors
pour suivre le chemin de 9 vers u : on part de ug = 9, puis a 'étape i € {1,--- ,n} on avance du sommet
courant u;_1 vers son u;)-iéme enfant u;, et a la fin de I’étape n on arrive & u, = u. Notons que dans les
Figures 2.1 et 2.2, les sommets sont étiquetés par leur notation de Neveu.

Définissons ’arbre d’Ulam-Harris-Neveu T* = U,,en(N*)™ qui est 'ensemble des suites de longueur
fini a valeurs dans N*. La racine 0 de T° est I'unique sommet de (N*)°. Pour tout sommet u = (u(;))1<i<n
de T°°, sont sommet parent est p(u) = (u(;))i<i<n—1. L’arbre d’Ulam-Harris-Neveu T est donc un
arbre enraciné planaire infini. Notons que T posséde un nombre dénombrable de sommets. En utilisant
la notation de Neveu, tout arbre enraciné planaire peut donc étre vu comme un sous-arbre de l'arbre
d’Ulam-Harris-Neveu T partageant la méme racine 0.
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2.1.2 L’arbre de Bienaymé-Galton-Watson

Nous allons maintenant introduire un modéle d’arbre aléatoire trés connu et étudié : I'arbre de
Bienaymé-Galton-Watson. Cet arbre aléatoire permet de représenter la généalogie du processus intro-
duit par Bienaymé [Bie45] en 1845 puis indépendamment par Galton et Watson [GW74] en 1874 pour
étudier la disparition des noms de familles nobles. Voir [Ken75, Bacll]| pour des informations historiques
sur le processus de Bienaymé-Galton-Watson. Le processus de Bienaymé-Galton-Watson fait partie de la
famille des processus de branchement qui servent entre autre & modéliser I’évolution de populations et ont
de nombreuses applications en biologie, voir [HIJV07, KA15]. Pour les principaux résultats de la théorie
des processus de branchement, voir [Har63, ANT72].

Soit p = (pn)nen une distribution de probabilité sur N qui est la distribution du nombre d’enfants d’un
individu de la population. Soit (£, )yeT une famille de variables aléatoires indépendante et identiquement
distribué de loi p. L’arbre aléatoire de Bienaymé-Galton-Watson T' de loi de reproduction p est un sous-
arbre aléatoire de T°° définie de maniére récursive comme suit. La racine 0 est dans 7', puis pour tout
uweT et tout j € {1,...,&} onawuj €T, avec la convention {1,---,&,} =0 si &, =0.

On note |A| le cardinal d’un ensemble fini A. Rappelons que l'on dénote G,, la n-iéme génération
de larbre T'. Le processus de Bienaymé-Galton-Watson de loi de reproduction p est alors définie par
Zn = |Gy| pour tout n € N. Soit (£n7i)neN7i6N* une famille de variables aléatoires indépendante et
identiquement distribué de loi p. Le processus (Z,)nen @ méme loi que le processus (Zn)neN défini de
maniére récursive par :

Zn
ZO = 1, et Zn+1 = anz
i=1

Supposons que p; < 1 pour éviter le cas trivial. On dit que le processus de Bienaymé-Galton-Watson
est sous-critique (resp. critique, resp. sur-critique) si le nombre moyen d’enfants par individu m :=
> ren B pr satisfait m < 1 (resp. m = 1, resp. m > 1). Un résultat célebre est que la population de
Parbre de Bienaymé-Galton-Watson s’éteint presque stirement en temps fini (i.e. T est fini) dans les cas
sous-critique et critique, mais survit (i.e. T est infini) avec probabilité positive dans le cas sur-critique,
voir [Har63, Chapitre 1] ou [AN72, Section I.A].

2.1.3 De la détection de communauté avec poids au probléme de reconstruc-
tion sur les arbres

Revenons désormais au probléme de reconstruction sur les arbres avec poids sur les arétes et a son
lien avec la détection de communauté pour les modéles & blocs stochastiques pondérés.

Dans le probléme de reconstruction sur un arbre enraciné (sans poids sur les arétes), on diffuse un bit
d’information de la racine vers les feuilles de ’arbre, et & partir de I'information regue par les feuilles on
cherche a estimer le bit envoyé par la racine. Plus formellement pour € € (0, 1) et T un arbre enraciné, on
deéfinit un processus (X,,u € T) indexé par 'arbre T' a valeurs dans {0, 1} ou Xp est distribué selon une
loi de Bernoulli de paramétre 1/2 et X, = X,,(,) avec probabilité 1 —& pour tout v € 7'\ {9}. Rappelons
que G, désigne la n-iéme génération de 'arbre T" et T}, = Up_,Gj, I'arbre T jusqu’a la n-iéme génération
(incluse). L’objectif est d’estimer Xy a partir de X¢, = (X, : u € Gp).

Soient u et v deux mesures de probabilités. Dans le probléme de reconstruction sur un arbre enraciné
avec poids sur les arétes, en plus de X, , on observe pour chaque sommet u € T, \ {9} un poids aléatoire
Yo(u),u sur laréte (p(u),u) qui est indépendant des autres arétes conditionnellement a (Xp (), Xu), et
est distribué selon p si X,y = X, et selon v sinon. L’objectif est alors d’estimer Xy a partir de
Xg, et de Y1, := (Ypw)u,u € Tn \ {0}}. Dans ce contexte, la reconstruction est dite faisable si
lim, o E[[E[Xs | Xc,., Y1,,] — 1/2]] > 0, et infaisable sinon. Dans [HLM12]|, les auteurs exhibent un
rapport signal-bruit (SNR ou “signal-to-noise ratio” en anglais) 7 pour lequel la détection est faisable
pour 7 > 1 et infaisable pour 7 < 1, voir [HLM12, Théoréme 3]. Dans le cas sans poids sur les arétes (ou
pour p = v, ce qui fait que les poids n’apportent aucun information) et ot chaque sommet de 'arbre a
D enfants, ce rapport signal-bruit s’écrit 7 = D(1 — 2¢)? et est le fameux seuil de Kesten-Stigum [KS66],
voir aussi [BRZ95, EKPS00].

Considérons le probléme de détection de communauté sur le modéle a blocs stochastiques pondérés
avec n sommets, deux communautés de méme taille, une probabilité de présence d’aréte a/n (resp. b/n)
et une distribution p (resp. v) pour le poids de I'aréte (si celle-ci est présente) entre deux sommets au sein
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d’une méme communauté (resp. de deux communautés différentes). Pour ce modéle a blocs stochastiques
pondérés, notons H,, le graphe aléatoire, (Xu, u € H,) les variables aléatoires donnant les numéros de
communauté des sommets, et (?u,v, E(H,)) les poids aléatoires des arétes. Le lien entre les problémes
de reconstruction sur l'arbre et de détection de communauté et le fait qu’il partage le méme seuil est du
au fait suivant, voir [LMX15, preuve du Théoréme 5] dans le cas pondéré et [Abb18, Section 4] dans le
cas non-pondéré. Pour un sommet u de H,, (choisit aléatoirement ou non), le voisinage de u jusqu’a une
distance O(logn) peut étre couplé avec probabilité tendant vers 1 avec le processus de diffusion d’un bit
d’information sur un arbre de Bienaymé-Galton-Watson de loi de reproduction la distribution de Poisson
de paramétre (a 4+ b)/2 et avec ¢ = b/(a + b), voir [LMX15, Lemme 3].

Motivé par le lien entre ces deux problémes, et par le fait que le processus ((Xu, Yp(u),u),u € T\ {0})
est un processus markovien caché, dans cette seconde partie de la thése nous allons nous intéresser aux
processus markoviens et markoviens cachés indexés par des arbres (nous définirons ces termes dans les
sections suivantes).

2.2 Chaines de Markov classiques et indexées par des arbres

2.2.1 Chaines de Markov classiques

Commengons par rappeler la définition d’une chaine de Markov classique, c’est-a-dire indexée par N,
introduite par Markov [Mar06, Mar04] en 1906. Pour deux variables aléatoires X et Y construites sur un
méme espace de probabilité, on note £(X |Y) la loi de X conditionnellement & Y. Un processus aléatoire
(X5 )nen est une chaine de Markov si pour tout n € N, on a :

£(Xn+1 | XO7 e 7Xn) = ‘C(XnJrl ‘ Xn)

Cette relation est appelée propriété de Markov. L’idée est que conditionnellement & 1’état présent, le passé
et le futur du processus sont indépendants. Voir la Figure 2.3 qui illustre les relations de dépendance entre
les variables d’une chaine de Markov.

()~

FIGURE 2.3 — Graphe de dépendance (markovienne) des variables d’une chaine de Markov.

Dans cette thése, nous considérons des chaines de Markov & valeurs dans un espace métrique X muni
de sa tribu borélienne B(X). Nous notons M (X) 'espace des mesures de probabilités sur X et Cp(X)
lespace des fonctions continues bornées de X dans R. Rappelons que M (X) muni de la topologie de
la convergence faible est un espace métrique (voir Section 5 du Chapitre 1). La plupart des chaines de
Markov considérées dans cette thése sont dites homogeénes, c’est-a-dire que pour tout n € N et tout x € &,
nous avons :

£(Xn+1 |Xn = 3;‘) = ,C(Xl ‘Xo = {,C)
Un noyau de transition (de probabilité) @ sur (X,B(X)) est une application mesurable de X dans
M1 (X) muni de la topologie de la convergence faible (et donc de la tribu borélienne associé), c’est-a-dire :
(i) @ est a valeurs mesures de probabilité : pour tout x € X, Q(x;-) est dans M;(X).

(ii) @ est mesurable en x : pour tout ensemble mesurable A € B(X), la fonction = — Q(x; A) définie
sur X est mesurable.

Notons la ressemblance avec les graphons de probabilités, voir la Définition 1.5.1 du Chapitre 1. La loi
d’une chaine de Markov homogéne peut donc étre définie & partir d’'une mesure de probabilité initiale v
pour Xy et d’un noyau de transition @ sur (X, B(X)) pour tout n € N par :

Vf e Cy(x™th, I[‘E[f(XO7 e 7Xn)] = /Xn+1 f(xzo, -+, zn) v(dzg) H Q(xg—_1;dxy),
k=1
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ce que 'on note plus simplement :
n
P(X, € dxg, -+ , X, € dzy,) = v(dao) H (g—1;dag).

Pour les principaux résultats et propriétés sur les chaines de Markov, voir [MT10, DMPS18|.
Mentionnons également qu’une utilisation trés répandues des chaines de Markov est pour I’estimation
via les méthodes de Monte Carlo par chaines de Markov (MCMC ou “Markov Chain Monte Carlo” en
anglais). Les méthodes de Monte Carlo permettent d’estimer I'intégrale d’une fonction intégrable f de R¢
dans R pour d € N* contre une mesure de probabilité ;o sur R? en exploitant la loi des grands nombres :
on échantillonne des variables aléatoires X, ---, X, indépendantes et distribuées selon u, et la loi des
grands nombres (voir par exemple [Kal02, Théoréme 4.23]) nous assure que lorsque n est grand on a :

- Z F0%) ~ B = [ pan (2.1)

Cependant, lorsqu’il n’est pas possible d’échantillonner des variables de loi p (par exemple si cette loi
est absolument continue sous la mesure de Lebesgue avec une densité sous trop cotiteuse a calculer), alors
on peut remplacer la méthode de Monte Carlo par une méthode de Monte Carlo par chaines de Markov :
on échantillonne des variables aléatoires (X, )nen qui forment une chaine de Markov de loi invariante u
dont la loi initiale et le noyau de transition sont plus simples & calculer, et un équivalent de la loi des
grands nombres pour les chaines de Markov nous donne que (2.1) est valable dans ce cas. Pour plus de
détails sur les méthodes de Monte Carlo par chaines de Markov, voir [BGIJM11, LCL13].

2.2.2 Chaines de Markov indexées par des arbres

Les processus de Markov branchants (ou processus markoviens branchants ou chaine de Markov bran-
chante) sont une généralisation des chaines de Markov ou le processus est indexé par un arbre enraciné
au lieu d’étre indexé par N. Ces processus font partie de la famille des processus de branchement qui sont
entre autres trés utilisés pour décrire 1’évolution et la croissance d’une population, voir [HJV07, KA15].
Un processus de Markov branchant X = (X,,u € T) a valeurs dans un espace métrique X est donc un
processus aléatoire indexé par un arbre enraciné T' et vérifiant la propriété de Markov : des sommets fréres
(i-e. qui possédent le méme parent) prennent des valeurs indépendantes conditionnellement a la valeur de
leur sommet parent. La propriété de Markov pour le processus de Markov branchant peut également se
réécrire en faisant intervenir 'ancétre commun u A v de deux sommets u et v de la maniére suivante :

£<Xu ‘szxu/\v) = £(Xu | Xu/\v)~

Rappelons que T'(u) dénote le sous-arbre de T' des descendants du sommet « (u inclus). Pour un sommet
uw € T\ {0}, la propriété de Markov donne également :

[’(Xu | XT\T(u)) = ‘C(Xu | Xp(u))v

et méme mieux :
L X7 @) | Xr\1(w) = LX7(@0) | Xp(u))-

La Figure 2.4 présente le graphe des relations de dépendance des variables d’un processus de Markov
branchant indexé par un arbre binaire complet infini. Notons la ressemblance entre les graphes des
Figures 2.4 et 2.2. En particulier, le graphe de dépendance des variables d’un processus de Markov
branchant indexé par un arbre enraciné est précisément I’arbre indexant le processus. Pour un deuxiéme
exemple, si on considérait un processus de Markov branchant indexé par I’arbre de la Figure 2.1, alors le
graphe de dépendance des variables du processus serait la aussi ’arbre indexant le processus. Une autre
fagon de voir la propriété de Markov pour un processus de Markov branchant X = (X,,u € T) est que
si on conditionne par la valeur de X, pour w € T, alors le processus X devient indépendant entre les
composantes connexes de T'\ {u}, voir la Figure 2.5.

Dans la suite de cette thése, nous considérons uniquement des processus de Markov branchants X =
(Xu,u € T) homogenes, c’est-a-dire tels que pour tout u,v € T'\ {9} et tout z € X, nous avons :

L(Xoy | Xpwy =) = L(Xy | Xp0) = 2).

Plus formellement, on définit processus de Markov branchant (homogeéne) de la maniére suivante.
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FIGURE 2.4 — Graphe de dépendance des variables d’un processus de Markov branchant ou chaine de
Markov indexée par un arbre binaire complet.

FicURE 2.5 — Illustration de la propriété de Markov pour un processus de Markov branchant X =
(Xu,u € T) indexée par un arbre binaire complet 7. En conditionnant par X; (en gris), cela revient a
rendre le processus X indépendant entre les trois composantes connexes de 7'\ {1}, c’est-a-dire Xy (1),
Xr(12) et X\ (respectivement en bleu, vert et rouge) sont indépendants conditionnellement & X.

Définition 2.2.1 (processus de Markov branchant). Un processus stochastique X = (X,,u € T) est
appelé un processus de Markov branchant (homogéne) avec noyau de transition (de probabilité) Q sur
(X,B(X)) et mesure (de probabilité) initiale v sur X si pour tout sous-arbre fini A de T contenant 0, on
a:

P(XA S de‘A) = U(dxa) HuGA\{B}Q(xp(u); dl‘u).

Sans perte de généralité, comme T est un sous-arbre de l'arbre d’Ulam-Harris-Neveu T, on peut
toujours construire le processus de Markov branchant X = (X, u € T*) indexé par T puis le restreindre
a T. Ceci permet de considérer le cas ot I'arbre enraciné T' est un arbre aléatoire ne dépendant pas du
processus X = (X,,u € T*) (par exemple si T est un arbre de Bienaymé-Galton-Watson défini en
Section 2.1.2).

Les théorémes limites, tels que la loi des grands nombres (parfois également appelée théoréme er-
godique dans les contextes markoviens), sont des outils importants pour étudier les propriétés d’une
population, telles que la distribution des traits. La loi des grands nombres pour les processus de Markov
branchants a été étudiée pour des valeurs a la fois discrétes et générales [AK98a, AK98b]. Pour étudier le
vieillissement cellulaire, une version plus générale de la loi forte des grands nombres pour une classe plus
large de fonctions test et pour des cellules filles non indépendantes a été prouvée dans [Guy07], voir aussi
[DM10] pour une extension aux arbres de Bienaymeé-Galton-Watson de degré borné et [Ban19] pour une
extension & un environnement variable dans le temps et & une distribution de descendance dépendant des
traits. Dans le Chapitre 4 (qui correspond a la prépublication [Wei24b]), nous présentons un théoréme
ergodique pour une large classe de fonctions test comme dans [Guy07], et pour des processus de Markov
branchants otu la reproduction est indépendante des traits individuels mais ou ’arbre généalogique de la
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population peut avoir une forme arbitraire (nous résumons ces résultats en Section 2.4.1).

2.3 Modéles markoviens cachés classiques et indexés par des arbres

2.3.1 Modéles markoviens cachés classiques
Définition des Modéles markoviens cachés classiques

Un modéle markovien caché (HMM ou “hidden Markov model” en anglais) ou chaine de Markov cachée
(HMC ou “hidden Markov chain” en anglais) est composé d’un processus caché et d’un processus observé.
Le processus caché est une chaine de Markov (classique) X = (X,,)nen. Notons que le processus caché est
parfois appelé processus latent dans la littérature. Conditionnellement au processus caché X, le processus
observé Y = (Y,,)nen, est composé de variables aléatoires indépendantes Y;, qui ne dépendent que de X,
pour tout n € N, c’est-a-dire :

VneN,  LY,|X)=L(Y,|Xn).

Voir la Figure 2.6 qui illustre les relations de dépendance entre les variables d’'une chaine de Markov
cachée. Les HMMs ont été introduits pour la premiére fois par Baum et Petrie dans [BP66] et ont été
popularisés par le tutoriel de Rabiner [Rab89]. Depuis lors, les HMMs ont été utilisés dans une grande
variété d’applications telles que la reconnaissance vocale [YD15], la bio-informatique [Kos01], la finance
[ME14], et I'analyse de séries temporelles [ZM09] ; voir aussi [BFA22] pour une référence plus globale sur
les applications des HMMs.

5 b oD

FIGURE 2.6 — Graphe de dépendance des variables d’une chaine de Markov cachée. Les variables observées
sont représentées dans des carrés, et les variables cachées dans des cercles.

Dans cette thése, nous considérons le cas ol les processus cachés et observés sont & valeurs dans des
espaces métriques généraux X et Y, respectivement. Tous les HMMs (X,Y) que nous considérons dans
cette thése sont dits homogénes (et nous ne le préciserons donc plus), c’est-a-dire que le processus caché
X est une chaine de Markov homogéne et que pour tout n € N et tout x € X', nous avons :

LYy | Xy =) = L(Yy | Xo = 2).

Pour toute suite (xy)nen, par simplicité, on note x;.; = (T, )i<n<; pour ¢ < j. La loi d’'un HMM peut
donc étre définie a partir d’'une mesure (de probabilité) initiale v pour Xy, d’un noyau de transition @
sur (X, B(X)) et d'un noyau de transition G sur (X, B())) pour tout n € N par :

n n
P(Xo:n € dzom, Yo € dyoin) = v(dzo) H (wp—1;dak) [ [ Gla; dyg).
k=1 k=0
Pour les principaux résultats et propriétés sur les HMMs, voir [CMRO5].

Estimation par maximum de vraisemblance pour les HMMs

Dans cette thése, nous nous intéressons au cas ou la loi du HMM fait partie d’une famille de loi
dépendant d’un parameétre 6, c’est-a-dire que la mesure initiale vy et les noyaux de transition Qg et Gy
dépendent du paramétre 6. Par exemple, si I’espace des états cachés X est fini et que Y,, conditionné a
X, est une variable aléatoire gaussienne pour chaque n € N, alors € pourrait paramétrer la matrice de
transition du processus caché ainsi que la moyenne et la variance de la distribution gaussienne associée &
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chaque état caché. Nous notons © ’ensemble des parameétres 6 possibles que nous supposons étre un sous-
espace compact de R? avec d € N*. L’objectif est alors d’estimer le vrai paramétre §* du HMM a partir de
I’observation seule des variables Yj.,, pour n € N. Pour ce faire, une méthode trés répandue est d’utiliser
le principe d’estimation par mazimum de vraisemblance introduit par Fisher [Fis22, Fis92] en 1922 et qui
consiste & choisir un ou le paramétre # maximisant la vraisemblance des données observées, c’est-a-dire la
probabilité ou la densité de probabilité contre une mesure de référence (commune a tous les parameétres
dans ©) sous ce paramétre 6 des données observées. Pour des détails historiques sur l'estimation par
maximum de vraisemblance, voir [Ald97]. Supposons que les noyaux de transition Gy admettent une
densité gg par rapport & une mesure de référence commune g, ¢’est-a-dire que gy est une fonction mesurable
de X x Y dans Ry telle que pour tout € X et tout A € B()), on a Gy(z; A) = fy go(z,y) p(dy). Pour
tout n € N, la vraisemblance de données observées yo., € V"' sous la loi de paramétre § € © est alors
définie par :

en(ea yO:n) = IOg/

Xn+1

9o (s yx) ve(dwo) [ [ Qolws—1;day)
k=1

En remplagant yo., par les données observées Yj., et en maximisant la vraisemblance, on peut alors
définir Iestimateur du mazimum de vraisemblance (MLE ou “mazimum likelihood estimator” en anglais)

0., qui est une variable aléatoire dépendant de Yj.,,, par :

Or = 0,,(Youn) € argmaxgee ln(0; Youn)- (2.2)

Notons que sous certaines conditions de régularité du modéle (par exemple si la vraisemblance est une
fonction continue de #), le maximum est atteint est ’ensemble argmax est bien non vide. Notons égale-
ment que I'ensemble argmax dans (2.2) n’est pas nécessairement unique, auquel cas nous sélectionnons
un parameétre 6 de ’ensemble des argmax de maniére mesurable (ce qui est possible, voir [BS96, Propo-
sition 7.33]).

En pratique, I'estimation du maximum de vraisemblance pour les HMMs s’appuie souvent sur des
méthodes numériques itératives pour approcher le MLE. Ces méthodes sont souvent basées sur ’algo-
rithme d’espérance-mazimisation (EM ou “ezpectation-mazimization” en anglais) qui est un algorithme
pour les modeles avec des données manquantes et a été popularisé par Dempster et al. [DLR77] dans
un article pionnier. Pour les HMMs avec un espace d’états cachés fini, la premiére présentation d’une
stratégie compléte d’espérance-maximisation est due a Baum et al. [BPSW70], et est le bien connu al-
gorithme “forward-backward” ou algorithme de Baum-Welch. Le cas plus complexe des HMMs avec un
espace d’états cachés continu a été étudié plus tard dans les années 1990 en utilisant des méthodes ba-
sées sur des simulations de Monte Carlo par chaines de Markov, voir [DJS95, CL95, DK97, KSC98].
Pour plus de détails sur les algorithmes d’espérance-maximisation et “forward-backward” ainsi que leurs
approximations stochastiques, voir [CMR05, Chapitres 10 et 11].

Propriétés asymptotique du MLE pour les HMMs

Deux propriétés statistiques importantes du MLE & étudier sont la consistance forte et la normalité
asymptotique. On dit que le MLE 0,, est fortement consistant si presque stirement il converge vers le vrai
paramétre #*. On dit que le MLE 0, est asymptotiquement normal si \/ﬁ(én — 0*) a des fluctuations
normales, c’est-a-dire si on a la convergence en distribution suivante :

Vi, — 07 5 N0, M),
n—oo
ot M (0, M) est une distribution gaussienne centré de matrice de covariance M et ou M est généralement
I'inverse de la matrice d’information de Fisher du modéle.

Les propriétés statistiques du MLE pour les HMMs ont été étudiées pour la premiére fois dans [BP66],
qui a prouvé la consistance et la normalité asymptotique dans le cas ot les processus cachés et observés ne
peuvent prendre qu’'un nombre fini de valeurs. Ces résultats ont ensuite été successivement étendus dans
une série d’articles [Ler92, BRR98, JP99, LGMO00, DMO01]. Une extension de ces résultats pour les HMMs
avec auto-régression (c’est-a-dire, lorsque conditionnellement & la chaine de Markov cachée, le processus
observé est une chaine de Markov d’ordre s inhomogéne pour un certain s € N) a été développée plus
tard dans [DMRO4], qui a prouvé, sous des hypothéses plus faibles, la consistance forte et la normalité
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asymptotique du MLE pour les HMMs auto-régressifs avec un espace d’états cachés compact et avec un
régime éventuellement non stationnaire. Les méthodes utilisées dans [DMRO04] reposent sur I’expression
du logarithme de la vraisemblance comme une fonction additive d’une chaine de Markov étendue avec
un passé infini, grace a la stationnarité, et en utilisant ’ergodicité géométrique de cette chaine étendue
(Pextension au régime non stationnaire est ensuite faite séparément). La méthode de [DMRO04]| a été
adaptée dans [KS19] sous des hypothéses similaires pour permettre aux densités de transition du processus
caché de prendre des valeurs nulles. Depuis I'article [DMRO04], la consistance forte du MLE a été prouvée
sous des hypotheéses plus faibles dans [GL06, DMOVH11, DRS16|, mais aucune généralisation n’a été
faite pour la normalité asymptotique du MLE.

2.3.2 Modéles markoviens cachés indexés par des arbres

Un modéle markovien caché indexé par un arbre ou chaine de Markov branchante cachée (en an-
glais, hidden Markov tree ou HMT) est une généralisation des chaines de Markov cachées présentées
en Section 2.3.1 dans la cas ou le processus est indexé par un arbre enraciné. Les HMTs ont été in-
troduits pour la premiére fois dans [CNB98| pour prendre en compte la dépendance multi-échelle des
coefficients d’ondelettes dans le traitement statistique du signal, avec des applications dans le traitement
d’images [RCBKO00, CB01, DWBO08, SH17]. Par la suite, les HMTs ont été utilisés dans plusieurs contextes
d’application tels que le traitement du langage naturel [GOB13, KDM13], la cartographie des inonda-
tions [XJS18|, 'imagerie médicale [MBY 12, HYG17, HBSLLB*17|, la modélisation de la croissance des
plantes [DGCCO05|, et la bio-informatique [OCBT09, BWX13, NSK20].

Le HMT est donc composé d’un processus caché et d’un processus observé. Le processus caché X =
(Xy,u € T) est un processus de Markov branchant indexé par un arbre enraciné 7' & valeurs dans un
espace métrique X, comme défini en Section 2.2.2. Conditionnellement au processus caché X, le processus
observé Y = (Y,,,u € T'), a valeurs dans un autre espace métrique ), est composé de variables aléatoires
indépendantes Y, qui ne dépendent que de X, pour tout u € T, c’est-a-dire :

VueT,  L(Y,|X)=L(Y,]|X,).

La Figure 2.7 présente le graphe des relations de dépendance des variables d’'un processus de Markov
branchant indexé par un arbre binaire complet infini.

OSE
Y1 e Ys

FIGURE 2.7 — Graphe de dépendance des variables d’une chaine de Markov cachée indexée par un arbre
binaire complet. Les variables observées sont représentées dans des carrés, et les variables cachées dans
des cercles.

Notons que les graphes de dépendance des Figures 2.6 et 2.7 montrent que les HMMs et les HMTs
peuvent étre vu comme des processus de Markov branchants (comparer ces deux figures avec la Figure 2.4)
en considérant chaque sommet associé & une variable observée Y,, (resp. Y;,) comme un enfant du sommet
associé a sa variable cachée correspondante X, (resp. X,,). Ce fait permet de mieux comprendre comment
exploiter la propriété de Markov pour le HMT. Par exemple, la propriété de Markov pour le HMT implique
que pour tout k € N*, tout u € T de hauteur h(u) < k, et tout sous-ensemble A C T, on a :

E(Xu | YA, ka(u)) = ﬁ(Xu | YAﬁT(pkfl(u))a ka(u)), (23)
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résultat que nous réutiliserons dans le Chapitre 5. Voir la Figure 2.8 qui illustre I'utilisation de la propriété
de Markov du HMT et permet d’obtenir (2.3), et notons la ressemblance de cette figure avec la Figure 2.5
qui illustre la propriété de Markov pour le processus de Markov branchant.

FIGURE 2.8 — Illustration de la propriété de Markov pour un HMT (X,Y) = ((X,,Y.),u € T) indexée
par un arbre binaire complet 7. En conditionnant sur X; (en gris), cela revient a rendre le processus
(X,Y) indépendant entre les quatre composantes connexes de ’arbre de dépendance de la Figure 2.7 privé
du sommet X; c’est-a-dire Y1, (Xpa1), Yran)), (Xraz), Yraz)) et (Xo\ra), Yr\ra)) (respectivement en
jaune, bleu, vert et rouge) sont indépendants.

Comme dans le cas des HMMs, tous les HMTs (X, Y") que nous considérons dans cette thése sont dits
homogénes (et nous ne le préciserons donc plus), c’est-a~dire que le processus caché X est une processus
de Markov branchant homogeéne et que pour tout n € N et tout x € X, nous avons :

LYy | Xp =) = L(Ys| Xo = 2).

Dans cette thése, nous considérons le cas ou les processus cachés et observés sont & valeurs dans des
espaces métriques généraux X et ), respectivement.

Définition 2.3.1 (processus de Markov caché branchant ou HMT). Un processus stochastique (X,Y) =
((Xu,Y,),u €T) est appelé un processus de Markov caché branchant (homogene) avec noyau de transi-
tions (de probabilité) Q sur (X,B(X)) et G sur (X,B())) et mesure (de probabilité) initiale v sur X si
pour tout sous-arbre fini A de T contenant 0, on a :

P(X4 €dwa,Ya €dya) =v(dze) [[ Q@pwide) [ Glaus dyw).
ueA\{0} u€A

Dans le Chapitre 5 (qui correspond & la prépublication [Wei24al), nous adaptons la méthode de
preuve de [DMRO4] pour prouver la consistance forte et la normalité asymptotique du MLE dans le
cas des HMTs (voir la Section 2.4.2 pour un résumé de ces résultats). Notons que pour ’approximation
numérique du MLE pour les HMTs, I'algorithme “forward-backward” doit étre remplacé par 'algorithme
“upward-downward” développé dans [CNB98]. Voir aussi [DGGO04] pour des formules récursives “upward-
downward” alternatives qui peuvent gérer les problémes de soupassement arithmétique (“underflow” en
anglais) de maniére implicite.

2.4 Contributions

Dans la Section 2.4.1, nous présentons de maniére synthétique les résultats du Chapitres 3 (qui cor-
respond & la prépublication [Wei24b]) : un théoréme ergodique pour les processus de Markov branchants
indexés par des arbres de formes arbitraires ainsi que I’étude de la forme d’arbre minimisant la variance
de lestimateur de moyenne empirique. Dans la Section 2.4.2, nous présentons de maniére synthétique les
résultats du Chapitres 4 (qui correspond & la prépublication [Wei24a]) : la consistance forte et la nor-
malité asymptotique de ’estimateur du maximum de vraisemblance pour des modéles markoviens cachés
indexés par des arbres binaires.
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2.4.1 Contribution : Théoréme ergodique pour les chaines de Markov bran-
chantes indexées par des arbres de formes arbitraires

Pour simplifier, dans cette introduction, nous nous restreignons au cas ol le noyau de transition ( du
processus de Markov branchant X est ergodique (resp. uniformément ergodique), c’est-a-dire que pour
toute fonction continue bornée f sur X, nous avons pour tout € X que lim,_,o |Q" f(z) — (i, f)] =0
(resp. limy, o0 SUp,ex |Q" f(x) — (1, f)| = 0) ot p est 'unique mesure invariante de Q.

Pour un sous-ensemble fini (non vide) A C T et une fonction f sur X, nous définissons la moyenne
empirique normalisée : .

Malf) = > F(Xw).
u€cA
Notre objectif est d’étudier le comportement asymptotique de la moyenne empirique normalisée lorsque
les moyennes sont effectuées sur une suite (A, )nen de sous-ensembles finis de T dont la taille tend vers
Iinfini. Par exemple, I’ensemble A,, peut étre la n-iéme génération G,, d’'un arbre T, ou bien T,,, 'arbre
T jusqu’a la génération n.

Dans ce but, nous avons besoin de certaines hypothéses géométriques sur la suite de sous-ensembles

finis (Ap,)nen, qui stipulent que les sommets sont éloignés les uns des autres avec une grande probabilité.

Hypothése 1 (Géométrique). Soit A, C T pour n € N un ensemble fini (non vide), et soit U, et V,
indépendants et uniformément distribués sur A,. En notant d la distance de graphe sur T, pour tout

k € N, nous avons :
1
14,2 > Ljauwzry =2 0.

‘ nluveA,

P(d(UnaVn) < k) =

Soulignons que 'Hypothése 1 implique que lim,,_,~ |4,| = oo.

Ensuite, nous devons soit supposer que @ est uniformément ergodique, soit que @ est ergodique et
que la suite (A, ),en satisfait la condition suivante, stipulant que le dernier ancétre commun de deux
sommets est proche de la racine avec une forte probabilité. Rappelons que on note h(u) la hauteur d’un
sommet u et u A v Pancétre commun de deux sommets u et v (voir Section 1).

Hypothése 2 (Ancestrale). Pour tout n € N, soient U,, et V,, indépendants et uniformément distribués
sur A,. La suite de variables aléatoires (h(U, A V) nen est tendue, c¢’est-a-dire que pour tout € > 0, il
existe k € N tel que P(h(U,, A'V,,) > k) < & pour n suffisamment grand.

Notons que les Hypothéses 1 et 2 sont similaires aux Hypothéses 2.(b) et 2.(a), respectivement,
considérées dans [Banl19| dans le cas ou A,, est la n-iéme génération de 'arbre.

Remarque 2.4.1 (Quelques conditions suffisantes pour les Hypothéses 1 et 2, voir la Section 4.3 du
Chapitre 4). L’Hypotheése 1 est toujours satisfaite pour les arbres de Cayley (i.e. les arbres ou chaque
sommet a exactement D enfants pour D > 2) ainsi que pour les arbres & degré borné (voir le Lemme 4.3.1
du Chapitre 4). Les Hypothéses 1 et 2 sont satisfaites pour les arbres sphériquement symétriques (i.e.
pour tout n € N, tous les sommets de G,, ont le méme nombre d’enfants D,, > 2) lorsque A4,, = G,, (voir le
Lemme 4.3.4 du Chapitre 4). Dans le Lemme 4.3.5 du Chapitre 4, nous prouvons que les Hypothéses 1 et 2
sont satisfaites pour les arbres de Bienaymé-Galton-Watson sur-critiques conditionnés a la non-extinction
lorsque A4,, = G, ou T,.

Nous pouvons maintenant formuler le théoréme ergodique pour les processus de Markov branchants
indexés par des arbres de formes arbitraires. Dans la Section 4.2 du Chapitre 4, nous prouvons le Théo-
réme 4.2.2 du Chapitre 4, une version plus générale de ce théoréme.

Théoréme 2.4.2 (Théoréme ergodique pour les processus de Markov branchants indexés par des arbres
de formes arbitraires). Soit (A, )nen une suite de sous-ensembles finis de T qui satisfait I’Hypothése 1.
Soit X un processus de Markov branchant indexé par T a valeurs dans X dont le noyau de transi-
tion Q est ergodique. Supposons de plus que soit QQ est uniformément ergodique, soit (Ap)nen Ssatisfait
UHypothése 2. Alors, pour toute fonction continue bornée f € Cp(X) sur X, nous avons :

Ma, (f) = o 3 F(X0) 5 (),

‘A’ll| ueA,n n—oo
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Remarque 2.4.3. Nous discutons la principale différence entre le Théoréme 2.4.2 et la loi des grands
nombres pour les processus de Markov branchants démontrée dans [Guy07]. Les résultats dans [Guy07]
s’appliquent aux processus de Markov ou les sommets enfants peuvent avoir des distributions non in-
dépendantes lorsqu’on conditionne sur leur sommet parent, tandis que dans notre cas elles doivent étre
indépendantes. En échange, nos résultats permettent une plus grande flexibilité sur la forme de I'arbre
généalogique de la population : par exemple, plus de flexibilité sur le nombre d’enfants de chaque nceud
(y compris les arbres de Bienaymé-Galton-Watson avec un degré non borné), ou méme permettre au
nombre d’enfants d’'un nceud d’augmenter avec le temps (e.g. le degré de la racine peut croitre comme
logn avec |A,| = n, i.e. une condensation lente). De plus, dans nos résultats, la moyenne empirique
peut étre effectuée sur une grande variété de sous-ensembles de l'arbre, et pas seulement sur la n-iéme
génération.

Enfin, motivés par des considérations sur les méthodes de Monte-Carlo par chaines de Markov, nous
étudions dans la Section 4.4 du Chapitre 4 la variance de I'estimateur de moyenne empirique M (f) et sa
dépendance par rapport & la forme de A. Nous effectuons un calcul exact de la variance dans le cas ou le
noyau de transition @) induit un opérateur compact auto-adjoint sur L?(u), ce qui prouve la proposition
suivante concernant une comparaison de variances non-asymptotique.

Proposition 2.4.4 (Le graphe ligne a une variance minimale). Soit p une mesure invariante pour Q, et
supposons que le noyau de transition Q induit un opérateur compact auto-adjoint sur L*(n). Soit X un
processus de Markov branchant sur T avec un noyau de transition @ et une distribution initiale v = p.
Soit f une fonction non-constante dans L*(p).

Nous avons que E []\ZTA(f)] = (u, f) pour tout sous-ensemble fini A C T, et ainsi Uestimateur de
moyenne empiriqgue n'a pas de biais. De plus, le minimum de Uapplication A — Var(Ma(f)) parmi les
sous-arbres de T de cardinal donné est atteint par le graphe ligne (i.e. la chaine de Markov).

Remarquons que, comme @ est un noyau de transition (de probabilité), son spectre en tant qu’opé-
rateur sur L?(1) est un sous-ensemble de [—1, 1]. De plus, notons que lorsque f € Ker(Q) @ Ker(Q — I),
alors la valeur de Var(Mz(f)) ne dépend pas de la forme de I'arbre 7. Nous prouvons également que
lorsque f € Ker(Q + I), alors la valeur de Var(Mz(f)) est minimale parmi les sous-arbres de taille n
lorsque T a une 2-coloration bipartite équilibrée, et pour n > 5, le graphe ligne n’est pas le seul arbre
avec une 2-coloration bipartite équilibrée.

Remarque 2.4.5. Dans la Proposition 4.1.4 du Chapitre 4 nous montrons également sous les hypothéses
de la Proposition 2.4.4 le fait suivant : lorsque n > 5, le graphe ligne est le seul sous-arbre de taille n
atteignant le minimum de 'application A — Var(Ma(f)) si et seulement si f & Ker(Q) @ Ker(Q — I) @
Ker(Q + I).

Ainsi, si l'on veut approximer (u, f), utiliser une chaine de Markov branchante n’améliore pas le taux
de convergence par rapport & une chaine de Markov classique.

2.4.2 Contribution : Propriétés asymptotiques de ’estimateur de maximum
de vraisemblance pour les modéles markoviens cachés indexés par les
arbres binaires

Dans cette section et dans le Chapitre 5, les modéles markoviens cachés (défini en Section 2.3.2) sont
tous indexés par I'arbre enraciné binaire complet infini que nous notons 7.

Considérons un processus HMT dont la distribution est décrite par un paramétre qui est un vecteur
0, c’est-a-dire que le noyau de transition @)y entre les variables cachées et le noyau de transition Gy des
variables cachées aux variables observées dépendent tous deux de 6. Notre objectif est d’estimer le vrai
paramétre 6* du processus HMT parmi un ensemble compact de paramétres possibles © C R¢, pour
un certain entier d, en utilisant uniquement la connaissance du processus observé Y sur n générations
de ’arbre. Notons que, comme nos hypothéses a venir impliquent des propriétés de perte de mémoire
exponentielle uniforme pour la distribution initiale, nous ne pouvons pas essayer d’estimer la distribution
initiale. Ainsi, nous supposons que la distribution de la variable cachée de la racine Xy est une mesure
inconnue ¢ qui ne dépend pas de 6. Notons par Py« ¢ la distribution de probabilité du HMT sous le vrai
paramétre 6* lorsque la distribution initiale inconnue de Xy est . Quand ¢ est 'unique mesure invariante
de Qg (i.e. dans le cas stationaire), nous notons Py« a la place de Py« ¢.
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Pour estimer le vrai paramétre 6* du HMT, nous utilisons I’estimateur du maximum de vraisemblance
(MLE). Nous travaillons avec la vraisemblance conditionnée a ’état caché de la racine Xp. La raison est
que le calcul de la distribution stationnaire du processus joint (X,Y’), et donc également de la vraie
vraisemblance, n’est pas calculable dans les applications typiques. Notons que I'idée de conditionner sur
Pétat caché initial a déja été utilisée dans [DMRO4] pour les HMMs avec la méme motivation, et que le
conditionnement sur les observations initiales dans les séries temporelles remonte au moins a [MW43].
Rappelons que T,, dénote 'arbre T jusqu’a la n-iéme génération incluse. Ainsi, pour toute valeur z € X,
nous notons par ¢, ,(6) lalog-vraisemblance sous le parameétre § du processus observé (Y, u € T,,) jusqu’a
la n-iéme génération de l'arbre T' conditionnellement & Xy = a (voir (5.7) a la page 125 du Chapitre 5
pour la définition exacte). Ensuite, pour toute valeur € X, nous définissons le MLE énx comme le
maximiseur de ¢, , sur © (voir (5.33) a la page 135 du Chapitre 5 pour la définition exacte).

Notre objectif est d’étudier les propriétés asymptotiques du MLE. Nous prouvons la consistance forte
et la normalité asymptotique du MLE dans le cas stationnaire respectivement dans les Sections 5.3
et 5.4 du Chapitre 5. Nous étendons ensuite ces résultats au cas non stationnaire dans la Section 5.5 du
Chapitre 5. Dans nos résultats, I’espace des états cachés X et l'espace des états observés ) sont tous
deux des espaces métriques généraux. Nous prouvons nos résultats sous les mémes hypothéses utilisées
que dans [DMRO4] et dans [CMRO05, Chapitre 12| pour les HMMs, avec les hypothéses d’intégrabilité
L' et L? remplacées respectivement par des hypothéses d’intégrabilité L? et L*, pour accommoder les
hypothéses plus fortes nécessaires dans les théorémes ergodiques pour les chaines de Markov branchantes.
Voir la Remarque 2.4.11 ci-dessous pour une discussion sur les principales différences entre le cas des
HMMs tel que dans [DMRO04, CMRO5] et le cas des HMTs que nous développons dans le Chapitre 5.

Nous commengons par énoncer la consistance forte du MLE sous des hypothéses standard pour les
HMMs. Suivant [DMRO04], nous supposons un modéle entiérement doming, c’est-a-dire que les noyaux
de transition Qg et Gy admettent des densités gy et gy par rapport a des mesures communes A et p,
respectivement (voir 'Hypothése 6 dans le Chapitre 5). Nous supposons également (voir I'Hypothése 7
dans le Chapitre 5) :

0<o™ < ian qo(r,2") < sup qo(x,2") <ot < oo, (2.4)

z,x'€ z,x'eX

Cette hypotheése est plutot forte car elle impose une connexion compléte pour ’espace caché, voir [KS19]
pour une extension de la méthode dans [DMRO04]| pour les HMMs ou ¢y peut prendre des valeurs nulles.
Néanmoins, cette hypothése implique les propriétés de pertes de mémoire exponentielles uniformes avec
un taux de mélange p := 1—0~ /o de la distribution initiale conditionnée aux observations (Y,,u € T},).
Les autres hypothéses sont des hypothéses de régularité plus standards pour les densités gy et go (voir
les Hypothéses 7-10 dans le Chapitre 5), et I'identifiabilité du modéle. Nous pouvons maintenant énoncer
la consistance forte du MLE sous ces hypothéses, voir Théorémes 5.3.11 et 5.5.1 du Chapitre 5 pour les
énoncés précis dans les cas stationnaire et non stationnaire, respectivement.

Théoréme 2.4.6 (Consistance forte du MLE). Sous ces hypothéses de modéle entierement dominé dont
les densités vérifient (2.4) et d’autres hypothéses de régularité plus standards, et sous I’hypotheése d’iden-
tifiabilité du modéle, pour tout x € X, le MLE énz est fortement consistant, c’est-a-dire que la suite
(én,m)neN converge Py« ¢-presque siirement vers le vrai paramétre 6* € ©.

Pour prouver la normalité asymptotique du MLE, en plus des hypothéses utilisées dans le Théo-
réme 2.4.6, nous avons besoin d’hypothéses d’existence et de régularité pour le gradient et la hessienne
des densités de transition gy et gy (voir les Hypothéses 11-13 du Chapitre 5). Notons par Z(6*) la matrice
d’information de Fisher limite du modeéle (voir (5.54) a la page 144 du Chapitre 5 pour une définition
précise). La preuve de la normalité asymptotique dans le cas non stationnaire est une extension du cas
stationnaire. La preuve de la normalité asymptotique dans le cas stationnaire suit un argument standard
pour la normalité asymptotique du MLE qui repose sur le Théoréme 2.4.6 et les Théorémes 2.4.7 et 2.4.8
ci-dessous.

Le théoréme suivant, que nous prouvons uniquement dans le cas stationnaire, énonce que le score
normalisé |Tn|_1/ 2Vl .(0*) présente des fluctuations normales asymptotiques avec pour matrice de
covariance Z(6*), voir le Théoréme 5.4.3 du Chapitre 5 pour 1’énoncé précis. Notons que ’hypothése
supplémentaire dans le Théoréme 2.4.7 (qui n’est pas présente dans le cas des HMMs), que p < 1/v/2
pour le taux de mélange p du processus HMT, provient des bornes d’approximation utilisées dans la
preuve de ce théoréme. Voir Remarque 2.4.10 ci-dessous pour une discussion sur cette condition sur p.
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Théoréme 2.4.7 (Normalité asymptotique du score normalisé). Sous les hypothéses du Théoréme 2.4.6,
et des hypothéses d’existence et de régularité du gradient et de la hessienne des densités de transitions
du modele (voir les Hypothéses 11-13 du Chapitre 5), et sous Uhypothése que p < 1/\/5 pour le tauz de
mélange p du processus HMT, dans le cas stationnaire nous avons :

T~/ Vgl . (0%) @, N(0,Z(0*)) sous Py«,

n—oo
ot N(0, M) désigne la distribution gaussienne centrée avec matrice de covariance M.

Le théoréme suivant énonce la convergence locale uniforme Py« ¢-p.s. de I'information observée norma-
liste —|T,| "t V2L, .(6) vers la matrice d’information de Fisher Z(6*), voir les Théorémes 5.4.6 et 5.5.2 du
Chapitre 5 pour les énoncés précis dans les cas stationnaire et non stationnaire, respectivement. Notons
que dans ce théoréme, nous avons besoin de I’hypothése plus forte p < 1/2 pour le taux de mélange p
du processus HMT car nous utilisons des bornes d’approximation plus restrictives dans la preuve de ce
théoréeme que celles utilisées dans la preuve du Théoréeme 2.4.7.

Théoréme 2.4.8 (Convergence de 'information observée normalisée). Sous les hypothéses du Théo-
reme 2.4.7 sur le modéle HMT et sous Uhypothése que p < 1/2 pour le tauz de mélange p du processus
HMT, pour tout x € X, nous avons :

lim lim  sup H—|Tn|71V3€n,z(9) —7(0%)
00n=0 geg . ||0—6+||<s

’ =0 Pg*,g—p.s.

En particulier, en combinant les Théorémes 2.4.6 et 2.4.8, nous obtenons que I'information observée
normalisée —|T,L|_1V§€n7m(én7x) évaluée au MLE én,x est un estimateur fortement consistant de la matrice
d’information de Fisher Z(6*).

Comme annoncé ci-dessus, en suivant un argument standard pour la normalité asymptotique du MLE,
les Théorémes 2.4.6, 2.4.7 et 2.4.8 impliquent le théoréme suivant qui énonce que le MLE présente des
fluctuations normales asymptotiques avec pour matrice de covariance Z(6*)~!. Voir les Théorémes 5.4.7
et 5.5.5 du Chapitre 5 pour les énoncés précis dans les cas stationnaire et non stationnaire, respectivement.

Théoréme 2.4.9 (Normalité asymptotique du MLE). Sous les hypothéses du Théoréeme 2.4.7 sur le
modele HMT que 0* est un point intérieur de O, que la matrice d’information de Fisher Z(0*) est non-
singuliere, et sous U'hypotheése que p < 1/2 pour le taux de mélange p du processus HMT, nous avons la
convergence en distribution suivante :

|Tn|1/2(én—9*) %) N(O,Z(6*)Y)  sous Pg- ¢,

ot N(0, M) désigne la distribution gaussienne centrée avec matrice de covariance M.

Notons que 'argument standard utilisé dans la preuve du Théoréme 2.4.9 implique que nous avons la
convergence jointe en distribution suivante :

(1Tl /2 (6 = 67), 11772 Votna(6)) <% (Z(07) 712G, T(0°)/2 G)  sous Py,

n— o0
ou G est une variable aléatoire gaussienne distribuée selon N'(0, I;) avec I4 la matrice identité de dimension
d x d, et T(0*)'/? est une matrice racine carrée de la matrice Z(6*).

La remarque suivante est une discussion sur les conditions concernant le taux de mélange p du pro-
cessus HMT qui apparait dans les Théorémes 2.4.9, 2.4.7 et 2.4.8.

Remarque 2.4.10 (Sur les conditions sur le taux de mélange p). Notons que dans le théoréme central
limite pour les chaines de Markov branchantes, trois régimes avec des comportements asymptotiques
différents (et des termes de normalisation différents) pour p < 1/v/2, p = 1/v/2 et p > 1/3/2 ont été
observés dans [BPD22al, correspondant & une compétition entre le taux de mélange ergodique p et le
taux de branchement 2 dans arbre binaire T, voir aussi [Ath69, BPDG14, BPD22b]. Cependant, la
condition sur p disparait lorsque 'on considére des incréments de martingales dans le théoréme limite
centrale pour les chaines de Markov branchantes, voir [Guy07, BDSG09, DM10].
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Dans notre cas, la condition p < 1/4/2 sur le taux de mélange p qui apparait dans le Théoréme 2.4.7
est due aux bornes de couplage et au regroupement des termes utilisés dans la preuve du Lemme 5.4.2 du
Chapitre 5 (les bornes majorantes a la fin de la preuve n’ajoutent quun facteur multiplicatif constant).
Le fait de savoir si la convergence dans le Théoréme 2.4.7 est également valable lorsque p > 1/v/2 reste
une question ouverte. Néanmoins, notons que la preuve du Théoréme 2.4.7 repose sur la décomposition du
score Vgl,, .(8) en une somme d’incréments de martingales, ce qui pourrait indiquer qu’une convergence
est possible pour p > 1/\/5

De plus, la condition plus stricte p < 1/2 sur le taux de mélange p qui apparait dans le Théoréme 2.4.8,
et donc dans le Théoréme 2.4.9, est due aux bornes de couplage du Lemme 5.4.16 et au regroupement
des termes utilisés dans la preuve du Lemme 5.4.17 du Chapitre 5 (les bornes supérieures dans le reste
de la preuve n’ajoutent qu’un facteur multiplicatif constant). Le fait de savoir si la convergence dans les
Théorémes 2.4.8 et 2.4.9 est également valable avec p > 1/2 reste une question ouverte. Notons également
que la condition p < 1/2 est utilisée lors de la démonstration de P'extension du Théoréme 2.4.9 au cas
non stationnaire pour construire un couplage entre un processus HMT stationnaire et un processus HMT
non stationnaire, voir le Lemme 5.5.3 du Chapitre 5.

Dans la remarque suivante, nous discutons des principales différences entre le cas des HMMs tel que
dans [DMR04, CMRO5] et le cas des HMTs que nous développons dans le Chapitre 5.

Remarque 2.4.11 (Sur les principales différences avec le cas des HMMs). Dans les cas des HMMs et
des HMTs, ’étude de la log-vraisemblance repose sur sa décomposition en une somme d’incréments, puis
sur ’extension dans le cas stationnaire du « passé » vu par chaque variable. Cependant, alors que le
« passé » étendu ne s’étend que vers 'arriére dans le cas des HMMs, le « passé » étendu dans le cas
des HMT est un sous-arbre qui s’étend également latéralement en raison des topologies différentes entre
la ligne Z et ’arbre binaire, voir la Figure 2.9 pour une illustration. Voir également les Sections 5.2.4
et 5.3.1 du Chapitre 5 pour la définition de ces « passé » et « passé » étendu. De plus, en raison de
Pénumération des sommets de arbre dans 'ordre de parcours en largeur (en anglais “breadth first search
order”), ces « passé » étendus n’ont pas les mémes « formes » pour tous les sommets, voir la Section 5.2.4
du Chapitre 5. Notons également que le « passé » étendu infini d’un sommet repose sur une « épine
dorsale » aléatoire infinie de descendants gauche / droite (voir la Figure 2.10), ce qui ajoute une source
d’aléatoire supplémentaire a la « forme » du « passé ».
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FIGURE 2.9 — Illustration des sous-arbres de « passé » et de « passé » tronqué dans le cas du HMT.
Les sommets en bleus sont ceux faisant partie du « passé » (resp. du « passé » tronqué) du sommet
dans un double cercle. De gauche & droite, en utilisant la notation de Neveu, nous avons le sous-arbre de
« passé » du sommet 12, le sous-arbre de « passé » tronqué de hauteur 1 du sommet 12, et le sous-arbre
de « passé » du sommet 21. Notons que les sous-arbres de « passés » des sommets 12 et 21 n’ont pas la
méme « forme » : ces sous-arbres n’ont pas le méme nombre de sommets bien que les deux sommets 12
et 21 sont dans la méme génération.

En outre, contrairement au cas des HMMSs, ’étalement latéral du « passé » de chaque sommet dans
le cas des HMTs implique que les incréments de log-vraisemblance avec des « passé » étendus infinis
ne forment pas un processus de Markov branchant. Pour cette raison, nous devons travailler avec des
incréments de log-vraisemblance dont le « passé » est limité & une hauteur de sous-arbre commune
fixée, et ne s’étendre au « passé » infini qu’a la limite. Pour prouver la convergence pour des sommes
d’incréments de log-vraisemblance avec des « passé » tronqués qui ont des formes différentes, nous devons
développer de nouveaux théorémes ergodiques pour les chaines de Markov branchantes et des fonctions
dépendant du voisinage (i.e. pour chaque sommet, la fonction dépend des variables du voisinage de ce
sommet), voir la Section 5.2.4 et I’Annexe 5.A du Chapitre 5.
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FIGURE 2.10 — Illustration de la construction de 1’« épine dorsale » aléatoire infinie de descendants
gauche / droite de la racine 9. On rajoute une suite infinie d’ancétres (p*(9))x>1 de la racine 9. Puis,
pour chaque k € N, le sommet p*(9) est I'enfant gauche (resp. droit) de p**1(9) avec probabilité 1/2.
Enfin, on greffe une copie 7" de racine 0%) sur p* (0) pour former en arbre binaire complet.

Dans la preuve de la normalité asymptotique du score normalisé, le score est décomposé en une somme
d’incréments de martingales qui ne sont plus stationnaires dans le cas des HMTs a cause du fait que les
« passés » des sommets ont des formes différentes. Ainsi, pour appliquer le théoréme central limite pour
les martingales, nous devons d’abord vérifier la convergence pour les variations quadratiques de la suite
d’incréments de martingales et la condition de Lindeberg. De plus, le calcul des bornes d’approximation
pour les incréments utilisés pour décomposer le score et 'information observée est plus complexe et
impose des conditions sur la valeur du taux de mélange p, comme déja discuté dans la Remarque 2.4.10.
Cela implique également que le schéma de preuve de la convergence de la matrice d’information observée
doit étre modifié car nous ne pouvons pas avoir une convergence presque siire pour tous les incréments
simultanément, et nous devons nous appuyer sur la convergence L? & la place.

Enfin, comme discuté dans la Section Section 2.3.1, les résultats pour les HMMs dans [DMRO4]
couvrent les processus avec auto-régression (rappelons, c’est-a-dire lorsque, conditionnellement a la chaine
de Markov cachée, le processus observé est une chaine de Markov inhomogéne d’ordre s pour un certain
s € N). Nos résultats pour les HMTs sont énoncés pour des processus sans auto-régression. Cependant,
comme notre approche adapte le schéma de preuve de [DMRO04], notons qu’avec des modifications simples
de nos preuves, nous pourrions permettre ’auto-régression dans les processus HMTs.

2.5 Perspectives

Agrégats et division cellulaire

Dans la vie d’une cellule, il arrive que certaines protéines produites par la cellule ne se plient pas
correctement. Ces protéines deviennent alors inopérantes et finissent par s’assembler formant des agrégats
qui « parasitent » la cellule réduisant son activité et sa capacité de reproduction [MK23, WHF*23]. Il a
été observé que lors de la division cellulaire, 'une des deux cellules filles hérite de la plupart des agrégats
de la cellule mére [LMD'08, TMB10|. Ce phénomeéne de ségrégation asymétrique permettant de créer
des cellules saines qui assurent la survie de ’espéce.

Comme mentionné en Section 2.2.2, des processus de Markov branchants autorisant une dépendance
de la distribution des variables de deux sommets fréres conditionnellement & la valeur de leur sommet
parent, et appelés processus de Markov bifurquants, ont été considérés dans [Guy07, DM10] pour modéliser
la division cellulaire asymétrique. Un processus de Markov bifurquant indexé par I’arbre binaire complet T’
est donc défini par une mesure (de probabilité) initiale v sur X et un noyau de transition P sur (X, B(X?))
pour tout n € N par :

P(XTn S den) = V(dxa) HuETn,l P(xuv dxula dqu)

Une généralisation possible & étudier des résultats du Chapitre 5 sur le MLE du HMT pourrait donc étre
le cas ou le processus caché X est remplacé par un processus de Markov bifurquant. Ensuite, comme les
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agrégats ne sont observables que de maniéres indirectes par 'intermédiaire de 'activité cellulaire, il serait
intéressant de voir si ce phénoméne peut étre modéliser par un HMT ou le processus cachés représente
la naissance des agrégats et leur héritage par les cellules filles. Cela donnerait également une motivation
biologique pour un modéle avec lequel faire des simulations numériques de la convergence du MLE.

Généralisations des résultats du Chapitre 5 sur le MLE du HMT pour d’autres géométries
d’arbres généalogiques

Une autre voie a étudier serait de garder les processus HMTs comme définis en Section 2.3.2, mais de
généraliser les résultats du Chapitre 5 au cas ol le processus est indexé par un autre arbre (possiblement
aléatoire) que 'arbre binaire complet, par exemple 'arbre (aléatoire) de Bienaymé-Galton-Watson. Une
extension des résultats de [Guy07, DM10] pour des processus de Markov branchants ou la distribution du
nombre de descendants de chaque individu dépend des ses traits, ce qui implique que la forme de 'arbre
dépend du processus markovien, a été étudiée dans [Banl9|. Ainsi, une troisiéme généralisation possible
les résultats du Chapitre 5 serait de considérer un cadre similaire & [Ban19] ot la forme de l'arbre dépend
du processus HMT.

Détection de communauté pour le modéle & blocs stochastiques pondérés ou décorés (en
anglais, weighted SBMs et labeled SBMs)

Comme évoqué en introduction de ce chapitre et en Section 2.1.3, le probléme de reconstruction sur les
arbres avec des poids ou décorations sur les arétes est lié au probléme de détection de communauté pour
le modéle a blocs stochastiques pondérés ou décorés présenté en ouverture a la fin du Chapitre 1, voir
[HLM12, LMX15]. Ainsi, les modeéles markoviens cachés indexés par des arbres pourraient étre un outil
pour étudier le seuil de faisabilité pour la détection de communauté sur des modéles & blocs stochastiques
pondérés avec des poids dans des espaces probabilisés généraux.

Limites locale et d’échelle de ’arbre couvrant minimal (MST) d’une suite de graphes pon-
dérés aléatoires

Revenons également sur les limites locale et d’échelle de 1’arbre couvrant minimal (MST) d’une suite
de graphes pondérés aléatoires présentées en ouverture a la fin du Chapitre 1. En suivant ce qui a été
fait pour 'arbre couvrant uniforme dans [HNT18, ANS24], on s’attend & ce que la construction de 'arbre
limite pour les limites locale et d’échelle du MST puissent s’interpréter comme un modéle markovien
caché indexé par un arbre faisant intervenir un graphon de probabilités pour les distributions des poids
des arétes.
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Chapitre 3

Probability-graphons : Limits of large
dense weighted graphs

The material for this chapter has been released in [ADW23| and is currently under review. Note that
Appendix 3.A gathers proofs that are straightforward modifications of proofs existing in the literature
and were not included in [ADW23] for brevity.

Abstract: We introduce probability-graphons which are probability kernels that generalize graphons to
the case of weighted graphs. Probability-graphons appear as the limit objects to study sequences of large
weighted graphs whose distribution of subgraph sampling converge. The edge-weights are taken from a
general Polish space, which also covers the case of decorated graphs. Here, graphs can be either directed
or undirected. Starting from a distance dn, inducing the weak topology on measures, we define a cut
distance on probability-graphons, making it a Polish space, and study the properties of this cut distance.
In particular, we exhibit a tightness criterion for probability-graphons related to relative compactness in
the cut distance. We also prove that under some conditions on the distance dy,, which are satisfied for
some well-know distances like the Prohorov distance, and the Fortet-Mourier and Kantorovitch-Rubinstein
norms, the topology induced by the cut distance on the space of probability-graphons is independent from
the choice of dn,. FEventually, we prove that this topology coincides with the topology induced by the
convergence in distribution of the sampled subgraphs.

2020 Mathematics Subject Classification— 05C80, 60B10
Key words and phrases— random graphs, stochastic networks, graphons, probability-graphons, dense
graph limits, weighted graphs, decorated graphs

3.1 Introduction

3.1.1 Motivation and literature review

Networks appear naturally in a wide variety of context, including for example: biological networks
[BS02, Lew09], epidemics processes [DM10, KMS17], electrical power grids [AAN04]| and social networks
[AB02, New03]. Most of those problems involve large dense graphs, that is graphs that have a large
number of vertices and a number of edges that scales as the square of the number of vertices. Those
graphs are too large to be represented entirely in the targeted applications. The idea is then to go from
a combinatorial representation given by the graph to an infinite continuum representation.

In the case of unweighted graphs (i.e. graphs without edge-weights), a theory was developed to study
the asymptotic behaviour of large dense graphs, with the limit objects being the so-called graphons. The
properties of graphons were studied in a series of articles started by [LS06, FLS06, BJR10, BCL™08,
BCL*12]. We shall refer to the monograph [Lov12| which exposes in details the theory of graphons
developed in this series of articles. Graphons can be used to define models of random graphs with latent
vertex-type variables (called W-random graphs) generalizing the Erdds-Rényi graph and the stochastic
block model (SBM). The space of graphons can be equipped with the so-called cut distance, making it a
compact space, and whose topology is that of the convergence in distribution for all sampled subgraphs,
or equivalently of the convergence for subgraph homomorphism densities.
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In recent years, graphons have been used in several application context: non-parametric estimation
methods and algorithms for massive networks [BC17|, SIS epidemic models [DDZ22], the study of transfer-
ability properties for Graph Neural Networks [KV23|. Furthermore, there has been recent developments
in the study of mean-field systems using graphons: stochastic games and their Nash equilibria [LS22],
opinion dynamic on a graphon [AN22], cooperative multi-agent reinforcement learning [HWYZ23], to cite
a few.

However, most real-world phenomenon on the above networks involve weighted networks, where each
edge in the graph carries additional information such as intensity or frequency of interaction, or transfer
capacity.

There exists many models of random weighted graphs. For example configuration models with edges
having independent exponential weights have been considered in [BVDHH10, ADL13, AL15|, see also
[Gar09, HG13] where the distribution of the weight of an edge depends on the types of its end-points.
Random geometric graphs with vertices and edges having independent Gaussian weights have been con-
sidered in [AMGM18].

Weighted SBMs (sometimes also called labeled SBMs), in which each edge independently receives a
random weight whose distribution depends on the community labels of its end-points, have been studied
to solve community detection in [LMX13] (see also [XML14] for more general models where vertex-labels
come from a compact space), and exact community recovery in [JL15], and to get bounds on the number
of misclassified vertices in [YP16, XJL20]. Note that weighted SBMs correspond to a special case of the
probability-graphons we study in this article where the space of vertex-labels is finite (they correspond
to the stepfunction probability-graphons we define in Section 3.3).

Concomitantly to our work, in [AD23], the authors studied mean-field equations on large real-weighted
graphs modeling interactions with a probability kernel from [0, 1]? to M;(R) the set of probability mea-
sures on R, but they did not study the topological properties of the set of those probability kernels. Re-
cently, in [HV23], the authors studied the limit of the total weight of the minimum spanning tree (MST)
for a sequence of random weighted graphs. Following what has been done for the uniform spanning tree
in [HNT18, ANS24|, one expects the local and scaling limits of the MST to be directly constructed from
the limit of the random weighted graphs.

Motivated by those examples, we shall consider probability-graphons as possible limits of large weighted
graphs; they are defined as maps from [0,1]2 to the space of probability measures M;i(Z) on a Polish
space Z. When Z is compact, this question has been considered in [LS10] and in [Lov12, Section 17.1]
using convergence of homomorphism densities of subgraphs decorated with real functions defined on Z,
see also [KR11] on multigraphs where Z = N, but the metric properties of the set of probability-graphons
W, have only been established when Z is finite, see [FOSU16]. The work [KLS22] is an extension of
[LS10] where M;(Z) is replaced by the dual space Z of a separable Banach space B. As M;(Z) is a
subset of the dual of Cy,(Z), this approach covers our setting when Cj,(Z) is separable, that is, Z compact
(see Section 3.2 below). The norm introduced on the space of Z-valued graphons therein implies the
convergence of homomorphisms densities of B-decorated sub-graphs, however there is no equivalence a
PTLOTI.

In this paper we study the topological properties of the space of probability-graphons W; when Z is
a general Polish space: the space W is a Polish topological space and we give “natural” cut distances on
W, which are complete. One of the main difficulty is that the space of probability measures M;(Z) can
be endowed with many distances which induce the topology of weak convergence, each of them giving rise
to a different cut distance on W;. We prove that the topology induced on W; does not depend on the
initial choice of the distance on M;(Z), provided this distance satisfies some simple general conditions,
and in particular when this distance is quasi-convex (a property that generalizes the convexity of a norm).
However, we stress that not all of these cut distances are complete. We also check that this topology
characterizes the convergence in distribution of the sampled subgraphs with random weights on the edges
or equivalently the convergence of the homomorphism densities of Cy(Z)-decorated subgraphs. Similarly
to the graphon setting, we prove the convergence in distribution of large sampled weighted subgraphs from
a probability-graphon W to itself. We also provide a tightness criterion for studying the convergence of
weighted graphs towards probability-graphons; this criterion generalizes the tightness condition in [KR11]
for multigraphs where Z = N.

In conclusion, we believe that the unified framework developed here is easy-to-work-with and will
allow to use probability-graphons to study large (random) weighted graphs.
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3.1.2 New contribution

Through the article, measure will always be used to denote a positive measure.

Definition of probability-graphons

In this article, we define an analogue of graphons for weighted graphs, which we call probability-
graphons, and study their properties. To avoid any confusion, in the rest of the article we say real-valued
graphons instead of graphons. We consider the general case where weighted graphs take their edge-weights
in a Polish space Z (e.g. Z, R or R?), which thus also covers the case of decorated graphs, multi-graphs
(graphs with possibly multiple edges between two vertices) and dynamical graphs (where edge-weights
evolve over time).

We define a probability-graphon as a probability kernel W : [0,1]?> — M;(Z), where M;(Z) is the
space of probability measures on Z. A probability-graphon can be interpreted as follows: for two “vertex
type” x and y in [0, 1], the weight z of an edge between two vertices of type x and y is distributed as the
probability measure W (z,y;dz). In particular, the special case Z = {0, 1} allows to recover real-valued
graphons: as any real-valued graphon w : [0,1]2 — [0,1] can be represented as a probability-graphon
W(z,y;-) = w(z,y)d1 + (1 —w(z,y))do, where §, denote the Dirac mass located at z. Let us mention that
it is possible to define the probability-graphons on a more general probability space (€,.A, 1) than [0, 1]
for the vertex-types, see Remark 3.3.4 for details. In this article, we also define and study the properties
of signed measure-valued kernels which are bounded (in total mass/total variation norm) measurable
functions W : [0,1]? + M. (Z) whose values are signed measures, but for brevity we mainly focus on
probability-graphons in this introduction.

As probability-graphons are measurable functions, we identify probability-graphons that are equal
for almost every (z,y) € [0,1]2, and we denote by W the space of probability-graphons. Moreover, as
we consider weighted graphs that are unlabeled (that is vertices are unordered), we need to consider
probability-graphons up to “relabeling”: for a measure-preserving map ¢ : [0,1] — [0, 1] (relabeling map
for probability-graphons), we define W% (z,y;-) = W(p(x), ¢(y);-); we say that two probability-graphons
are weakly isomorphic if there exists measure-preserving maps ¢, : [0,1] — [0, 1] such that U¥ = W¥
for a.e. (x,7) € [0, 1]?. We denote by Wi the space of probability-graphons where we identity probability-
graphons that are weakly isomorphic.

We can always assume that weighted graphs are complete graphs by adding all missing edges and
giving them a weight/decoration @ which is a cemetery point added to Z. Any weighted graph G
can be represented as a probability-graphon W in the following way: denote by n the number of
vertices of G and divide the unit interval [0, 1] into n intervals Iy,--- , I, of equal lengths, then Wg is
defined for (x,y) € I; x I; as Wg(x,y;-) = darij), where M (i, j) is the weight on the edge (i,7) in
G. Note that weighted graphs can be either directed or undirected, in the case of undirected weighted
graphs their limit objects are symmetric probability-graphons, that is probability-graphons W such that
Wiz, y;-) = W(y,z;).

The cut distance for probability-graphons and its properties

While there is a usual distance on the field of reals R, this is not the case for probability measures,
measures or signed measures endowed with the weak topology. Some commonly used distances include the
Prohorov distance dp which can be defined on measures, and the Kantorovitch-Rubinstein norm || - ||kr
(sometimes also called the bounded Lipschitz norm) and the Fortet-Mourier norm || - ||py defined on
signed measures but metrizing the weak topology on measures. (Note that in general the weak topology
is not metrizable on signed measures, see Section 3.2 below.) We also use a norm || - ||z based on a
convergence determining sequence F C Cy(Z). See Section 3.3.8 for definition of those distances. To
define an analogue of the cut norm for probability-graphons, we first need to choose a distance d,, that
metrizes the weak topology on the space of sub-probability measures M<;(Z) (i.e. measures with total
mass at most 1); we then define the cut distance do ,, for probability-graphons as:

dom(UW) = sup dy (U(S X T3, W(S x T54)),
S, TC[0,1]

where the supremum is taken over all measurable subsets S and T of [0,1], and where W (S x T;-) =
/. sxr W(x,y;+) dzdy is a sub-probability measure and similarly for U. Moreover, if the distance d, is
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derived from a norm Ny, defined on the space of signed measures M4 (Z), then the cut distance dg
derives from the cut norm Ng, defined on signed measure-valued kernels:

Nowm(W)= sup Np (W(S x T .))_
5,7C0,1]

We then define the unlabeled cut distance dg ., on the space of unlabeled probability-graphons 17\;1 as:

60.m(U, W) = inf dg (U, W?) = mindn , (U¥, W),
%}

2R

where the infimum is taken over all measure-preserving maps ¢ and v, see Proposition 3.3.18 for alter-
native expressions of 60, (including proof that the minimum exist for the second expression) and see

Theorem 3.3.17 that states that dg,, is indeed a distance on Wl. In Proposition 3.4.13, we prove an
equivalent of the weak regularity lemma for probability-graphons.
We define the notion of a quasi-convex distance, which generalizes the convexity of a norm.

Definition 3.1.1 (Quasi-convex distance). Let (X,d) be a metric space which is a convexr subset of a
vector space. The distance d is quasi-convex if for all 1,22,y1,y2 € X and all a € [0, 1], we have:

dlaz; + (1 — @)z, ayr + (1 — @)y2) < max(d(x1,y1),d(x2,Yy2))-

In particular, any distance (on a convex subset of a vector space) which derive from a norm is quasi-
convex. Moreover, the Prohorov distance dp is quasi-convex (see Lemma 3.3.21).

Lemma 3.1.2. The distances dp, dxr, dpy et dr are all quasi-conver on M (Z).

An interesting fact is that under some conditions on d,, including the case when dy, is quasi-convex),
the topology induced by the associated cut distance ég , does not depend on the particular choice of d,.
The following proposition is a particular case of Theorem 3.5.5 together with Corollary 3.4.14.

Proposition 3.1.3. The distance 00 ,,, where dn is a quasi-convex distance on M<1(Z) that induces
the weak topology, all induce the same topology on the space of probability-graphons W;.

Recall that Z is a Polish space. We now state that Wi is also Polish for the distance do,p (but not
for ép !), and we refer to Theorem 3.5.10 for other distances.

Theorem 3.1.4. The space of probability-graphons (Wl, dn,p) is a Polish metric space.

We prove an analogue of Prohorov’s theorem with a tightness criterion for probability-graphons. We
say that a subset of probability-graphons I C W; is tight if the set of probability measures {My, :
W € K} is tight (in the sense of probability measures), where My, (-) = W([0,1]%; ). The next result is
consequence of Theorem 3.5.1 and Proposition 3.5.2 as well as Corollary 3.4.14.

Theorem 3.1.5 (Compactness property). Consider the topology on W, from Proposition 3.1.3.
(i) If a sequence of elements of Wl is tight, then it has a converging subsequence.
(ii) A subset K C Wi is relatively compact is and only if it is tight.

(iii) If Z is compact, then the space Wi is compact.

Sampling from probability-graphons and its link with the cut distance

Finally, we link the topology of the cut distance dm,, with subgraph sampling. The probability-
graphons allow to define models of random weighted graphs (the W-random graph model) which generalize
weighted SBM random graphs, and which plays the role of sampled subgraphs for probability-graphons.
The W-random graph (or sampled subgraph of size k) G(k, W) has two parameters, a number of vertices
k and a probability-graphon W for edge-weights, and is defined as follows: first let X;,--- , X} be k
independent random “vertex-types” uniformly distributed over [0,1]; then given Xi,---, X}, each edge
receive a weight independently, where the weight of the edge (3, 7) is distributed as W(X,, Xj;-).

We also provide the a.s. convergence of sampled subgraphs for the topology from Proposition 3.1.3,
see Theorem 3.6.13 together with Corollary 3.5.6.
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Theorem 3.1.6 (Convergence of sampled subgraphs). Let W be a probability-graphon. Then, a.s. the
sequence of sampled subgraphs (G(k,W))ken+ converges to W for the topology from Proposition 3.1.3.

To prove this theorem, we adapt the proof scheme of [Lov12, Sections 10.5 and 10.6] relying on the
first and second sampling lemmas for real-valued graphons. The proof is done using the cut distance ég
because of the good approximations properties of || - || #.

In the case of unweighted graphs, the homomorphism numbers hom(F, G) count the number of oc-
curence of a graph F (often called a motif or a graphlet) as an induced subgraph of G, and their
normalized counterparts, the homomorphism densities ¢(F, G) allow to characterize a graph (up to rela-
beling and twin-vertices expansion), and also characterize the topology on real-valued graphons. In the
case of weighted graphs and probability-graphons, we need to replace absence/presence of edges (which
is 0-1 valued) by test functions from C%(Z) decorating the edges. Hence, we define the homomorphism
density of a G-graph F'9 which is a finite graph F' = (V, E) whose edges are decorated with a family of
functions g = (ge)eer from a subset G C Cy(Z) (in practice, we only consider the cases G = Cy(Z) or
G =F C Cy(Z) a convergence determining sequence), in a probability-graphon W as:

Wy =gy = [T W) T de
0,1

(i,J)eE iev

where W(z,y; f) = [, f(z) W(z,y;dz). Moreover, ME, defines a measure on Z¥ (which we still denote
by M) which is defined by M (®ccrge) = ML (g) for g = (ge)ecr. Note that when F is the complete
graph with k vertices, MVI“;, is the joint measure of all the edge-weights of the random graph G(k, W),
and thus characterizes the random graph G(k, W).

In the counting Lemma 3.7.5 and the weak counting Lemma 3.7.7, we prove that the cut norm ||-||o
allows to control the homomorphism densities. Conversely, in the inverse counting Lemma 3.7.8, we prove
that the cut norm ||-||g,# can be controlled by the homomorphism densities. In particular, the topology of
the cut distance turns out to be exactly the topology of convergence in distribution for sampled subgraphs
of any given size; the next result is a direct consequence of Theorem 3.7.11.

Theorem 3.1.7 (Characterization of the topology). Let (W, )nen and W be unlabeled probability-gra
-phons from Wl. The following properties are equivalent:

(i) (Wy)nen converges to W for the topology from Proposition 3.1.3.

(#) limy, oo t(F9, W,,) = t(F9, W) for all Cy(Z)-graph F9.

(i) limy, o0 t(F9, W) = t(FI, W) for all F-graph F9, for some convergence determining sequence JF.

(iv) For all k > 2, the sequence of sampled subgraphs (G(k,Wp,))nen converges in distribution to
G(k, W).

Now, we can turn back to the initial problem of finding a limit object for a convergent sequence
of weighted graphs (G, )nen; here convergent means that for all £ > 2, the sequence (G(k,G,) =
G(k,Wag,,))nen of sampled subgraphs of size k (defined above) converges in distribution (to some limit
random graph). Note that the tightness criterion for a sequence of probability-graphons (W), ),en can be
equivalently rephrased as tightness of the sequence (G(2, W,,))nen of sampled subgraphs of size 2. Hence,
the convergence in distribution of the sequence (G(2, G},))nen implies its tightness, and thus the tightness
of the sequence of probability-graphons (W, )nen. Then, Theorem 3.1.5 guarantees the existence of a
probability-graphon W which is a sub-sequential limit of the sequence (Wg, )nen in the cut distance
0n,7, and then Theorem 3.1.7 guarantees that for all k£ > 2, the sequence (G(k,G,))nen converges in
distribution to G(k, W).

As a consequence, probability-graphons are precisely the limit objects for sequences of weighted graphs
(Gpn)nen (and also for random weighted graphs) whose number of vertices goes to infinity (otherwise the
limit would simply be a weighted graph) and such that for each size k > 2, the sequence of sampled
subgraphs (G(k, G,,))nen converges in distribution.

Remark 3.1.8 (Extension to vertex-weights). The framework we have developed for probability-gra
-phons could easily be extended to add weights on the vertices, or equivalently to allow for self-loops
(i.e. edges linking a vertex to itself). In this case, weighted graphs and probability-graphons have a
two-variable kernel (probability-graphon) W€ for edge-weights as before, and a one-variable kernel WV :
[0,1] — M1(Z) for vertex-weights. Note that this implies, as expected, that the same measure-preserving
map ¢ : [0,1] — [0, 1] must be used for both kernels WY and W*¢ when relabeling.
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3.1.3 Organization of the paper

The rest of the paper is organized as follows. In Section 3.2, we define some notations used through-
out the paper, and remind some properties of the weak topology on the space of signed measures. In
Section 3.3, we define probability-graphons and signed-measure valued kernels, we then define the cut
distance and the cut norm and study their properties, and we also give some exemple of distances with
the Prohorov distance dp, the Kanrorovitch-Rubinstein and Fortet-Mourier norms ||-||xr and ||-||pum, and
the norm || - || based on a convergence determining sequence. In Section 3.4, we define the steppings of
a probability-graphon (which are stepfunction approximations corresponding to conditional expectations
on [0,1]%), we define the tightness criterion for probability-graphons, and we prove the weak regular-
ity property of the cut distance. In Section 3.5, we prove the theorem linking the tightness criterion
with relative compactness for the cut distance, we prove that under some conditions the topology of
the cut distance does not depend on the choice of the initial distance d,,, and we prove that the space
of probability-graphons with the cut distance is a Polish space. In Section 3.6, we define the subgraph
G(k,W) sampled from a probability-graphon W, we then prove approximation bound in the cut norm
| - lo,.7 between probability-graphons and their sampled subgraphs. In Section 3.7, we prove the count-
ing lemmas linking the cut distance with the homomorphism densities, and prove that the topology
induced by the cut distance coincides with the topology of convergence in distribution for all the sampled
subgraphs.
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3.2 Notations and topology on the space of signed measures

Through the article, measure will always be used to denote a positive measure.

Let N = Z, be the set of non-negative integers, N* = N\{0} the set of positive integers, and, for
n € N*, we define the integer set [n] = {1,...,n}. For k € N*, the set [0, 1]¥ is endowed with the Borel
o-field and the Lebesgue measure \;; and we write A for Ay when the context is clear. The supremum of
a real-valued function f defined on [0, 1]¥ is denoted by || f||cc = Sup,eqo,1)x £ ().

Let d be a distance on a topological space (X, Q).

(i) The distance d is continuous w.r.t. the topology O if the identity map from (X, O) to (X,d) is
continuous.

(ii) The distance d is sequentially continuous w.r.t. the topology O if for any sequence (zp)nen in X
which converges to some limit z for the topology O, we also have that lim,_, d(z,, z) = 0.

Let d and d’ be two distances on a space X. We say that d’ is continuous (resp. uniformly continuous)
w.r.t. d if the identity map from (X,d) to (X, d’) is continuous (resp. uniformly continuous).

Remark 3.2.1. If the topology O is metrizable (i.e. can be generated by a distance on the space X),
then the topology on X induced by the distance d is equivalent to O if and only if for every sequence
with values in X, convergence for d is equivalent to convergence for O (see [Eng89, Theorem 4.1.2]).
Moreover, when the topology is metrizable, then topological notions and their sequential counterparts
coincides (e.g. compact and sequentially compact sets, closed and sequentially closed sets, see [Eng89,
Proposition 4.1.1 and Theorem 4.1.17]).

Remark 3.2.2. For a function, continuity always implies sequential continuity; and the converse is also
true when the topology is metrizable.

A map p: Q; — Qs between two probability spaces (€2;,.4;,7;), ¢ = 1,2, is measure-preserving if it is
measurable and if for every A € Ay, ma(A) = m1(p~1(A)). In this case, for every measurable non-negative
function f : Qs — R, we have:

fle(@)) m(de) = [ f(z) ma(da). (3.1)
Q1 Q2

We denote by Sjg 1) the set of bijective measure-preserving maps from [0,1] with the Lebesgue measure
to itself, and by Sjy 1) the set of measure-preserving maps from [0, 1] with the Lebesgue measure to itself.

Let (Z,Oz) be some (non-empty) Polish space, and let B(Z) be the Borel o-field on Z generated by
the topology Oz. We denote by Cy(Z) the space of real-valued continuous bounded functions on (Z, Oz).
We denote by M. (Z) the space of finite signed measures on (Z, B3(Z)); M. (Z) the subspace of measures;
M<1(Z) the subspace of measures with total mass at most 1; and M;(Z) the subspace of probability
measures. We have:

M1(Z) C M§1(Z) - M+(Z) C Mi(Z).

For a signed measure u € My (Z), we remind the definition of the Hahn-Jordan decomposition
p=pt—p~ where ut, u= € M, (Z) are mutually singular measures (that is u™(A) = 0 and = (A¢) =0
for some measurable set A), as well as the total variation measure of y which is defined as |u| = pT+p~ €
M (Z). Note that for a measure y € M (Z), we simply have || = p. For a signed-measure p € My (Z)
and a real-valued measurable function f defined on Z, we write pu(f) = (u, f) = [ fdp = [, f(z) p(dz)
the integral of f w.r.t. u whenever it is well defined. For a signed measure u € My (Z), we denote by
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ltlloo = T (Z) + u=(Z) its total mass, which is also equal to the supremum of u(f) over all measurable
functions f with values in [—1,1].

We endow M (Z) with the topology of weak convergence, that is the smallest topology for which
the maps p — u(f) are continuous for all f € Cy(Z). In particular, a sequence of signed measures
(tin)nen weakly converges to some p € My(Z) if and only if, for every function f € Cy(Z), we have
limy, oo pin(f) = u(f). Let us recall that M, (Z) and M;(Z) endowed with the topology of weak
convergence are Polish spaces.

Remark 3.2.3 (The weak topology on M (Z)). The topology of weak convergence on the set of signed
measures My (Z) is equivalent to the weak-* topology on M (Z) seen as a subspace of the topological
dual of Cy(Z) (see the paragraph after Definition 3.1.1 in [Bogl8]). As usual in probability theory, this
topology will be simply called the weak topology (this is also consistent with [Bog18]).

We recall that a sequence of [0, 1]-valued functions F = (fi)ren in Cp(Z), with fo = 1 the constant
function equal to one, is:

(i) Separating if for every measures u, v from My (Z) (or equivalently just from M (Z)) such that
for every k € N, u(fr) = v(fx), then p=v.

(ii) Convergence determining if for every (un)nen and p measures from M (Z) such that we have
limy, 4 oo tn (fie) = u(fr) for all k € N, then (un)nen weakly converges to p.

Notice that a convergence determining sequence is also separating. A sequence of functions is separating
if and only if it separates the points of Z (see [EK09, Theorem 3.4.5]). There always exists a convergence
determining sequence on Polish spaces, see [Bogl8, Corollary 2.2.6] or the proof of Proposition 3.4.4 in
[EK09] (which are stated for probability measures but can be extended to finite positive measures as we
required that 1 belongs to F). Note that there does not exist a convergence determining sequence for
M (Z) as the weak topology is not metrizable on My (Z) (see Remark 3.2.6 below).

Remark 3.2.4 (The Borel o-field on M4 (Z)). By [Bogl8, Corollary 5.1.9], the Borel o-field on M4 (Z),
associated with the weak topology, is countably generated and can be generated by either:

— the family of maps pu — p(f,) where the sequence (f,,)nen of functions from Cy(Z) is separating;

— the family of maps yu — p(B) where B € A and the subset A C B(Z) is countable and generates
the whole o-field B(Z) (such subset A always exists, see [Bog07b, Corollary 6.7.5]).

Note that the Borel o-field of a Polish space is generated by any family of Borel functions that separates
points (see [Bog07b, Theorem 6.8.9]).

Furthermore, the maps p — p* and g — p~ (and thus also u — |u|) are measurable (see [DF64,
Theorem 2.8] and Remark 3.2.4). As a consequence, the map p — ||u||o is also measurable (in fact it
is even lower semicontinuous by [Bogl8, Theorem 2.7.4]). Note that M;(Z) and M (Z) are closed, and
thus measurable, subsets of M (Z).

We define the following two important properties for subsets of signed measures, which are related to
relative compactness (see Lemma 3.2.8 below).

Definition 3.2.5. Let M C M (Z) be a subset of signed measures.
(i) The set M is bounded (in total variation) if:

sup ||f|oe < +o0.
pneM

(i) The set M is tight if for all € > 0, there exists a compact set K C Z such that:

sup [l (K°) < e.
pneM

Remark 3.2.6 (On the compact sets and metrizability of the weak topology). Recall that Z is a Polish
space. We stress that the weak topology on signed measures is not metrizable unless it coincides with
the strong topology (see [Var58, Theorem 4.1]), which happens only when the initial space Z is finite (see
[Bogl8, Proposition 3.1.8]).

Moreover, the closed norm ball {y € M1 (Z) : ||p|lco < 1} of M4 (Z) is metrizable if and only if Z is
compact (see [Bogl8, Proposition 3.1.8 and Theorem 3.1.9]).

Let M C M4 (Z). The following properties are equivalent (see [Bogl8, Theorems 2.3.4 and 3.1.9]):
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(i) M is weakly compact (i.e. M is compact for the weak topology);

(ii) M is sequentially weakly compact (that is every sequence (u,)nen in M has a subsequence that
converges to some limit p € M);

(iii) M is compact for the sequential weak topology (for which sets are closed if and only if they are
closed under weak convergence).

Moreover, when any of those is true, M is tight, bounded, and metrizable in the weak topology. Further-
more, the Kantorovitch-Rubinstein and Fortet-Mouriet norms |- ||xg and |- ||rm (defined in Section 3.3.8)
can be used to generate the weak topology on a weakly compact set (see [Bogl8, Remark 3.2.5]).

Nevertheless, the weak topology on the unit sphere {y € M1 (Z) : ||p|loc = 1} of M1 (Z) is always
metrizable with a complete metric, making the unit sphere a Polish space, however, the Kantorovitch-
Rubinstein and Fortet-Mouriet norms || - ||kr and || - ||pm do not provide a complete metrization in this
case (see [Bogl8, Theorem 3.2.8]).

Remark 3.2.7 (On the compactness of M;(Z)). Let M be either M1(Z), M<1(Z) or the closed norm
ball {u € ML(Z) : ||ploo < 1} of My(Z). Then, M is weakly compact if and only if Z is compact.

We give a short proof of this statement. As M1(Z) is closed in M4 (Z) for the weak topology, if M
is weakly compact, then M;(Z) is also weakly compact, and thus Z is compact by [Var58, Theorem 3.4].
Conversely, if Z is compact, then by [Bogl8, Theorem 1.3.3|, we know that M (Z) (endowed with the
weak topology) is the topological dual space of Cy(Z) (endowed with the uniform convergence topology),
thus using Banach-Alaoglu theorem (see [Bogl8, Theorem 1.3.6]), we get that the closed unit norm-ball
of M4(Z), and thus M, are compact for the weak topology.

We recall the following result, which is an equivalent of Prohorov’s theorem for signed measures.

Lemma 3.2.8 (Prohorov’s theorem for signed measures, [Bogl8, Theorems 2.3.4 and 3.1.9]). Let Z be
a Polish space, and let M C My (Z) be a subset of signed measures on Z. Then the following conditions
are equivalent:

(i) M is relatively sequentially compact, that is every sequence (pn)nen in M contains a subsequence
which weakly converges in M (Z).

(i) M is relatively compact for the weak topology, that is the closure of M is compact for the weak
topology.

(#ii) The family M is tight and bounded.

Remark 3.2.9 (On the weak sequential topology). When the space Z is infinite, the weak topology
does not coincide with the weak sequential topology on M (Z) (but recall from Remark 3.2.6 that their
compact sets are the same). Recall that if the space Z is compact, then the unit norm ball of ML (Z)
is metrizable, and thus the weak topology and the weak sequential topology coincide on it. However, if
the space Z is non-compact, then the weak topology and the weak sequential topology do not coincide
on the unit norm ball of M4 (Z).

We give a short proof of those statements according to Z being compact or not.

(i) Remind that when Z is an infinite compact space (for instance Z = [0, 1]), the Banach space Cy(Z)
is infinite-dimensional and separable (using Stone-Weierstrass theorem), and its topological dual is
(Co(Z))* = M4 (Z) (see [Bogl8, Theorem 1.3.3]). Thus, using [HS96, Theorem 2.5], we get the
existence of a countable subset which is weak sequentially closed yet weak dense in My (Z). In
particular, the weak sequential topology and the weak topology do not coincide on M (Z).

(ii) Assume that the space Z is non-compact. Thus, Z contains a countable closed subset F' whose
points are at mutual distances uniformly bounded away from zero. By [Bogl8, Remark 3.1.7], the
weak topology on M (F) for a closed subset F' coincides with the trace of the weak topology on
the whole space. By |Bogl8, Section 3.1, p. 102], M4 (F) is homeomorphic to £* both endowed
with their weak topology, weak convergence on ¢! is equivalent to norm convergence, and the weak
topology on ¢! is not sequential, even on the unit norm ball. Hence, the weak topology on M. (Z)
is not sequential, even on the unit norm ball.

We define the notion of a quasi-convex distance, which generalizes the convexity of a norm.
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Definition 3.2.10 (Quasi-convex distance). Let (X,d) be a metric space which is a convex subset of a
vector space. The distance d is quasi-convex if for all z1,x2,91,y2 € X and all o € [0, 1], we have:

d(axy + (1 — a)xg, ayr + (1 — a)y2) < max(d(x1,y1), d(x2,y2)).

In particular, any distance (on a convex subset of a vector space) which derive from a norm is quasi-
convex.

Lemma 3.2.11. Let dy, be distance on M (Z) with € € {4, +} which is quasi-convex and sequentially
continuous with respect to the weak topology. Then, dp, is uniformly continuous with respect to || - ||oo on

M.(Z).

Proof. We shall simply consider the case M = M (Z), the other case being simpler. We first check

that for all p € M and € > 0, there exists 77 > 0 such that for all v € M, we have that || — V|e < 7

implies dy, (u,v) < €. As dy, is sequentially continuous w.r.t. the weak topology, it is also (sequentially)

continuous w.r.t. the strong topology. Let u € M and € > 0. Then, the set {v € M : dn(u,v) < e} is

an open set of M containing p both for dy, and for the strong topology. Thus, it contains a neighborhood

of p for the strong topology {v € M : ||u — V|l < n} for n > 0 small enough. This proves the claim.
As dy, is quasi-convex and M is a cone, for u,v € M we have:

e (s b +v) = dpy (; - (2u +0), % -(2p+ 21/)) < max(dm (2u, 21), dim (0, 2v)) = dm (0, 2v).

Let ¢ > 0 be fixed. We choose n € (0,1) such that ||v||s < 1, with v € M, implies d,,(0,v) < e.
Let p,v € M be such that || — v||eo < /2. Let N = p+ v and f (resp. g) the density of p (resp. v)
with respect to A'. We set 7 = min(f,g) N, ¢/ = (f —¢g)+ X and v/ = (f — g)_ X so that 7, ',/ € M,
w=7n+p and v =74+ v'. Since p’ — v = p— v and p/ and ' are mutually singular, we deduce that
1 oo + [ ]loc < /2. We get:

(m, 74 1) + dun (7,7 4 1)

A (1, v) = dpn (7 + (', 1+ V") < dyy
< dm(0,2u") + dm (0, 20)
< 2e.

Hence, the distance d, is uniformly continuous with respect to || - s on M. O

3.3 Measured-valued graphons and the cut distance

In Section 3.3.1, we introduce the measure-valued graphons, which are a generalization of real-valued
graphons (i.e. [0, 1]-valued measurable functions defined on [0,1]?). We refer to the monography [Lov12]
on real-valued graphons for more details. In Sections 3.3.2, 3.3.3 and 3.3.4, we introduce the cut distance,
and its unlabeled variant, on the space of measure-valued graphons which are analogous to the ones for
real-valued graphons (see [Lov12, Chapter 8]). In Section 3.3.5, we define a weak isomorphism relation
for measure-valued graphons based on this distance. Then, in Section 3.3.6, we give an alternative
combinatorial formulation of the cut distance for stepfunctions.

3.3.1 Definition of measure-valued graphons

We start by defining measure-valued kernels and graphons which are a generalization of real-valued
kernels and graphons. Recall that Z is a Polish space and M (Z) is the space of finite signed measures.

Definition 3.3.1 (Signed measure-valued kernels). A signed measure-valued kernel or My (Z)-valued
kernel is a map W from [0,1]? to M+ (Z), such that:
(i) W is a signed-measure in dz: for every (z,y) € [0,1]%, W (z,y;-) belongs to M4 (Z).
(i) W is measurable in (z,y): for every measurable set A C Z, the function (x,y) — W (z,y; A) defined
on [0,1)? is measurable.
(iii) W is bounded:

IWlleo :== sup [|[W(z,9;)|loo < +o0. (3.2)
z,y€[0,1]
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We denote by Wi (resp. W<1, resp. Wy, resp. Wx ) the space of probability measure-valued kernels or
simply probability-graphons (resp. sub-probability measure-valued kernels, resp. measure-valued kernels,
resp. signed measure-valued kernels), where we identify kernels that are equal a.e. on [0, 1], with respect
to the Lebesgue measure. Then, (3.2) should be read with an essential supremum instead of a supremum.
In what follows, we always assume for simplicity that we choose representatives of measure-valued kernels
such that ||W]|« is also the essential supremum of (x,y) — ||W(z, y; )| co-

For M C M4(Z), we denote by Wy, the subset of signed measure-valued kernel W € W, which are
M-valued: W (z,y;-) € M for every (z,y) € [0, 1]%

Remark 3.3.2 (On real-valued kernels). Let Z = {0,1} be equipped with the discrete topology. Every
real-valued graphon w can be represented using a probability-graphon W defined for every z,y € [0, 1] by
W(z,y;dz) = w(z,y)dé1(dz) + (1 — w(z,y))dp(dz), where §, is the Dirac mass located at z. In particular
we have that w(z,y) = W(z,y;{1}) for x,y € [0, 1].

Let W € W4 be a signed measure-valued kernel. Define the map W : [0,1]> — M (Z) to be the
positive part of W, i.e. for every (x,y) € [0,1]%, W (x,y; ) is the positive part of the measure W (x,y;-).
Similarly define W~ : [0,1]> — M (Z) the negative part of W; and then define |W| = WT + W~ the
total variation of W and |W|| = |W|(Z) the total mass of W.

Lemma 3.3.3 (The positive part W of a kernel). The maps W, W~ and |W| are all measure-valued
kernels, and the map |W|| : (z,y) — |[W(z,y; )|l is measurable.

Proof. The statements for |W| and ||[W]| are immediate consequences of the statements for W+ and
W~; and as the proof for W+ and W~ are similar, we only need to prove that W™ is a measure-valued
kernel. It is immediate that W is bounded and that for every (z,y) € [0,1]%, W (xz,y;-) is a measure
in M (Z). Thus, we are left to prove the measurability of W+ in (z,y). By [DF64, Proposition 2.1]
and Remark 3.2.4, a signed measure-valued kernel U is measurable in (z,y) (i.e. for every A € B(Z),
the map (z,y) — U(x,y; A) is measurable) if and only if the map (z,y) — U(z,y;-) is measurable from
[0,1])? (with its Borel o-field) to M4 (Z) equipped with the Borel o-field generated by the weak topology.
By |DF64, Theorem 2.8], the map p +— p¥, that associate to a signed measure the positive part of its
Hahn-Jordan decomposition, is measurable from M (Z) to M (Z) both endowed with the Borel o-field
generated by the weak topology. Considering the composition of W and u — u®, we get that W is
measurable in (z,y) and is thus a measure-valued kernel. O

Remark 3.3.4 (Probability-graphons W : Q@ x Q@ — M;(Z)). Similarly to the case of real-valued
graphons, it is possible to replace the vertex-type space [0,1] by any standard probability space (£2, 4, )
that might be more appropriate to represent vertex-types for some applications, and to consider proba-
bility-graphons of the form W : Q x Q — M;(Z). We recall that a standard probability space (€2, A, 7)
is a probability space such that there exists a measure-preserving map ¢ : [0,1] — Q, where [0,1] is
endowed with the Borel o-field and the Lebesgue measure. In particular, every Polish space endowed
with its Borel o-field is a standard probability space. As an example, the space [0, 1]? equipped with the
Borel o-field and the Lebesgue measure \s is a standard probability space; we will reuse this fact later.

Using the measure preserving map ¢, it is then possible to consider an unlabeled version W% of W
constructed on Q' = [0,1], and to modify the definition of the cut distance 0, similarly as in [Janl13,
Theorem 6.9] to allow each probability-graphons to be constructed on different standard probability
spaces. For simplicity, in this article we only consider the equivalent case where all probability-graphons
are constructed on Q = [0, 1].

Remark 3.3.5 (Symmetric kernels). We shall consider non-symmetric measure-valued kernels and
probability-graphons in order to handle directed graphs whose adjacency matrices are thus a priori
non-symmetric. We say that a measure-valued kernel or graphon W is symmetric if for a.e. z,y € [0, 1],
Wiz, y;) = W(y,z;).

We define stepfunctions measure-valued kernel which are often used for approximation.

Definition 3.3.6 (Signed measure-valued stepfunctions). A signed measure-valued kernel W € Wy
is a stepfunction if there exists a finite partition of [0,1] into measurable (possibly empty) sets, say
P ={S1, - ,Sk}, such that W is constant on the sets S; x S;, for 1 <i,j <k. We say that W and the
partition P are adapted to each other. We write |P| = k the number of elements of the partition P.
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3.3.2 The cut distance

We define a distance and a norm on signed measure-valued graphons and kernels, called the cut
distance and the cut norm respectively which are analogous to the cut norm for real-valued graphons and
kernels, see [Lov12, Chapter 8]. For a signed measure-valued kernel W € W, and a measurable subsets
A C [0,1]2, we denote by W (A;-) the signed measure on Z defined by:

W(A;) = /AW(x,y;o) dxdy.

Definition 3.3.7 (The cut distance do,). Let dw be a quasi-convex distance on M a convex subset of
M4 (Z) containing the zero measure. The associated cut distance dpg,, is the function defined on W/2V[
by:
dom(U, W) = sup dm(U(S x T;-), W (S x T -)), (3.3)
S, 7C[0,1]
where the supremum is taken over all measurable subsets S and T of [0, 1].

Notice that the right-hand side of (3.3) is well defined as M contains the zero measure (and thus if
U belongs to Wy then U(A;-) belongs to M).

Definition 3.3.8 (The cut norm Ng,,). The cut norm Ng,, associated with a norm Ny on My (Z) is
the function defined on Wy by:

NowW) = sup Ny (W(S % T54)),
S,7C0,1]

where the supremum is taken over all measurable subsets S and T of [0, 1].

The next proposition states that the cut distance (resp. norm) is indeed a distance (resp. norm); its
extension to distances on M (Z) and M4 (Z) is immediate.

Proposition 3.3.9 (do ., is a distance, N ,,, is a norm). The cut distance do ,, associated with a distance
dm on M<1(Z) (resp. M4(Z)) is a distance on Wi (resp. Wy ). The cut norm Ng,, associated with a
norm Ny, on My (Z) is a norm on Wy.

Moreover, when the distance dn, on M<1(Z) (resp. M4 (Z)) derives from a norm Ny, on My(Z),
then the distance dg y derives also from the norm NO .

Proof. Let dp, be a distance on M<;(Z) (the proof for the case M, (Z) is similar). It is clear that dp ,,
is symmetric and satisfies the triangular inequality. Thus, we only need to prove that dg ,, is separating.
Let U and W be two probability-graphons such that dg ,, (U, W) = 0. Then, for every measurable subsets
S, T C [0,1], we have U(S x T;-) = W(S x T;-). Let F = (fx)ren be a separating sequence. For every
k € N, and for every measurable subsets S, T C [0, 1], we have that U(S x T fi.) = W(S x T} f). This
implies that U(x,y; fr)dedy = W(x,y; fr) dedy for all k& € N. Hence, we deduce that for all k € N,
U(x,y; fr) = W(x,y; fr) for almost every (z,y) € [0,1]%. Thus, U(z,y; ) = W(x,y;-) for almost every
(z,y) € [0,1]%. This implies that dp ,, is separating on Wy, and thus a distance on Wj.

The proof for the cut norm is similar. The proof of the last part of the proposition is clear. O

3.3.3 Graphon relabeling, invariance and smoothness properties

The analogue of graph relabelings for graphons are measure-preserving maps. Recall the definition
of a measure-preserving map from Section 3.2, and in particular (3.1). Recall 5[0’1] denotes the set of
measure-preserving (measurable) maps from [0, 1] to [0, 1] endowed with the Lebesgue measure, and Sy 1)
denotes its subset of bijective maps.

The relabeling of a signed measure-valued kernel W by a measure-preserving map ¢, is the signed
measure-valued kernel W% defined for every z,y € [0,1] and every measurable set A C Z by:

We(x,y; A) = W(p(z),o(y); A)  for x,y € [0,1] and A C Z measurable.
We say that a subset K C Wy is uniformly bounded if:

sup | W|oo < +00. (3.4)
wekK
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Definition 3.3.10 (Invariance and smoothness of a distance on kernels). Let d be a distance on W,
(resp. Wi or Wy ). We say that the distance d is:

(i) Invariant: if d(U,W) = d(U¥,W¥®) for every bijective measure-preserving map ¢ € Sjo1) and
U,V eW (resp. U,V belongs to Wy or Wy ).

(ii) Smooth: if a.e. weak convergence implies convergence for d, that is, if (Wy)nen and W are kernels
from Wy (resp. kernels from Wy or Wy that are uniformly bounded and) such that for a.e. (x,y) €
[0,1)2, Wy(x, ;) weakly converges to W (x,y;-) as n — oo, then lim,, oo d(W,,, W) = 0.

We say that a norm N on Wy is invariant (resp. smooth) if its associated distance d on Wy is invariant
(resp. smooth).

We shall see in Section 3.3.8 some examples of distances dy, for which the associated cut distance
doy, is invariant and smooth. The invariance property from Definition 3.3.10 is always satisfied by the
cut distance, and thus also by the cut norm.

Lemma 3.3.11 (do,, is invariant). Let di be a distance on M<1(Z) (resp. M4(Z), resp. M+(Z)).
Then the cut distance do ., on Wi (resp. W, resp. Wy ) is invariant.

Proof. For a signed measure-valued kernel W, a bijective measure-preserving map ¢ € Sjg 1), and mea-
surable sets S, T C [0,1], we have thanks to (3.1):

We(e,y:) dedy = [ Wip(e), oly);) dady = / W, y:-) dady.
SxT SXT P(S)xp(T)

Hence, taking the supremum over every measurable sets S,T" C [0,1], we get that the cut distance dp y,
is invariant. O

When a smooth distance on Wy or W4 derives from a distance on M;(Z) or M (Z), we have the
following result.

Lemma 3.3.12 (Smoothness and the weak topology). Let dp, be a distance on M<1(Z) (resp. M (Z)
or M4.(Z)) such that the distance do m on Wi (resp. Wy or Wy ) is smooth. Then, the distance dy, is
continuous w.r.t. the weak topology on My(Z) (resp. M4 (Z)).

Proof. Let (fin)nen, and p be measures from M1 (Z) (resp. M (Z)) such that (p,)nen weakly converges
to p. Consider the constant measure-valued graphons (resp. kernels) W,, = p,, n € N, and W = p.
Then, for every x,y € [0,1], W, (z,y;-) weakly converges to W(x,y;-) as n — oco. As the distance dp ,,
is smooth, we get that lim,_,o dom(Wy, W) = 0. Considering S = T = [0,1] in the cut distance, we
deduce that lim,, o0 dim (tn, 1) = 0. O

The next lemma is a partial converse of Lemma 3.3.12, it gives sufficient conditions for dg,, to be
smooth. Remind the definition of a quasi-convex distance in Definition 3.2.10.

Proposition 3.3.13 (dg,, is smooth). Let dy, be distance on Mc(Z) with € € {4+, £} which is quasi-
convex and sequentially continuous w.r.t. the weak topology (on Mc(Z)). Then, the cut distance dg y, s
smooth.

Moreover, for all U;W € W,, and for all measurable A C [0, 1]?, we have:

dn(U(4;-),W(4;) < (ess)uea Ao (U(z,y;), W(z,y;)). (3.5)

To prove Proposition 3.3.13, we first need to prove the following lemma for approximation by M-
valued kernels taking finitely many values.

Lemma 3.3.14. Let W € Wy and a subset A C [0,1]%. There exists a sequence (W,)nen in Wy such
that (W, (A;-))nen weakly converges to W(A;-) and for all n € N, W,, is finitely valued and takes its
values in {W(z,y;-) : (z,y) € A}.
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Proof. By scaling, we may assume that ||W/|. < 1. Let (fx)ren be a convergence determining se-
quence with fo = 1 and f; takes values in [0,1]. Thus, for all (z,y) € [0,1]?, ¢ € {£1} and k €
N, we have W(z,y; fr) € [0,1]. For all n € N, let (C,;)1<i<q, be a partition of [0,1]>"*+1) into
d, = n*™*Y hypercubes of edge-length r, = 1/n. Then, for all n € N and i € [d,], define B, =
AN (W+('; (fi)ogign,w_('; (fi)ogign)_l(cn,i); thus we get a partition (Bn,i)lﬁigdn of A. If Bn,i 7& @,
fix some pi,, ; € {W(x,y;°) : (z,y) € Bn;}. If A#0,1]2, fix some puy € {W(z,y;-) : (z,y) € [0,1]*\ A}.
For n € N, we define W,, = 1 4. py + Z?;l 1B, fin,, which is finitely valued and takes its values in
(W(a,y) : (a,y) € A}
Let k € N and € € {£}. For all n > k, we have:

d»
We(A; fr) = Wn)e(A; fr)| < Z/B (We(@,y; fr) = (tin,i)e| dady < %
i=1" Bn,i

As (fr)ren is convergence determining, this implies that ((W,,)c(4;))nen weakly converges to Wc(A4; )
for € € {}. Hence, (W, (A;-))nen weakly converges to W(A4;-). O

Proof of Proposition 3.3.13. As dp, is quasi-convex, (3.5) is immediate when U and W take only finitely
many values. Now, assume that U and W are arbitrary M(Z)-valued kernels. Let ¢ > 0. As d, is
sequentially continuous w.r.t. the weak topology, using Lemma 3.3.14, there exist two M. (Z)-valued
kernel U’ and W' such that dp,(U’'(4;-),U(A4:)) < e and U’ is finitely valued and takes its values in
{U(z,y;-) : (z,y) € A}, and similarly for W’ and W. Thus, we have:

dm(U(4;-),W(A;-)) <2+ essup dw(U(z,y;-), W(z,y;-)),
(z,y)€EA

and this being true for all € > 0, we get (3.5).

Let (Wy)nen and W be M (Z)-valued kernels which are uniformly bounded by some constant C' < co
and such that for a.e. (z,y) € [0,1]?, the sequence ((W,(z,y;))nen converges to W(x,y;-) for the
weak topology, and thus also for dy,. Let € > 0 and S,T C [0,1]. As dy, is quasi-convex and sequentially
continuous w.r.t. the weak topology, using Lemma 3.2.11, there exists > 0 such that for all u, v € M.(Z),
we have that ||p — v||ec <7 implies dp(p, V) < €. For all n € N, define the measurable set:

Ap={(z,y) € SXT : dpn(Wp(z,y;), W(x,y;-)) < e}

By assumption, we have that lim, _,o AM(A,,) = A(S x T). Let N € N be such that for n > N, we have
A(S xT)\ A,) <n/C. Let n > N. Remark that W, ((S x T)\ A,;-) and W((S x T) \ Ap;-) have total
mass at most CA\(AS) < 7. Thus, we have that dpy, (W, (An; <), Wi (S X T; ) < € and doyy (W (Ay;-), W(S x
T;-)) < €. Hence, using (3.5) we get that:

dm(Wn(S x T ')’ W(S x T )) <2+ dm(Wn(An ')? W(Anv )

; )
< 2¢+ essup dm(Wn(‘r»y; ')7 W(x,y; ))
(I7y)eAn

< 3e.

Taking the supremum over S,T C [0, 1], we get dg n(Wy, W) < 3e. This being true for all € > 0, we
conclude that (Wy,)nen converges to W for dg ,,, and thus do , is smooth. O]

3.3.4 The unlabeled cut distance

We can now define the cut distance for unlabeled graphons.

Definition 3.3.15 (The unlabeled cut distance dg ). Set KK € {Wi, W, , Wi}, Let d be an invariant
distance on the kernel space IC. The premetric dg on IC, also called the cut distance, is defined by:

So(U,W) = inf dUW®) = it dUW). (3.6)
©€S[0,1] ©€S[o,1)
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Notice that o satisfies the symmetry property (as d is invariant) and the triangular inequality. Hence,
0 induces a distance (that we still denote by dg) on the quotient space Ke=K / ~a of kernels in K
associated with the equivalence relation ~4 defined by U ~4 W if and only if é5(U, W) = 0.

When the metric d = d,, on K =W (resp. W, resp. W4 ) derives from a metric dp, on M<1(Z)
(resp. M(Z), resp. M4 (Z)), and is thus invariant thanks to Lemma 3.3.11, we write dg , for 6g and
/Em for /Edmym. We shall see in Theorem 3.5.5 and Corollary 3.5.6 that under some conditions, different
choices of distance dy,, which induces the weak topology on M<;(Z), lead to the same quotient space,

then simply denoted by VN\il, with the same topology.

3.3.5 Weak isomorphism

Similarly to Theorem 8.13 in [Lov12|, when the distance d,, is such that dp ,, is invariant and smooth,
we can rewrite the cut distance dm ,, as a minimum instead of an infimum using measure-preserving maps,
see the last equality in (3.7).

We introduce a weak isomorphism relation that allows to “un-label” probability-graphons.

Definition 3.3.16 (Weak isomorphism). We say that two signed measure-valued kernels U and W are
weakly isomorphic (and we note U ~ W) if there exists two measure-preserving maps ¢, v € 5[0’1] such
that U?(x,y;-) = WY(x,y;-) for a.e. z,y € [0,1].

We denote by Wi =Wy / ~ (resp. Wl = W),/ ~) the space of unlabeled signed measure-valued kernels
(resp. probability-graphons) i.e. the space of signed measure-valued kernels (resp. probability-graphons)
where we identify signed measure-valued kernels (resp. probability-graphons) that are weakly isomorphic.

Notice that U ~ W implies that |U||cc = [|[W]|eo (We recall that signed measure-valued kernels are
only defined for a.e. z,y € [0,1] and that |||« in (3.2) is an essup in general). In particular, the notion
of uniformly bounded subset defined in (3.4) naturally extends to W4. The last part of this section is
devoted to the proof of the following key result.

Theorem 3.3.17 (Weak isomorphism and dp). Let d be a distance defined on Wy (resp. Wy or W4 )
which is invariant and smooth. Then, two kernels are weakly isomorphic, i.e. U ~ W, if and only if
U~gW,ie 6g(UW)=0.

Furthermore, the map ég is a distance on VNV1 = VNVLd (resp. VNV+ = V~V+,d or VNVi = Wi,d).

As a first step in the proof of Theorem 3.3.17, following [Lov12|, we give a nice description of dg
using couplings. We say that a measure p on [0,1]? is a coupling measure on [0,1]® (between two
copies of [0, 1] each equipped with the Lebesgue measure) if the projection maps on each components
7,p: [0,1]2 — [0,1] (where [0, 1]? is equipped with the measure p and [0, 1] with the Lebesgue measure
A) are measure-preserving. Thus for every kernel W on ([0, 1], B([0, 1]), A), the function W7 is a kernel
on the probability space ([0, 1]2, B([0,1]?), ), and similarly for the projection p.

Let ¢ be a given measure-preserving map from [0, 1] with the Lebesgue measure to [0,1]? with a
coupling measure p. For an invariant distance d on W (resp. Wy), we define a distance, say d*, on
kernels on ([0,1]2, B([0,1]?), 1) by:

d"(U' W) =dU"?, W'?).
It is easy to see that, for U and W kernels on [0, 1], we have d*(U™, W™) = d(U, W) as d is invariant and

T 0 ¢ is a measure-preserving map from [0, 1] to itself; and similarly d*(U?, W?) = d(U, W).
A straightforward adaptation of the proof of [Lov12, Theorem 8.13] gives the next result.

Proposition 3.3.18 (Minima in the cut distance dg). Let d be a distance defined on Wy (resp. W4 or
Wy ) which is invariant and smooth. Then, we have the following alternative formulations for the cut
distance dg on Wy (resp. Wy or Wy ):

So(U, W)= inf d(UW?) = inf d(UW¥?)

©€S[0,1] PES0,1)
= inf dUY, W)= inf dU¥ W

PES(o,1 ( ) YeS[o, 1 ( ) (3.7)
= inf dUY,W?)= min dUY,W¥),

P, €S[0,1) #,$€Si0,1]
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and

§5(U, W) = min d* (U™, W*) (3.8)
n

where p range over all coupling measures on [0, 1]2.
Proof of Theorem 3.3.17. We deduce from the last equality in (3.7) that ég(U, W) = 0 if and only if

there exist measure-preserving maps ¢, 9 € Sjo 1] such that U¥(z,y;-) = W?(z,y;) for a.e. z,y € [0,1].
This gives that the equivalence relations ~4 and ~ are the same. O

3.3.6 The cut norm for stepfunctions

For a quasi-convex distance d,, the cut distance d, for stepfunctions can be reformulated using a
finite combinatorial optimization. For a collection of subsets P, denote by o(P) the o-field generated by

P.

Lemma 3.3.19 (Combinatorial optimization of quasi-convex dy, for stepfunctions). Let dy, be a quasi-
convex distance on M a convex subset of My (Z) containing the zero measure. Let U W € Wy be
M-valued stepfunctions adapted to the same finite partition P. Then, there exists S, T € o(P) such that:

dEI,m(U7 W) = dm(U(S x T ')’ W(S x T ))

Proof. Let P = {S1,...,S;} with k = |P| the size of the partition P. First, remark that the quantity
dom (U, W) =dn(U(S" xT";-), W (S’ xT";-)) depends on S” and T" only through the values of A(S"NS;)
and A(T' N S;) for 1 < i < k. Thus, the cut distance between U and W can be reformulated as:

dowm(U, W) = sup dm Z A RION Z aiBivi () |

0< o, Bi SA(S:); 1<i<k 1<i,j<k 1<i,j<k

where f1; ; (resp. v; ;) is the constant value of U(z,y;-) (resp. W(z,y;-)) when € S, and y € S;.
Moreover, when we fix the value of 5 = (8;)1<i<k, the quantity

dm Z i3 i 5 (-), Z @i vi;(-)

1<i,j<k 1<i,j<k

is a quasi-convex function of & = (o;)1<i<k, and thus realizes its maximum on the extremal points of
the hypercube Hle[o, A(S;)], i.e. when «; equals 0 or A(S;) for every 1 <i < k. By symmetry, a similar
argument holds for 5. The cut distance can thus be reformulated as the combinatorial optimization:

dD,m(Ua W): max dpy Z ,u'i,j(')7 Z Vi,j(')

LICIk i€l,jel i€l,jel
Let I,J C [k] that maximizes this combinatorial optimization, and take S = U;c1S; and T = U;c;S; to

conclude. O

3.3.7 The supremum in S and T in the cut distance dp,

In this section, we prove that the supremum in the cut distance dg ., is achieved by some subsets
S, T C[0,1].
For W € M4(Z) and f,g:[0,1] — [0, 1] measurable, we define the signed measure:

W(f®g-)= o Wz, y;-) f(x)g(y) dzdy.

Remark that if we have W € W, with € € {1,< 1,4+, £}, then we have W(f ® g;-) € M (Z).
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Lemma 3.3.20 (The supremum in the cut distance dg,, for quasi-convex distance dy,). Let dp, be a
quasi-convex distance on M (Z) with € € {+, £} that is sequentially continuous w.r.t. the weak topology.
Let U,W € W,.. Then, there exist measurable subsets S,T C [0,1] such that f = 1g and g = 11 achieve
the supremum in:

sup dp, (U(f ®g;), W(f®g; -))
f.9

where the supremum is taken over measurable functions f,g from [0,1] to itself.

Proof. Define the map ¥ : (f,g) = dun(U(f ® g;-), W(f ® g;-)), and denote C = sup; , ¥(f,g), where
the supremum is taken over measurable functions f, g from [0, 1] to itself. Let (f,)nen and (gn)nen be
sequences of measurable functions from [0, 1] to itself such that lim, oo U(fn,9,) = C. As the unit
ball of L>°([0,1],A) is compact for the weak-* topology (with primal space L!([0,1],))), upon taking
subsequences, we may assume that (fy,)nen (resp. (gn)nen) weak-* converges to some f (resp. ¢g) which
take values in [0,1]. Thus, (f, ® gn)nen Weak-* converges to f ® g in L>°([0,1]?, X2). In particular, for
every h € Cy(Z), as W[h] is a real-valued kernel, this implies that lim, .o W(f, ® gn;h) = W(f ® g; h).
This being true for every h € Cy(Z), we get that the sequence (W (f, ® gn;*))nen in Mc(Z) weakly
converges to W(f ® g;-) € Mc(Z); and similarly for U. As d,, is sequentially continuous w.r.t. the weak
topology on M. (Z), we get that C = limy, 00 U (fn, 9n) = ¥(f, 9).

Now, we show that we can replace the functions f and g by functions that only take the values 0 and 1
(i-e. indicator functions). We first fix g and do this for f. Let X be a random variable uniformly distributed
over [0, 1], and consider the random function 1 x <. Remark that we have E[W (1 x<;®g;-)] = W(f®g;-),
and similarly for U. As d,, is quasi-convex and sequentially continuous w.r.t. the weak topology, we have:

C> sup dn(U(le<r®g:-), W(la<s ®g9;-))
x€[0,1]

> dp, (E[U(]lng ®g; ), EW(lx<y ®g; N)

=du(U(f®g),W(f®g;)
-,

where in the second equality we used the quasi-convex supremum inequality from (3.5) with the M (Z)-
valued kernels U’ (z, y;-) = U(Ll,<;®g; ) and W’ (z,y;+) = W(l,<;®g; ), and A = [0, 1]%. All inequalities
being equalities, this imposes:

C= sup dn(U(le<y @g;-), W(la<y ®g;-)) = m dm(U(L,<f @g;), W(lr, < ®9;),
z€[0,1] n—00

for some sequence (x,)nen in [0,1]. Upon taking a subsequence, we may assume that the sequence
(2r)neny monotonically converges to some x € [0, 1]. In particular, the sequence of functions (1, <f)nen
(monotonically) converges to the function f' = l,<¢ (resp. [’ = l,<y) if (z5)nen is non-decreasing
(resp. decreasing), and thus also weak-* converges in L>°([0,1],\). Using, as in the first part of the
proof, the sequential continuity of the function ¥ w.r.t. the weak-* topology on L*°([0,1],\), we get that
U(f,g9)=dn(U(f' ®g;), W(f ®g;-)) = C, that is we can replace f by the indicator function f’. The
same argument allows to replace g by an indicator function. O

3.3.8 Examples of distance d,,

We consider usual distances and norms on M, (Z) or My (Z) that induce the weak topology on
M (Z). All the distances we consider are quasi-convex, and all the norms we consider are sequentially
continuous w.r.t. the weak topology on My (Z). Thus their associated cut distances are invariant and
smooth by Lemma 3.3.11 and Proposition 3.3.13. Properties for the cut distances associated with those
distances and norms are summarized in Corollaries 3.4.14 and 3.5.6.

In this section, we assume that (Z,dy) is a Polish metric space, and remind that B(Z) denotes its
Borel o-field.
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The Prohorov distance dp

The Prohorov distance dp is a complete distance defined on the set of finite measures M (Z) that
induces the weak topology (see [Bil99a, Theorem 6.8]). It is defined for p,v € M, (Z) as:

dp(p,v) =inf{e > 0:VA € B(Z), u(A) <v(A%) +¢ and v(A) < u(A®) +e¢}, (3.9)

where A°* = {z € Z: Jy € A,dy(x,y) < €}. For probability measures, we only need one inequality in
(3.9) to define the Prohorov distance; however for positive measures we need both inequalities as two
arbitrary positive measures might not have the same total mass. For d,, = dp, we use the subscript
m = P. We now prove that the Prohorov distance is quasi-convex.

Lemma 3.3.21. The Prohorov distance dp is quasi-conver on My (Z).

Proof. Let uy,pa,v1,v2 € M4 (Z) and let « € [0,1]. Let ¢ > max(dp(u1,v1),dp(pe,v2)), then for
all i € {1,2} and B € B(Z), we have that u;(B) < v;(B%) + ¢ and v;(B) < p;(B®) + . Taking a
linear combination of those inequalities, we get that for all B € B(Z), we have that au;(B) + (1 —
a)puz(B) < a1 (B%) + (1 — a)va(B®) + ¢, and similarly when swapping the role (u1,p2) and (v1,vs).
Hence, we get that dp(ap + (1 —a)pg, avy + (1 — o)) < g, and taking the infimum over ¢, we get that
dm(apy + (1 — a)pe, avy + (1 — @)ve) < max(dm (@1, v1), dm (2, v2)). O

The Kantorovitch-Rubinshtein and Fortet-Mourier norms

The Kantorovitch-Rubinshtein norm || - ||kr (sometimes also called the bounded Lipschitz distance)
and the Fortet-Mourier norm || - ||pm are two norms defined on M (Z) that induce the weak topology
on My (Z) (see Section 3.2 in [Bogl8| for definition and properties of those norms). They are defined for
€ Mx(Z) by:

lellxr = sup{/ fdp: fis 1-Lipschitz and || f|e < 1},
z

[llem = sup{/ f du: f is Lipschitz and || f|loc + Lip(f) < 1} ;
Z

where || flloec = sup,ez |f(x)] is the infinite norm and Lip(f) is the smallest constant L > 0 such that f
is L-Lipschitz. Those two norms are metrically equivalent, see beginning of Section 3.2 in [Bogl8]:

[ellem < [[pllkr < 2/ pllew (3.10)

Note that we have ||u||lkr < |||, and thus those two norms are sequentially continuous w.r.t. the weak
topology on M4 (Z).

An easy adaptation of the proof for Theorem 3.2.2 in [Bogl8] gives the following comparison between
dp, |- llkr and || - [[pwmr-

Lemma 3.3.22 (Comparison of dp, || - [|[xkr and || - ||pm). Let p,v € M (Z). Then, we have:

dP(/-h V)2 .
— 2 < |lu—-v <||lp—-v < (24 min(pu(Z),v(Z))) dp(p,v).
T+ dp(p0) = e = vllen < Ml = viixr < ( (1(2),v(Z))) dp(p,v)
In particular, the Prohorov distance dp is uniformly continuous w.r.t. || - |[kr and || - ||[rm on M (Z);
and || - |lkr and || - ||pm are uniformly continuous w.r.t. dp on M<1(Z).
For the special choice Ny, = | - ||kr (resp. Ny = || - |lrm), we use the subscript m = KR (resp.

m = FM).

A norm based on a convergence determining sequence

From a convergence determining sequence F = (fi)ren, where fo = 1 and fi, € Cp(Z) takes values in
[0, 1], we define a norm on M4 (Z) metrizing the weak topology on M (Z), for p € My(Z), by:

lellm =27 % u(fe)l. (3.11)

keN
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Note that we have ||u||z < 2||u||c, and thus || - || is sequentially continuous w.r.t. the weak topology on
M (Z). For the special choice Ny, = || - || 7, we use the subscript m = F.

Even though the norm || - || # is not complete when Z is not compact (see Lemma 3.3.23 below), the
cut norm | - [|g, 7 and the cut distance g # will turn out to be very useful in Sections 3.6 and 3.7 to link
the topology of the cut distance to the homomorphism densities. Recall dx is the distance derived from
the norm || - || =.

Lemma 3.3.23 (dr is not complete in general). Let F be a convergence determining sequence. Then,
the distance dx is complete over M1(Z) if and only if M1(Z) is a compact space, i.e. , if and only if Z
18 compact.

Proof. Theorem 3.4 in [Var58| states that Z is compact if and only if M;(Z) is compact. When this is
the case, any distance metrizing the weak topology on M;(Z) is complete.

Reciprocally, assume that dr is a complete metric over M (Z) and write F = (fin)men- Let (tn)nen
be an arbitrary sequence of probability measures from M;(Z). For every m € N, as f,, takes values in
[0, 1], we have for every n € N that u,(fmn) € [0,1]. Hence, using a diagonal extraction, there exists a
subsequence (pn, )ken of the sequence (pn)nen such that for every m € N, the sequence (i, (fm))ken
converges, that is, (tn, )xen is a Cauchy sequence for the distance dr. As we assumed the distance dr
to be complete, this implies that the sequence (fin)neny has a convergent subsequence. The sequence
(ttn)nen being arbitrary, we conclude that the space M;(Z) is sequentially compact, and thus compact
by Remark 3.2.6. O

For W € Wy and f € Cy(Z), we denote by W{f] the real-valued kernel defined by:

W(f)(x.y) = W(ey: f) = / F(2) Wz, y: d2). (3.12)

We denote by || - [or (resp. | -[|5 ) the cut norm (resp. one-sided version of the cut norm) for

real-valued kernels defined as:

/ w(z,y) dzdy‘ and |w|fp= sup / w(z,y) dedy, (3.13)
SxT ’ S, TC[0,1] JSxT

|wllor = sup
S,TC[0,1]

where w is a real-valued kernel w (see [Lov12, Section 8.2|, resp. [Lov12, Section 10.3], for definition and
properties of those objects).

The following two remarks link the cut norm || - ||g # of a signed measure-valued kernel W with the
cut norm || - [|[or of the real-valued kernels W{f] for some particular choices of functions f € Cy(Z). We
will reuse those facts in Section 3.6.

Remark 3.3.24 (Link between || - [|g 7 and || - ||} z). For p € M4 (Z) we have:

HU”]—' = Ssup 27 5n,u(fn) = Sup W ( 27 5nfn> ) (3'14)
Y S 2
with € = (e,)nen. Hence, for a signed measure-valued kernel W € W, we have:

1474 [Z 2 ", fn]

neN

(3.15)

Wlor= sup sup W [SxT; 22 "enfn | = sup
ee{£1}N 5, 7C(0,1] neN ce{£1}N

O,rR

Remark 3.3.25 (Inequality with || - ||g # and || |[gr). For a signed measure-valued kernel W, we have:

IWlo.7= _sup Z?"

W(z,y, fn) dxdy’

clo,1] ;= ST
< ZZ " sup W(z,y, fn) dxdy’
s,rclo1] |JsxT
= Z 27" W fallor: (3.16)

n=0
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3.4 Tightness and weak regularity

In this section, using a conditional expectation approach as in [Lov12, Chapter 9|, we provide ap-
proximations of signed measure-valued kernels and probability-graphons by stepfunctions with an explicit
bound on the quality of the approximation. This procedure takes into account that signed measure-valued
kernels are infinite-dimensional valued.

3.4.1 Approximation by stepfunctions
We start by introducing the partitioning of a signed measure-valued kernel.

Definition 3.4.1 (The stepping operator). Let W € Wx be a signed measure-valued kernel and P =
{S1,---, Sk} be a finite partition of [0,1]. We define the kernel stepfunction Wp adapted to the partition
P by averaging W over the partition subsets:

1
A(Si)A(S;)

when A(S;) # 0 and A(S;) # 0, and Wp(z,y;-) = 0 the null measure otherwise. We call the map
W — Wp defined on Wy the stepping operator (associated with the finite partition P ).

Wp(z,y;-) = W(S; x Sj;-) forz e S;,yelS;,

Since the signed measure-valued kernel are defined up to an a.e. equivalence, the value of Wp(z,y; )
for x € S;,y € S; when A(S;)A(S;) is unimportant.

Remark 3.4.2 (Link with conditional expectation). The stepfunction Wp can be viewed as the condi-
tional expectation of W w.r.t. the (finite) sigma-field o(P x P) on [0,1]2, where W : [0,1]2 — M (Z)
is seen as a random signed measure in M (Z) and the probability measure on [0,1]? is the Lebesgue
measure.

Remark 3.4.3 (Steppings are convex stable). Let M C My (Z) be a convex subset of measures, for
instance M is M1(Z), M<1(Z), M4 (Z) or My (Z). Whenever W € Wy is a M-valued kernel, then by
simple computation its stepping Wp is also a M-valued kernel.

In the following remark, we give a characterization of refining partitions that generate the Borel o-field
of [0, 1].

Remark 3.4.4 (On refining partitions that generates the Borel o-field). Let (Py)ren be a sequence of
refining partitions of [0, 1]. It generates the Borel o-field of [0, 1] (that is, {S : S € Pk, k € N} generates
the Borel o-field of [0,1]) if and only if (Pk)ren separates points (that is, for every distinct x,y € [0, 1],
there exists k € N such that 2 and y belong to different classes of Py).

Indeed, assume that (Py)ren separates points, and consider the countable family of Borel-measurable
functions F = {1g : S € Pj, k € N} which separates points. Thus, by [Bog07b, Theorem 6.8.9] (remark
that a Polish space is a Souslin space, see [Bog07b, Definition 6.6.1]), the family F generates the Borel
o-field of [0, 1]. This implies that the family of Borel sets {S : S € Py, k € N} generates the Borel o-field
of [0,1].

Conversely, assume there exist x,y € [0,1] which are not separated by (Pi)kren, i.e. for all & € N,
2 and y belong to the same class of Px. This implies that the set {x} does not belong to the o-field
generated by (Pr)ren, and thus (Py)ren does not generate the Borel o-field of [0, 1].

Recall the definition of the norm || - ||oc on Wy defined in (3.2). The following lemma allows to
approximate any signed measure-valued kernel by its steppings.

Lemma 3.4.5 (Approximation using the stepping operator). Let W € Wy be a signed measure-valued
kernel (which is bounded by definition). Let (Pp)nen be a refining sequence of finite partitions of [0, 1]
that generates the Borel o-field on [0,1]. Then, the sequence (Wp, )nen is uniformly bounded by ||W|| oo,
and weakly converges to W almost everywhere (on [0,1]?).

Proof. Set W, = Wp,_ for n € N. By definition of the stepping operator, we have for every n € N and
every (z,y) € [0,1]? that the total mass of W, (z,y;-) is upper bounded by ||W||co.

Recall that for W € Wy and f € C,(Z), the real-valued kernel W[f] is defined by (3.12). First assume
that W € W,.. Let F = (fi)ren be a convergence determining sequence, with by convention f; = 1. For
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every k € N and n € N, an immediate computation gives W,,[fx] = (W([fx])p, . For every k € N, as W[ f]
is a real-valued kernel, we can apply the closed martingale theorem (as (W|[fx])p, can be viewed as a
conditional expectation, see Remark 3.4.2), and we get that lim,,_, o W,[fx] = W|[fx] almost everywhere,
since (Pn)nen generates the Borel o-field. Hence, as the sequence (fi)ren iS convergence determining,
the sequence (W),)nen weakly converges to W almost everywhere.

Now, for W € Wy, write W = WT — W~ where W, W~ € W, (see Lemma 3.3.3). By linearity of
the stepping operator, remark that we have W,, = (W™')p, — (W™ )p, for all n € N. By the first case,
we have that the sequence ((W™T)p, )nen weakly converges a.e. to W, and similarly for ((W™)p, )nen
and W~ . Hence, the sequence (W,,),cn weakly converges to W almost everywhere.

We first provide a separability result on the space of probability-graphons.

Proposition 3.4.6 (Separability of W, and 17\//1) Let d be a smooth distance on Wy (resp. Wi or Wy ).
Then, the space (Wi, d) (resp. Wy,d) or Wi, d)) is separable.

If furthermore d is invariant (which implies that 6g is a distance), then the space (Wl,ég) (resp.
(WJr,dD) or (Wi, d0)) is separable.

In particular, this proposition can be applied when d = dg,, and dy, is a quasi-convex distance
continuous w.r.t. the weak topology, as then dm,, is invariant and smooth (remind Lemma 3.3.11 and
Proposition 3.3.13).

Proof. We shall consider the space of probability-graphons W, as the proofs for W, and W are similar.
Applying Lemma 3.4.5 with the sequence of dyadic partitions, for every probability-graphon W, we can
find a sequence of probability-graphon stepfunctions adapted to finite dyadic partitions and converging
to W almost everywhere on [0, 1]2.

As the space Z is separable, the space of probability measures M(Z) is also separable for the weak
topology (see [Bil99a, Theorem 6.8]). Let A C M;(Z) be an at most countable dense (for the weak
topology) subset. Then, for any stepfunction W € W), adapted to a finite dyadic partition, we can
approach it everywhere on [0,1]? by a sequence of A-valued stepfunctions adapted to the same finite
dyadic partition.

Hence, for every W € W, there exists a sequence (W,,)nen in the countable set of .A-valued step-
functions adapted to a finite dyadic partition that converges to W almost everywhere on [0,1]2. As d is
smooth, we get that this convergence also holds for d. Thus, the space (W;,d) is complete.

Remind that by Theorem 3.3.17, when the distance d is invariant and smooth, then the premetric
0 is a distance on Wi. In that case, convergence for d implies convergence for g, and thus the space
(W1, d0) is also separable. O

3.4.2 Tightness

Similarly to the case of signed measures (remind Lemma 3.2.8), we introduce a tightness criterion for
signed measure-valued kernels that characterizes relative compactness, see Proposition 3.4.8 below. For
a signed measure-valued kernel W € W, , we define the measure My € M, (Z) by:

w(@) = WO = [ WGz d) dady, (317)

where for every z,y € [0, 1], |W|(z,y; -) is the total variation of W (x,y; ) (see Lemma 3.3.3). In particular,
if W is a probability-graphon then My is a probability measure from M;(Z). Notice also that if W and
U are weakly isomorphic, then My, = My, so that the application W +— My, can be seen as a map from
Wi (resp. Wy) to M1(Z) (resp. M4 (Z)).

Definition 3.4.7 (Tightness criterion). A subset K C Wx (resp. K C Wy ) is said to be tight if the
subset of measures {My : W € K} C M (Z) is tight.

The following proposition shows the equivalence between a global tightness criterion and a local
tightness criterion. Recall that uniformly bounded subsets of W, are discussed after Definition 3.3.16.
Recall also \g is the Lebesgue measure on [0, 1]%.
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Proposition 3.4.8 (Alternative tightness criterion). Let K C Wy (or K C W4) be a uniformly bounded
subset of signed measure-valued kernels. The set K is tight if and only if for every € > 0, there exists a
compact set K C Z, such that for every W € K we have:

o ({(m,y) € [0,1)2: |W|(z,y; K€) < g}) >1-e (3.18)

Proof. As the left hand side of (3.18) is invariant by relabeling, it is enough to do the proof for W.. Let
K € W4+ be uniformly bounded and set C' = supyycx [|[W]|oo < 00. Assume that for every € > 0, there
exists a compact set K C Z, such that (3.18) holds for every W € K. Let 1 > & > 0. Thus, there exists
a compact subset K C Z such that for every W € K there exists a subset Ay, C [0,1]? with (Lebesgue)
measure at least 1 — e, such that for every (x,y) € Aw, we have |W|(x,y; K¢) <e. We have that for all
W eK:

My (K°) :/ (W(z,y; K) dedy < [WlleoAa(Afy) + eXa(Aw) < (C'+1)e.
[0,1]2

Hence, the subset of measures { My : W € K} C M, (Z) is tight, that is K is tight.

Conversely, suppose that K is tight. Let € > 0. There exists a compact set K C Z such that for every
W € K, we have My, (K¢) < 2. For W € K, define Ay = {(z,y) € [0,1]? : [W|(z,y; K¢) < £}. We have:

€2 > My (K°) = / W|(2, y: K©) dady > ho(AS).
[0,1)2

Hence, \y(Aw) > 1 — ¢, and consequently Equation (3.18) holds. O

We end this section on a continuity result of the map W — Myy.

Lemma 3.4.9 (Regularity of the map W +— Myw). Let dw be a distance on M<1(Z) (resp. My(Z)).
Then the map W — My is 1-Lipschitz, and thus continuous, from (W17m,(5[,7m) (resp. (W+7m,5g7m)) to
(M1(Z),dw) (resp. (M1(Z),dr)).

Proof. Taking S = T = [0, 1] in Definition (3.3) of dm ,, we get that dw, (My, Mw) < dom(W,U). As
Mye = My for any measure-preserving map ¢ thanks to (3.1), we deduce from Definition (3.6) of 4 1,
that du (M, Myy) < 60y (U, W). O

3.4.3 Weak regularity

We shall consider the following extra regularities of distances on the set of signed measure-valued
kernels w.r.t. the stepping operator. For a finite partition P, denote by |P| the size of the partition P,
i.e. the number of sets composing P.

Definition 3.4.10 (Regularities of distances). Let d be a distance on Wy (resp. Wi or Wy ).

(i) Weak regularity. The distance d is weakly regular if whenever the subset K of Wy (resp. W4 or
Wy ) is tight (resp. tight and uniformly bounded), then for every € > 0, there exists m € N*, such
that for every kernel W € K, and for every finite partition Q of [0,1], there exists a finite partition
P of [0,1] that refines Q such that:

|P| <m|Q| and d(W,Wp)<e.

(ii) Regularity w.r.t. the stepping operator. The distance d is regular w.r.t. the stepping operator
if (resp. for any finite constant C > 0) there exists a finite constant Cy > 0 such that for every
W,U in Wy (resp. in Wi or Wy, with |[W]e < C and ||U|lec < C) and every finite partition P
of [0,1], then we have:

d(W, Wp) < Cod(W, Up). (3.19)

We say that a norm N on Wy is weakly reqular (resp. regular w.r.t. the stepping operator) if its associated
distance d on Wy is weakly regular (resp. regular w.r.t. the stepping operator).

The weak regularity property is an analogue to the weak regularity lemma for real-valued graphons
(see [Lov12, Lemma 9.15]). If a distance d is weakly regular, then for a subset X C M (Z) which
is tight and uniformly bounded, every K-valued kernel can be approximated by a stepfunction with a
uniform bound. The regularity w.r.t. the stepping operator states that the stepping operator gives an
almost optimal way to approximate a signed measure-valued kernel using stepfunctions adapted to a
given partition.
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An example of cut distance regular w.r.t. the stepping operator

Remind the definition of a quasi-convex distance in Definition 3.2.10. We first show that the stepping
operator is 1-Lipschitz for the cut distance dg,, when the distance dy, is quasi-convex.

Lemma 3.4.11 (The stepping operator is 1-Lipschitz). Let dy, be a quasi-convex distance on M a convex
subset of M1 (Z) containing the zero measure. Then, the stepping operator associated with a given finite
partition of [0,1] is 1-Lipschitz on Wy for the cut distance dp v, .

Proof. Let U,W € Wa be M-valued kernels, and let P be a finite measurable partition of [0,1]. As
Up and Wp are stepfunctions adapted to the same partition, and as dy, is quasi-convex, we can use
Lemma 3.3.19 to get for some S,T € o(P) that:

dl:l,m(UP7 WP) = dm(UP(S x T )>WP(S x T )) = dm(U(S x T ')7 W(S x T )) < dD,m<U= W)a

where the second equality comes from the fact that the integrals are equals as S, T € o(P) and thus the
integration is over full steps of the partition. Hence, the stepping operator is 1-Lipschitz on Wy, for the
cut distance d,. O

For a quasi-convex distance d,, the cut distance dg, is regular w.r.t. the stepping operator with
Cp =2 in (3.19) (and one can take C' = 400 in Definition 3.4.10 (ii)).

Lemma 3.4.12 (dg ,, is regular w.r.t. the stepping operator). Let dy, be a quasi-convex distance on M
a convex subset of My (Z) containing the zero measure. Let W,U € W, be Wy-valued kernels, and let
P be a finite partition of [0,1]. Then, we have:

dom(W,Wp) < 2dn ., (W,Up).

Proof. The proof is similar to the proof of [Lovl2, Lemma 9.12]. As the distance dy, is quasi-convex,
using Lemma 3.4.11, we get:

dom(W, Wp) < dom(W,Up) + dom(Up, Wp) < 2dn (W, Up).

This concludes the proof. O

An example of weakly regular cut distance

We have the following general result. Recall Definitions 3.3.10 and 3.4.10 on distances and norms on
W, with € € {4+, £}, being invariant, smooth, weakly regular and regular w.r.t. the stepping operator.

Proposition 3.4.13 (Weak regularity of do.,). Let dn, be a quasi-convex distance on M(Z), with
€ € {+, £}, which is sequentially continuous w.r.t. the weak topology. Then, the cut distance do , on W,
18 tnvariant, smooth, weakly regular and regular w.r.t. the stepping operator.

Using results from Section 3.3.8, we directly get the following weak regularity of the cut distance do p
and the cut norms || - |07, || - loxr and || - [|o,Fm-

Corollary 3.4.14 (Weak regularity of usual distances and norms). The cut norms || - |07, || - [|0.xr
and || - ||o,ra (resp. the cut distance dop) on W4 (resp. Wy ) are invariant, smooth, weakly regular and
regular w.r.t. the stepping operator.

Proof of Proposition 8.4.13. We deduce from Lemmas 3.3.11 and 3.4.12, Proposition 3.3.13 and that the
cut distance dg ., on W, is invariant, smooth and regular w.r.t. the stepping operator. We are left to
prove that dg ., is weakly regular on WW.. We prove it by considering in the first step the case Z compact
and in a second step the general case Z Polish.

Step 1. We assume Z compact. As in the definition of weak regularity, let X C W, be a subset of
M (Z)-valued kernels that is tight and uniformly bounded by some finite constant C. Let M C M(Z)
be the subset of elements of M (Z) with total mass at most C; in particular M is a convex set containing
0 and K C Wx. As Z is compact, from Remarks 3.2.6 and 3.2.7, we know that the weak topology
is metrizable on M and that M is compact, and thus sequentially weakly compact. Hence, as d,,
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is sequentially continuous w.r.t. the weak topology on M.(Z), we have that (M,d,,) is sequentially
compact, and thus compact.

Denote by B(u,r) = {v € M : dn(p,v) < r} the open ball centered at p € M with radius r > 0.
Let € > 0. As M is compact, there exist puy,...,un, € M, n € N*, such that M = U, B(p;,¢). For
1 < i <mn, define A; = B(ui,€) \ Uj<;B(;,¢€), so that {Ay,...,A,} is a finite partition (with possibly
some empty sets) of M.

Every M-valued kernel W can be approximated by a {u1, ..., i, }-valued kernel U defined for every
(z,y) € [0,1)% by U(z,y;-) = p; for i such that W(z,y;-) € A;. Thus, by construction, we have that for
every (z,y) € [0,1)%, dm(W (z,y;-),U(x,y;-)) < e. Applying the quasi-convex supremum inequality from
(3.5) to W and U, we get that:

dl:’,m(vva U) < essup dm<W(xv Y; ')7 U(l‘v Y; )) Se.
(z,y)€[0,1]?

Then, as the stepping operator is 1-Lipschitz for the cut norm, see Lemma 3.4.11, we have for any
finite partition P of [0, 1] that:
dom(W, Wp) < dgm(W.U) +dow(U,Up) + dom(Up, Wp)
<2 +dow(U,Up). (3.20)

Hence, to get the weak regularity property for M-valued kernels, we are left to prove it for the much
smaller set of V-valued kernels, where V is the convex hull of {p1, ..., tn}-

As dy, is quasi-convex and sequentially continuous w.r.t. the weak topology, using Lemma 3.2.11,
there exists 7 > 0 such that for all u,v € M(Z), we have that ||u — v|leo < 7 implies that d,,(u,v) <e.

As V is a subset of a vector space with finite dimension n, the norm || - || seen over V is equivalent
to the Li-norm p = Y i a;p; — Jlalli = >y |a;|. We can now see V-valued kernel as R"-valued
graphon with a cut norm derived from the Li-norm || - ||;, and in this case the proof for the weak

regularity Lemma 9.9 in [Lov12] can easily be adapted. Hence, we have the weak regularity property
for V-valued kernels: there exists m € N*, such that for every V-valued kernel U’, and for every finite
partition Q of [0, 1] there exists a finite partition P of [0, 1] that refines Q, and such that |P| < m|Q| and
supg rcjoq] (U = Up)(S X T +)|loc < 1, and thus do (U’ Up) <e.

Taking U’ = U in (3.20), we get that do ., (W, Wp) < 3¢ and |P| < m|Q|. This concludes the proof
of the lemma when Z is compact.

Step 2. We consider the general case Z Polish. We now prove that do,, is weakly regular on W..
Let X C W, be a subset of M(Z)-valued kernels that is tight and uniformly bounded, and denote by
C =supyex [Wlleo < o0

Let ¢ > 0. As dy is quasi-convex and sequentially continuous w.r.t. the weak topology, using
Lemma 3.2.11, there exists n > 0 such that for all p,v € M.(Z), we have that ||y — V| < 7 im-
plies that dp, (i, v) < e. Without loss of generality, we assume that n < e. Let ¢ = min(n,n/C).

As K is tight, using Proposition 3.4.8, there exists a compact set K C Z, such that for every W € K
the subset Ay = {(z,y) € [0,1]* : |[W|(x,y; K¢) < nc/2} has Lebesgue measure at least 1 — ¢ /2.
Let W € K, and define the signed measure-valued kernel U by: U(z,y;-) = W(z,y;- N K) for every
(z,y) € Aw, and U(z,y;) = 0 otherwise. Let S, T C [0,1]. We have:

(W = U)(S % T5) oo g/

S'x

., W (x,y;-) — Uz, y; ) ||oo dedy

< / W (x4 ) dady + / W (2, ;) oo dady
AwnN(SxT) AG,N(SXT)

<nc/2+4+C -nc/2
<n.

Thus, we have that dy,(W (S x T;-),U(S x T;-)) < €. Since this holds for all S,T" C [0,1], we get that
oy (W, U) < e.

Notice that the My (Z)-valued kernel U is also a My (K )-valued kernel, where K C Z is a compact
set, and that [|[Ul||oc < ||[W|leo < C. Further remark that, using Lemma 3.4.11, for every W € K and
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3.4. TIGHTNESS AND WEAK REGULARITY

every finite partition P of [0, 1], we have that:

dom(W, Wp) <dgn(W,U) +dom(U,Up) + dgu(Up, Wp)
<2 +dowm(U,Up).

Hence, to get the weak regularity property for dg,, on K (see Definition 3.4.10 (i)), it is enough to
prove that do,, restricted to M.(K)-valued kernels is weakly regular, which is true by Step 1. As a
consequence, we get that dg ,, on W, is weakly regular. O

3.4.4 A stronger weak regularity lemma for dg »

In this subsection, we prove a stronger version of the weak regularity lemma for the special case of
the cut distance do . We shall use this result for the proof of the second sampling Lemma 3.6.12.

Let F = (fn)nen, with fo = 1 and f, takes values in [0, 1], be a convergence determining sequence,
which is assumed fixed in this section.

Comparison between || - |5 and an euclidian norm

To better understand the stepping operator, we introduce a scalar product over signed measure-valued
kernels. The link between this scalar product and the norm || - ||g r is given by Lemma 3.4.15. We define
the scalar product (-,)» on signed measure-valued kernels for U,W € W, by:

<UWF—22_n fn] [fnba

n>0

where for all n the scalar product taken for U[f,] and W[f,,] is the usual scalar product in L?([0, 1], \2)
for real-valued kernels:

UL W) = / ULfal (2 9)W [ () dadly.

[0,1]2

The scalar product (-, -)# induces a norm on W which we denote by || -

Let P be a finite partition of [0,1]. As the stepping operator for measurable real-valued L? functions
on [0,1]? is a linear projection, and is idempotent and symmetric, and by definition of the scalar product
(+,-)F for signed measure-valued kernels, we have that the stepping operator for signed measure-valued
kernels is linear, idempotent and symmetric for (-, -) . Moreover, the stepping operator is the orthogonal
projection for (-, -) = onto the space of stepfunctions with steps in P.

Note that for a probability-graphon W € Wi, we have |[W||2. 7 < v/2 as each f, takes values in [0, 1].
The following technical lemma gives a comparison between || - |0 = and || - ||2,F.

Lemma 3.4.15 (Comparison between ||-||0, 7 and ||-||2,7). For a signed measure-valued kernel W € Wy,
we have |W o7 < V2|W|a,7.

Proof. Let S,T C [0,1] be measurable subsets. Using the Cauchy-Schwarz inequality, we have that
|Wfa)s Lsx))?> < (IW[fall3 = (Wfal, W[fs]) for every n > 0. Using this inequality along with
Jensen’s inequality, we get for every S,T C [0,1] that:

2 2
D2TWSXT, fu)l | = | Do 27" [(Wifal, Lsxr)]
n>0 n>0
<D 27T (WSl Lsur)]?
n>0
<D 2 Wfal)
n>0
= 2(||Wl|2,7)*.
Taking the supremum over every measurable subsets S,T C [0, 1] gives the desired inequality. O
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3.5. COMPACTNESS AND COMPLETENESS OF W,

The weak regularity lemma for || - ||g =

The following lemma gives an explicit bound on the approximation of a signed measure-valued kernel,
say W, by its steppings Wp, with P a finite partition on [0, 1]. Its proof is a straightforward adaptation
of the proof of the weak regularity lemma for real-valued graphons in [Lov12, Lemma 9.9].

Lemma 3.4.16 (Weak regularity lemma for || - |5 7, simple formulation). For every signed measure-
valued kernel W € Wy and k > 1, there exists a finite partition P of [0,1] such that |P| = k and:

NG
W = Wplor < ——=IIW|2,r.

V/1og(k)
In particular, if W € Wy is a probability-graphon, (as |W 2.7 < V/2) we have:
_ 4
log(k)

It is possible in the weak regularity lemma to ask for extra requirements, for instance to start from
an already existing partition, or to ask the partition to be balanced, as stated in the following lemma.
The proof is a straightforward adaptation of the proof of [Lov12, Lemma 9.15].

W —Wpl|o,r <

Lemma 3.4.17 (Weak regularity lemma for || - ||g», with extra requirements). Let W € W, be a
probability-graphon, and let 1 < m < k.

(i) For every partition Q of [0,1] into m classes, there is a partition P with k classes refining Q and

such that: 4
W —Wpl|lo,r < ———e

Vlog(k/m)
(ii) For every partition Q of [0,1] into m classes, there is an equipartition (i.e. a finite partition into

classes with the same measure) P of [0,1] into k classes and such that:
2m
W = Wpllo,r <2(W - Wollo,r + 7

3.5 Compactness and completeness of W,

In Section 3.5.1, we link the tightness criterion for measure-valued kernels with the relative compact-
ness w.r.t. the cut distance 6 ,,. In Section 3.5.2, we compare the topologies induced by the cut distance
00, m for different choice of the distance dy,, and state that under some conditions on d,, those topologies
coincide. In Section 3.5.3, we investigate the completeness of W; endowed with the cut distance ég n
and prove that the space of probability-graphons 17\71 is a Polish space (Theorem 3.5.10), and that it is
compact if and only if Z is compact (Corollary 3.5.13). The technical proofs are postponed to Section 3.8.

3.5.1 Tightness criterion and compactness

Let M C ML(Z) be a subset of signed measures on Z. Recall that Wxs C W+ denote the subset of
signed measure-valued kernels which are M-valued. In this section, we shall denote by VNVM the quotient
of Wy identifying signed measure-valued kernels that are weakly isomorphic.

Remind from Definition 3.3.15 and Theorem 3.3.17 that for an invariant, smooth and weakly regular
distance d on Wi (resp. Wy, W), g is defined as og(U, W) = infyes,, ,, d(U, W¥), and is a distance on
W1 (resp. W+,W:|:).

We are now ready to formulate the important following theorem, which relates tightness with com-
pactness and convergence for signed measure-valued kernels. We prove this theorem in Section 3.8.

Theorem 3.5.1 (Compactness theorem for Wl) Let d be an invariant, smooth and weakly regular
distance on Wy (resp. Wx ).

(i) If a sequence of elements of Wy or Wi (resp. Wy or Wi) is tight (resp. tight and uniformly
bounded), then it has a subsequence converging for og.
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3.5. COMPACTNESS AND COMPLETENESS OF W,

(i) If M C My(Z) (resp. M C My(Z)) is convex and compact (resp. sequentially compact) for the
weak topology, then the space (W, 0n) is convex and compact.

(iii) If Z is compact, then the space (W17(5|:|) is compact.

In particular, this theorem can be applied when d = dp ,,, and dy, is a quasi-convex distance contin-
uous w.r.t. the weak topology, as then dm ., is invariant, smooth and weakly regular (remind Proposi-
tion 3.4.13).

We deduce from this theorem a characterization of relative compactness for subsets of probability-
graphons.

Proposition 3.5.2 (Characterization of relative compactness). Let dy, be a distance on M<1(Z) (resp.
M (Z) or M4 (Z)) that induces the weak topology on M<1(Z) (resp. M(Z)). Assume that the distance
dom on Wi (resp. Wy or W4 ) is (invariant) smooth and weakly regular.

(i) If a sequence of elements of Wy or Wi (resp. Wy or W+) is converging for 6o m, then it is tight.

(i) Let K be a subset of Wi (resp. a uniformly bounded subset of VNV+) Then, the set K is relatively
compact for 5D,m if and only if it is tight.

(iii) Let M be a subset of M (Z) which is bounded, convex and closed for the weak topology. Then the
set Wy is convex and closed in Wy .

Remark that convergence for ég ,, does not necessarily imply tightness on W+ or on 17\/;.

Proof. We consider the case where dp, is a distance on My (Z) or M4 (Z), the case with M<1(Z) is
similar. -

We prove Point (i). Let (W,)nen be a convergent sequence of W, (and thus of W, ) for g ,,,. We
deduce from the continuity of the map W +— My, see Lemma 3.4.9, that the sequence (Mw, )nen is
converging for d,,, and thus is tight as dy,, induces the weak topology on M (Z). Then, by definition the
sequence (W, )nen is tight.

We prove Point (ii). If £ C 17\//+ is tight and uniformly bounded, then by Theorem 3.5.1 (i) every
sequence in K has a subsequence converging for 0 ,, which implies that X is relatively compact in the

metric space (W%ég’m) (see Remark 3.2.1).

Conversely, assume that £ C W, is uniformly bounded and relatively compact for g ,. Define
M= {My : W € K} € My(Z). By Lemma 3.4.9, the mapping W — My is continuous from
(Wl,ég’m) to (M4 (Z),dy). Hence, as dy, induces the weak topology on M (Z), the set M is also
relatively compact in M (Z) for the weak topology. As the space Z is Polish, applying Lemma 3.2.8, we
get that M C M (Z) is tight, and by Definition 3.4.7, the set K C W+ is tight.

We postpone the proof of Point (iii) to Section 3.8 on page 92. O

3.5.2 Equivalence of topologies induced by i,

The following lemma allows to show a first result on equivalence of the topologies induced by the cut
distance ég , for different distances d,,, where the sub-script m is used to distinguish different distances.
Its proof is given below. Remind from Theorem 3.3.17 that dg,, must be smooth for ég,, to be a
distance.

Lemma 3.5.3 (Comparison of topologies induced by dm,, and 60 ). Let dy, and dy, be two distances
on M<1(Z) such that dyy is uniformly continuous w.r.t. dy (in particular, dn, induces a finer topology
than dvy on M<1(Z)). Then, we have the following properties.

(i) The distance dg yy is uniformly continuous w.r.t. do, on Wh. In particular do , induces a finer
topology than dg .,y on Wi.

(i) If the distance do,, on Wi is smooth, then the distance dg yy is also smooth and 6g py is uniformly

continuous w.r.t. 0 m. In particular, ég m induces a finer topology than égm: on Wi.

(i) If the distance dg, on Wi is weakly regular, then the distance dg yy is also weakly regular.
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3.5. COMPACTNESS AND COMPLETENESS OF W,

(iv) Assume that the distance dy induces the weak topology on M<i(Z), and that the distance do
s smooth and weakly reqular. In particular, the distance dn, also induces the weak topology on
M<1(Z). Then, the distances 00, and 00 v induce the same topology on W .

We will see some application of Lemma 3.5.3 in Corollary 3.5.6 below.

Remark 3.5.4 (Extension to Wy for topology comparisons). In Lemma 3.5.3 (i)-(iii), one can replace
Wi and )7\71 by W4 and W+ or by Wy and Wi as soon as the distances d,, and dy are defined on
M (Z) or M(Z); in this case comparisons of topologies only apply on uniformly bounded subsets.
In Lemma 3.5.3 (iv), one can replace Wi by Wy with a bounded subset M C M (Z) as soon as the
distances dy, and d,, are defined on M (Z).

Proof of Lemma 8.5.3. We prove Point (i). Let € > 0. As dy, is uniformly continuous w.r.t. d,,, there
exists 77 > 0 such that for every u,v € M<1(Z), if dy(p,v) <1, then dyy (u,v) < e. Let U, W € W such
that dg (U, W) < n. Then, for every subsets S,T C [0, 1], we have:

Ao (U(S xT5),W(SxT;)) <e.

Thus, do . (U, W) < €. Hence, d p,, is uniformly continuous w.r.t. dg .

We prove Point (ii). Assume that dm ,, is smooth. Let (W,,)nen and W be probability-graphons such
that W, (z,y;-) weakly converges to W (x,y;-) for almost every z,y € [0,1]. Since the cut distance dp ,,
is smooth, we get that d (W, W) — 0. As dg p,, is uniformly continuous (and thus also continuous)
w.r.t. do m, we have that do . (W, W) — 0. Hence, dq ,, is smooth.

Furthermore, let ¢ > 0. Let n > 0 be such that for every p,v € M<1(Z), dwn(p,v) < n implies
dm(p,v) < €. For every U,W € Wi such that dg,,(U, W) < 7, there exists ¢ € S1) such that
dom (U, W#) < n, which implies that do (U, W¥) < ¢, which then implies that g, (U, W) < e. That
is, g,y is uniformly continuous w.r.t. ég m-

We prove Point (iii). Assume that dp,, is weakly regular. Let IC C W, be tight. Let € > 0. As d
is uniformly continuous w.r.t. dg ,,, there exists > 0 such that for every U,W € Wy, if dg ., (U, W) < n,
then dg (U, W) < e. Since dn,, is weakly regular, there exists m € N*, such that for every probability-
graphon W € K, and for every finite partition Q of [0, 1], there exists a finite partition P of [0,1] that
refines Q and such that |P| < m|Q| and dn ., (W, Wp) < n; and thus we also have dn ., (W, Wp) < e.
Hence, dn v is weakly regular.

We prove Point (iv). Assume that d,, induces the weak topology on M<1(Z) and that dg ,, is smooth
and weakly regular. In particular, the topology induced by d,, if finer than the topology induced by d,,,
i.e. finer than the weak topology. As dp , is smooth, by Lemma 3.3.12, d,, is continuous w.r.t. the weak
topology (i.e. the weak topology if finer than the topology induced by dyy,), and thus d,, induces the weak
topology on M<1(Z). By Points (ii) and (iii), we get that dn . is also smooth and weakly regular. By

Point (ii), the distance dg ,, induces a finer topology than 6, on Wl.

We now prove that the topology of d ,, is finer than the topology of 0 ,,. Let (Wp,)nen and W
be probability-graphons in Wl, such that W, converges to W for 0 ,,,. By Proposition 3.5.2 (i), we
deduce that the sequence (W, )nen is tight. As dp ,, is smooth and weakly regular, Theorem 3.5.1 gives
that every subsequence (W, )ren of the sequence (W, )nen has a further subsequence (W, )ren that
converges for 0o, to a limit, say U € 17\//1. Since 00y, is finer than 0 ,,/, we deduce that (Wn;)keN
converges also to U for 00 ,,; but, as a subsequence, it also converges to W for dg /. As dgm is a
distance on W, thanks to Theorem 3.3.17, we get U = W. Hence, every subsequence of (W,,),en has a
further subsequence that converges to W for dg y,, therefore the whole sequence itself converges to W for

00,m- Consequently, 0, is finer than Jg ,, and thus those two distances induce the same topology on
Wi O

The following theorem states that the topology induced by dg , does not depend on d,, under some
hypothesis. We prove this theorem in Section 3.8. Recall that under suitable conditions satisfied in the
next theorem, the quotient space W, does not depend on the choice of the distance d,,, see Theorem 3.3.17.

Theorem 3.5.5 (Equivalence of topologies induced by dm ,,, on Wl) The topology on the space proba
-bility-graphons W induced by the distance égm does not depend on the choice of the distance dy, on
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M<i1(Z), as long as dmw induces the weak topology on M<1(Z) and the cut distance do,, on Wi is
(invariant) smooth, weakly regular and regular w.r.t. the stepping operator.

Remind from Proposition 3.4.13 that when the distance d, is quasi-convex and continuous w.r.t. the
weak topology on M (Z) or M4(Z), then the cut distance dg,, is invariant, smooth, weakly regular
and regular w.r.t. the stepping operator. This is in particular the case of dp, || - || 7, || - |lkr and || - ||FMm-

The next corollary is an immediate consequence of Lemma 3.3.22, Corollary 3.4.14, Lemma 3.5.3
and Theorem 3.5.5. This corollary gathers results comparing the topology induced by the cut distances
associated with the distances introduced in Section 3.3.8. It is yet unclear if the distances do r induces
the same topology on the space of labeled probability-graphons W, as the one induced by do p, dorm

or do KR-

Corollary 3.5.6 (Topological equivalence of the cut distances associated to dp, || - ||rm, || - [|kr and
|| -1|7). The cut distances dgp on W4 and do gr,do pa ond do F on Wy are invariant, smooth, weakly
reqular and regular w.r.t. the stepping operator. Moreover, we have the following comparison between the
distances introduced in Section 3.3.8.

(t) The cut norms || - ||[o,pm and || - ||o,kr (resp. the cut distances o par and 0o kr) are metrically
equivalent on Wy (resp. Wi)

(1t) The cut distances 0o g, 00, kR and 0o,p (resp. do pum, do kr and do p) are uniformly continuous
w.r.t. one another, and thus induce the same topology on Wi (resp. Wi ) and on every uniformly
bounded subset of V~V+ (resp. Wy ).

(ii) The cut distances ég rym, 00, kR, 0O,p and 0O F, for every choice of the convergence determining

sequence F, induce the same topology on Wi.

Proof. The first part of the corollary is a re-statement of Corollary 3.4.14. Point (i) is an immediate
consequence of (3.10).

We now prove Point (ii). Thanks to (3.10) and Point (i), it is enough to consider only the Prohorov and
the Kantorovitch-Rubinshtein distances. As dp is uniformly continuous w.r.t. dgr (see Lemma 3.3.22),
applying Lemma 3.5.3 (remind Corollary 3.4.14) with Remark 3.5.4 in mind, we get that g p (resp. do p)
is uniformly continuous w.r.t. ég kg (resp. dokr) on every uniformly bounded subset of WJF (resp. W)
As dkg is also uniformly continuous w.r.t. dp (see Lemma 3.3.22), applying again Lemma 3.5.3, we have
that 0o kg (resp. doxgr) is uniformly continuous w.r.t. g p (resp. dg p) on every uniformly bounded
subset of W+ (resp. W4 ).

Point (iii) is an immediate consequence of Corollary 3.4.14 and Theorem 3.5.5, together with Point (ii).

O

Remark 3.5.7 (Extension to uniformly bounded subsets of VV].) In Theorem 3.5.5 and also in Corol-

lary 3.5.6 (iii), one can replace W; by Wt with a bounded subset M C M (Z) as soon as the distance
dm is defined on M (Z). (One has in mind the case M = M<(Z).) This can be seen by an easy modi-
fication in the proof of Theorem 3.5.5. Alternatively, this can be seen using scaling to reduce the case of
general M to the case of M<1(Z), and then adding a cemetery point (for missing mass of measures) to
Z to further reduce to the case of M;(Z).

3.5.3 Completeness

Let dy, be a distance on M<1(Z) or My (Z). We shall consider a slight modification of the cut
distances do ,, and 00, to achieve completeness. Recall the measure My, € M (Z) defined by (3.17)
associated to W € W,

Definition 3.5.8 (The cut distances df;,, and &f;,,). Let dw and d° be two distances on M(Z) with
€ € {< 1, +}. We define the cut distance df ,,, on the space of M(Z)-valued kernels We as:

O,m (U W) = dowm(U, W) + d*(My, My ),
and the cut (pseudo-)distance 00y, m on the space of unlabeled M(Z)-valued kernels W as:

CD’m(U, W) = elgf d‘f]’m(U, W*) = m(U, W) +d*(My, Mw).
pEeo0,1]
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Notice that by Lemma 3.3.11 and the definition of My, the distance df;,  is invariant.

Lemma 3.5.9 (Topological equivalence of ég,, and 05 ,.). Let di and d° be two distances on Mc(Z),
with € € {< 1,4}, such that d° is continuous w.r.t. dy, and that do ., is (invariant and) smooth on
We. Then, the cut distance d . is invariant and smooth and oF, . is a distance on W.. Moreover, the

distances do y, and dy . (resp. 6w and 0%, ) induce the same topology on the space We (resp. We)

Proof. Let (W, )nen and W be elements of W<y such that (W, (z,y; -))nen weakly converges to W(z, y; -)
for almost every x,y € [0,1]. Since the distance dm ,, is smooth, we have that lim,,_, do m (Wp, W) = 0.
Using Lemma 3.4.9 on the continuity of the map W — My, and that d° is continuous w.r.t. dy,, we obtain
that lim,, oo dCD’m(Wm W) = 0. This gives that the distance dCD’m is smooth. Since we have already seen

that dg,, is invariant, we deduce from Theorem 3.3.17 that dF , is a distance on Wl.

We now prove that the two distances dg,, and 6CD’m induce the same topology (which implies that
this is also true for g ,,, and 6&7m). Asdo,, < dCDM, convergence for dCD_’m implies convergence for dp p,.
Conversely, let (W,)nen be a sequence in W, that converges for dm,, to a limit, say W € W,. Using
again Lemma 3.4.9 and the continuity of d® w.r.t. dy,, we obtain that lim,,_,~ d°(Myw, , My ) = 0. This
clearly implies that the sequence (W,,),en converges to W for d&l,m' Then, the two distances have the
same convergent sequences and thus induce the same topology (see Remark 3.2.1). O

Recall Z is a Polish space. We already proved in Proposition 3.4.6 that the space (Wl,ém’m) is
separable; and we now investigate completeness of this space.

Theorem 3.5.10 (W, is a Polish space). Let dn, and d° be two distances on M<1(Z) such that d° induces
the weak topology on M<1(Z), d° is complete and continuous w.r.t. dy, and dg, is (invariant) smooth

and weakly reqular on Wy. Then, the space (Wl, 04 ) 1s a Polish metric space.

Note that the assumptions in Theorem 3.5.10 imply that d,, also induces the weak topology on
M<1(Z). Indeed, as d° is continuous w.r.t. dm,, the topology induced by dy, if finer than the topology
induced by d¢, i.e. finer than the weak topology. As dg,, is smooth, by Lemma 3.3.12, dy,, is continuous
w.r.t. the weak topology (i.e. the weak topology if finer than the topology induced by dy,), and thus d,
induces the weak topology on M<1(Z).

Also note that Theorem 3.5.10 can easily be extended to WW<; or the space of unlabeled M-valued

kernels Wy when M is a bounded convex closed subset of ML (Z).

Proof. From Lemma 3.5.9, we have that d7, is a distance on Wl which induces the same topology as

d0,m, and from Proposition 3.4.6, we have that (Wl,ég’m), and thus (VNVl,(SCD ), is separable. To get
that this latter space is Polish, we are left to prove that the distance ¢, is complete.

Let (W, )nen be a sequence of probability-graphons that is Cauchy for 5CD,m' By definition of the cut
distance df; . the sequence of probability measures (Mw, )nen is Cauchy in M;(Z) for the complete
distance d°. Thus, the sequence (Myy, )nen is weakly convergent as d° induces the weak topology, which
implies that it is tight (see Lemma 3.2.8). Hence, by definition, the sequence of probability-graphons
(Wh)nen is tight. By Theorem 3.5.1 (i), there exists a subsequence (W, )ren that converges for g, to
a limit, say W € 17\71. This subsequence also converges for 65 . to W as g, and (5&,m induce the same

topology. Finally, because the sequence (W),),en is Cauchy for 08 ,,, and has a subsequence converging
to W for (5,‘31m, the whole sequence must also converge to W for 6CD,m' Consequently, the distance 6&}7”
is complete. O

The following lemma shows that every probability measure in M;(Z) can be represented as a constant
probability-graphon.

Lemma 3.5.11 (M;(Z) seen as a closed subset of Wy). Let dn, be a distance on M<1(Z) such that
dom is (invariant and) smooth on Wh. Then, the map p— W, = p is an injection from (M1(Z),dwm)
to (W1, 00.m) with a closed range and continuous inverse.
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Proof. For any u € M (Z) consider the constant probability-graphon W), = u, and notice that My, = p,
that W, (S x T;-) = AM(S)MT') p for all measurable S,T C [0,1], and that W¢ = W), for any measure-
preserving map . This readily implies that for 4 € M1(Z) and W € W:

00,m(Wy, W) =dgm(W,, W) = suF ]dm(A(S)A(T)u, W(S xT;-)) > dm(p, Mw). (3.21)
S,TClo,1

In particular, taking W = W, for v € M (Z) we get that 0, (Wy, W,) > dw(p,v). This implies
that the map 7 : y — W, = p is an injection, and its inverse, given by the map W, ~ p, is 1-Lipschitz.

Let (tn)nen be a sequence in My (Z) such that the sequence (W, )nen converges for ég ,, to a limit,
say W. We deduce from (3.21) that (p,)nen converges for dy, to p = My, and that for all measurable
S, T C [0,1], (A(S)MT)pen)nen converges for dp, to W(S x T;-). This implies that W(S x T;-) =
AS)A(T)p(-) for all measurable S, T C [0, 1], that is, W = W),. This implies that the image by Z of any
closed subset of M;(Z) is a closed subset of W, and thus the range of Z is closed. O

Remark 3.5.12 (Extension to isometric representation of Mj(Z)). If the distance dp,, in addition to
the hypothesis of Lemma 3.5.11, is sub-homogeneous, that is, for all u,v € M;(Z) we have dy,(u,v) =
SUp,.¢[o,1] dm (74, 7v) (which is the case if dy, is quasi-convex), then we deduce from (3.21) that the map

p— W, = p is isometric from (M;(Z), dy,) to (Wl,ég’m).

We now state characterization of compactness and completeness for the space of probability-graphons.
Recall Z is a Polish space.

Corollary 3.5.13 (Characterization of compactness and completeness for Wl) Let dy, be a distance on
M<1(Z), which induces the weak topology on M<1(Z), and such that do,, is (invariant) smooth and
weakly reqular on Wy. We have the following properties.

(i) Z is compact < (M<1(Z),dy,) is compact < (Wl,ég,m) is compact.
(i1) If ( M<1(Z),dyw) is complete then (VNVl,(SD,m) is complete.

(iii) Assume furthermore that dy, is sub-homogeneous (see Remark 3.5.12). If (Wl,émm) is complete,
then (M1(Z),dy) is complete.

Proof. We prove Point (i). rom Remark 3.2.7, we already know that Z is compact if and only if M<4(Z)
is weakly compact, i.e. compact for dy, as dy, induces the weak topology on M<q(Z).
Now, assume that (M<1(Z),dy,) is compact. Applying Theorem 3.5.1 (iii), we get that the space

(Wl, 00,m) is also compact.

Conversely, assume that (VNV1,5|37m) is compact. By Lemma 3.4.9, the mapping W — My, is con-
tinuous from (Wl,ég’m) to (M1(Z),dy), and as (Wl,dmym) is compact its image through this mapping
is also compact. To conclude, it is enough to check that this mapping is surjective. But this is clear
as the image of the constant probability-graphon W, = p is My, = pu. Hence, (M1(Z), dy,) (and thus
(M<1(Z),d,)) is compact.

We prove Point (ii). Assume that (M<1(Z),dn) is complete. Thus, we can choose d° = d, in
Definition 3.5.8, and apply Theorem 3.5.10 to get that ()//\Vil,écum) is complete. As d® = dy,, we have

00,m < 08, < 200, Hence, (Wl, d0,m) is also complete.

We prove Point (iii). Assume that (Wl,égym) is complete. Let (pn)nen be a Cauchy sequence of
probability measures in (M;(Z),d,,). By Remark 3.5.12, the sequence of constant probability-graphons

(W, )nen is also Cauchy for dg 1. As (W1, 00,m) is complete, there exists a probability-graphon W € W,
such that (W), )nen converges to W for the cut distance 60 ,,. Thanks to Lemma 3.5.11, W is constant
equal to some p € My(Z), and (pp)nen converges to p for dy,. Hence, (M1(Z),dy,) is complete. O
3.6 Sampling from probability-graphons

Measured-valued graphons allow to define models for generating random weighted graphs that are
more general than the models based on real-valued graphons. We prove that the weighted graphs sampled
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from probability-graphons are close to their original model for the cut distance ég z, where F = (fi)ren
(with fo = 1) is a convergence determining sequence.

It would have been more natural to work in Sections 3.6 and 3.7 with the Kantorovitch-Rubinshtein
norm or the Fortet-Mourier norm that both treats all test functions in a uniform manner. Unfortunately,
the supremum in the definition of both of this norms does not behave well regarding the probabilities
and expectations of graphs sampled from probability-graphons. We need in our proofs (and in particular
that of the First Sampling Lemma 3.6.7 below) to consider simultaneously only a finite number of test
functions in order to control the probability of failure for our stochastic bounds.

3.6.1 M;(Z)-Graphs and weighted graphs

A graph G = (V, E) is composed of a finite set of vertices V(G) = V, and a set of edges E(G) = FE
which is a subset of V' x V avoiding the diagonal. When its set of edges F(G) is symmetric, we say that
G is symmetric or non-oriented. We denote by v(G) = |V(G)| the number of vertices of this graph, and
by e(G) = |E(G)] its number of edges.

Definition 3.6.1 (X-graphs). Let X be a non-empty set. A X-graph is a triplet G = (V, E,®) where
(V,E) is a graph and ® : E — X is a map that associates a decoration x = ®(e) € X to each edge e € E.
When X = Z, we say that G is a weighted graph.

Furthermore, the graph G is said to be symmetric if (V,E) is a symmetric graph and if ® is a
symmetric function, i.e. for every edge (x,y) € E, we have (y,z) € E and ®(z,y) = (y, ).

Remark 3.6.2 (M;(Z)-Graphs as probability-graphons). Any labeled M;(Z)-graph G can be naturally
represented as an M (Z)-valued graphon, which we denote by Wg, in the following way. Let G =
(V,E, M) be a M;(Z)-graph, with v(G) = n € N*. Denote by V = [n] = {1,...,n} the vertices of
G. Counsider intervals of length 1/n: for 1 < i < n, let J; = ((¢ — 1)/n,i/n]. We then define the
M (Z)-valued graphon stepfunction Wg associated with the M (Z)-graph G by:

V(i,j) € B, Y(z,y) € Ji xJ;, Wealz,y;dz) = (i, 5)(dz);

and Wg(z,y; dz) equals the Dirac mass at 0 otherwise, where 0 is an element of Z used as a cemetery
point for missing edges in graphs.

In this section, we investigate weighted graphs sampled from probability-graphons. Hence, using the
cemetery point argument in the remark above, we only consider complete graphs for the rest of this
section.

Let d,, be a distance on M<1(Z). If G and H have the same vertex-set, the cut distance between
them is defined as the cut distance between their associated graphons:

dD,m(Gv H) = dD,m(WG7 WH)

When G and H does not have the same vertex-sets, as the numbering of the vertices in Remark 3.6.2 is
arbitrary, we must consider the unlabeled cut distance between them defined as the cut distance between
their associated graphons:

00m(G, H) =00m(Wa, Wh).

Remind that when the distance d,, derives from a norm N, on M4 (Z), Lemma 3.3.19 applies, and
the cut distance dno (G, H) can be rewritten as a combinatorial optimization over whole steps.

Remark 3.6.3 (Weighted graphs as M (Z)-graphs). We will sometimes need to interpret a weighted
graph G as a M (Z)-graph where a weight x on an edge is replaced by 4, the Dirac mass laocated at .

Notation 3.6.4 (The real-weighted graph G[f]). For a M;j(Z)-graph (resp. weighted graph) G and
a function f € Cy(Z), we denote by G[f] the real-weighted graph with the same vertex set and edge
set as G, and where the edge (i,j) has weight ®q(s(i,7) = ®a(i,j; f) = fz f(2)®a(i,7;dz) (resp.
P (i, 5) = f(®a(i,7))), where @ is the decoration of the M (Z)-graph G.
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3.6. SAMPLING FROM PROBABILITY-GRAPHONS

3.6.2 W-random graphs

Let W be a probability-graphon, and z = (x1,...,2,), n € N*, be a sequence of points from [0, 1].
We define the M (Z)-graph H(z, W) as the complete graph whose vertex set is [n] = {1,...,n}, and
with each edge (4, j) decorated by the probability measure W (x;, z;; dz).

Let H be any Mj(Z)-graph. We can define from H a random weighted (directed) graph G(H) whose
vertex set V(H) and edge set E(H) are the same as H, and with each edge (i,7) having a random
weight S, ; distributed according to the probability distribution decorating the edge (i,7) in H, all the
weights being independent from each other. For the special case where H = H(x, W), we simply note
G(z, W) = G(H(z, W)).

An important special case is when the sequence X is chosen at random: X = (X;)1<;<, where the
X; are independent and uniformly distributed on [0, 1]. For this special case, we simply note H(n, W) =
H(X, W) and G(n, W) = G(X, W), that are conditionally on X = z, distributed respectively as H(z, W)
and G(xz, W). The random graphs H(n, W) and G(n, W) are called W-random graphs.

Remark 3.6.5 (The case of symmetric graphons). In the special case where W is a symmetric probability-
graphon, the M (Z)-graph H(xz, W) is also symmetric. From a symmetric M;(Z)-graph H, the random
weighted graph G(H) is not necessarily symmetric, but we can define a random symmetric weighted
graph G™(H) whose vertex set V(H) and E(H) are the same as H, and with independent weights
Bi,; = Bj,: on each edge (¢,7) = (j,¢) distributed according to ®x(i,j;-). For H = H(z, W) we simply
note G¥™(x, W) and G¥™(n, W).

For a weighted graph G, and for 1 < k < v(G), we can define the random weighted graph G(k, G)
as being the sub-graph of G induced by a uniform random subset of k£ distinct vertices from G. Then,
upper bounding by the probability that a uniformly-chosen map [k] — V(G) is non-injective, we get the
following bound on the total variation distance between the graphs obtained from G and its associated
graphon Wg:

a(G(8,G). G5, We)) < (3) 257

where dy,, is the total variation distance between probability measures.

3.6.3 Estimation of the distance by sampling
The first sampling lemma

In this subsection, we link sampling from graphons with the cut distance. This result is the equivalent
of Lemma 10.6 in [Lov12|. The main consequence of the following lemma is that the cut distance do
between two probability-graphons can be estimated by sampling.

Notation 3.6.6 (The random stepfunction Wx). For a measure-valued kernel W (resp. a real-valued
kernel w) and a vector X = (X;)1<;<k composed of k independent random variables uniformly distributed
over [0,1], we denote by Wx = Wyw) (resp. wx) the random measure-valued (resp. real-valued)
stepfunction with k steps of size 1/k, and where the step (i, j) has value W(X;, X;;-) (resp. w(X;, X;)).

Lemma 3.6.7 (First Sampling Lemma). Let F be a convergence determining sequence. Let k € N*, and
U,W € W be two probability-graphons, and let X be a random vector uniformly distributed over [0,1]%.

Then with probability at least 1 — 4k'/* e"/E/lo, we have:

2 9
—wi71 SIWx =Wxlor =0 =Wlo,r < 47

An immediate consequence of Lemma 3.6.7 is that the decorated graphs with probability measures
on their edges H(k,U) and H(k, W) can be coupled in order that dg »(H(k,U),H(k, W)) is close to
do, #(U, W) with high probability.

To prove the first sampling lemma, we first need to prove the following lemma which states that the
cut norm || - ||, 7 can be approximated by the maximum of the one-sided cut norm using a finite number
of function. Remind from Remark 3.3.24 the definition of the one-sided version of the cut norm || - ||E’R.

7
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Lemma 3.6.8 (Approximation bound with || - || 7 and | - |5 z). Let U, W € Wy and let N € N. For
every € = (en)1<n<n € {1}V, define gy = 25:1 27", fn. Then, we have:

U—-w —27N < U-w s < lU-w .
| lo,» LA ¢ ) onvellgr <l o7

Proof. First remark that for n € N, f, takes values in [0, 1], and thus U[f,] — W|f,] takes values in
[-1,1]. Remind that fo = 1, and thus U[fy] — W|[fo] = 0. Upper bounding integrals by 1 for indices
n > N, we get:

U—-Wlogr< sup 2—"
| o7 STC[O”Z

[ w-wisley dzdy\ LN,
SxT

And adding the non-negative terms for n > N, we get:

N
sup Z 27"
s,rclo,1] ;5

[ w-winey dxdy\ < U~ Wlor.
SxT

Using the same idea as in (3.14) and (3.15), we get:

N
sup Z 27"

s,rclo] ;= ee{+1}

/S RUSPITAERY dmdy\ — max (U - W) lonl e

which concludes the proof. O

Proof of Lemma 3.6.7. Remark that for f € Cy(Z) and W € Wy, we have (Wx)[f] = W[f])x, and we
thus write W{f]x without any ambiguity.

Assume that k > 2% (otherwise the lower bound in the lemma is trivial). Set N = [log,(k'/*)],
so that 2716714 < 27N < kY4 TLet ¢ € {#1}V. Remark that as the f, take values in [0,1], the
real-valued kernels (U — W)[f,,] take values in [—1, 1], and thus the real-valued kernel (U — W)[gn ] also
take values in [—1,1]. Applying Lemma 10.7 in [Lov12] to the real-valued kernel (U — W) [gn ], we get

with probability at least 1 — 2e~V*/10 that:

3 8
2 <~ W)lgweDx B 10~ W)lgwel s < o (322)
where remind that || - ||} ; is the one-sided version of the cut norm for real-valued kernels defined in

(3.13). Hence, with probability at least 1 — 2V +1e=Vk/10 > 1 _ 41/4=VF/10 we have that the bounds
in (3.22) holds for every e € {1} simultaneously; and when all of this holds, applying Lemma 3.6.8 to
U,W and to Ux, Wx, we get:

IUx = Wxllor < max [[(U~W)lgnelxlfp+27"

ee{£1}N
9
<_max |0 - Wlon b s+ i
9
< ||U VV”D]:+ k1/45
and similarly:
U-w < U-w te+27N
| lo,F < L Il( Ngnelllh e +
< Uu-w ! 3
< max |0 = Wlowelxlib e + 7 + ¢
2
< ||UX - WXHD}-+ k1/4
This concludes the proof. O
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Approximation with random weighted graphs

As a consequence of the First Sampling Lemma 3.6.7, we get that the cut distance between the
sampled graphs H(k,U) and H(k, W) (with the proper coupling) is close to the cut distance between the
probability-graphons U and W. The following lemma states that if k is large enough, then G(k, W) is
close to H(k, W) in the cut distance dg r, and thus the cut distance between the random weighted graphs
G(k,U) and G(k, W) is also close to do »(U, W).

Recall from Section 3.6.2 the definition of the random weighted graph G(H) when H is a M;(Z)-
graph. Following Remarks 3.6.3 and 3.6.2, we shall see the weighted graph G(H) as a M;(Z)-graph or
even as a probability-graphon.

Lemma 3.6.9 (Bound in probability for dg (G(H), H)). For every Mi(Z)-graph H with k vertices,
and for every e > 10/\/%, we have:

P(dD’]:(G(H), H) > 25) < ek,

Remark 3.6.10 (Bound in expectation for do »(G(H), H)). Remind that do »(G(H), H) < 1. Applying
Lemma 3.6.9 with e = 10/v/k, we get the following bound on the expectation of do »(G(H), H):
20 o0k _ 21

E[dDy}'(G(H),H)] S ﬁ +e < \/E

Proof of Lemma 3.6.9. Let H and € be as in the lemma. Assume that e < 1/2 (otherwise the probability
to bound in the lemma is null). To simplify the notations, denote by G = G(H) through this proof.
Define N = [logy(¢~1)], so that Y7\, 27" <e. Upper bounding by 1 the terms for n > N in (3.16),
we get for U, W € Wh:

do 7 (U, W) ZT"HU fol = Wifallog + &

where remind that || - |g g is the cut norm for real-valued kernels defined in (3.13). Using this equation
with the graphs G and H, we get:

P(do, (G, H) > 2¢) (ZQ "dor(Glfnl, H fn]) > )
n=1
N
<> P (dor(Glfal, HIfn]) > ), (3.23)
n=1
where do g denotes the cut distance associated to the cut norm | - [[gr for real-valued graphons and

kernels. Remark that for every n € N, H|[f,] and G|[f,] are real-weighted graphs with weights in [0, 1].
Thus, by a straightforward adaptation of the proof of [Lov12, Lemma 10.11], we get:

2k2

Vn € [N], P(do(G[f.], H[fs]) >e) <2 -4Fe™% (3.24)
Combining (3.23) and (3.24), we get for £ > 10/Vk:
P(do (G, H) > 2¢) < 2N4Fe 2K < =<
where the last bound derives from simple calculus. This concludes the proof. O

We can apply the First Sampling Lemma 3.6.7 along with Lemma 3.6.9 to get the following lemma,
equivalent of the first sampling lemma for the random weighted graph G(k, W):

Corollary 3.6.11 (First Sampling Lemma for G(k,W)). Let U,W € W, be two probability-graphons,
and k € N*. Then, we can couple the random weighted graphs G(k,U) and G(k, W) such that with

probability at least 1 — (4k/4 + 1) e=VE/10 we have:

13

| #(G(k, V), G(k, W) = doy (U W)| < 77
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Proof. Assume that k > 13* (otherwise the bound in the corollary is trivial). Then, we have with
probability at least 1 — 4k!/4 e~ VE/10 _9e=100k & 1 _ (4f1/4 4 1) ¢~ VF/10,

|dD,]:(G(ka U)7 G(kr W)) - dl:l,]:(Uv W)| < |dD,]—'(G(kv U)a G(k’ W)) - dD,F(H(ka U)7 H(kr W))|
+ |dD,J~'(H(k7 U)ﬂ H(kv W)) - dl:l,]-'(Uv W)|
< dD,F(G(ka U)7H(k7 U))

+ dD,]:(G(kv W)7 H(ka W)) +
40 9

< Ztwa
13
< S

9
kl/4

where we used the upper bound from the First Sampling Lemma 3.6.7 (which gives the coupling with the
same random vector X to define both graphs Ux = H(k, U) and Wx = H(k, W)) for the second inequality,
the upper bound from Lemma 3.6.9 with ¢ = 10/\/E with both U and W for the third inequality, and
that ﬁ < 1%%/4 for the last inequality. O

3.6.4 The distance between a probability-graphon and its sample

In this section, we present the Second Sampling Lemma, that shows that a sampled M (Z)-graph
is close to its original probability-graphon with high probability. Note that we use the unlabeled cut
distance 0 r rather than dg » as the sample points are unordered. The bound on the distance is much
weaker than the one in the First Sampling Lemma 3.6.7, but nevertheless goes to 0 as the sample size
increases.

The proof is a straightforward adaptation of the proof of [Lov12, Lemma 10.16] (replacing the weak
regularity lemma and the first sampling lemma by their counterparts for probability-graphons, that
is Lemmas 3.4.17 and 3.6.7; the sample concentration theorem for real-valued graphons can easily be
adapted to probability-graphons).

Lemma 3.6.12 (Second Sampling Lemma). Let F be a convergence determining sequence. Let W € Wl
be a probability-graphon and k € N*. Then, with probability at least 1 — exp(—k/(21n(k))) we have:

21 22
d o (G W), W) < .
N0 an 0.7 (G(k, W), W) )

oo, r(H(E, W), W) <

In the above lemma, the asymmetric random graph G(k, W) can be replaced by the symmetric random
graph G®™(k, W) without changing the proof. Similarly, the results in Section 3.6.3 can be reformulated
with symmetric random graphs G»™(k, W) and G*¥™(H) (but with a slight modification of the proof
for Lemma 3.6.9 to symmetrize the random variable X; ; and with the upper bound e— k2
[Lov12, Lemma 10.11]).

, see also

As an immediate consequence of Lemma 3.6.12 and of the Borel-Cantelli lemma, we get the conver-
gence of the sampled subgraphs for the cut distance o r.

Theorem 3.6.13 (Convergence of sampled subgraphs). Let F be a convergence determining sequence.

Let W € Wy be a probability-graphon. Then, a.s. the sequence of sampled subgraphs (G(k,W))ren+
converges to W for the cut distance dg r, and thus for any cut distance 6g m from Theorem 3.5.5.

3.7 The Counting Lemmas and the link with the topology of
probability-graphons

In this section, we introduce the homomorphism densities for probability-graphons, and then we link

those to the cut distance 6 z through the Counting Lemma and the Inverse Counting Lemma. Those

results are analogous to the case of real-valued graphons, see [Lovl12, Chapter 7| for the definition of
homomorphism densities and [Lov12, Chapter 10| for the Counting Lemma and Inverse Counting Lemma.
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The main differences with [Lov12| are: the decoration of the edges of the graphs with functions from
Cy(Z); the Counting Lemma for the decorations belonging only in the convergence determining sequence
F'; the more technical proof of the Inverse Counting Lemma. Note that we need to work with g  here
as the proof of the Inverse Counting Lemma relies on the second sampling Lemma 3.6.12.

3.7.1 The homomorphism densities

In the case of non-weighted graphs, the homomorphism deunsities ¢(F, G) allow to characterize a graph
(up to twin-vertices expansion), and also allow to define a topology for real-valued graphons. In the case
of weighted graphs and probability-graphons, we need to replace the absence/presence of edges (which is
0-1 valued) by test functions from Cj(Z) decorating each edge.

In this section, we often need to fix the underlying (directed) graph structure F' = (V| E) (which
may be incomplete) of a Cp(Z)-graph and to vary only the Cj,(Z)-decorating functions g = (ge)ec g, thus
we will write F'9 = (V, E, g) for a Cy(Z)-graph. Moreover, when there exists a convergence determining
sequence F such that g. € F for every edge e € F, we say that FY is a F-graph and use the same notation
conventions.

Definition 3.7.1 (Homomorphism density). We define the homomorphism density of a Cy(Z)-graph F9
n a signed measure-valued kernel W € Wi as:

(Fr W) = fyto) = | [ Wenrio) [ o (3.25)

0.1V NeB(F) eV (F)

Moreover, MVJT, defines a measure on ZF (which we still denote by M‘f,) which is characterized by
MVF[;(®e€Ege) = M{f[;‘/(g) forg = (ge)e€E~

Remark 3.7.2 (Invariance under relabeling of homomorphism densities). Let ¢ : [0,1] — [0,1] be a
measure-preserving map. As o®* : (z1,...,2) = (o(z1),...,¢(zx)) is a measure-preserving map on
[0,1]%, applying the transfer formula (see (3.1)), we get that for every Cy(Z)-graph F'9 and every signed
measure-valued kernel W € W, , we have t(F9,W*®) = ¢(F9,W). Thus t(F9,-) can be extending to W

Remark 3.7.3. When W € W, is a measure-valued kernel, and F' is the graph with two vertices and
one edge, we get that M{, = My, the measure defined in (3.17).

Remark 3.7.4 (Adding missing edges to F'). When we work with probability-graphons, we can always
assume the graph F' to be complete, by adding the missing edges (¢,7) and decorating them with the
constant function g(; j = 1.

For a finite weighted graph G, we define the homomorphism density of the Cy(Z)-graph F? in G as
t(F9,G) = t(F9,W¢g) (remind from Remark 3.6.2 the definition of W), that is:

SRR G II g0 (@atae),

(z1, k) EV(G)F (4,5)€E(F)

where k = v(F) and ®¢g(z;, x;) is the weight of the directed edge from z; to ;.

3.7.2 The Counting Lemma

The following lemma links the homomorphism densities with the cut distance dg » for some con-
vergence determining sequence F = (f)nen (With fo = 1 and f,, takes values in [0,1]). This lemma
is a generalization to probability-graphons of the Counting Lemma for real-valued graphons (see Lem-
mas 10.22 and 10.23 from [Lov12]). Recall that by Remark 3.7.2, ¢(F9,-) is defined on Wy.

Lemma 3.7.5 (Counting Lemma). Let F = (f,)nen be a convergence determining sequence (with fo =1
and f,, takes values in [0,1]). Let F'9 be a F-graph, and for every edge e € E(F), let n. € N be such that

ge = fn.. Then, for every probability-graphons W, W' € Wy, we have:

t(F9, W) —t(F9, W) < | > 2" | oo (W, W").
e€E(F)
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Remark 3.7.6 (W — t(F9,W) is Lipschitz). The Lipschitz constant given by the lemma is too large to
be useful in practical cases. Nevertheless, the homomorphism density function W — ¢(F'9, W) is Lipschitz

on the space of unlabeled probability-graphons W; equipped with the cut distance dg .

Proof of Lemma 3.7.5. To do this proof, we will apply Lemma 10.24 from [Lov12|, which applies to graphs
F whose edges are decorated with (possibly different) real-valued graphons w = (w. : e € E(F)), and
the associated homomorphism density is defined as

HF,w) = /[OMF) I wlwor) [[ doo (3.26)

(i,j)€E(F) i€V (F)

Remind from (3.12) that for a probability-graphon W € W; and a function f € F (which is [0, 1]-valued
by our definition of convergence determining sequences), we have that W/[f] is a real-valued graphon.
Define the collections of real-valued graphons w = (Wig.] : e € E(F)) and w’ = (W'[g.] : e € E(F)).
Notice from (3.25) and (3.26) that we have t(F,w) = t(F9,W) and t(F,w') = t(F9,W’). Applying
[Lov12, Lemma 10.24] to the graph F' and edge-decorations w and w’, we get:

[H(F9, W) = t(FI,W)| = [t(F,w) = t(F, )| <Y [Wige] = Wgellloe,
e€E(F)

where the norm || - [[gr in the upper bound is the cut norm for real-valued graphons (see (3.13) for
definition of this object). For e € E(F'), by definition of the cut distance dn » and using (3.11), we have:

W lige] — W'lgelllor <2 doz(W,W').

Hence, combining all those upper bounds, we get the bound in the lemma but with dg_ instead of dg r.
Since ¢(FY,-) is invariant under relabeling by Remark 3.7.2, taking the infimum other all relabelings
allows to replace dg r by ég r and to get the bound in the lemma. O

We have just seen that homomorphism densities defined using only functions from F are Lipschitz.
We are going to see that the other homomorphism densities are nevertheless continuous.

Lemma 3.7.7 (Weak Counting Lemma). Let F be a convergence determining sequence (with fo = 1).
Let (W) nen and W be probability-graphons such that lim,_, . t(F9, W) = t(F9, W) for all F-graph F9
(which in particular the case if lim, o 00 7(Wy,, W) = 0 by the Counting Lemma 3.7.5). Then, for
every Cy(Z)-graph F9 we have:
t(F9,W,) — t(FI,W).
n—oo

Proof. Let F = (V, E) be some fixed (directed) graph. By assumption, we have for all edge-decorations
9 = (ge)ecr in F that lim, M‘f’vn (®ecerge) = M (®ccrge) (see Definition 3.7.1). By [EK09, Chapter
3, Proposition 4.6], F®F is a (countable) convergence determining family on M (Z¥). Thus, the sequence
of measures (M}, )Jnen converges to M, for the weak topology on M (Z¥). And in particular, for
every edge-decoration function ¢ = (ge)ecr (here for every e € E, g. € Cy(Z) is arbitrary) we have
My (®cepge) = t(F9,Wy) = t(FI,W) = M{j,(®ccrge) as n — oo. This being true for all choices of
the graph F', it concludes the proof. O]

3.7.3 The Inverse Counting Lemma

The goal of this subsection is to establish a converse to the Counting Lemma: if two probability-
graphons are close in terms of homomorphism densities, then they are close w.r.t. the cut distance o r.

Lemma 3.7.8 (Inverse Counting Lemma). Let F = (f,)nen be a convergence determining sequence (with

fo =1 and f, takes values in [0,1]). Let U, W € Wi be two probability-graphons, and let k,nyg € N*.
Assume that we have [t(F9,U) — t(F9,W)| < 2=k=n0k* for every (complete) Cy(Z)-graph F9 with k
vertices and such that the edge-decoration functions g = (ge)ecp(r) are products (without repetition) of
the functions (fn)i<n<ne and (1 — fn)i<n<ng- Then, we have:
44
0 UW) < —=— 427",
oUW S s
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To prove Lemma 3.7.8, we first need to prove the special case where the space Z is finite.

Lemma 3.7.9 (Inverse Counting Lemma, case with finite space Z). Assume that the space Z is finite
with cardinality ny, for simplicity say Z = [n1]. Define the indicator functions fn : z + L.y for
n € [ni1], in particular H = (fn)1<n<n, 18 a finite convergence determining sequence. Let U, W € VNV1 be
two probability-graphons, and let k € N*. Assume that we have |t(F9,U) — t(F9,W)| < 2~ k—logz(n)k*
for every (complete) H-graph F9 with k vertices.

Then, for any (possibly finite) convergence determining sequence F, we have:

44
log(k)

Abusing notations, we can identify a weight-value n € Z with its indicator functions f,, and doing
this identification for edge-decoration functions, we can identify a F-graph F¢9 with its corresponding
weighted graph. In particular, doing so we get t(F9, W) = P(G(k, W) = F9) for every F-graph F'9 with
k vertices. The proof of Lemma 3.7.9 is then a straightforward adaptation of the proof of [Lov12, Lemma
10.31 and Lemma 10.32].

(sD,J:(Uv W) <

Proof of Lemma 3.7.8. As the functions (f,)nen take value in [0, 1], for all ¢ measure-preserving map,
for all S,T C [0, 1] measurable sets and for all n € N, we have:

UGS X T3 fa) = W#(S X T3 £,)| <1

Using this bound, we get the following bound (remind that fo = 1):

no

oo, r(U W) < inf sup
©€S10.1] 5,7C[0,1] 3

U(S x T fn) — WP(S x T; f,)| +27". (3.27)

Hence, for a point z € Z, the upper bound in (3.27) uses only the information given by (fn(2))nefno]-
In order to discretize the space [0, 1], we replace a point p = (p1,...,Pn,) € [0,1]™ by a random point
(Y1,...,Y,,) € {0,1}" where the Y; are independent random variables with Bernoulli distribution of
parameter p;. This leads us to replace a M (Z)-valued kernel W by the M ({0, 1}™)-valued kernel W
defined for all (z,y) € [0,1]?, and for all s = (s1,...,8,,) € {0,1}"0 as:

Wz, y; {s}) = W(z,y; f*) where fi= H fin (1 — fo)tem.
n=1

Fix some enumeration (s™),,e[2n0) of the points in {0,1}™, and define the indicator functions h,,
s+ Lys_gmy for m € [270], in particular H = (h)1<m<2no is a finite convergence determining sequence

on M, ({0,1}™). Let F9 be a H-graph with vertex set V(F) = [k], and for every edge e € E(F), let
€ [2"] be such that g. = hy,,. Define the edge-decoration functions g = (ge)ecp(r) for every edge
e € E(F) as g = f*°, then we get:

k
HFI, W) = /[0 T W {smp [ de: = t(Fe, w).

A* (i) B i=1

Thus, the M;({0,1}")-valued graphons U and W inherit the bounds on the homomorphism densities:
for every H-graph F9, we have [t(F9, U) —H(FI,W)| <27k nok?
Define for all n € [no] the function f,, : s = 1y, —13, and let .7-" be the concatenation of (fn)ne[no] and
#, in particular F is a finite convergence determining sequence on M ({0,1}"0). Finally, as o, U, W)
upper bounds the first term in the upper bound of (3.27), applying Lemma 3.7.9 with the finite space
= {0,1}" and n; = 2"°, the finite convergence determining sequences F and H, and the M ({0, 1}"0)-
Valued graphons U and W we get:

44
In(k)

oo,7(U, W) < +277,

which concludes the proof. O
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3.7.4 Subgraph sampling and the topology of probability-graphons

Thanks to the Weak Counting Lemma 3.7.7 and the Inverse Counting Lemma 3.7.8, we can formulate a
new informative characterization of weak isomorphism, i.e. equality in the space of unlabeled probability-
graphons W;.

Note that the propositions and the theorem in this subsection can in particular be applied to ég m
when d,, is a quasi-convex distance continuous w.r.t. the weak topology, as then dg ,, is invariant, smooth,
weakly regular and regular w.r.t. the stepping operator (remind Proposition 3.4.13).

Proposition 3.7.10 (Characterization of equality for dq 1,). Let U,W € W be two probability-graphons.
The following properties are equivalent:

(1) 60,m(U, W) =0 for some (and hence for every) choice of the distance dw, on M<1(Z) such that the
cut distance do .y, on Wi is (invariant) smooth.

(i) There exist @, € S[O,l} such that U¥ = WY almost everywhere on [0, 1]2.
(ii5) t(F9,U) =t(F9, W) for all Cy(Z)-graph F9.
(iv) t(F9,U) =t(F9,W) for all F-graph F9I.

Proof. The equivalence between Properties (i) and (ii) is a consequence of Proposition 3.3.18 on the cut
distance. Remark 3.7.2 gives that Property (ii) implies Property (iii). It is clear that Property (iii)
implies Property (iv). The Inverse Counting Lemma 3.7.8 with the Weak Counting Lemma 3.7.7 give
that Property (iv) implies Property (i) (with dy, = dx). Hence, we have the desired equivalence. O

Thanks to the Weak Counting Lemma 3.7.7 and the Inverse Counting Lemma 3.7.8, we get the
following characterization of the topology induced by the cut distance dg,, on the space of unlabeled

probability-graphons Wi in terms of homomorphism densities

Theorem 3.7.11 (Characterization of the topology induced by dg ). Let (Wy)nen and W be unlabeled
probability-graphons from Wy. The following properties are equivalent:

(1) lim, o0 S0 (Wy, W) = 0 for some (and hence for every) choice of the distance dw, on M<1(Z)
such that dy, induces the weak topology on M<1(Z) and the cut distance do,, on W, is (invariant)
smooth, weakly regular and regular w.r.t. the stepping operator.

(#) limy, o0 t(F9,W,,) = t(F9, W) for all Cy(Z)-graph F9.
(i1) limg, o0 t(F9, W,,) = t(FI, W) for all F-graph F9.

(iv) For all k > 2, the sequence of sampled subgraphs (G(k,Wp,))nen converges in distribution to
G(k,W).

In particular, the topology induced by the cut distance dg » on the space of unlabeled probability-

graphons W; coincides with the topology generated by the homomorphism densities functions W +—
t(F9,W) for all Cy(Z)-graph F'9.

Proof. By Theorem 3.5.5, convergence for 6 r is equivalent to convergence for o, for every choice of
the distance d, on M<1(Z) such that d,, induces the weak topology on M<1(Z) and the cut distance
dom on Wi is (invariant) smooth, weakly regular and regular w.r.t. the stepping operator. Taking
dm = dp, the Weak Counting Lemma 3.7.7 gives that Property (i) implies Property (ii). It is clear
that Property (ii) implies Property (iii). The Inverse Counting Lemma 3.7.8 with the Weak Counting
Lemma 3.7.7 give that Property (iii) implies Property (i) (with d, = dz). Notice that when F is the
complete graph with k vertices, M{, is the joint measure of all the edge-weights of the random graph
G(k, W), and thus characterizes the distribution random graph G(k, W). Thus (remind Definition 3.7.1),
Property (ii) and Property (iv) are equivalent. Hence, we have the desired equivalence. O

Question 3.7.12 (Do the distances do  all induce the same topology?). Even though every distance

0n,F generates the same topology on the space of unlabeled probability-graphons Wi, it is an open question
whether or not this is also the case that every distance do r induces the same topology on the space of
labeled probability-graphons W .
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The following proposition states that to prove existence of a limit unlabeled probability-graphon it is
enough to prove that there exists a convergence determining sequence F such that for every F-graph FY
the homomorphism densities ¢(F'9,-) converge.

Proposition 3.7.13 (Existence of a limit unlabeled probability-graphon). Let d,, be a distance on
M<i1(Z) such that dy induces the weak topology on M<1(Z) and the cut distance dg, on Wy is (in-
variant) smooth, weakly regular and regular w.r.t. the stepping operator.

Let (Wy)nen be sequence of unlabeled probability-graphons in 17\71 that is tight. Let F be a convergence
determining sequence such that for every F-graph F9 the sequence (t(F9,Wy,))nen converges. Then, there
ezists an unlabeled probability-graphon W € 17\71 such that the sequence (Wy)nen converges to W for 60 y, .

Proof. Since the sequence (W,,),en is tight, by Theorem 3.5.1, there exists a subsequence (W, )ken of the
sequence (W, )nen that converges to some W for dg ,,,. By Theorem 3.7.11, we have for every F-graph
F9 that limy_,oo t(F9, Wy, ) = t(F9,W); and as we already know that the sequence (t(F9,W,))nen
converges, we have that lim, . t(F9,W,) = t(F9,W). Hence, by Theorem 3.7.11, we get that the
sequence (W), )nen converges to W for g . O

Remark 3.7.14. For the special case Z = {0,1}, which is compact, we find back that convergence for
real-valued graphons is characterized by the convergence of the homomorphism densities. Notice the
tightness condition of Proposition 3.7.13 is automatically satisfied as Z is compact.

3.8 Proofs of Theorem 3.5.1 and Theorem 3.5.5

We start by proving a lemma that allows to construct a convergent subsequence and its limit kernel for
a tight sequence of measure-valued kernels. This lemma is useful for the proofs of both Theorem 3.5.1 and
Theorem 3.5.5. For the proof of Theorem 3.5.5, we will also need the convergence to hold simultaneously
for two distances g and 0;. Remind from Definition 3.4.1 the definition of the stepfunction Wp for a
signed measure-valued kernel W and a finite partition P of [0, 1]. For a finite partition P of [0, 1], define its
diameter as the smallest diameter of its sets, i.e. diam(P) = mingep diam(S) = mingep sup, ,eg [ —yl-

Lemma 3.8.1 (Convergence using given approximation partitions). Let d be an invariant smooth distance
on Wy (resp. Wy or W ). Let (W,)nen be a sequence in Wy (resp. Wy or Wy ) which is tight (resp.
uniformly bounded and tight). Further assume that we are given, for every n,k € N, partitions P, i of
[0,1], such that these partitions and the corresponding stepfunctions Wy, , = (Wy,)p, .. satisfy the following
conditions:

.k

(i) the partition Py 41 s a refinement of Py i,
(ii) diam(P, 1) < 2% and |Py.k| = my. depends only on k (and not on n),
(iii) d(Wy,Wni) < 1/(k+1).

Then, there exists a subsequence (W, )een of the sequence (Wy)nen and a measure-valued kernel W € Wy
(resp. W € Wy or W € Wy ) such that (Wy,)een converges to W for ég.

Moreover, assume that d' is another invariant smooth distance on Wy (resp. Wi or W) such that
for everyn € N and k € N, W, 1. also satisfies:

() d'(Wy,Wni) < 1/(k+1).

Then, there exists a subsequence (W, )een of the sequence (Wy)nen and a measure-valued kernel W € Wy
(resp. W € Wy or W € Wy) such that (W,,)en converges to the same measure-valued kernel W
simultaneously both for 6p and for 6., the cut distance associated with d'.

Proof. We adapt here the general scheme from the proof of Theorem 9.23 in [Lov12|, but the argument
for the convergence of the Uy, defined below, takes into account that measure-valued kernels are infinite-
dimensional valued. We set (remind from (3.2) the definition of || - ||co):

C =sup |[Wyleo < +00.
neN

The proof is divided into four steps.
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Step 1: Without loss of generality, the partitions P, ; are made of intervals. For every
n € N, we can rearrange the points of [0, 1] by a measure-preserving map so that the partitions P, are
made of intervals, and we replace W,, by its rearranged version.

An argument similar to the next lemma is used in the proof in [Lov12, Proof of Theorem 9.23] without
any reference. So, we provide a proof and stress that diameters of the partitions shrinking to zero is an
important assumption (see Remark 3.8.3 below).

Lemma 3.8.2 (Kernel rearrangement with interval partitions). Let (Pr)ren be a refining sequence of
finite partitions of [0,1] whose diameter converges to zero. Then, there exist a measure-preserving map
p e 5[0,1] and a refining sequence of partitions made of intervals (Q)ren such that for all k € N, and all
set S € Py there exists a set R € Qy such that a.e. 1p = 1,-1(g).

In particular, if W is a signed measure-valued kernel, then for U = W¥, we have that a.e. Ug, =
(W?)g, = (Wp,)? for all k € N.

Notice that, according to Remark 3.4.4, the sequence of refining partition (Pg)ren, with a partition
diameter converging to 0, separates points and thus generates the Borel o-field of [0, 1].

Proof. Consider the infinite Neveu-Ulam-Harris tree 7 = {uy---ug : k € Nyuq,...,ur € N*}, where
for k = 0 the empty word v = 9 is called the root node of the tree; for a node v = uy ---up € T , we
define its height as h(u) = k, and if k > 0 we define its parent node as p(u) = uy - - - ux—; and we say that
w is a child node of p(u). We order vertices on the tree 7°° with the lexicographical (total) order <je.
As a first step, we construct a subtree 7 C 7 that indexes the sets in the partitions (Px)ren, such that
for every k € N, P, = {S, : v € T,h(u) = k}, and such that if S, C S, with S, € P and S,, € Pj_1,
then p(v) = u.

Without loss of generality, we may assume that Py = {[0, 1]}, and we label its only set by the empty
word 9, and we set Sp = [0, 1]. Then, suppose we have already labeled the sets from Py, ..., Pk, and we
proceed to label the sets from Py 1. Because the partition Pg; is a refinement of Py, we can group the
sets of Pgy1 by their unique parent set from Py, i.e. for every S, € Py, let O, = {S € Pry1: 5 C Su},
then S, = Useo,S. For S, € P, we fix an arbitrary enumeration of O, = {S!,..., S} with £ = |O,],
then label the set S7 by uj, and set S/ = S,,;; remark that the parent node of w = uj is p(w) = u, and
the height of node w is h(w) = h(u) + 1 = k + 1. Hence, we have labeled every set from Pj1. To finish
the construction, we set 7 = {u : Ik € N,3S € Pj, S has label u}.

We now proceed to construct a measure-preserving map ¥ such that the image of every set S, is a.e.
equal to an interval, and such that those intervals are ordered w.r.t. to the order of their labels in 7.

Define the map o : [0,1] — TN by o(z) = (u*(z))ken € TV where u¥(z) is the only node of
T with height & such that # € S,r(,) (and thus u***(z) is a child node of u*(z)). Remark that if
uko (1) <jex uFo(y) for some ko € N, then u¥(z) <jex uF(y) for every k > ky. We extend naturally the
total order <jex from T to a the total order on T: for (u*)ren, (VF)reny € TV, (uF)ren <iex (VF)gen if
uko <y v¥0 where kg is the smallest &k such that u* # v*.

For every u € T, define:

A7 (u) = U S, and AT(u)=A"(u)US,,
V<1ext : h(v)=h(u)

and then define C~(u) = AM(A™ (u)) and C*(u) = A(AT(u)). Now, define 1 as, for z € [0, 1]:
d(@) = MA™(z))  where A (2) = {y € [0,1] : 0(y) <iex 0(2)} = Uren A~ (u*()).

Moreover, as the sequence of partitions (Py)ren has a diameter that converges to zero, and thus separates
points, the map o is injective. Thus, we also have:

P(x) = MAT(z)) where AT (2)={yec[0,1]:0(y) <iex o(x)} = A~ () U {x}.

Remark that both A~ (z) and A" (z) are Borel measurable.

Remark that for every & € N, we have A~ (u*(z)) € A= (z) C A*(z) C A*(v*(2)). In particular,
for every u € T, we have ¢(S,) C [C™(u),CT (u)]; however ¥(S,) is not necessarily an interval, but we
shall see that A(¢(Sy)) = CT(u) — C~(u), i.e. ¥(S,) is a.e. equal to [C~(u), C*(u)]. Remark that, as
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the sequence of partitions (Py)ren is refining, we get that [C (u), CT (u)] = Uy p(o)=u[C ™ (v), CT (v)] for
every u € T \ {0}.

As the diameter of the partitions (Py)ren converges to zero, we have the following alternative formula
for v:

Y(x) = lim O~ (u*(z)) = lim C*(uf(z)).
k— o0 k— o0

For every k € N, the map 2 + C~(uF(z)) is a simple function (constant on each S € P} and takes
finitely-many values), and thus 1 is measurable as a limit of measurable maps.

We outline the rest of the proof. We first prove that 1 is measure-preserving. Secondly, we prove
that v is a.e. bijective and construct its a.e. inverse map . Thirdly, we prove that (=1 (Py))ren is a
refining sequence of partitions. And lastly, we approximate almost everywhere the sequence of partitions
(o~ Y(Pr))ren by a sequence of refining partitions composed of intervals.

We now prove that 1) is measure preserving. Remark that ¢(x) is a non-decreasing function of o(x)
for the total relation order <jex, i.e. ¥(y) < ¥(z) if and only if o(y) <jex o(z). Hence, ¥ =1([0,¢(z)]) =
{y €10,1] : 0(y) <iex o(z)}, and we have:

AW 7H0,9(@)]) = A({y € 0, 1] : 0(y) Siex 0(2)}) = P ().

Thus, to show that v is measure preserving we just need to show that ¢ ([0, 1]) is dense in [0, 1]. For every
ueT,as ¥(S,) C[C™(u),CT(u)], we know that the interval [C~ (u), Ct(u)] contains at least one point
of the form t(x). Remark that for all k& € N, we have [0,1] = Uyern(u)=£[C~ (1), C*(u)]. Hence, as
AM[C™ (u), CH(u)]) = A(Sy) < diam(Py ) for every u € T, and as the diameter of the partitions (P )ren
converges to zero, we know that each interval of positive length contains a point of the form (z) for
some z € [0,1], which implies that ([0, 1]) is indeed dense in [0, 1].

We now prove that v is a.e. bijective and construct its a.e. inverse map . Without loss of generality,
assume that there is no set S, with null measure. Consider two distinct elements z,y € [0, 1] such that
0(7) <lex 0(y). Assume that ¥(z) = 1(y), and let N € N be the last index k such that u*(z) = u*(y).
Then, for every k > N, we have u* () <jex u*(y), which implies that ¥ (x) < Ot (u*(z)) < C~(u*(y)) <
Y(y); and thus ¥(x) = ¥(y) = C*(u*(z)) = C~(u¥(y)), which in turn implies that there is no node of
T between u*(x) and u*(y). Remark that this situation is analogous to the terminating decimal versus
repeating decimal situation. Hence, we proved that there is no node between uN*+1(x) and uN*+!(y) and
that for every k > N, u**1(z) is the right-most child of u*(x), and u**1(y) is the left-most child of u*(y)
(i.e. uF*H(z) = uF (2)|Oyr(yy| and ©* 1 (y) = u¥(y)1). Remind that the map o is injective. Putting all of
this together, we get that the set {(z,y) € [0,1] : ¥(z) = ¥(y), ¢ < y} can be indexed by the nodes of
T, and is thus at most countable. Hence, the map ¢ is injective on a subset D C [0, 1] with measure one
(indeed [0,1] \ D is at most countable), and as 1) is measure preserving, we get that (D) has measure
one, and thus v is bijective from D to (D), that is, 1 is a.e. bijective. We construct the map ¢ as the
inverse map of ¢ for x € (D) and ¢(z) =0 for = € [0,1] \ ¥(D). Without loss of generality, we assume
that 0 € D. Thus, ¢ is the a.e. inverse map of 1, that is, ¢ o ¢¥(z) = ¢ o p(x) = x for almost every
z € 0,1].

We are left to prove that ¢ is measurable and measure preserving. As we saw that each point z € [0, 1]
as a pre-image ¥~ (z) = {z € [0,1] : ¥(x) = 2z} at most countable (indeed of cardinal at most 2), thus
[Pur66] insures that ¢ is bimeasurable (i.e. ¢ is (Borel) measurable and for all Borel set B C [0, 1], ¢(B) is
also a Borel set). Let B C]0, 1] be a Borel set. We have that ¢~}(B) = ¢~}(BND) = ¢(BND) is a Borel
set, where the first equality uses that ([0, 1]) = DU{0}, the second equality uses that v is the inverse of
on D, and lastly we used that v is bimeasurable. We also have that ¢ ~1(BU{0}) = »~1(B)U([0, 1]\¥(D))
is a Borel set. Moreover, we have:

MNe™H(B)) = A@(BND)) = Ay~ (¢(BN D)) =XBND)=A\B),
where we used that ¢~ 1(B) = ¢ (BN D) for the first equality, that ¢ is measure preserving for the second

equality, that ¢ is bijective from D to (D) for the third equality, and that D has measure one for the
last equality. We also have:

M1 (BUA0}) = ™ (B)) + A([0,1] \ (D)) = A(B) = M(B U{0}),
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where we used that ¢=1(B) C (D) and [0,1] \ ¢(D) are disjoint sets for the first equality, that
Me~Y(B)) = X(B) and that (D) has measure one for the second equality. Hence, the map ¢ is
measurable and measure preserving.

We now prove that (o~ (Py))ren is a refining sequence of partitions. For k € N, as Py is a finite
partition of [0,1], we have that ¢=1(Py) = {p=1(S,) : u € T, h(u) = k} is also a finite partition of
[0,1]. Moreover, as (Pk)ren is a refining sequence of partitions, we get that the sequence of partitions
(071 (Pr))ren is also refining. Remark that the sets ¢=!(S,) are not necessarily intervals, they are
intervals minus some at most countable sets (this is similar to the unit line minus the Cantor set).

To finish the proof, we are left to construct a refining sequence of partitions made of intervals (Qp)ren
that agrees almost everywhere with the refining sequence of partitions (¢ ~1(Py))ren. For u € T, define
R, = [C™(u),C*(u)[ (and R, = [C~(u),C*"(u)] if u is the unique node such that v <jex u for every
v € T with h(v) = h(u)). As ¢ is measure preserving, and as 1(S,) C [C~(u),CT(u)] with A(S,) =
Ct(u) — C~ (u), we get that \([C™ (u), CT(u)] \ ¥(S,)) = 0. As ¢ is the a.e. inverse map of ¢, we have
that a.e. 1,-1(s,) = Ly(s,) = Lic-(u),c+(u)] = LR, i-e. Ry agrees almost everywhere with © 1(S,). For
k € N, define the finite partition Q = {R, : h(u) = k}. Then, by definition of the sets R,, the sequence
of partitions (Qy)ken is refining. This concludes the proof. O

Remark 3.8.3 (The shrinking diameter assumption is important). Even if it is not stressed in [Lov12,
Proof of Theorem 9.23|, the measure preserving map ¢ (a fortiori an a.e. inversible one) in Lemma 3.8.2
cannot be obtained without any assumption on the refining sequence of partitions (Py)ren (in our case,
we assumed that their diameter converges to zero). Indeed consider the sequence of partitions where for
every k € N, Py, is composed of the sets:

Sk =27 G+n27u /2272 G+ 027 0< < 2k,

i.e. Sk,; is the union of two dyadic interval translated by 1/2, (also add 1 to the set Si ¢ to get a complete
partition). Then, for every x € [0,1/2[,  and x + 1/2 belong to the same set of Py, for every k € N; in
particular the diameter of the partitions (Pj)ren does not converge to zero. By contradiction, assume
there exist a measure preserving map ¢ € 5'[0,1] and a sequence of interval partitions (Qg)ken such that
for all £ € N and all set S ; € P with 0 < j < 2% there exists a interval set I ; € Q such that
a.e. 1y, . = 1 -1(g, ). In particular, the set Iy ; must be an interval of length 27F. Hence, Qy is a
dyadic partition with stepsize 27%, and thus the diameter of the partitions (Qj)ren converges to zero.
For every = € [0,1/2], we get that diam(o~'({z,z + 1/2})) < diam(Qy) = 27* for all k¥ € N; this
implies that ¢~ !({z,z + 1/2}) is a singleton, i.e. either = & ([0,1]) or z + 1/2 & »([0,1]). Hence,
we have A([0,1/2[0¢([0, 1)) = A([1/2, 11\@(0,1])) and A([0,1/20([0, 1)) = A([1/2,1[0(0,1))). As
A([0,1/2[) = A([0,1/2[Ne([0,1])) + A([0,1/2[\¢([0,1])) = 1/2 because ¢ is measure preserving, we get
that A(¢([0,1])) = A([0,1/2[Ne([0,1])) + A([1/2,1[Ne([0, 1])) = 1/2, which contradicts the fact that ¢ is
measure preserving.

Now, for every n € N, applying Lemma 3.8.2 to (Py, i )ren and W, we get a measure-preserving map
o, and a refining sequence of partitions (P;:,,k)keN made of intervals such that for all £ € N, and all
set R € 737’%,{ there exists a set S € P, ; such that a.e. 1p = 1,105 In particular, for all £ € N, the
sequence of partitions (P )ken still satisfy (i)-(ii). Set W), = Wy and W), = W} so that almost
everywhere:

nk = (W), )™ = (W), = (W e,

As d and d’ are invariant, we have for every n, k € N that d(W,,, W, ) = d(Wy,, W} , ), and similarly for
d’. This insures that the signed measure-valued kernels (W}, )nen and (W), ;)nen, k € N, still satisfy (iii)-
(iv). Remind that for a measure-valued kernel W and a measure-preserving map ¢, o0, (W, W¥) = 0.
Hence, we can replace the signed measure-valued kernels (W,,)nen and (W, x)nen, k € N, by (W))nen

and (thk)neN» k € N, and assume that the partitions P, ; are made of intervals.

Step 2: There exists a subsequence (W, )¢y such that for every k € N and € € {+, —}, the
subsequence (Wf%k)geN weakly converges, as { — oo, almost everywhere to a limit, say Uj
which is a stepfunction adapted to a partition with m; elements (some elements might be

empty sets).
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Fix some k € N. The stepfunctions (W, x = (Wy)p, , )Jnen all have the same number of steps my. For
n € N, denote by P,k = {Snk:: 1 < i < my} the interval partition adapted to W, . where the intervals
are order according to the natural order on [0,1] (note that some intervals might be empty, simply put
them at the end). For n € N and 1 < i < my, let A(Sy, ;) denote the length of the interval S, ; € Pp k-
As the lengths of steps take values in the compact set [0, 1], there exists a subsequence of indices (n¢)sen
such that for every 1 < i < my, there exists s;; € [0,1] such that lims oo A(Sn, ki) = Sk,i. Denote
by Pr = {Sk,; : 1 < i < my} the interval partition composed of my, intervals where the i-th interval
Sk, has length si; (note that some intervals might be empty). Up to a diagonal extraction, we can
assume that the convergence holds for every k € N simultaneously. Remark that for all n,k € N, the
fact that Py, 141 is a refinement of P, can be simply restated as linear relations on the interval lengths
(A(Sn,k,i))1<i<my, and (A(Sn k+41,i))1<i<m,,- As linear relations are preserved when taking the limit, we
get that the partition Pgy; is a refinement of Py for all £ € N. We assume from now on that (W),),en
and (W, k)nen, k € N, are the corresponding subsequences.

For every n € N, we decompose W,, = W,” — W, into its positive and negative kernel parts, see
Lemma 3.3.3. For n,k € N and € € {+,—}, we define Wy, = (W2)p, ,. In particular, remark that

Wy =W — W, and for all £ > k, that Wy, = (W )p, .. Let e € {+,—} and 1 <i,j < my such

n, n,

that sy isk,; > 0 be fixed. For every n € N, we have on Sy, ki X S k,; that W = uf;j,;e € My (Z) with:

. 1
() = W (Sns X Suei ).
) SN (S s X S

We have that:
1,,€

o < [Walleo < C.

This gives that the sequence (ui’j]’:)neN in M4 (Z) is bounded. We now prove it is tight. Let € > 0. As
limy, 00 A(Snk,¢) = Sk,e > 0 for V= 1,7, we deduce that there exists ¢ > 0 such that for every n € N
large enough and ¢ = i, j, we have \(S,, ) > c. Set ¢ = c?c. As the sequence (W, )nen in Wi is tight,
there exists a compact set K C Z such that for every n € N, My, (K¢) < ¢’. Hence, for every n € N

large enough, we have:
1

<
o /\(Sn,k,i))\(sn,k,j)

This gives that the sequence (ufﬂ:)neN in M4 (Z) is bounded and tight, and thus by Lemma 3.2.8, it has
a convergent subsequence. By diagonal extraction, we can assume there is a subsequence (W, )een such
that for all k € N, all 1 <, j < my, such that sy ;sx,; > 0, and all € € {+, —}, the subsequence (1,7} )ren

i () My, (K°) <.

weakly converges to a limit say ui’j “. Define the stepfunction Uf € W, adapted to the partition Py
which is equal to ué’j’e on Sk, X Sk,; (if spisk,; =0, set ui’j’e = 0). We have in particular obtained that,
for every k € N, the subsequence (W;[ ) eeN weakly converges a.e. to Uf which is a stepfunction adapted
to a partition with my, elements; this implies that the subsequence (W, x)een also weakly converges a.e.
to Uy = U,j — U, . We now assume that (W, ),en is such a subsequence. With this convention, notice

that for all k,n € N and € € {+,—}:

n ne

Uk lloe < sup Wk lloo < sup [Whlleo = C < 400 (3.28)
€

Step 3: There exists a subsequence of (Uy)reny which weakly converges to a limit U € Wy
almost everywhere on [0, 1]2. The proof of this step is postponed to the end. Without loss of generality
we still write (Uy)ren for this subsequence.

Step 4: We have lim,,_,o dq(U, W,,) = limy, o 05(U, W,,) = 0. Let ¢ > 0. As the cut distances
d is smooth, we deduce from Step 3, that for k large enough d(U,Uy) < e. By hypothesis (iii) on the
sequence (W, x)nen, we also have that for k large enough d(W,,, W, ) < . For such large k, as by step
2 the sequence (W, 1 )nen weakly converges almost everywhere to Uy, and again as the cut distances d is
smooth, there is a ng such that for every n > ng, d(Uy, W, ;) < €. Then for all n > ng, we have:

5D(U7 Wn) < 6D(U; Uk) + (SD(Uk, Wn,k) + 5|:I(Wn,k7 Wn)
< d(U,Ug) + d(Up, Wy ie) + d(Wy, 10, W)
< 3e.
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This gives that lim,,_,, dg(W,,,U) = 0.
If we consider a second distance d’ as in the lemma, then similarly lim,, o 5'D(Wn, U)=0.

Proof of Step 3. Assume that the claim is true for measure-valued kernels. Then, if (Ug)gen is
a sequence of signed-measure valued kernels, applying the claim to (Uf)ken, for € € {+,—}, we get a
measure-valued U¢ € W, such that the sequence (Uf)ren weakly conveges a.e. to U¢. Thus, the sequence
(Ug)ken weakly conveges a.e. to U =U" —U".

Hence, we are left to prove the claim for measure-valued kernels. The proof is divided in four steps.
The first three steps also work for signed-measure valued kernels, but the last argument of step 3.d. only
works for measures.

Step 3.a: The sequence (Uy)xcn inherit the tightness property from the sequence (W,,),en.
Let € > 0. Since the sequence (W, )nen is tight, there exists a compact set K C Z such that for every
n € N, we have My, (K¢) < e. Remark that:

Mw,,= > MSuri)A(Snrpnly = Mw, and My, = > spasp g’

1<i,j<my, 1<i,j<my,

For all k € N and 1 < 7,5 < myg, as the sequence (,un k)neN weakly converges to /L , using [Bogl8,

Theorem 2.7.4] with the open subset K¢ C Z, we get that uk’j(K") < liminf, . ,unk(KC) As
limy, 00 A(Sn ki) = Sk, for all 1 <i <my, and summing those bounds, we get:

My, (K€) < liminf My, , (K¢) = liminf My, (K¢) <¢

n— oo n—oo

Consequently, the sequence (U )ren is tight.
Step 3.b: Convergence of the measures U, in M ([0,1]? x Z) defined for k € N as:

Up(da, dy, dz) = Uy (z, y; dz) Az (dz, dy). (3.29)

Since the sequence (My, )ken in M4 (Z) is tight for all £ > 0, there exists a compact set K C Z such that
for every k € N, My, (K°¢) < ¢; and thus Uk(KC) My, (K¢) < & where K = [0,1]?> x K is a compact
subset of [0,1]2 x Z, that is, the sequence (Uy)zen in M ([0,1]2 x Z) is tight. The sequence (Ug)ren
is also bounded as ||Uk||Oo < ||Uklle < C thanks to (3.28). Hence, using Lemma 3.2.8, there exists a
subsequence (Uy, )en of the sequence (Uy)ren that converges to some measure, say U, in M. ([0, 1]2 x Z).
Remark that, when considering the subsequence of indices (k¢)¢en, the subsequences (W, k,)een, 1 € N,
still satisfy properties (i)-(iv) of Lemma 3.8.1, and for all £ € N, the sequence (W, ,)nen still weakly
converges to Uy,. Without loss of generality, we now work with this subsequence and thus write & instead
of kg.

Step 3.c: The measure U’(d:mdy,dz) can be disintegrated w.r.t. A(dz,dy) giving us an
element of W, . To prove this, we need the following disintegration theorem for measures, see [Kall7,
Theorem 1.23] (stated in more the general framework of Borel spaces) which generalizes the disintegration
theorem for probability measures [Kal02, Theorem 6.3]. The notation pu ~ v for two measures p and v
means that p < v and v < p, where p < v means that p is absolutely continuous w.r.t. v.

Lemma 3.8.4 (Disintegration theorem for measures, [Kall7, Theorem 1.23|). Let p be a measure on
S xT , where S is a measurable space and T a Polish space. Then there exist a measure v = p(- x T') on
S and a probability kernel : S — M1(T) such that p =v @ p (i.e. p(ds,dt) = v(ds)u(s;dt)). Moreover,
the measures s = p(s;+) are unique for v-a.e. s € S.

Using Lemma 3.8.4 with S = [0,1]> and T' = Z, we get that there exists a probability kernel U’ in
Wi such that: K
U(dz,dy,dz) = U'(z,y; dz) n(dz, dy),
where m = U(- x Z) is a measure on [0, 1]2.

We now need to prove that m < Ay. By contradiction, assume this is false, then there exists a
measurable set A € B([0,1]?) such that Ay(A) = 0 and 7(A) > 0. As the measure fA (z,y; ) w(dz, dy)

is not null, there exists f € Cy(Z) such that [, U'(z,y; f) 7(dz,dy) # 0. As the sequence (Ur) ken weakly
converges to U in M ([0,1]2 x Z) by step 3.b, we have that the sequence of measures Uy (dz, dy; f) =
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Ug(z, y; f) Az(da, dy) weakly converges as k — oo to U(dz, dy; f) = U’ (2, y; f) 7(dz, dy) in M ([0,1]?).
Moreover, as the maps x,y — Ug(z,y; f) are uniformly bounded (by || f]lco|Ukllcc < C|fllso, see (3.28)),
they are also uniformly integrable (w.r.t. A3), and applying [Bog07a, Corollary 4.7.19] there exist a
subsequence (Ug,)ren and a bounded function g¢ on [0,1]% such that for every bounded measurable
function h € L>([0,1]?), we have:

Jim [ U5 i) dade,dy) = [ g7(e,)h(.9) da(do. dy),

In particular, the sequence of measures (Ug,(x,y; f) A2(dx,dy))een weakly converges to the measure
g¢(z,y) A2(dx, dy), which imposes the equality between measures:

U(dw,dy, f) = U'(z,y; f)m(dz, dy) = g7 (2, y) Ao (dz, dy).

Hence, taking h = 1 4, we get:

UMﬁ:AUm%WMmm:Aw@Wmeﬁﬂ

which yields a contradiction. Consequently, the measure 7 is absolutely continuous w.r.t. Ay, with density
still denoted by 7, and we set Ao-a.e. on [0, 1]%:

U(z,y;dz) = n(z,y) U'(x,y;dz) and thus U(dz,dy,dz) = U(z,y;dz) Aa(dz, dy). (3.30)

Step 3.d: The sequence (Uy)recn weakly converges to U almost everywhere on [0, 1]2. Recall
that by construction, the stepfunction Uy is adapted to the partition Py defined in Step 2, and that Py
is a refinement of Pj. A closer look at Step 2 yields that for all £ > k, since W, , = (Wy, 0)p we also
get:

k)

U, = (Ue)pk. (3.31)

We prove (3.31) for £ = k + 1, the other cases follow by induction. As P, p41 is a refinement of P, , we
already know that Uy and (Uk41)p, are both stepfunctions adapted to the finite partition Py. Thus, we
only need to verify that Uy and (Ug41)p, take the same value on each step. For every n € N, the fact
that W, = (Whp k+1)p, , implies that for all 1 <4, j < my, such that A(Sy k) A(Sn,k,;) > 0, we have:

n,k

nk A(Sn k41, )A(Snk+1,57)  nk+1
H’i,j - Z )‘(Sn7k,i))\(5n,k:,j) :U‘i’,j’ 9

el j'el;

and this equation is preserved when taking the limit n — oo, which gives us:

Sh1i/ Sktl. it .
Z SRALVORFLS kL forall 1< i,j < my, such that sy ;sx; > 0.

k
/’Li PR il il
J Sk.iSk. J

irel;,j'el;

This proves that the stepfunctions Uy and (Ugy1)p, take the same value on each step S,; x Sk ; with
positive size si ;55 ; > 0 (on a step with null size sy sk ; = 0, Uy and (Ug11)p, are both equal to the
null measure). This gives that Uy = (Ug41)p,-

Let f € Cy(Z) be a bounded continuous function, and X, Y be independent uniform random variables
on [0,1]. Then (3.31) and (3.28) imply that the sequence N/ = (N,{ = Up(X,Y; f))ren is a martingale
bounded by C|f||s for the filtration (Fj)ren, where the o-field Fy, is generated by the events {X €
Spit N{Y € Si;} for 1 < 4,5 < my and Siy € Pr. By the martingale convergence theorem, the
martingale N7 is almost surely convergent, that is, the sequence (U [f])ren converges Ap-a.e. to a bounded
measurable function uy. Let g : [0,1]> — R be a bounded measurable function. We get:

/ o(2.9) Uz, y: f) Aa(dady) / oz, ) £(2) U(de, dy, dz)
[0,1]2 [0,1]2x2Z

lim g(x7y) f(z) Uk(dxvd%dz)

k—o0 [0,1]2xZ

= lim E{g(X,Y)Up(X,Y: )]

=/[ | g(z,y) up(z,y) \a(dady),
0,1]2
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where we used the definition (3.30) of U for the first equality, that (U &) ken weakly converges to U for the
second, the definition (3.29) of Uy for the third, and the convergence of the martingale N/ for the last.
Since g is arbitrary, we deduce that As-a.e. U(-,-; f) = uy and thus that the sequence (Uy|[f])ren converges
Az-a.e. to U[f]. Applying this result for all f € F = (fi)men a convergence determining sequence (with
the convention fy = 1), we deduce that the sequence (Uy)ren weakly converges to U almost everywhere
on [0,1]%. Remind from Section 3.2 that convergence determining sequences exist only for measures and
not for signed measures in general, this is why we worked with measures in Step 3. This ends the proof
of Step 3, and thus ends the proof of the lemma. O

We are now ready to prove Theorem 3.5.1.

Proof of Theorem 3.5.1. We first prove Point (i) on W4 (the proof on W is similar). Since the distance
d is weakly regular and the sequence (W, )nen is uniformly bounded and tight in Wy, we can construct
inductively for every n € N a sequence (P, x)ren of partitions of [0,1] such that hypothesis (i)-(iii)
of Lemma 3.8.1 are satisfied: P, p4+1 being obtained by applying the weak regularity property (see
Definition 3.4.10-(i)) with starting partition Q, r = Pn i A Dy, where Dy, is the dyadic partition with
stepsize 2~ (k41 (We may assume that the partitions P, j for all n € N have the same size m;, by adding
empty sets.) Then as d is also invariant and smooth on Wy, the first part of Lemma 3.8.1 directly gives
Point (i).

Before proving Point (ii), we first need to prove the following lemma.

Lemma 3.8.5 (Compactness theorem for Wy,). Let d be an invariant, smooth and weakly reqular distance
on Wy (resp. Wy or Wy ). Let M be a convexr and weakly closed subset of M1(Z) (resp. M4 (Z) or
My(Z)). Let (Wy)nen be a sequence of M-valued kernels which is tight and uniformly bounded. Then,
(Wi)nen has a subsequence that converges for g to some M-valued kernel.

Proof. First remark that, as M is convex, the image of Wy by the stepping operator W — Wp, where
P is a finite partition of [0,1], is a subset of Wx,. Hence, a close look at the proof of Lemma 3.8.1
(the partitions are constructed as in the proof of Point (i) from Theorem 3.5.1), and using the notation
therein, shows that, up to taking subsequences, one can take the stepping kernels W), , and Uy in Wy,
such that (Uy)ren weakly converges to U a.e. and the subsequence (W), )sen converges to U w.r.t. dg.
Since Uy (z,y;-) € M weakly converges to U(z,y;-) for almost every z,y € [0,1] and since M is weakly
closed (and thus sequentially weakly closed), we deduce that U(z,y;-) belongs to M for almost every
x,y € [0,1]. This means that U € Wy. O

We prove Point (ii) for M C M (Z) (the proof for M C M;(Z) is identical). The fact that Way

and Wy, are convex is clear as M is convex. Let (W,,),en be a sequence of elements of WM. Since M
is convex, we deduce that (M, )nen is a sequence in M. As M is sequentially compact for the weak
topology, M is tight and bounded by Lemma 3.2.8, and thus the sequence (W,,),en is tight and uniformly

bounded (remind Definition 3.4.7). Hence, using Lemma 3.8.5, we get that from any sequence in VNVM,

we can extract a subsequence which converges for g to an element in Wy, This implies that (W, i)
is compact.

Point (iii) is a direct consequence of Point (ii) as if Z is compact, so is M1(Z). O

Proof of Point (iii) from Proposition 3.5.2. We prove Point (iii). The fact that Wy and WM are convex
is clear as M is convex. To prove that WM is closed, we consider a sequence (W, )nen in WM that
converges for o0, to some W € )7\/;. As (Wy,)nen is a Cauchy sequence for 0m ,, by Lemma 3.4.9,
(Mw,, )nen is a Cauchy sequence for dy, and thus is tight. Hence, (W, )nen is uniformly bounded and
tight. Applying Lemma 3.8.5, there exists a subsequence (W, )ren of the sequence (W, )nen which
converges for dg,, to some M-valued kernel U € WM. But as a subsequence, (W, )xeny must also
converge for gy, to W. This implies that W = U is a M-valued kernel. O

In order to prove Theorem 3.5.5, we first prove a lemma that allows to construct the partitions needed
to use Lemma 3.8.1.

92



3.8. PROOFS OF THEOREM 3.5.1 AND THEOREM 3.5.5

Lemma 3.8.6 (Construction of partitions for two distances). Let d and d’ be two distances on Wy (resp.
Wy or Wy ) which are invariant, smooth, weakly reqular and regular w.r.t. the stepping operator (see
Definitions 3.3.10 and 8.4.10). Let (W, )nen be a sequence in Wi (resp. Wy or Wy ) which is tight (resp.
uniformly bounded and tight). Then, there exists sequences (Pni)ken, 1 € N, of partitions of [0, 1] such
that hypothesis (i)—(iv) of Lemma 3.8.1 are satisfied.

Proof. We prove the result on Wy (the proof on Wy and Wy is similar). To simplify notations, write
d' = d and d* = d’. We proceed by induction on k € NU {—1}. For every n € N, set P, _1 = {[0,1]}
the trivial partition with size 1. Let £ € N and assume that we have already constructed partitions
(Pnk—1)nen that have the same size my_;. Now we proceed to construct partitions (P, )nen that
satisfy hypothesis (i)-(iv).

Set C' = sup, ey ||Walloo, which is finite as the sequence (W, )nen is uniformly bounded. As d‘, with
1 = 1,2, are regular w.r.t. the stepping operator, there exists a finite constant Cy > 0 such that for every
W, U € Wy, with |[W]|e < C and |U||cc < C, and U a stepfunction adapted to a finite partition Q:

d'(W,Wq) < Cod"(W,U). (3.32)

Set ¢ = 1/Cy(k + 1). Since d*, with i = 1,2, are weakly regular and the sequence (W,,),en is tight
and uniformly bounded, there exists r, € N*, such that for every n € N, there exists a partition RﬁL i of
[0,1] that refines @, x = Py k-1 A Dk, where Dy, is the dyadic partition with stepsize 2%, such that:

R | < 1l Quk] < 2514[Prsa| and df (Wn, (W) ) <e. (3.33)

(Indeed, a close look at the proof shows that P,, ,_1 refines Dy_1 by construction, thus Q,, ; cuts each
set of Py, x—1 in at most 2 sets, and we get |Qy, x| < 2|Pp k—1].) Now, let P, , be the common refinement
of R}L,k and Ri7k; it is a refinement of P, ;_1, has diameter at most 2~k and size:

[Pl < 22508 Py g [* = 2%y

If necessary, by completing P,, , with null sets, we may assume that |P,, x| = my, where my, = 22krlzm%_1.
As (W) ri s a stepfunction adapted to the partition P, j, we deduce from (3.32) and (3.33) that for
t=1,2and neN:

i i 1
&' (Wo, Wa)p, ) < Cod' (Wa, W)y | ) < Coe = =
Hence, for every n € N, the partition P, j satisfies the hypothesis (i)-(iv) of Lemma 3.8.1. Thus, the
induction is complete. O

Proof of Theorem 3.5.5. Let dy, and dyy be as in Theorem 3.5.5. .

Let (Wp)nen be a sequence of probability-graphons that converges to some W € W; for ég,,. By
Lemma 3.4.9, the sequence of probability measure (M, )nen converges to My for the distance d,.
As d,, induces the weak topology on M<1(Z), we have that the sequence (M, )nen is tight, and thus
the sequence (W, )nen is also tight (remind Definition 3.4.7). The sequence (W,,)nen is also uniformly
bounded as a sequence in Wl. Applying Lemma 3.8.6 with the distances d = dp,, and d' = doyy,
which are invariant, smooth, weakly regular and regular w.r.t. the stepping operator, we get sequences
of partitions (Pp k)ren, » € N, that satisfy hypothesis (i)-(iv) of Lemma 3.8.1. We then deduce from the
last part of Lemma 3.8.1 that any subsequence of (W), ),en has a further subsequence which converges
to the same limit for both dg,, and g, this limit must then be W. This implies that the sequence
(Wn)nen converges to W for 0p .

The role of d;, and d,, being symmetric, we conclude that the distances dg ,, and 6, induce the

same topology on W;. O
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Index of notations

Measures

(Z, Oz) a topological Polish space
B(Z) the Borel o-field induced by Oz

Cy(Z) the set of continuous bounded real-valued
functions on Z

measure = positive measure

M (Z) the set of signed measures on Z

M (Z) the set of measures on Z

M1(Z) the set of probability measures on Z

M<1(Z) the set of sub-probability measures on
Z, i.e. measures with total mass at most 1

uT, p~ the positive and negative parts of y from
its Hahn-Jordan decomposition

|| = p4 + p— the total variation measure of

|| (Z) the total mass of p

yaies

dy a distance on either M<(Z), ML(Z) or
M (Z)

Ny a norm on M4 (Z)

dp the Prohorov distance

| - [lkr the Kantorovitch-Rubinstein norm
I - llrm the Fortet-Mourier norm

I - Il the norm based on a convergence determin-
ing sequence F

Relabelings and partitions

Slo,1] the set of bijective measure-preserving maps
from ([0, 1], A) to itself

5”[0,1} the set of measure-preserving maps from
([0,1], A) to itself

|P| the number of sets in the finite partition P

Kernels and graphons spaces
Wi the set of probability-graphons
Wy the set of measure-valued kernels

W_ the set of signed measure-valued kernels

Wa the set of M-valued kernels with M C
Mu(Z)

Wl the set of unlabeled probability-graphons
17\/2r the set of unlabeled measure-valued kernels

VN\/i the set of unlabeled signed measure-valued
kernels

WM the set of unlabeled M-valued kernels

Kernels and graphons

W+ and W~ the positive and negative part of
W e Wy

[W| =W+ W~

W(A4;+) = [, W(z,y;-) dedy for A C [0, 1]?
Wz, y) = W(x,y; f) for f € Cy(Z)

Wp the stepping of W w.r.t. a partition P
Wlloo := supy yejo) W (2,95 )l

My (dz) = [W([0,1]* dz)

W¢e  the probability-graphon associated to a
M (Z)-graph or a weighted graph G

H(k, W) the M;(Z)-graph with k vertices sam-
pled from W € W,

G(k,W) the M;(Z)-graph with k vertices sam-
pled from W € W,

F9 a finite graph whose edges are decorated with
functions in Cy(Z)

t(F9,W) = M{;(g) the homomorphism density
of F9in W

Distances/norms on graphon spaces

do,m the cut distance associated to dp,
Np i, the cut norm associated to Ny,

o the unlabeled distance associated to an arbi-
trary distance d

d0,m the unlabeled cut distance associated to
dum or NOom

| - [|o,r the cut norm for real-valued kernels

|| - ||5 g the positive part of the cut norm for real-
valued kernels
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Definitions spaces in Definition 3.3.10 on page 57

- weak isomorphism of kernels and graphons in Def-

inition 3.3.16 on page 59 - weakly reqular and regular w.r.t. the stepping op-

erator for a distance d on graphon spaces in Def-
- tightness for sets of kernels or graphons in Defi- inition 3.4.10 on page 66

nition 3.4.7 on page 65

- invariant and smooth for a distance d on graphon

3.A Proofs omitted in the main body of the text

In this section, we give all the proofs that were omitted from the main body of the text for being
straightforward adaptation of proofs already existing in the literature (mostly from [Lov12|, but there is
one adaptation from [Bogl8]); only the proof of Lemma 3.A.1 is original. Note that this section was not
included in [ADW23] for brevity.

3.A.1 Proof from Section 3.3

To prove Proposition 3.3.18, we first need to prove the following lemma.

Lemma 3.A.1. Any measure-valued kernel W can be approximated by a sequence (Wy)nen of continu-
ous measure-valued kernels for almost everywhere weak convergence (i.e. W, (x,y;-) weakly converges to
W (z,y;-) for almost every (x,y) € [0,1]?).

Proof. We are going to prove that the stepfunctions given by Lemma 3.4.5, for the special choice of dyadic
partitions, can themselves be approximated by continuous measure-valued kernels.

Let W be a measure-valued kernel, and denote by C' > 0 the constant given by the definition of a
measure-valued kernel such that for every (z,y) € [0,1]?, the total mass of W (x,y;) is upper bounded
by C. Applying Lemma 3.4.5 with the sequence of dyadic partitions (P,),ecn, We get a sequence of
stepfunctions (W,, = Wp,_)nen that are uniformly bounded by C and that converges to W on a subset
D C [0,1]? of Lebesgue measure 1. For every n € N, let A,, = {(x,y) €[0,1]>: Fk €N, 2 =k2 " or y =
k27"} be the dyadic grid of order n of [0, 1]2. Remark that A, is the border set of steps of the stepfunction
W,.. Let B, be the set of points from [0,1]? that are at (euclidean) distance at most 4=" from A,. In
particular, the Lebesgue measure of B,, is upper bounded by 2 x 2" x 2 x 47" = 4 x 27". We define
the continuous measure-valued kernel U,, by Up,(x,y;) = Wy (z,y;-) for (z,y) € [0,1]? \ By, and we
define U, (x,y;") for (z,y) € B, as a convex interpolation of the values from the neighboring steps. In
particular, for every (x,y) € [0,1]?, the total mass of W (z,y;-) is upper bounded by C.

Define the subset F' = limsup,, B, = Ngen Un>k Br. Then, every (z,y) € D\ F belongs to finitely
many B, hence U, (z,y;:) = W, (z,y;-) for n large enough, and thus U, (z,y; ) weakly converges to
W (z,y;-). Denote by A denotes the Lebesgue measure on [0, 1]?, then we have that:

A(F) = lim A(UyziB,)

n>k
< lerl;o 24 x 27"
= lim 8x27%F=0
k—oc0

Hence, \(D \ F) = 1, and we have that U,(x,y;-) weakly converges to W(z,y;-) for almost every
(x,y) € [0, 1]?, which complets the proof. O

Proof of Proposition 3.3.18. |This proof is an exact copie of the proof of Theorem 8.13 in [Lov12| to suit
a more general setting.|
To simplify the notations, we will denote the cut distances d = dg,, and § = dg 1, during this proof.
The equality of the first expressions in each line of (3.7) follows from the fact that the set of invertible
measure-preserving maps Sjo 1] has a group structure. The group structure of Sjg ;) also shows that ¢
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(defined by the first expression of the first line) is symmetric and satisfy the triangular inequality, hence
is a premetric.

Let W be a kernel stepfunction, and ¢ € 5’[071] a measure-preserving map. Thus, W¥ is also a
stepfunction with the same number of steps, same step sizes, and same step values as W. Hence, there
exists a bijective measure-preserving map ¢ € S 1] (i.e. an invertible measure-preserving map) such that
W¢ = W¥. This implies that in each line of (3.7) the two expressions are equal when U and W are
stepfunctions. The equality in (3.8) follows from a similar argument in this case.

Now, consider arbitrary kernels U and W. Using Lemma 3.4.5, let (U, )nen and (W), )nen be sequences
of stepfunctions that are uniformly bounded and weakly converging almost everywhere to U and W,
respectively. Then, due to the smoothness of d, we have d(U,,U) — 0 and d(W,,, W) — 0. Using the
invariance of d, we have for every measure-preserving map  that:

|d(Un, W) = d(U,W?#)| < d(Up,U) + d(W;?, W?) = d(Un,U) + d(Wp, W) — 0.

n—-+oo

This implies that:

inf d(U,,W?)= inf dU,,WY) — inf dUWY)=65§UW);
PES0,1) PESo,1] n—-+00 PESp, 1]
and also that:
inf d(U,,Wf)— inf d(UW?),
$€ES[o0,1) PES[o,1]
which proves the equality in the first line of (3.7). The equalities in the other lines of (3.7) and in (3.8)
follow similarly, but with a min instead of inf in the last line.

We now want to show that:
O0(U, W) =mind, (U™, W*),
o

where 1 range over all coupling measures on [0, 1]2.

To prove that the infimums in the last two expressions of § are indeed mininums, we begin with (3.8).
The space of coupling measures is compact in the weak topology, so it suffices to show that d, (U™, W?),
as a function of py, is lower semicontinuous. This means that if u,, weakly converges to p (where (fp)nen
and p are coupling measures), then for every two measure-valued kernels U and W, we have:

limninf d,, (U, WP)>d, (U™, WP?). (3.34)

As a first step, we prove that lim, o d,, (U, W) = d,(U, W) for every continuous fonctions U, W :
[0,1]% x [0,1]?> — M (Z). Using Proposition A.6 from [Lov12|, as (fn)nen Weakly converges to p, there
exist functions f and f, for all n € N which are measure preserving functions from [0,1] (equipped
with the Lebesgue measure) to [0,1]? equipped with the measure p (resp. p,), and such that (f,)nen
converges to f almost everywhere (on [0,1]). In particular, we have that d,, (U, W) = d(U’», W) and
d,(U,W) = d(Uf,W/). Since U and W are continuous, we have that U/ (z,y) = U(fn(z), fa(y)) —
U(f(z), f(y)) = U’ (z,y) as n — oo for almost every (z,y) € [0,1]2. By the smoothness assumption on
the distance d, this implies that d,, (U, W) — d,(U, W) as n — oco. For the special case U’ = U™ and
W' = W?, where U and W are continuous measure-valued kernels, we get (3.34).

Let U, W : [0,1] x [0,1] — ML(Z) be arbitrary measure-valued kernels, and fix any ¢ > 0. By
Lemma 3.A.1, there exist sequences of continuous measure-valued kernels (U,) and (W),) such that
U, — U and W,, — W as n — oo almost everywhere on [0, 1]2. By the smoothness assumption on d, we
can fix k large enough such that d(Uy,U) < ¢ and d(Wj,, W) < e.

Let (pin)nen and p be coupling measures on [0, 1]2 such that (u,)nen weakly converges to u. By the
special case of continuous kernels proved above, we know that:

dun (UI?’ ng) n:zo dM(UI?7 Wlé))’
and for n large enough we have |d,,, (UF, W/[) — d,(UF,W/)| < e. Then, we have:

du(Uﬂv Wp) S d,U«(Ul‘ga Wkp) + d,U«(Ul‘ga Uﬂ-) + du(W]fa Wp)
= du<U,:,W,f) + d(Ug, U) + d(Wy,, W)
< d (UF, WF) + 2.
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Moreover, for n large enough we have:

dH(UIzrv Wlf)

Combining these inequalities, we get that d, (U™, W?) < d,, (U™, W?) + 5¢ if n is large enough. This
proves (3.34) and thereby the existence of the minimum in (3.8).

The existence of the minimum in (3.7) follows easily now. Let p be a coupling measure such that
S(U,W) =d,(U™,Wr). Let o be a measure-preserving bijection from [0, 1] with the Lebesgue measure
into [0,1]? with the measure p. Remind that 7 and p denotes the projection onto the two coordinates.
The fact that p is a coupling measures implies that the compositions ¢ = o7 and ¢ = op are measure-

preserving, and
d(U?, W) = d, (U™, W?) = §(U,W).

This concludes the proof of the proposition. O

Proof of Lemma 3.3.22.  [This proof is a copie of the proof of Theorem 3.2.2.(i) in [Bogl8] to extend it
to the case of M, (Z).]

Remind that the second inequality in the lemma was already stated in (3.10). We start by proving
the first inequality in the lemma. Let r be such that dp(u,v) > r > 0. It follows from the definition of
dp that there exists a closed set A C Z such that:

w(A) >v(A")+r (or v(A) > u(A") +r).

Assume without loss of generality that we are in the first case. There is a non-negative continuous
function f on Z such that |f(z) — f(y)| < d(z,y)/r, [|fllo <1, f =1o0n A and f = 0 outside A”; for
example, one can take f(z) = max(0,1 — d(z, A)/r). Then, we have:

(Ul = vllen = [ £ dGe=v) 2 n(4) - o) 27

Therefore, taking the supremum over r, we get the first inequality in the lemma.

We now prove the last inequality in the lemma. Now, let & > 0 with € < || —v||kr, and let f € Cy(Z)
be a 1-Lipschitz function such that || f||o <1, and [, f d(p—v) > > 0. Let us consider the distribution
functions ®,,(t) = pu(f < t) and ®,(t) = v(f < t). Integrating by parts, and applying Formula 1.2.1
from [Bogl8|, we obtain:

1

/ [,(0) — (0] dt = D,(1) — B, (1) + [ ta@. -2,

— U(Z) - u(2) +/Zf d(u—v)
>v(Z)—w(Z)+¢ (3.35)

Let 7 > 0, and let us find under which condition there exists 7 € [—1, 1] such that ®,(7) > ®,(7+7r)+7.
Let us suppose that ®,(t) < ®,(t +r) + r for all ¢. Integrating over [—1, 1], we have:

/ "o, (1) di < / ) di 4o < / " (1) dt + (4(Z) + 2, (3.36)

—1 —14r -1

where in the last inequality we used that ®,(t) = u(Z) whenever ¢t > 1 and ®,(t) = 0 whenever ¢ < —1.
In order for (3.35) and (3.36) to yield a contradiction, we need

(W(Z) +2)r < e+ v(Z) — u(Z).

By symmetry of p and v for distances, without loss of generality we may assume that p(Z) < v(Z).
Hence, in particular the we get the desired contradiction whenever (u(Z) + 2)r <e.
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Now, assume that r = ¢/(u(Z) + 2), thus we have 7 € [—1,1] such that ®,(r) > ®,(7 +7) +r. Let
B := f~1([-1,7]). Then,
B"C f~Y[~1,7+7])

since f is 1-Lipschitz. Hence, we have v(B) > u(B") + r, and thus we have dp(u,v) > r. Taking the
supremum over € < || — v||kr, we get the last inequality in the lemma. O

3.A.2 Proof from Section 3.4.4

Before proving Lemma 3.4.16, we first need to prove the following lemma which gives refining approx-
imation partitions.

Lemma 3.A.2 (Refining partition). Let U € W4 be a signed measure-valued kernel, and let Q be a finite
partition of [0,1]. Let € > 0. Then there is a partition P refining Q with at most 4|Q| classes such that:

NI:I,m(UP*UQ) < ND,m(U*UQ) < ND,m(UprQ)+€'

Proof of Lemma 3.A.2. [The proof of this lemma is a straightforward adaptation of the proof of [Lov12,
Lemma 9.11.(b)].] The inequality Ng (U — Ug) > Ngm(Up — Ug) follows by Lemma 3.4.11 on the
1-Lipschitzness of the stepping operator. To prove the other direction, let € > 0, and let S and T be
measurable subsets of [0, 1] that almost realizes the supremum in the cut norm with error €, that is:

Nom(U —Ug) —& < N (/S Ulz,y;-) = Ua(,y;°) dwdy) : (3.37)

xT
Let P denote the partition generated by Q, S and T. Clearly, P has at most 4k classes. As S and T are
unions of sets from P, we have equality between the integrals:

/ Uz, y;-) dwdy:/ Up(z,y;-) dody. (3.38)
ST SxT

Hence, we get:

Nowm(U —Ug) —€ < Niy </ Up(z,y;-) — Ua(z,y;) dxdy) < Nowm(Up —Ug), (3.39)
S

xT

which completes the proof. O

Let P be a finite partition of [0,1]. As the stepping operator for measurable real-valued L? functions
on [0, 1]? is a linear projection, and is idempotent and symmetric, and by definition of the scalar product
(-, )+ for signed measure-valued kernels, we have that the stepping operator for signed measure-valued
kernels is linear, idempotent and symmetric for (-, -) #:

(Up,Wp)r = (Up, W)z =(UWp)F. (3.40)

The stepping operator is the orthogonal projection for (-,-)» onto the space of stepfunctions with
steps in P, as shown by the identity:

(Wp, W — Wp)x = 0. (3.41)

Proof of Lemma 8.4.16. [This proof is a straightforward adaptation of the proof of the weak regularity
lemma for real-valued graphons in [Lov12, Lemma 9.9].] Let W € W be a signed measure-valued kernel.
Let Q be a finite partition of [0,1]. Let P be the finite partition given by Lemma 3.A.2 for W, Q and
e=(1-1/v2) x |[W — Wg| o, Note that |[W — Wol|lg.r < V2|Wp — Wg| 0,7 Using Lemma 3.4.15,
we get:

(W =Wallo.#)? < 2(|Wp — Wallo,7)* < 4|Wp — Wolj3 7.

As the partition P is a refinement of the partition Q, we have that (Wp)g = Wg. Using that the stepping
operator is an orthogonal projection for (-, ) » (see (3.41)) we get:

[Wp — Wg|

27 = Well3 7 = IWal3 = W = Wal3 7 — W - Wal3 .
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Let ¢ > 1. We start with the trivial partition Py = {[0,1]}. We apply repeatedly Lemma 3.A.2, to
get new refining partitions P; of size at most 47 such that:

(W =we,_llar)? < 4(IW = We, 3 = IW =W l13 ).

and then summing those inequalities we get:

~
Ju

(W = We,llo2)? < 4(IW = Wa, 7 = IW = We,l} £) < 4IW =W, 3 - < 4IWI3 7,

J

I
o

where we used in the last inequality that the stepping operator is an orthogonal projection for (-,-) .
Hence, there exists j < ¢ such that (|W — Wp, |0 r)? < %||W||§]_- Setting P = P; we get a finite

partition of size at most 4~! such that |W — Wp|gr < %HW”Q’J-—.

Now for k > 1, let £ > 1 be such that 471 < k < 4°. Thus log(k) < flog4 < 2(. By the preceding
argument, there exists a finite partition P of size at most 41 < k such that:

V4 V8
< —||[W < —|W .
or < \/Z” [PIRS 1og(k)|| 2,7

This concludes the proof. O

W — Wp|

Proof of Lemma 3.4.17. [The proof is a straightforward adaptation of the proof of [Lov12, Lemma 9.15].]
Statement (i) follows by the same argument as Lemma 3.4.16, just starting from the partition Py = Q.
To prove (ii), we partition each class of Q into classes of measure 1/k, with at most one exceptional
class of size less then 1/k. Keeping all classes of size 1/k, let us take the union of the exceptional classes,
and repartition it into classes of size 1/k, to get a partition P.
To analyze this construction, let us also consider the common refinement R = P A Q. Then Wx and
Wp differ on a set of measure at most 2(m/k), and so

2m
W =Welo,z < W - Wrllo,s + =~
Lemma 3.4.12 implies that |W — Wg| g » < 2||W — Wg||g,#, which completes the proof. O

3.A.3 Proof from Section 3.6
Concentration of samples

We call a graph parameter a function on the set of graphs (simple, weighted or decorated depending
on context) with values in R. We say that a graph parameter f is reasonably smooth if we have |f(G) —
f(G")| < 1 for every two graphs G and G’ defined on the same set of vertices and whose edge set, or
the weights/decorations of those edges, may only differ on edges incident with a single vertex. Thus, for
every k > 1, any graph parameter is bounded on the set of graphs with k vertices.

The following proposition gives a concentration bound for reasonably smooth graph parameter eval-
uated on a W-random graph. The proof is a straightforward adaptation of the proof of [Lov12, Theo-
rem 10.3].

Proposition 3.A.3 (Concentration of samples from probability-graphons). Let f be a reasonably smooth
graph parameter defined on weighted graphs for (i) and on My (Z)-graphs for (ii). Let W be a probability-
graphon and k > 1.

(i) Using the notation fo = E[f(G(k,W))], we get that for every t > 0:
B @k W) > fo+ VaER) <™.
(i) Using the notation fo = E[f(H(k, W))], we get that for every t > 0:

P (f(H(k, W) = fo+ V2IE) <o
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We can apply the same inequality to the function —f to get a large deviation probability bound from
the mean in the other direction. Combining those two bounds, we get a large deviation probability bound
from the mean in absolute value.

Proof of Proposition 3.A.3. |This is a copy of the proof of [Lov12, Theorem 10.3] to suit our setting.| For
this proof we need a result from the appendix of Lovasz’s book [Lov12|: the Corollary A.15 of Azuma’s
inequality. The quantity f(H({z1,...,2r}, W)), as a function of z1, ..., x € [0, 1], satisfies the conditions
of corollary A.15 of Azuma’s inequality, and applying this inequality with n = k and ¢ = (2t/k)Y/2, we
get the inequality in Point (ii). The proof of the inequality in Point (i) is essentially the same. O

Missing details for the proof of Lemma 3.6.9. In the proof of Proposition 3.A.3, we only skipped the
proof of (3.24), which we re-state:

Vo e [1,N], P(do(G[f.], H[f.]) >e) <2-4F 027K

Remind that for two real-weighted graphs with k vertices G’ and H’, the cut distance dp g is equiva-
lently defined as (see [Lov12, Chapter §|):

1 .. ..
dD,R(G/a W/) = Ssup -5 Z Yel (Zaj) - @H/(Za]) .
LICIKI ™ ier jeg

In order to control the N terms from the right member of (3.23), we adapt the approach used in the
proof of [Lov12, Lemma 10.11]. Remark that for every n € N, H[f,] and G[f,] are real-weighted graphs
with weights in [0,1]. Fix some n € [N]. For 4, j € [k], define the random variable:

Xi,j = q)G(i,j;fn)a

where we remind that ®¢ (4, j; fn) = fn(Zi ;) with Z; ; distributed according to ®x (4, 5;-). The random
variables (X; ; : 4,j € [k]) are independent and take values in [0, 1], and we have:

E[X’i,j] = (I)H(imj; fn)

Thus, for S,T C [k], we have:

ST @cligifa) — @uligifa) = Y. Xij—E[Xi,).

i€S,jeT i€S,jeT

We say the pair (5,T) is bad if | Y25 jer Pa (i, fn) — Pu(id, J; fn)| > ek?. The probability that the
pair (S,T) is bad can be estimated using Chernoff-Hoeffding’s inequality and the fact that |S| and |T|
are bounded by k:

1

P Z Xij— E[Xi ;]| >ek® | <2exp <—2~(5k2)2 TSI

) < 2exp (—252k2) .
ieS,jeT

The total number of pair (S, T) is 4%, and thus the probability that there is at least one bad pair for the
graphs G[f,] and H|[f,] is upper bounded by 2 - 4% e~25°*_If there is no bad pair (S,T) for the graphs
G[fn]) and H|[fy,], then we have do(G|[f.], H[fn]) < €. Hence, we get that (3.24) holds, which conclude
the proof. O

Other proofs

Proof of Lemma 3.6.12. [This proof is a straightforward adaptation of the proof of [Lov12, Lemma 10.16],
replacing real-valued graphons by probability-graphons.|

We start by upper bounding the expectations of the distances. Define m = fkl/ 4]. We apply
the weak regularity Lemma 3.4.17-(i) to the probability-graphon W to get a finite partition Q of size
q = m/ log(m)®/? such that do (W, Wg) < —~—. Then, we apply Lemma 3.4.17 (ii) to replace Q by

vIn(q)
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an equipartition (remind this means that each set as the same measure) P = {V1,...,V,,} of [0,1] into
m classes for which we have:
2 8.5
o7 (W, Wp) < e = < : (3.42)
V/In(g) In(k)
where the last bound derives from simple calculus. Let X = (Xi,..., X)) be k iid random variables
uniformly distributed over [0, 1]. By the First Sampling Lemma 3.6.7, we have:
9
|dD,.7:(H(Xa W)aH(X7 WP)) - dD’]:(VV, W'P)’ < Wa (343)

with probability at least 1 — 4k/4 e~ Vk/10, By upper bounding the difference of the two distances by 1
in the exceptional cases, we get:

10 1
_— < N
In(k)
where the last two bounds derives from simple calculus. Combining the bounds from (3.42) and (3.44),
we get:

E [|do.r (H(X, W), H(X, Wp)) — dos (W, Wp)|] < — 4 4k o= VR/10 <

e < 7 (3.44)

Eldo, #(H(X, W), H(X, Wp))] < E [|do #(H(X, W), H(X, Wp)) — do (W, Wp)|]
+do, (W, Wp)
9.5
S .
In(k)
Hence, combining the bounds from (3.42) and (3.45), we get:

(3.45)

Efdn, 7 (W, (X, W))] < E [0, (W, Wp) + 0,#(Wp, H(X, W) + dp, 2 (B(X, Wp), H(X, W)
18
In(k)

Hence, it is enough to prove that g »(Wp,H(X, Wp)) is small on average. For simplicity, write
H = H(X,Wp). The probability-graphons Wp et Wy are almost identical: they are both stepfunctions
with m steps, and they take the same M (Z)-values on their corresponding steps. Their only difference
is that the measure of the i-th step V; is 1/m in Wp, whereas the measure of the i-th step of Wy is
|V; N X|/k, which is close to 1/m when k is large enough.

Let us write |V; N X|/k = 1/m + r;, then upper bounding by 1 when the two stepfunctions do not
agree, we get 6g x(Wp, Wx) < >3- |ri|. We can then easily estimate the expectation of this distance:

- [m f1
[5Df WP7WH Z |T’L| *m]E“TlH <m 7'1 k3/8 (IC), (347)

+ E[og, 7(Wp, H(X, Wp))]. (3.46)

where the last bound derives from simple calculus. And finally, combining (3.46) and (3.47), we get:
19
In(k)

We get a similar upper bound on the expectation of the distance do(W, G(X,W)) by applying Re-
mark 3.6.10:

Elon,#(W,G(X, W))] < E[og, (W, H(X, W))] + E[dn 7 (H(X, W)), G(X, W))]

E[op(W, H(X, W))] <

(3.48)

<L 2
~ VIn(k)  Vk
20
oL (3.49)

where the last bound derives from simple calculus.

And finally, the lemma is obtained by applying Proposition 3.A.3 for concentration of samples to the
reasonably smooth graph parameter f(G) = U(ZG) oo, 7(G, W) with t = 21n(k) Hence, with probability at
least 1 — exp(fk/(2 In(k))), we have that dg »(W,H(X,W)) can move away from its expectation of at

most 2+/2tk = ,/ln(k = \/lim And similarly for og #(W,G(X, W)). O
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3.A. PROOFS OMITTED IN THE MAIN BODY OF THE TEXT

3.A.4 Proof from Section 3.7

Proof of Lemma 8.7.9. [This proof is a straightforward adaptation of the proof of [Lov12, Lemma 10.31
and Lemma 10.32], replacing real-valued graphons by probability-graphons.|

Abusing notations, we will identify a weight-value n € Z with its indicator functions f,, and doing
this identification for edge-decoration functions, we will identify a H-graph F9 with its corresponding
weighted graph. In particular, doing so we get t(F9, W) = P(G(k,W) = F9) for every H-graph F'9 with
k vertices, and the assumption bounds in the lemma can be rephrased as:

IP(G(k,U) = F9) — P(G(k, W) = F9)| < 2~ Floga(no)k?,

As the space Z is finite, the random graphs G(k, U) and G(k, W) can only take finitely many values, and
thus we can easily bound the total variation between them:

duar(G(k,U), Gk, W) = 3 [P(G(k,U) = F?) — P(G(k, W) = F)
F9

2 2
< nok 2—k—log2(n0)k,

— 9k

k
<1 erXp <2ln(k>> s

where in the first line, FY9 ranges over all weighted graphs with k vertices. Hence, we can couple
the two random graphs G(k,U) and G(k,W) such that they are equal with probability larger than

2 exp (—L) .
21In(k)
We can now apply the Second Sampling Lemma 3.6.12 with the convergence determining sequence F

to get that with probability at least 1 — exp <_Wk(k))v we have:

22
In(k)

)

on,r(UG(E,U)) <

and the same probabilistic bound hold for W. Hence, it follows that with positive probability those two
bounds and the graph equality G(k,U) = G(k, W) happen simultaneously, and consequently we get:

0,7 (U, W) <

In(k)

which concludes the proof. [
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Chapitre 4

Ergodic theorem for branching Markov
chains indexed by trees with arbitrary
shape

The material for this chapter has been released in [Wei24b| and is currently under review.

Abstract: We prove an ergodic theorem for Markov chains indexed by the Ulam-Harris-Neveu tree
over large subsets with arbitrary shape under two assumptions: with high probability, two vertices in the
large subset are far from each other and have their common ancestor close to the root. The assumption on
the common ancestor can be replaced by some regularity assumption on the Markov transition kernel. We
verify that those assumptions are satisfied for some usual trees. Finally, with Markov-Chain Monte-Carlo
considerations in mind, we prove when the underlying Markov chain is stationary and reversible that the
Markov chain, that is the line graph, yields minimal variance for the empirical average estimator among
trees with a given number of nodes.

Key words and phrases— Tree indexed Markov chain, ergodic theorem, Bienaymé-Galton-Watson trees,
minimal variance

2020 Mathematics Subject Classification— 60J05, 60J80, 60F25

4.1 Introduction

Branching Markov processes, which are a generalization of Markov chains to trees, are useful to
describe the evolution and growth of a population. Limit theorems, such as the law of large numbers
(sometimes also called ergodic theorem in markovian contexts), are important tools to study properties
of a population such as the distribution of traits. The law of large numbers for branching Markov
processes has been studied with both discrete and general values [AK98a, AK98b]. To study cellular
aging, a more general version of the strong law of large numbers for a wider class of test functions and
for non-independent daughter cells was proved in [Guy07], see also [DM10] for an extension to bounded
degree Bienaymé-Galton-Watson trees and [Banl9] for an extension to time-varying environnement and
trait-dependent offspring distribution. In this article, we present an ergodic theorem for a wide class of
test functions as in [Guy07], and for branching Markov processes where reproduction is independent from
individual traits but where the genealogical tree of the population can have an arbitrary shape.

A branching Markov process X = (X,,u € T) with values in a metric space X is a random process
indexed by a rooted tree T" with the Markov property: sibling nodes take independent and identically
distributed values that depend only on the value of their parent node. Without loss of generality, we may
choose T to be the rooted Ulam-Harris-Neveu tree T = U, cn(N*)™. See Definition 4.2.1 below for a
complete formal definition.

For simplicity, in this introduction we restrict ourselves to the case where the transition kernel
Q@ of the branching Markov process X is ergodic (resp. uniformly ergodic), that is for any contin-
uous bounded function f on X, we have for all x € X that lim,_, |Q"f(z) — (1, f)| = O (resp.
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4.1. INTRODUCTION

limy, 00 SUP, e x |Q™ f(z) — (1, f)| = 0) where p is the unique invariant measure of Q.
For a finite (non-empty) subset A C T°° and some function f on X, we define the normalized empirical
average:

Ma(f) =147 ) F(Xu).

ueA

Our goal is to study the asymptotic behavior of the normalized empirical average when the averages are
performed on a sequence (A, )nen of finite subsets of T whose size goes to infinity. For instance, the
averaging set A,, can be the n-th generation G,, of a tree T, or T;, the tree T up to generation n.

To this end, we need some geometrical assumption on the sequence of finite subsets (A4, )nen, which
states that vertices are far away from each other with high probability.

Assumption 1 (Geometrical). Let A, C T for n € N be finite (non-empty) subsets, and let U, and
Vi, be independent and uniformly distributed over A,,. Denoting by d the graph distance on T, for all
k € N, we have:
_ -2
P(d(Un, Vi) < k) = |Ay| Z Laquwy<ky —2 0.

u,vEA,

Let us stress that Assumption 1 implies that lim,,_, |A,| = co.

We either need to assume that @ is uniformly ergodic, or that @ is ergodic and the sequence (A4;,)nen
satisfies the following condition stating that the last common ancestor of two vertices is near the root
with high probability. Denote by h(u) the height of a vertex u and by u A v the common ancestor of two
vertices u and v (see Section 4.2.1).

Assumption 2 (Ancestral). For alln € N, let U,, and V;, be independent and uniformly distributed over
A,.

The sequence of random variables (h(U, AVy,))nen is tight, that is, for every e > 0, there exists k € N
such that P(h(Up, AV,,) > k) < € for n large enough.

Note that Assumptions 1 and 2 are similar to Assumptions 2.(b) and 2.(a), respectively, considered
in [Ban19] in the case where A, is the n-th generation of the tree.

Remark 4.1.1 (Some sufficient conditions for Assumptions 1 and 2, see Section 4.3). Assumption 1
is always satisfied for Cayley and Bethe trees and for bounded degree trees (see Lemma 4.3.1). As-
sumptions 1 and 2 are satisfied for spherically symmetric trees when A4,, = G,, (see Lemma 4.3.4). In
Lemma 4.3.5, we prove that Assumptions 1 and 2 are satisfied for super-critical Bienaymé-Galton-Watson
trees conditioned on non-extinction when A,, = G,, or T,,.

We can now formulate the ergodic theorem for branching Markov processes on trees with arbitrary
shape. In Section 4.2, we prove Theorem 4.2.2, a more general version of this theorem.

Theorem 4.1.2 (Ergodic theorem for Markov processes on trees with arbitrary shape). Let (A, )nen
be a sequence of finite subsets of T that satisfies Assumption 1. Let X be a branching Markov process
indexed by T with values in X whose transition kernel Q is ergodic. Assume that either Q is uniformly
ergodic or that (An)nen satisfies Assumption 2. Then, for every continuous bounded function f on X,
we have:

_ _1 L?

Ma, () = 1Aa 7" Y0 F(Xa) == (s f).

u€Ay,

Remark 4.1.3. We discuss the main difference between Theorem 4.1.2 and the law of large numbers for
branching Markov process found in [Guy07]. The results in [Guy07]| apply to Markov processes where
daughter nodes can have non-independent distributions when conditioning on their mother, whereas in
our case they must be independent. In exchange, our results allow for more flexibility on the shape
of the population’s genealogical tree: for instance more flexibility on the number of children of each
node (including Bienaymé-Galton-Watson trees with unbounded degree), or even allowing the number
of children of a node to grow over time (e.g. the degree of the root can increase as logn, i.e. slow
condensation). Moreover, in our results, the empirical average can be performed on a wide variety of
subsets of the tree, and not only to the n-th generation.
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4.2. MAIN THEOREM

Lastly, motivated by Markov-Chain Monte-Carlo considerations, we study in Section 4.4 the variance
of the empirical average estimator Ma(f) and its dependence on the shape of A. We perform exact
variance computation in the case where the transition kernel @ induces a self-adjoint compact operator
on L?(u), which proves the following proposition about non-asymptotic variance comparison.

Proposition 4.1.4 (The line graph has minimal variance). Let u be an invariant measure for Q, and
assume that the transition kernel Q induces a self-adjoint compact operator on L?(i1). Let X be a branch-
ing Markov process on T with transition kernel Q@ and initial distribution v. Let f be a non-constant
function in L?(p).

When v = p, we have that E [Ma(f)] = (u, f) for any finite subset A C T, and thus the empirical
average estimator has no bias. Moreover, the minimum of the map A — Var(Ma(f)) among subtrees of
T with a given cardinal n is achieved by the line graph tree (i.e. the Markov chain).

Furthermore, when n > 5, the line graph is the only subtree of size n achieving this minimum if and
only if { & Ker(Q) ® Ker(Q —I) ® Ker(Q + I).

Remark that as Q is a Markov kernel, its spectrum as an L?(u)-operator is a subset of [—1,1]. Note
that when f € Ker(Q) @ Ker(Q — I), then the value of Var(Mz(f)) does not depend on the shape of the
tree T. Also note that when f € Ker(Q + I), then the value of Var(Mr(f)) is minimal among subtrees
of size n when T has a balanced bipartite 2-coloring, and for n > 5, the line graph is not the only tree
with a balance bipartite 2-coloring.

Hence, if we want to approximate (u, f), using a branching Markov chain does not improve the rate
of convergence compared to a standard Markov chain.

4.2 Main theorem

4.2.1 Notations

Let T* = Upen(N*)™ denote the Ulam-Harris-Neveu tree, and denote by 0 its root, that is the empty
word.

Let u € T*™ be a vertex. If u is distinct from the root, we denote by p(u) its parent vertex. We denote
by h(u) its height, i.e. the number of edges separating u from the root 9. (The height of the root 9 is
zero.) For two vertices u,v € T, we denote by u A v the latest common ancestor of u and v, and by
d(u,v) the graph-distance between v and v in T*°, that is d(u,v) = h(u) + h(v) — 2h(u A v).

Let X = (X, u € T*) be a stochastic process with values in a metric space X.

Definition 4.2.1 (Markov process). The stochastic process X is called a (branching) Markov process
with transition kernel Q and initial distribution v if for any finite subtree T C T with 0 € T, we have:

]P)(Xu € dxy,u € T) = l/(dl‘a) HuGT\{a}Q(mp(u); dﬂ?u).

We denote by v@Q™ the distribution of a vertex in the n-th generation. For a (Borel) function f, define
the function Qf : z € X — [ f(y) Q(x;dy). For a measure p and a Borel function f on X, we denote
wf ={p, )= fX f dp. Through the rest of this section, we fix v and Q.

4.2.2 Statement of the main result

Firstly, we need some assumptions on the Borel function f with which we perform the empirical
averages.

Assumption 3 (Boundedness and convergence). Let f be a Borel function on X such that:

(i) sup, ey vQ"(f?) < o0,
(ii) there exists a constant c; € R such that lim, . vQ¥((Q™f — ¢4)?) =0 for all k € N.

Note that if f satisfies Assumption 3, then so does f — ¢ for any ¢ € R, thus we may assume that
¢y = 0 when necessary. Also note, using Cauchy-Schwarz and Jensen’s inequalities, that Assumption 3-(i)
implies that Q™f, Q" f2, and Q*(Q"f x Q™f) (with n,m,k € N) are well-defined and finite v-almost
everywhere and are v-integrable.
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4.2. MAIN THEOREM

Remark that when @ is ergodic, then Assumption 3 is satisfied by any continuous bounded function
fon X, and we get ¢y = (u, f), where p is the unique invariant measure of (). Also remark that if F'is a
subspace of Borel functions on X" that satisfy Assumptions (i)-(vi) in [Guy07], then any function f € F
satisfies Assumption 3 with ¢y = (u, f).

For a finite subset A C T* and a Borel function f, we define the empirical sum Ma(f) = >, o4 f(Xu)
and the empirical average:

Ma(f) = A7 F(Xu),

u€eA

where |A| is the cardinal of the set A. Let (Ay)nen be a sequence of finite subsets of T on which
we perform the empirical averages in the ergodic theorem on trees with arbitrary shape. Remind the
geometrical Assumptions 1 and 2.

Contrary to the case of the binary tree considered in [Guy07|, Assumption 2 is not always satisfied
for a sequence (A, )nen of finite subsets of T with arbitrary shape (e.g. in the case of the line graph, i.e.
the Markov chain). Thus, to prove the ergodic theorem for branching Markov chains, as an alternative to
the ancestral Assumption 2, we also consider the following conditions on the ergodicity of the transition
kernel Q.

Assumption 4 (Stronger ergodicity). Assume that any of the following conditions holds:
(i) v = p is an invariant measure of Q.

(i) There is convergence in total variation lim, . ||vQ™ — p|lrv = 0 to some invariant measure p
(for Q), the function f is bounded, and we have lim, .o p(Q"f — cf)?> = 0, where c; is the same
constant as in Assumption 3-(ii).

(iii) The transition kernel Q satisfies a uniformly ergodic assumption (with p as its unique invariant
measure): there exists a non-negative Borel function g on X with supycy vQ* g% < oo and a sequence
of positive numbers (a,)nen that converges to zero, such that for alln € N, we have |Q™ f —(u, )| <
an §.

Remark (using dominated convergence with domination by g) that Assumption 4-(iii) implies As-
sumption 3-(ii) with ¢y = (i, f). Also remark that when Assumption 3 holds and either Assumption 4-(i)
or 4-(ii) holds, then we have c¢; = (i, f) in Assumption 3 (indeed, using Jensen’s inequality, we have that

(</1’7 f> - Cf)2 = hmsupn%oo(:u’an - Cf)2 < lirnsupn—)oo M(an - Cf)2 = 0)

We can now formulate the ergodic theorem for branching Markov processes on trees with arbitrary
shape.

Theorem 4.2.2 (Ergodic theorem for Markov processes on trees with arbitrary shape). Let (Ap)nen
be a sequence of finite subsets of T that satisfies Assumption 1. Let X be a branching Markov process
on T with transition kernel Q and initial distribution v. Let f be a Borel function on X that satisfies
Assumption 8. Furthermore assume that either Assumption 2 or 4 holds. Then, we have:

v - L*(y)
Ma, (f) = [Anl™" D f(Xu) =% cf.

n—oo
u€EA,

In particular, when the transition kernel @ is ergodic and f is a continuous bounded function, then
remind that Assumption 3 is satisfied and ¢y = (u, f), where p is the unique invariant measure of Q.
If furthermore @ is uniformly ergodic, then Assumption 4-(iii) holds. Hence, Theorem 4.2.2 implies
Theorem 4.1.2.

Proof. Up to replacing f by f — cs, assume that c; = 0. For all n € N, we have:

E[Ma,(f)?] = |Aal™ Y EIf(Xu)F(X0)]. (4.1)

u,VE A,

Remark that for u,v € T, we have:

E[f(Xu)f<Xv)] _ VQh(u/\w) (Qd(um;,u)f ~ Qd(u/\u,p)f) ) (4.2)
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4.2. MAIN THEOREM

Set C' = sup,,cy ¥Q" f? < oo which is finite by Assumption 3-(i). Hence, using Cauchy-Schwarz and
Jensen’s inequalities, for all k, ¢, m € N, we have:

1/2

|I/Qk<Q€f % me)| < (VQk(Qmin(é,nL)f)Q % VQk(Qmax(l,nL)f)Q)
< (ka—i-min(Z,m)fQ % VQk(inax(Z,m)f)2)l/2
< VT x\JuQr(Quaxtem f)2, (4.3)

Define the distance d on T as:

d(u,v) = max(d(u,u Av),d(v,u Av)) = max(h(u), h(v)) — h(u A v).

Remark that we have d/2 < d < d, thus Assumption 1 is equivalent to: for all k& € N, we have

lim,, 00 P(d(U,, V,,) < k) = 0. Then, as a consequence of (4.1), (4.2) and (4.3), we get:

B 1/2
E [MA7L (f)Q] < \/5 X |An‘_2 Z (VQh(u/\w) (Qd(u,v)f)2>

u,VE A,
1/2

<VOx | [A472 Y v (Qd<u,v) f>2 7

u,vEA,

where we used Jensen’s inequality in the last inequality. Hence, to conclude the proof it is enough to
prove that the following holds:

E [VQh(Un/\Vn) (QJ(Un,vn)f> 2} — A2 Z QP (AY) <Q5<u,v)f>2 o (4.4)

n—00
u,vEA,

As Assumption 2 (resp. Assumption 4) holds, using Lemma 4.2.3 (resp. Lemma 4.2.4) below, we get
that (4.4) holds, which concludes the proof. O

Remind that from Assumption 3, we know that lim,, ., vQ*(Q" f)? = 0 for all k € N, and that (4.4)
adds some uniformity in k. In the next lemma, we check that the ancestral Assumption 2, which allows
for small values h(U, A V) with high probability, implies (4.4).

Lemma 4.2.3. Let (A,)nen be a sequence of finite subsets of T that satisfies Assumption 1. Let f be
a function on X that satisfies Assumption 3. Then, Assumption 2 implies (4.4).

Proof. Without loss of generality, assume that cy = 0. Set C' = sup ¢y vQJ 2 < oo which is finite by
Assumption 3-(i). Thus, for k,m € N, using Jensen’s inequality, we get:

vQF(Q™ )2 <vQFT™MF? < C < 0. (4.5)

Let ¢ > 0. Using Assumption 2, there exists K € N such that for n € N large enough, we have
P(h(Un A V) > K) < e. Using Assumption 3-(ii), let M € N be such that for all m > M and for all
k < K, we have vQ*(Q™f)? < e. Using Assumption 1, for n large enough we have P(d(U,,,V,,) < M) < .
Hence, using (4.5), for n large enough we get:

. 2
E [VQWMVTL) (Qd(U"’V") f) ] < 20 + max sup vQF(Q™f)? < (1 + 20)e.
k<K m>M

This being true for all € > 0, we get that (4.4) holds, which concludes the proof. O

The following lemma states that the stronger ergodic Assumption 4 implies (4.4); its proof is similar
to the proof of Lemma 4.2.3 and is left to the reader.

Lemma 4.2.4. Let (A, )nen be a sequence of finite subsets of T that satisfies Assumption 1. Let f be
a function on X that satisfies Assumption 3. Then, Assumption 4 implies (4.4).

107



4.3. EXAMPLES SATISFYING ASSUMPTIONS 1 AND 2

4.3 Examples satisfying Assumptions 1 and 2

We now give common examples of trees for which Assumptions 1 and 2 are satisfied.

We denote by T an arbitrary infinite tree rooted at some vertex 9. In this section, all the trees
we consider are locally-finite (i.e. all nodes have finite degree). For n € N, we denote by G,, the n-th
generation of 7', that is the set of vertices at distance n from the root, and we denote by T;, = U7_ G
the tree up to generation n. For a vertex u € T, we denote by T(u) the subtree of T rooted at u and
composed of all descendants of .

4.3.1 Some simple deterministic trees

Firstly, Assumption 1 is always satisfied on trees with bounded vertex degrees, in particular for Cayley
and Bethe trees (that is trees where each non-leaf vertex has out-degree D for some D > 1; except for
the root of a Bethe tree which has out-degree D + 1).

Lemma 4.3.1 (Bounded degree trees). Let D > 2, and let T' be the infinite rooted complete D-ary tree
(that is the tree where each vertex has D children). Let (A,)nen be a sequence of finite (non-empty)
subsets of T such that lim, o |Ay| = 00. Then, the sequence (Ap)nen satisfies Assumption 1.

Proof. Let k € N. For every vertex u € T, the ball By (u, k) of radius k and center u has cardinal upper
bounded by ¢ = Z?:O(D +1)7. Hence, we have:

1 1 1
— S 1 = Y Br(uwk)| < o
2 {d(u,v)<k} 2 T\%
|An| u,vEA, |An‘ u€Ay, |An‘

This implies that Assumption 1 is satisfied. O

The following counter-example shows that Assumption 2 is not always satisfied on a bounded degree
tree.

Example 4.3.2. Let T be the infinite tree where each vertex has out-degree D > 2. Set A,, = T'(u,)NGay,
the n-th descendants of u,, where u,, = 1---1 (n times) is the left-most n-th descendant of the root.
Then, we have |A,| = D™ —,, 00 00, and by Lemma 4.3.1, the sequence (A, ),y satisfies Assumption 1.
However, we have P(h(U, AV,) > n) = 1 for all n € N, which implies that the sequence (A, )nen does
not satisfy Assumption 2.

When with high probability, the vertices in A,, are far from the root (e.g. when A4,, = G,) and have
their common ancestor close from the root, then Assumption 1 is satisfied.

Lemma 4.3.3 (4, far from the root). Let (A,)nen be a sequence of finite subsets of T°. For every
n € N, let U, and V, be independent and uniformly distributed over A,. Assume that for every k €
N, lim, 0 P(h(U,) < k) = 0 and that Assumption 2 holds. Then, the sequence (A,)nen satisfies
Assumption 1.

Proof. Remind that d(U,,V,,) = h(Uy,) + h(V;,) — 2h(U,, A V,,). Thus, for k € N we have:

P(d(U,, V) < 2k) < 2P(h(U) — h(Up A Vyy) < k)
2P(h(Up A Vy) > k) + 2P(h(U,,) < 2K),

where both terms in the upper bound go to zero as n — oco. Hence, the sequence (A,)nen satisfies
Assumption 1. |

We say a tree T is spherically symmetric (sometimes also called a generalized Bethe tree) if for all
n € N, every vertex of height n in T has the the same out-degree D,,. When we choose A,, = G,, the
n-th generation for all n € N, Assumptions 1 and 2 are always satisfied on spherically symmetric trees.

Lemma 4.3.4 (Spherically symmetric trees). Let T be an infinite spherically symmetric tree such that
limy, 0 |G| = 00. Then, the sequence (Gp)nen satisfies Assumptions 1 and 2.
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Proof. Thanks to Lemma 4.3.3, we only need to prove that Assumption 2 is true. For all n € N, denote
by D,, the out-degree for all vertices of height n. Aslim,,_, |G| = 0o, we have that D,, > 1 for infinitely
many values of n. Let U, and V,, be independent random variables uniformly distributed over G,,. Using
the Ulam-Harris-Neveu tree notation, write U,, = Uy) -+ U(,) and V;, = V(1) - -+ V4, where the random
variables Uy, ..., Uy, V(1),-- ., V(n) are independent with Uy and V(;) uniformly distributed over the
set {1,...,D;_1}. Thus, for all k € N and n > k, as d(U,,,V,,) = 2n — 2h(U,, A V,,), we have:

P(A(Un A Vo) 2 k) = P(Upy = Vg, Vi € {1,.....k}) = kﬁ %’
i=0

where the right hand side goes to 0 as k — oo. This implies that Assumption 2 is satisfied, and thus
concludes the proof. O

4.3.2 Super-critical Bienaymé-Galton-Watson trees

To apply the ergodic Theorem 4.2.2 to a random sequence (A, )nen of subsets of T (independent of
the Markov process indexed by T°°), we need to verify that a.s. the sequence (A4,,),en satisfy Assumption 1
(and possibly Assumption 2). Note that in this case, Assumptions 1 and 2 should be considered condi-
tionally on A,, in particular the random vertices U, and V,, are independent and uniformly distributed
over A,, conditionally on A4,.

In this subsection, we consider the case where T is a super-critical Bienaymé-Galton-Watson tree
whose offspring distribution P on N has finite mean m > 1 and finite second moment, and is conditioned
on non-extinction. The following lemma states that a.s. both the sequences (G, )nen and (T},)nen satisfy
Assumptions 1 and 2.

Lemma 4.3.5 (Super-critical Bienaymé-Galton-Watson trees). Let T' be a super-critical Bienaymé-
Galton-Watson tree whose offspring distribution has mean m > 1 and finite second moment and is
conditioned on non-extinction.

(i) Let (€n)nen be a sequence of integers such that 0 < £, < n for all n € N. For every n € N, let
A, = UZ:(R_ZW)Jer be the subset composed of the last £, +1 generations of T,,. Then, the sequence

(Ap)nen a.s. satisfies Assumptions 1 and 2.
(i) The sequences (Gn)nen and (Tp)nen a.S. satisfies Assumptions 1 and 2.

In the case of a critical Bienaymé-Galton-Watson tree, it is not possible to condition on non-extinction,
but taking A, = G,, and conditioning on non-extinction at time n, [Ath12a, Theorem 2.1| suggests that
Assumption 1 should be satisfied but not Assumption 2.

The proof of Lemma 4.3.5-(i) relies on the case where the sequence (£,),en is bounded. In this case,
we prove a stronger version of [Ath12b, Theorem 2| where individuals can have zero child and the two
random individuals are taken from the last /,, + 1 generations instead of only the last generation.

Before proving Lemma 4.3.5, we need the following lemma stating that the last generations carry
most of the weight of T,.

Lemma 4.3.6 (Last generations carry all the weight). Let T' be a super-critical Bienaymé-Galton- Watson
tree whose offspring distribution has mean m > 1, and is conditioned on non-extinction. We have:
| Ui=(n—0), Gl 1

VOEN, as  lim T =1-— (4.6)

Proof. For all n € N, we write Z,, = |G,|. Using [AN72, Theorem 1.C.12.3], as T is a super-critical
Bienaymeé-Galton-Watson tree whose offspring distribution P has a finite mean m > 1, and is conditioned
on non-extinction, we know that there exists a sequence of positive constants (Cy, )pen with lim,, o, C,, =
oo and lim,, o, Cpp1/Cr = m, and such that a.s. lim,, o, C,;1Z,, = W where W is a random variable
on Ry, and where the event {W = 0} D {3n, Z,, = 0} has zero probability. Hence, we get that a.s.
Col| Uiy Gnok| = C1 Zi:o Zn—) converges to sz;:(]m_k as n goes to infinity. Writing S,, =
> r_oCk, as we know that C,, ~ mC,_1, we have that S,41 = S,, + Cpy1 = mS, + 0(S,), and thus

we get that Cp, ~ Crpr/m ~ 218, As limy, 00 Cp ' Y00 Cr = 72, using Stolz-Cesaro theorem, we
zget )that a.s. ColT,| = Cyt > 04_o Zi converges to W o as n goes to infinity. Consequently, we get
4.6). O
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Proof of Lemma 4.3.5. Point (ii) is an immediate consequence of Point (i) taking ¢,, = 0 or n.

We now prove Point (i). Using Lemma 4.3.3 with (4.6), it is enough to prove that the sequence
(An)nen a.s. satisfies Assumption 2. Let U,, and V,, be independent and uniformly distributed over A,,.
For k € N, remark that h(U, A V,) > k is equivalent to the existence of u € G}, such that U,,V,, € T(u).
Note that Assumption 2 for (A, )nen in the random tree T can be reformulated as:

lim lim sup IP(h(U,, AV,) > k ‘ T)

—X0 n—oo

lim limsup P<3u € Gy, Uy, Vi, € T(u) ’ T) —0. (47

k—00 n—oo

We divide the rest of the proof into two cases: we first consider the case when the sequence (¢,)nen is
bounded, and then the general case.

Case 1: the sequence ({,)ncn is bounded. Following [AN72, Section 1.D.12] (and using the
survivor/extinct vertices denomination from [AD20, Section 2.2.3]), the vertices of the super-critical
Bienaymé-Galton-Watson tree T conditioned on non-extinction can be partitioned into two categories:
survivor vertices, whose descendants do not suffer extinction, and eztinct vertices, whose descendants
eventually become extinct. The root of T is a survivor vertex due to the conditioning on non-extinction.
Denote by T the subtree of T' composed of survivor vertices. From [ANT72, Theorem 1.D.12.1], the tree
T? is distributed as a super-critical Bienaymé-Galton-Watson tree whose offspring distribution Py on
N* (hence no extinction) has the same mean m > 1 as P and has finite second moment. Also, from
[AN72, Theorem 1.D.12.3], we know that if u € T' is an extinct vertex, then its descendant subtree T'(u)
is distributed as a sub-critical Bienaymé-Galton-Watson tree whose offspring distribution P; is explicitly
known and has finite second moment.

For all n > ¢ and uw € T, define Z,, y.,, = |(T5, \ Tru—e—1) N T'(u)|. Fix some k € N. Conditionally on T,

the unique ancestor of U,, in Gy, is v € G}, with probability Z, ¢, ./ ZUGGk Zn, v Define Z, = |G,],
G: =G, NT? and Z3 = |G?|. Then, we have:

Z2 Zu s Z’rQL u
]P(Elu S Gk‘7 Un; Vn € T('LL) ‘ T) = ZUEGk b U = EGk s

2 29
(Z“EGk Zn.t0) (ZueGi Zn,fmu)

where the last equality holds a.s. for n large enough as for any extinct vertex u € Gy, \ G§, we know that
a.S. Zp ¢, = 0 for n large enough (remind that the sequence (¢,,)nen is bounded).

From [AN72, Theorems I.B.6.1 and 1.B.6.2], as the offspring distribution P has finite second moment,
we know that lim,,_,.o m~"Z,, = W a.s. and in L? where W is a random variable in R?* with finite second
moment. (From [AN72, Theorem 1.B.6.2-(iii)], we know that on the non-extinction event, that is when
the root is a survivor vertex, a.s. W is positive.) Then, remark that for all survivor vertices u € G§, we
have that a.s. lim,, o m_("_k)Zmo,u = W, where conditionally on G}, the random variables (W,)ucc:
are independent and distributed as W (remind that the root of T is also a survivor vertex). Thus, we

get that a.s. for all £ € N and all u € G}, limy, o m_(”_k)Zn,g,u = (Zﬁ:o m~9)W,. As the sequence

(€n)nen is bounded, this implies that a.s. for all u € Gj, lim,_ m*("’k)(Z?;O m= ) 200 = W
Hence, we get:

2 2

ZueG; Zn,é,u ZuEGZ WU
Z 2 n— oo W 2 .

ZueG; n,tu ZueG; u

Combining what we got so far, we get:

ZuGGi W3

i (4.8)
(Suea; W)

a.s. lim lP’(h(Un AV >k ‘ T) _

n—roo

As the left hand side in (4.8) is a non-increasing function of k, then so is the right hand side in (4.8).
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Thus, taking the limit when k£ — oo and then taking the expectation, we get:

uea: Wi
E[lim lim IP’(h(Un/\Vn) >k ‘ T)] —E | lim ——<C "
k— 0o n—»00 k—o0 (Z W, )
ueGy U )|
>uee: Wi
—00
(Cuee; Wa) |

where we used the dominated convergence theorem in the last inequality.

Let (W, )nen be a sequence of independent random variables distributed as W. For all n € N, define
the random variable R(n) = > 1" W2/(>"1, Wi)Q. Using the strong law of large numbers, we get that
the numerator of R(n) is a.s. equivalent to nE[W?], and the denominator of R(n) is a.s. equivalent to
n?E[W]?. This implies that R(n) is a.s. equivalent to n~'E[W?]/E[W]?, and thus a.s. lim,,_,o, R(n) = 0.
Remark that the expectation in the last line of (4.9) can be written as E[R(Z})]. As we know that a.s.
limy o0 Z = 00, we get that a.s. limg_,c R(Z}) = 0. Hence, using the dominated convergence theorem
(with domination by 1), we get that lim,, ., E[R(Z{)] = 0, which implies that the left hand side in (4.9)
is also null. As a consequence, we get that a.s. (4.7) holds, which implies that a.s. the sequence (A, )nen
satisfies Assumption 2. This concludes the proof of the first case.

Case 2: general case. Let ¢ > 0, and let £ € N be such that m™~! < e. Then, using Lemma, 4.3.6,
we get that a.s. P(h(U,) <n—¢|T) < e for n large enough. Thus, a.s. for n large enough, for all k£ € N,
we have:

P(h(U, AVy) > k| T) <P(h(U,) <n—Lor (V) <n—L|T)
+P(h(Up) >n—~Land (V) >n—¢|T)
x P(W(U, AVy,) > k| min(h(U,), hM(V,)) >n — £, T)
<2e+Ph(U, AV,) > k|T), (4.10)

where U,, and V,, are independent and uniformly distributed over UZ:(n—min(en e))+Gk. By the first
case, we have that limy_,. limsup,, . P(h(U, A V,,) > k|T) = 0. Thus, using (4.10), we get that
limy, o0 limsup,, , o P(R(Up A V) > k|T) < 2e. This being true for all € > 0, we get that a.s. the
sequence (A, )nen satisfies Assumption 2, which concludes the proof. O

4.4 Dependence of the variance on the shape of the tree

In this section, we briefly discuss the variance of the empirical average estimator M4 (f) (which
estimates (y, f)), that is E, [|[A|7*M4(f)?] for some Borel function f on X, and its dependence on the
geometry of the averaging set A C T. We consider the case where the transition kernel @) induces a self-
adjoint compact operator on L?(u), where yu is the unique invariant measure of @@ (note that self-adjoint
is equivalent to (u, Q) being reversible). This is in particular the case when the state space X is finite
and (u, Q) is reversible, or when the operator induced by @ on L?(u) is a symmetric Hilbert-Schmidt
operator.

We now prove Proposition 4.1.4, which is a non-asymptotic result that states that among subtrees
T C T of a given finite size, the line graph tree (i.e. the Markov chain) is the one minimizing the
variance of the empirical average estimator.

Proof of Proposition 4.1.4. Let f € L?(u) be some function. As @ induces a self-adjoint compact operator
on L%(p), using [Rud96, Theorem 12.29-(d) and Theorem 12.30] (remind that a self-adjoint operator is
normal), the spectrum of @ is composed of a (at most) countable number of eigenvalues (g )gen, and
the function f € L2(u) has a unique expansion > ken fr where we have Qfy = apfi for all k € N,
and (fy, fo)r2(u) = 0 for k # £. As Q is a Markov kernel, we have a; € [~1,1] for all k € N (indeed,
using Jensen’s inequality, we have o3 (u, f2) = (1, (Qfr)?) < (1, Q(f?)) = (i, f?)). Remark that for all
n,m € N, we have:

(L, Q"F x Q™ f) = > Q" fi, Q" f)raqy = Y o ™, f2). (4.11)

4,j€EN i1€EN
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4.4. DEPENDENCE OF THE VARIANCE ON THE SHAPE OF THE TREE

Using (4.2) with v = p, we get that E,[f(X.)f(Xy)] = D en az(u’”)<u,f,3>. In particular, we get
that E,[Ma(f)?] = Y ienEu[Ma(fr)?], and thus it is sufficient to prove the result when f = f; for
some k € N. (Remark that there exists k € N such that f; # 0 and o ¢ {—1,0,1} if and only if
f € Ker(Q)®Ker(Q—1I)®dKer(Q+1).)

Hence, let k € N be fixed, and in the rest of the proof, we will write f = fx and o = ay € [—1,1].
Thus, the variance of the empirical average estimator can be written as:

A7V B [MA(f)?] = |A]7 w, f2) Ha(a),  with Ha(a) = Y o®™¥),
u,vEA

which involves the Hosoya-Wiener polynomial H4(«) of A. Note that variance minimization is equivalent
to minimization of H4(«). Also note that we may consider unrooted trees A = T, as the definition of
Hr(a) is invariant by rerooting the tree. If & = 0 or 1, then the value of the Hosoya-Wiener polynomial
Hy depends only on the size of T', and thus is the same for every tree T of size n. If a = —1, then we
have Hr(—1) = (|B|] — |R|)? where T'= B U R is the bipartite partitioning of vertices in 7', that is the
value of Hr(—1) is the imbalance between the two bipartite classes of vertices in T' (2-coloring of T'), and
its minimal value is 0 (resp. 1) when n is even (resp. odd), and is achieved by the line graph (but not
uniquely for n > 5, e.g. the double-cherry graph in Figure 4.1a is also a minimizer for n = 6). We now
assume that « € (—1,1) \ {0}, and we are going to prove that in this case the line graph is the unique
minimizer of Hy(a). We divide the rest of the proof in two cases depending on the sign of a.

(a) Double-cherry graph (b) Line graph

Figure 4.1 — Comparison of the double-cherry graph and the line graph (n = 6); both graphs have an
exactly balanced bipartite 2-coloring, and thus satisfy Hp(—1) = 0.

Proof for a € (0,1). Let n € N*. To prove that the line graph minimizes the function T — Hp(«)
among trees of size n, Let u; be a leaf of T', and consider the tree T to be rooted at u;. Let £ € N* be
the first generation with size larger than 1 (which exists as 7" is not the line graph), and for 7 < ¢, denote
by w;4+1 the only vertex in the i-th generation. Let v be one of the children of the vertex wuy, and denote
by T, the connected component of T'\ {u,} that contains v. We define the tree 7" by removing the edge
(ug,v) and by adding the edge (u1,v) (see Figure 4.2b, where for clarity the other children of u, have

been labeled vg, - -+ ,v). We now compare the distances d7(u, w) and dr(u,w) for u,w € T: if v and w
are both in T'\ T,, or both in T,, then dr (u,w) = dr(u,w); if w € T,,, then dr (u;, w) = dr(wp—it1,w)
for 1 <i</t;andifuwe T\ (T,U{us, - ,ue}) and w € T, then we have:

drr(u,w) = dpr(u, ue) + dpr (ue, v) + dp (w,v) = dp(u, ug) + £+ dr(w,v) > dr(u,w).
Hence, we get:

HT(Q) — HT/(O[) =2 Z adT(u)v) _ adT/(u,v) > 0’

wET, , WET\(TyU{u1, - ue})
and thus T' does not minimize Hr ().

Proof for o € (—1,0). We prove the statement by recurrence on the size n of the tree. For
n € {1,2, 3}, there exists only one (unrooted) tree of size n, hence the statement is trivial.
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Tvk VE

(a) The unrooted tree T' before modification (b) The unrooted tree T" after modification

Figure 4.2 — The unrooted trees T and T” for a € (0,1)

Before proving that this property is hereditary, first remark that if 7" is a tree of size n > 2 and
u,v € T are two vertices connected by an edge, and we let T,, and T, be the two rooted subtrees of T
obtained by removing the edge (u,v) and rooted at u and v respectively, then we get:

HT(Oé) :HTU(C)&)+HTU(OZ)+2 Z Z OédT(u”v’)

u €T, v eT,
= Hrp, (o) + Hr, () + 2aCr, (a)Cr, (20), (4.12)
where for convenience we write Cr, (o) = (ZU,GTU adT(”’”/)), and similarly for 7,,. We also remark
that when T, is the line graph with k vertices {uq,--- ,ui} rooted at the vertex v = u;, then we have
Cr,(a) = = (1 + a — o/ — oF~711), which is maximal among rooted copies of {uy,---,u;} only for

j =1or k (remind that o € (—1,0)). We denote by Ly the line graph with k vertices rooted at one of
its extremities.

Now, consider n > 3 and assume that for all & < n, the line graph is the unique minimizer of
T — Hrp(a) among trees of size k. Consider an unrooted tree T that is not the line graph. Let u be a
leaf of the tree obtained by removing all the leaves of T' (such vertex is sometimes called a non-protected
vertex). In particular, the node u has 2 + ¢ neighbors in T with ¢ € N, which we denote by ug, - - , ust1;
and at most one of the neighbors of u is not a leaf, say v = upy1. (All the neighbors of u are leaves if
and only if T is the star graph whose center vertex is u, in which case we still write v = uy;1.) Denote
by T, the subtree T\ {u,ug, -+ ,us} of T rooted at v. We consider three cases.

()

(a) Case 1 (b) Case 2

Figure 4.3 — The unrooted tree T' before modification

Case 1: ¢ =0 (see Figure 4.3a). As T is not the line graph and as T, has size n — 2, by induction
hypothesis, we either have Hr, (o) > Hy, _,(«a), or T, is a line graph rooted at a non-extremal vertex
(and thus Cr, (o) < CL,_,(a)). If Cr,(a)) < Cp,,_, (), using (4.12) around edge (v,u), as a(l +a) <0
(remind that a € (—1,0)), we get:

Hp(a) = Hr,(a) + Hp, () + 2aCT, () (1 + @)
> Hy,, (o) 4+ Hp, (o) +2aCr, ()1 + )
= HLn (Oz)
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If we have Cr, (o) > Cp,_, () (thus we also have Hy, (o) > Hp,, ,()), using (4.12) around edge (u,uo),
as Or,_, (@) =1+ aCr,_,(a), we get:

Hr(o) = Hr\(up} (@) + H, (@) + 2a(1 + aCr, ()
> HLn—l(a) + HLI (a) + 20[(1 + O‘CLnfz (a))
= HL,,, (Oé)

Thus, for all values of Cr, («), we get that Hr(a) > Hyp, ().

Case 2: ¢ > 1 and Cr,(a) > 0. Denote by T, the subtree of T' composed of the ¢ + 2 vertices
u, ug, -+ ,up (see Figure 4.3b), and consider the tree T’ obtained from T by replacing T, by a copy of
Lyy¢. By induction hypothesis, we know that Hr, (a) > Hp,, (o). Using (4.12) around edge (v,u), as
1+ ({+1)a<Cp,,,(a), we get:

Hr(a) = Hp,(a) + Hp, (@) + 2aCT, () (1 + (£ + 1))
> HT@ (a) + HL2+2 (a) + 2aCTu (a)CLQH (a)
= HT/(Q),

and thus the tree 7" does not minimize the Hosoya-Wiener polynomial.

Case 3: (> 1 and Crp, (a) <0. As Cp, («) # 1, we know that v is not a leaf. Denote by vq,--- ,vp
the neighbors of v other than u, and for each i € [1, k], denote by Ty, the subtree of T, rooted at v; (see
Figure 4.3c). As Cr, (o) =1 —|—042:z 1 Cr, (@) <0, we have that Zz 1Cr, (@) > =1/a > 0, and thus
there exists i € [1, k] such that Cr, (o) > '0. Without loss of generality, we assume for simplicity that
i =1

(a) Case 3a after moving 715, (b) Case 3b after moving u1,--- ,ue

Figure 4.4 — The unrooted tree 7" in Case 3 after modification

Case 3a: £ >1 and Cr, (o) <0 and Zf:z Cr,,(a) > 0. Consider the tree 7" obtained from 7" by
replacing edge (v1,v) by (v1,up), that is grafting T,,, on ug (see Figure 4.4a). Remark that going from T'
to T”, the subtrees T, and T'\ T,, do not change, the distance between v; and v; for i € [2, k] goes from
2 to 4, and that vy is still at distance 1 from a leaf of the star graph formed by vertices {v,w, ug, ..., us}.
Thus, as a € (—1,0), we have:

HT(Oé) — HT/(OZ) = 2CT (Z CT ) Oé — (14) > 0,

and thus the tree 7" does not minimize the Hosoya-Wiener polynomial.

Case 3b: ¢ > 1 and Cr, (o) < 0 and Ef:2 Cr,,(a) < 0. In particular, we get that Cr, (o) >
—1/a > 1. Consider the tree T' obtained from T by replacing edge (u;,u) by (u;,v1) for all e [1, 4],
that is grafting leaves uq,...,us to vy (see Figure 4.4b). Remark that going from T to T”, the subtree
T\ {u1,--- ,us} does not change, and for for ¢,j € [1,], the distance between u; and u; (resp. v) does
not change, and the distance between u; and vy (resp. u) goes from 3 to 1 (resp. from 1 to 3). Thus, as
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a € (—1,0), we have:

Hr(a) — Hr (o) = 2(Cr,, (@)(a® —a) +20(1 + a)(a — a?)
> 20(a® — ) + 20(1 4+ a)(a — o)
> 20(a? — a*) > 0,

and thus the tree T" does not minimize the Hosoya-Wiener polynomial. O

115






Chapitre 5

Asymptotic properties of the maximum
likelihood estimator for Hidden Markov
Models indexed by binary trees

The material for this chapter has been released in [Wei24a].

Abstract: We consider hidden Markov models indexed by a binary tree where the hidden state space
is a general metric space. We study the maximum likelihood estimator (MLE) of the model parameters
based only on the observed variables. In both stationary and mon-stationary regimes, we prove strong
consistency and asymptotic normality of the MLE under standard assumptions. Those standard assump-
tions imply uniform exponential memorylessness properties of the initial distribution conditional on the
observations. The proofs rely on ergodic theorems for Markov chain indexed by trees with neighborhood-
dependent functions.

Key words and phrases— Hidden Markov tree (HMT), hidden Markov model (HMM), branching process,
maximum likelihood estimator (MLE), asymptotic normality, consistency, geometric ergodicity
2020 Mathematics Subject Classification— 62MO05, 62F12, 60J80, 60J85

5.1 Introduction

In this article, we consider a generalization of the hidden Markov chain/model (HMM) where the
process is indexed by a binary tree, which we call hidden Markov tree (HMT). The HMT is composed of
a hidden process and an observed process. The hidden process is a branching Markov process, that is, a
random process X = (X,,u € T') with values in a metric space X indexed by a rooted tree T' with the
Markov property: sibling nodes take independent and identically distributed values that depend only on
the value of their parent node. Note that the hidden process is sometimes called latent process in the
literature. Conditionally on the hidden process X, the observed process Y = (Y,,u € T), with values
in another metric space ), is composed of independent random variables Y,, which only depends on X,
for all u € T'. See Definitions 5.2.1 and 5.2.2 below for a complete formal definitions. In this article, we
consider the case where the tree T' is the (deterministic) complete infinite rooted binary tree, that is, each
vertex has exactly two children. See Figure 5.1 for a graphical representation of the dependance between
the variables composing the HMT process (X,Y) indexed by T

5.1.1 Literature review

HMMs were first introduced by Baum and Petrie in [BP66] and were popularized by Rabiner’s tutorial
[Rab89]. Since then, HMMs have been used in a wide variety of applications such as speech recognition
[YD15], bioinformatics [Kos01], finance [ME14], and time-series analysis [ZMO09]; see also [BFA22] for a
more global reference on HMMs applications.

HMTs were first introduced in [CNB98] to account for the multi-scale dependency of wavelet coeffi-
cients in statistical signal processing with applications in wavelet-based image processing [RCBK00, CB01,
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Figure 5.1 — Graph of dependance for variables of a HMT process indexed by the complete infinite rooted
binary tree T. The observed variables are represented inside square, while the hidden variables are
represented inside circles.

DWBO08, SH17]. After that, HMTs have been used in several application contexts such as natural language
processing [GOB13, KDM13], flood mapping [XJS18], medical imaging [MBY 12, HYG17, HBSLLB"17],
plant growth modeling [DGCCO05], and bioinformatics [OCBT09, BWX13, NSK20|.

In practice, maximum likelihood estimation for HMMs often relies on iterative numerical meth-
ods to approximate the maximum likelihood estimator (MLE). Those methods are often based on
the expectation-maximization algorithm which is an algorithm for models with missing data and was
popularized by Dempster et al. [DLR77] in a celebrated article. For HMMs with finite hidden state
space, the first presentation of a complete expectation-maximization strategy is due to Baum et al.
[BPSW70], and is the well-known “forward-backward” or Baum-Welch algorithm. For more details on
the expectation-maximization and “forward-backward” algorithms and their stochastic approximations,
see [CMRO5, Chapters 10 and 11]. In the HMT case, the “forward-backward” algorithm must be re-
placed by the “upward-downward” algorithm developed in [CNB98|. See also [DGGO04] for alternative
“upward-downward” recursive formulae that can handle underflow issues implicitly.

The statistical properties of the MLE for the HMM were first studied in [BP66] which proved con-
sistency and asymptotic normality in the case where both the hidden and the observed processes can
only take finitely many values. Those results were then successively extended in a series of articles
[Ler92, BRR98, JP99, LGMO00, DMO01]. An extension of all those results for HMMs with autoregression
(that is, when conditionally on the hidden Markov chain, the observed process is an inhomogeneous
s-order Markov chain for some s € N) was later developed in [DMRO04]|, which proved, using weaker
assumptions, strong consistency and asymptotic normality of the MLE for auto-regressive HMMs with
compact hidden state space and with possibly non-stationary regime. The methods used in [DMRO04] re-
lies on expressing the log-likelihood as an additive function of an extended Markov chain with infinite past
thanks to stationarity and using geometric ergodicity of this extended chain (extension to non-stationary
regime is then made separately). The method of [DMR04] was adapted in [KS19| under similar assump-
tions to allow the transition densities of the hidden process to be zero valued. Since the article [DMR04],
the strong consistency of the MLE was proved under weaker assumptions in [GL06, DMOVH11, DRS16],
but no generalization has been made for the asymptotic normality of the MLE.

In this article, we will adapt the proof method of [DMRO04] to the HMT case. We shall also refer to the
monograph [CMRO05] which exposes in details the theory of HMMs, and in particular to its Chapter 12
which covers the strong consistency and asymptotic normality of the MLE, under the same assumptions
used in [DMRO4], for HMMs where the hidden state space is a general metric space.

To adapt the proof method of [DMR04] to the HMT case, we will need almost sure (a.s.) and L?
ergodic convergence results for branching Markov chains under geometric ergodicity of the transition
kernel as in [Guy07, Wei24b|. Indeed, we will need variants of those results for neighborhood-dependent
functions (that is, the function associated to each vertex u depends on variables X, for vertices v in the
neighborhood of u) which we develop in Section 5.2.4 and Section 5.A.
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5.1.2 New contribution

In this article, we consider the case where the distribution of the HMT is parametrized by some vector
0, that is, the transition kernel Qg between the hidden variables and the transition kernel Gy from hidden
variables to observed variables both depend on 6. As an example, if the hidden state space X is finite
and Y, conditioned on X, is a Gaussian random variable for each u € T, then 6 could parametrized
the transition matrix of the hidden process and the mean and variances of the Gaussian distribution
associated to each hidden state values. Our goal is to estimate the true parameter 8* of the HMT process
among a compact set of possible parameters © C R?, for some integer d, using only the knowledge of
the observed process Y over n generations of the tree. Note that as our assumptions will imply uniform
exponential memorylessness properties for the initial distribution, we cannot try estimate the initial
distribution. Denote 9 the root of the tree T. Thus, we assume that the distribution of the hidden root
variable Xg is some unknown measure { which does not depend on 6. Denote by Py« ¢ the probability
distribution of the HMT under the true parameter 6* when the initial unknown distribution of Xy is (.
When (¢ is the unique invariant measure of Qg (i.e. in the stationary case), we write Py« instead of Py« .

To estimate the true parameter 6* of the HMT, we will use the maximum likelihood estimator (MLE).
We will work with the likelihood conditioned on the hidden state of the root vertex Xg. The reason to
do this is that the computation of the stationary distribution of the joint process (X,Y’), and thus also
the true likelihood, is intractable in typical applications. Note that the idea of conditioning on the initial
hidden state was already used in [DMRO04] for HMMs with the same motivation, and conditioning on
initial observations in time series goes back at least to [MW43]. Remind that T' denote the (deterministic)
complete infinite rooted binary tree. Denote T, the tree T' up to and including the n-th generation. Hence,
for any value z € X', we denote by ¢, ,(0) the log-likelihood under the parameter 6 of the observed process
(Yy,u € T,,) until the n-th generation of the tree T' conditionally on X5 = x (see (5.7) on page 125 for
exact definition). Then, for any value € X, we define the MLE énm as the maximizer of ¢, , over ©
(see (5.33) on page 135 for exact definition).

Our goal is to study the asymptotic properties of the MLE. We prove the strong consistency and the
asymptotic normality of the MLE in the stationary case in Sections 5.3 and 5.4, respectively. We then
extend those results to the non-stationary case in Section 5.5. In our results, the hidden state space X
and the observed state space ) are both general metric spaces. We prove our results under the same
assumptions used in [DMR04] and in [CMRO5, Chapter 12] for HMMs with L! and L? integrability
assumptions replaced by L? and L* integrability assumptions, respectively, to accommodate the stronger
assumptions needed in ergodic theorems for branching Markov chains. See Remark 5.1.6 below for a
discussion on the main differences between the HMM case as in [DMR04, CMRO05] and the HMT case we
develop in this article.

We first state that strong consistency of the MLE holds under standard assumptions for HMMs.
Following [DMRO04], we assume a fully dominated model, that is, the transition kernels Qg and Gy
admits densities gy and gy w.r.t. to common measures A and p, respectively (see Assumption 6). We also
assume (see Assumption 7) :

0<o™ < inf gy(z,2') < sup go(z,2") <ot < oc0. (5.1)
zx'€ z,x'eX

This assumption is rather strong as it imposes a full connection for the hidden space, see [KS19] for an
extension of the method in [DMR04] for HMMs where gy is allowed to be zero valued. Nevertheless, this
assumption implies the uniform exponential memorylessness properties with mixing rate p:=1—0" /o™
of the initial distribution conditional on the observations (Y, w € T},). The other assumptions are more
standard regularity assumptions for the densities g and gy (see Assumptions 6-10), and identifiability
of the model. We can now state the strong consistency of the MLE under those assumptions, see Theo-
rems 5.3.11 and 5.5.1 for the precise statements in the stationary and non-stationary case, respectively.

Theorem 5.1.1 (Strong consistency of the MLE). Under those assumptions of fully dominated model
with density satisfying (5.1) and other more standard regularity assumptions, and under the assumption
that the model is identifiable, for any x € X, the MLE 8, , is strongly consistent, that is, the sequence

(On,z)nen converges Pos ¢-almost surely to the true parameter 0* € ©.

To prove asymptotic normality of the MLE, in addition to the assumptions used in Theorem 5.1.1,
we need existence and regularity assumptions for the gradient and the Hessian of the transition densities
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qo and gy (see Assumptions 11-13). Denote by Z(6*) the limiting Fisher information matrix of the model
(see (5.54) on page 144 for precise definition). The proof of asymptotic normality in the non-stationary
case is an extension of the stationary case. The proof of asymptotic normality in the stationary case
follows from a standard argument for asymptotic normality of the MLE that relies on Theorem 5.1.1 and
Theorems 5.1.2 and 5.1.3 below.

The following theorem, which we only prove in the stationary case, states that the normalized score
T, |~1/2 Vgl »(6%) has asymptotic normal fluctuations with covariance matrix Z(6*), see Theorem 5.4.3
for the precise statement. Note that the extra assumption in Theorem 5.1.2 (not present in the case of
HMMs) that p < 1/4/2 for the mixing rate p of the HMT process comes from the approximation bounds
used in the proof of this theorem. See Remark 5.1.5 below for a discussion on this condition on p.

Theorem 5.1.2 (Asymptotic normality of the normalized score). Under the assumptions from Theo-
rem 5.1.1 and existence and regularity assumptions for the gradient and the Hessian of the transition
densities (see Assumptions 11-13), and under the assumption that p < 1/\/2 for the mizing rate p of the
HMT process, in the stationary case we have:

T2 Vgl o (0%) D N(0,Z(6%))  under By
n— oo

The following theorem states the locally uniform convergence Pg+ ¢-a.s. of the normalized observed
information —|7,,| =1 V2¢,, ,(0) towards the Fisher information matrix Z(6*), see Theorems 5.4.6 and 5.5.2
for the precise statements in the stationary and non-stationary case, respectively. Note that in this
theorem we need the stronger assumption p < 1/2 for the mixing rate p of the HMT process as we use
more restrictive approximation bounds in the proof of this theorem than the ones used in the proof of
Theorem 5.1.2.

Theorem 5.1.3 (Convergence of the normalized observed information). Under the assumptions from
Theorem 5.1.2 on the HMT model, and under the assumption that p < 1/2 for the mixing rate p of the
HMT process, for all x € X, we have:

lim lim sup H—|Tn|71v§€n,x(9) - I(e*)
§=20n—=0pce . ||9—0+||<5

’ =0 P9*7<—a.s.

In particular, combining Theorems 5.1.1 and 5.1.3, we get that the normalized observed information
7|Tn|’1V§€n’m (énm) at the MLE énm is a strongly consistent estimator of the Fisher information matrix
Z(6").

As announced above, following a standard argument for asymptotic normality of the MLE, Theo-
rems 5.1.1, 5.1.2 and 5.1.3 imply the following theorem which states that the MLE has asymptotic normal
fluctuations with covariance matrix Z(6*)~!. See Theorems 5.4.7 and 5.5.5 for the precise statements in
the stationary and non-stationary case, respectively.

Theorem 5.1.4 (Asymptotic normality of the MLE). Under the assumptions from Theorem 5.1.2 on the
HMT model, that 8* is an interior point of ©, and the Fisher information matriz Z(0*) is non-singular,
and under the assumption that p < 1/2 for the mizing rate p of the HMT process, we have the following
convergence in distribution:

T, Y2(0, — 0%) ‘% N(0,Z(6%)7Y)  under Py ¢,

n—oo
where N'(0, M) denotes the centered Gaussian distribution with covariance matriz M.
Note that the standard argument used in the proof of Theorem 5.1.4 implies that we have the following

joint convergence in distribution:

(1Tl (6 = 67), T 772 Volna(6)) “% (Z(67) 712G, Z(6*)/2 ) under Py,

n—oo

where G is Gaussian random variable distributed as N(0, ;) with I, the identity matrix of dimension
d x d, and Z(*)'/? is a root matrix of Z(6*).

The following remark is a discussion on the condition on the mixing rate p of the HMT process (X,Y")
that appear in Theorems 5.1.4, 5.1.2 and 5.1.3.
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Remark 5.1.5 (On the condition on the mixing rate p). Note that in central limit theorems for branching
Markov chains, three regimes with different asymptotic behaviors (and different normalization terms) for
p<1/v2, p=1/y/2 and p > 1/1/2 were observed in [BPD22a], corresponding to a competition between
the ergodic mixing rate p and the branching rate 2 in T, see also [Ath69, BPDG14, BPD22b|. However,
the condition on p disappears when we consider martingale increments in the central limit theorem for
branching Markov chains, see [Guy07, BDSG09, DM10].

In our case, the condition p < 1/ v/2 on the mixing rate p that appears in Theorem 5.1.2 is due to
the coupling bounds and the grouping of terms used in the proof of Lemma 5.4.2 (the upper bounds
at the end of the proof only add a constant multiplicative factor). It is an open question whether or
not some convergence would still hold in Theorem 5.1.2 with p > 1/4/2 even with a possibly stronger
normalization term and a possibly non Gaussian limit. Nevertheless, note that the proof of Theorem 5.1.2
relies on decomposing the score Vgl ,(0) as a sum of martingale increments, which could indicate that
convergence is possible for p > 1/ V2.

Moreover, the stronger condition p < 1/2 on the mixing rate p that appears in Theorem 5.1.3, and thus
in Theorem 5.1.4, is due to the coupling bounds from Lemma 5.4.16 and the grouping of terms used in the
proof of Lemma 5.4.17 (the upper bounds in the rest of the proof only add a constant multiplicative factor).
It is an open question whether or not convergence would still hold in Theorem 5.1.3 and in Theorem 5.1.4
with p > 1/2 even with a possibly stronger normalization term and a possibly non Gaussian limit in
Theorem 5.1.4. Also note that the condition p < 1/2 is used when proving that Theorem 5.1.4 extends to
the non-stationary case to construct a coupling between a stationary HMT process and a non-stationary
HMT process, see Lemma 5.5.3.

In the following remark, we discuss the main differences between the HMM case as in [DMR04, CMRO5]
and the HMT case we develop in this article.

Remark 5.1.6 (On main differences with the HMM case). In both HMM and HMT cases, the study of
the log-likelihood is based on decomposing it as a sum of increments, and then extending the “past” seen by
each variable. However, while the extended “past” only spreads backwards in the HMM case, the extended
“past” in the HMT case is a subtree that also spreads laterally due to the different topologies between
the line Z and the binary tree, see Figure 5.3 on page 126 for an illustration. See also Sections 5.2.4
and 5.3.1 for the definition of those “past” and extended “past”. Moreover, due to the enumeration of
vertices in the tree in a breadth-first-search manner, those extended “past” do not have the same “shapes”
for all vertices, see Section 5.2.4. Also note that the infinite expanded “past” of a vertex relies on a
random infinite “backward spine” of left / right ancestors (see Figure 5.4 on page 128), which adds extra
randomness to the “shape” of the “past”.

Furthermore, contrary to the HMM case, the lateral spreading of each vertex’s “past” in the HMT
case implies that log-likelihood increments with infinite extended “pasts” do not form a branching Markov
process. For this reason, we need to work with log-likelihood increments whose “past” is trimmed to a fixed
common subtree height, and only expand to infinite “past” in the limit. To prove convergence for sums
of log-likelihood increments with trimmed “pasts” which have different shapes, we need to develop new
ergodic theorems for branching Markov chains and neighborhood-dependent functions, see Section 5.2.4
and Section 5.A.

In the proof of asymptotic normality of the normalized score, the score is decomposed as a sum
of martingale increments which is no longer stationary in the HMT case due to the “pasts” of vertices
having different shapes. Thus, to apply the central limit theorem for martingales, we first need to verify
convergence for the quadratic variations of the martingale increment sequences and Lindeberg’s condition.
Moreover, the computation of the approximation bounds for the increments used to decompose the score
and the observed information are more involved and impose conditions on the value of the mixing rate
p, as already discussed in Remark 5.1.5. This also implies that the proof scheme for convergence of the
observed information matrix needs to be modified as we cannot have almost sure convergence for all the
increments simultaneously, and we must rely on L? convergence instead.

Lastly, as discussed in Section 5.1.1, the results for HMMs in [DMRO04] allowed for autoregression (re-
mind, that is, when conditionally on the hidden Markov chain, the observed process is an inhomogeneous
s-order Markov chain for some s € N). Our results for HMTs are stated for processes without autogres-
sion. However, as our approach adapts the proof scheme of [DMRO04], note that with straightforward
modifications of our proofs, we could allow for autoregression in HMT processes.
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5.1.3 Organization of the paper

The rest of the paper is organized as follows. In Section 5.2, we define the notations used in this
article, HMT processes and the log-likelihood for the HMT. For the stationary case, we prove the strong
consistency of the MLE in Section 5.3, and its asymptotic normality in Section 5.4. In Section 5.5, we
extend those results to the non-stationary case. In Section 5.A, we develop the ergodic theorems for
branching Markov chains with neighborhood-dependent functions needed in the proofs of the asymptotic
properties of the MLE.

5.2 Definition of HMT and notations

In this section, we first define the notations we use for the infinite complete binary tree T'. We then
define branching Markov chains and hidden Markov models (HMMs) indexed by the binary tree T', which
we will simply call Hidden Markov Tree (HMT) models. We continue with the basic assumptions we
need to define the log-likelihood for the HMT. Lastly, we present the ergodic theorems for branching
Markov chains and neighborhood-dependent functions needed in this article, whose proofs can be found
in Section 5.A.

5.2.1 Notations for trees

Let T = Upen{0,1}™ denote the infinite complete plane rooted binary tree, that is the plane rooted
tree where each vertex u has exactly two children 40 and ul. Denote by 0 the root vertex of T (which
is the unique point in {0,1}Y). If v is distinct from the root, we denote by p(u) its parent vertex. We
denote by h(u) its height, i.e. the number of edges separating u from the root 9. (The height of the
root O is zero.) In particular, for k¥ < h(u), note that p*(u) denotes the k-th ancestor of u. For two
vertices u,v € T, we denote by u A v the most recent common ancestor of u and v, and by d(u,v) the
graph-distance between w and v in T, that is d(u,v) = h(u) + h(v) — 2h(u A v). For all n € N, denote
by G,, the n-th generation of the tree, that is vertices that are at distance n from the root, and denote
by T,, = Up<k<nGr the tree up to generation n. For a vertex u € T, we denote by T'(u) the subtree of
T composed of descendants of u, and for all k¥ € N, we denote by T'(u, k) = T'(u) N Tjy)+r the subtree
of T'(u) composed of descendants of u at distance up to k from u. We will use the convention that for a
subtree Ty, of T', we write T, for the subtree Ty, without its root vertex, for instance, T, = T,, \ {0}
and T(u)* = T(u) \ {u}. For a finite subset A C T, we denote by |A| its cardinal.

We will sometimes use Neveu’s notation, which we define recursively: a vertex u € T with height
h(u) = n can be represented as a sequence (u(j))1<j<n Where u is the u,)-th child of p(u) and p(u) can
be represented by (u(j))1<j<n—1; and the representation of the root 0 is the empty sequence. Note that
Neveu’s notation can also be interpreted as encoding the path from the root 0 to the vertex u: starting
from the root ug = 0, at each generation j we go from u; to its u(;;) child which we denote by u;1,
and at generation n we get u,, = u.

For simplicity, we will write w(.n) = (u(j))k<j<n and Ugrn) = (Uj))k<j<n for path sequences where
k,n € Z with k < n.

As T is a plane rooted tree, we can order its vertices in a breadth-first-search manner, that is, the
total order relation < on T is defined for all u,v € T as u < v if h(u) < h(v) or h(u) = h(v) and u <jex v
(where <jex is the lexicographical order on T'). Moreover, we denote by v < u if u < v and v # u.

5.2.2 Definition of HMT processes

For a sequence (z,,u € T), for simplicity, we will write 24 = (xy,u € A) for all subsets A C T. For
a metric space X, we will always assume it is equipped with its Borel o-field B(X).

For a measure y on a metric space X and an integrable function f € L(u), we write u(f) = fx fdu.
For two probability measures p1, us on a metric space X', we denote the total variation norm between
them by ||p1 — p2]lrv = sup g |1 (A) — p2(A)| (where A ranges over all measurable subsets of X'). We

also remind the identities [y — fia v = 3 5up 1<y 11 () — ()] = S0P o s |t (f) — 1a()| (where
f is a measurable function). Note that ||u1 — pe|lTv takes value in [0, 1].
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Figure 5.2 — Illustration of the Markov property for the HMT. Conditioning on X; (in grey) im-
plies that the HMT process (X,Y) becomes independent between the four connected components of
variable-dependence tree from Figure 5.1 where the vertex X is removed, that is, Y1, (X7(11), Yr1))s
(X1@2), Yraz)) and (X\ra), Yr\r(1)) (respectively in yellow, blue, green and red) are independent con-
ditionally on Xj.

Denote by X = (X,,u € T) the hidden (stochastic) process with values in a metric space X', and by
Y = (Yy,u € T) the observed (stochastic) process with values in a metric space ). We assume that the
hidden process X is a branching Markov process.

Definition 5.2.1 (Branching Markov process). The stochastic process X is called a (branching) Markov
process with transition (probability) kernel @ on (X,B(X)) and initial (probability) distribution v on X
if for all m € N, we have:

P(X7, € der,) = v(deg) Myer: Q(Tp(y); doy).
We can now define the Hidden Markov Tree process.

Definition 5.2.2 (Hidden Markov Tree process). The stochastic process (X,Y) = (Xu,Yu),u € T) is
called o Hidden Markov Tree (HMT) with parameter (Q,G,v) if:

(i) the hidden process X = (X,,u € T) is a branching Markov process with transition kernel Q and
iniatial distribution v,

(i) the observed process Y = (Y,,u € T) conditioned on the hidden process X is composed of indepen-
dent variables whose laws factorize using the transition (probability) kernel G on (X,B(Y)), that is
for all n € N, we have:

P(Yr, = yr,

Xr, = o1,) = lyer, G(u; dyu)-

Note that the definitions of branching Markov chains and HMT processes also work for non-plane
rooted trees.

In particular, note that if (X,Y) = ((X,,Y.),u € T) is a HMT process, then the joint process
((Xu,Yy),u € T) is also a branching Markov chain (but the observed process Y is not necessarily Markov).
The following fact, which we shall reuse later, illustrates the Markov property of the HMT process (X,Y).
For any k € N*, any u € T with height at least k, and any subset A C T', we have :

L(Xu | Ya, Xpruy) = L(Xu | Yanrpr-1(u)), Xpru)) (5.2)

where L(R]S) denotes the distribution of a random variable R conditionally on another random variable
S.

We say that a branching Markov process X is stationary if all its variables are identically distributed
(that is, for all w € T, X,, has the same distribution as Xy), or equivalently if its initial distribution v
is invariant for its transition kernel @ (that is, v@Q = v). Moreover, if (X,Y) is a HMT process and the
hidden process X is stationary, then the joint process (X,Y) is also stationary.
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5.2.3 Basic assumptions and definition of the log-likelihood

In this article, we consider the case where the kernels in the definition of the HMT (Qg, Gg, vy) are
parametrized by some vector 6 that we want to estimate using only the knowledge of the observed process
(Y,,u € T,,) up to generation n. We denote by © the set of all possible vector parameters 6, which we
assume to be a subset of R? for some integer d. And we denote by 6* the true parameter of the HMT.

Through this article, with the exception of Section 5.5, we assume that the hidden process X is
stationary.

Assumption 5 (Stationarity). The hidden process (Xy,u € T) is stationary, (and thus the joint process
((Xu,Yu),u €T) is also stationary).

We denote by Py the probability distribution under the parameter € of the stationary joint process
(X,Y), and by Egy the corresponding expectation.

To prove asymptotic properties of the MLE for the HMT, we will use assumptions similar to the HMM
case in [CMRO5, Chapter 12] and [DMRO04]. We first assume that the HMT model is fully dominated.
For two probability measures A\, u on the same space, we write A < p to denote that A is absolutely
continuous w.r.t. to p.

Assumption 6 (Fully dominated model, [CMRO05, Assumption 12.0.1]).

(i) There exists a probability measure A on X such that for every x € X and every 6 € O, Qq(x,-) < A,
with density qg(z,-). That is, Qo(x;A) = [, qe(x,2") N(da') for all A € B(X). Moreover, the
density function qo(-,-) is B(X) ® B(X) measurable.

(ii) There exists a o-finite measure p on Y such that for every x € X and every 0 € ©, Gy(zx,-) < p,
with density gg(x,-). That is, Go(x; B) = [5 go(x,y) u(dy) for all B € B(Y). Moreover, the density
function go(-,-) is B(X) ® B(Y) measurable.

In addition to Assumption 6, we use the following regularity assumptions on the density functions gg
and gg.
Assumption 7 (Regularity, [CMRO05, Assumption 12.2.1]).
(i) The transition density g is bounded: there exist o~ ,0% € (0,400) such that Vr,z' € X, V0 € O,
0<o™ <gy(x,2') <oT < +oo.
(i) For everyy € Y, the function 6 — [, go(x,y) A(dzx) is bounded away from 0 and co uniformly on
O, that is, supgeg [ go(x,y) A(dz) < 0o and infgeo [ go(z,y) A(dzx) > 0.
(iii) For every x € X andy € Y, we have go(z,y) > 0.
We will denote by p=1—0" /o™ € (0,1) the mizing rate of the hidden process X.
Note that Assumption 7-(iii) is due to our choice of conditioning on Xy = « for some = € X in
the log-likelihood we analyse, we discuss how to get rid of this assumption after the definition of the
log-likelihood at the end of this subsection.

As ) is a probability measure and ¢ is the density of a probability kernel, Assumption 7-(i) implies
that 0= <1 < o%. Moreover, Assumption 7-(i) also implies the following result.

Lemma 5.2.3. Assume that Assumptions 6-(i) and 7-(i) hold. Then, for all 0 € O, the transition kernel
Qo has a unique invariant measure o and is uniformly geometrically ergodic, that is:

Ve e X,V0 € ©,¥n >0, ||Q4(z,)—mollry < (1—0")" <p™.

Note that due to structure of the HMT, Lemma 5.2.3 extends naturally to the transition kernel of
the joint process (X,Y) with the same mixing rate p. Moreover, note that Assumption 7-(i) also implies

that mg < A with density % taking value in [0~ 07].
Lemma 5.2.3 is due to Assumption 7-(i) implying the Doeblin condition:

V€ ©,Vr e X o A(+) < Qolx;-). (5.3)

As we will reuse Doeblin conditions later, before proving Lemma 5.2.3, we give a quick summary on
results for the Doeblin condition. For a transition kernel K on a metric space X (to itself), we define its
Dobrushin coefficient 6(K) as:

0(K) = sup [|K(x;) = K(a's:)]rv- (5-4)

x,x'eX
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The Dobrushin coefficient gives the following coupling bound in the total variation norm. (Note that the
definition of the total variation norm || - [Ty used in [CMRO05, Chapter 4] differs by a factor 2 from ours,
see [CMRO05, Lemma 4.3.5].)

Lemma 5.2.4 ([CMRO05, Lemma 4.3.8]). Let p1, po be two probability measures on a metric space X,
and let K be a transition kernel on X. Then, we have:

(11 = p2) K|l rv < 6(K) |1 — po|lrv < 6(K).
Moreover, the Dobrushin coefficient is sub-multiplicative.

Lemma 5.2.5 ([CMRO05, Proposition 4.3.10]). The Dobrushin coefficient is sub-multiplicative. That is,
if K, R are two transition kernels on a metric space X, then we have §(KR) < 6(K)J(R).

We know define the Doeblin condition.

Definition 5.2.6 (Doeblin condition, [CMR05, Definition 4.3.12]). We say that a transition kernel K
on a metric space X satisfies a Doeblin condition if there exist € > 0 and a probability measure v on X
such that for all x € X and measurable subset A C X, we have:

K(x; A) > ev(A).
The Doeblin condition gives an upper bound on the Dobrushin coefficient.

Lemma 5.2.7 (|CMRO5, Lemma 4.3.13]). Let K be transition kernel (on a metric space X ) that satisfies
a Doeblin condition with (¢,v). Then, we have §(K) <1 —¢.

Lastly, the Doeblin condition implies the existence of a unique invariant probability measure, as well
as uniform geometric ergodicity.

Lemma 5.2.8 ([CMRO5, Theorem 4.3.16]). Let K be a transition kernel on a metric space X that satisfies
a Doeblin condition with (¢,v). Then, K admits a unique invariant probability measure w. Moreover, for
any probability measure { on X, we have for all n € N:

ICK™ = ml|7y < (1 —€)"[|C = 7| 7v-
Lemma 5.2.3 then follows immediately from Lemma 5.2.8 and the uniform Doeblin condition (5.3).

Remark 5.2.9 (More properties of the transition kernel from the Doeblin condition). For a transition
kernel K on a metric space X, the Doeblin condition also implies that X" is an (accessible) 1-small set.
In particular, we get that K satisfies some extra classical properties (that we will not use here): K
is positive (i.e. irreducible and admits a unique invariant probability measure), strongly aperiodic and
Harris recurrent (see [DMPS18, Chapter 9 and 10] for definitions and details).

We will use the letter p to denote (possibly conditional) probability density. For instance, for any
0 €O, yr, € Y and x5 € X, we denote by:

polu, | Xo = 20) = gu(e0,30) [ T to(opco,)gu(zn, o)A (), (5.5)

n *
veT;

the conditional density w.r.t. u®7» under the parameter  of Y7, = y7, conditionally on Xy = z5. Note
that Assumption 7 guarantees that po(yr, | Xo = zg) is positive for all y, € YIn and z5 € X.

We are now ready to define the log-likelihood. As discussed in Section 5.1.2, we will analyze the
log-likelihood of the observed process (Y, u € T,,) up to generation n conditioned on the hidden value of
the root Xy = = for some x € X. Thus, for any x € X, we define the log-likelihood function as:

ln o (0;y1,) :=1og(pe(yr, | Xo = x)). (5.6)

We then define the log-likelihood that we will analyze as the following random variable

b (0) =0, (0, Yr,). (5.7)
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Figure 5.3 — Illustration of the subtrees A(u, k) and A*(u, k) where vertices in A(u, k) and A*(u, k) are
in blue and the vertex u is inside a double circle. From left to right and top to bottom using Neveu S
notation, we have A(12) = A(12,2), A*(12) = A*(12,2), A(12,1) and A(21) = A(21,2). Note that
A(12) and A(21) have a different number of vertices, while vertices 12 and 21 are in the same generation.

For simplicity, we will write £, () instead of ¢, ,(0; Y7, ) making the dependence on the observed vari-
ables (Y,,u € T,) implicit. We will keep this convention for all quantities considered in this article,
and only make the dependence explicit when necessary. The MLE is then the maximizer over © of
the log-likelihood ¢, ; we post-pone the precise definition of the MLE to when we will first use it in
Theorem 5.3.11.

Remark 5.2.10 (On Assumption 7-(iii)). Note that Assumption 7-(iii) is due to our choice of con-
ditioning on Xy = z for some = € X in the log-likelihood ¢, ,(6) we analyse. Indeed, without As-
sumption 7-(iii), there could be a non-zero probability under Py« that gg«(z,Ys) = 0 for some = € X,
implying £, (6*) = —oo, and thus preventing the MLE to converge to 6*. Several modifications of the
log-likelihood £, ,,(0) can be considered to get rid of Assumption 7-(iii). A first option would be to replace
po(yr, | Xo = x) by po(yr: | Xo = x) in (5.6). A second option would be to extend the tree T" and the
HMT (X,Y) to add a parent vertex p(9d) for the root vertex 9 (see Section 5.3.1), and then replace
po(yr, | Xo = x) by po(yr, | Xp(9) = 2) in (5.6).

5.2.4 Ergodic theorems with neighborhood-dependent functions
For all w € T and 0 < k < h(u), define the subtrees of T™:

A*(u, k) = {v e T(p*(u)) : v < u},

and A(u,k) = A*(u,k) U {u}. In particular, note that when & = h(u), we have that A*(u) :=
A*(u,h(u)) = {v € T : v < u}, and we also write A(u) := A(u,h(u)). See Figure 5.3 for an illus-
tration of those subtrees. The subtree A*(u) represents the past of the vertex w.

For the ergodic convergence results needed in this article, we will need to consider different functions
for each vertex u € T depending on the “shape” of the subtree A(u, k) for some common k € N. For
k € N and vertices u,v € T both with height at least k, we say that A(u, k) and A(v, k) have the same
shape if they are equal up to translation, that is, if they are isomorphic as (finite) rooted plane trees. For
k € N and any vertex u € T with h(u) > k, there exists a unique v, € Gy, such that A(u, k) and A(v,)
have the same shape, and we thus define the shape of A(u, k) as:

Sh(A(u, k) = A(vy). (5.8)

Note that as |A(v)| is different for each v € G, thus the shape of A(u, k) is characterized by its size. For
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any k € N, we define the (finite) set A} of possible shapes for A(u, k) with u € T as:
N ={A(w) : v € Gy} (5.9)

For any k € N, we define a collection of neighborhood-shape-dependent functions as a collection of
functions (fs : 2° — R)sen;, where Z € {X,),X x Y}. For such a collection of functions, we will
simply write fa(u,k) instead of fsp(a(u,k))- And we will also write fa(u,k)(Ya(u,k)) for the evaluation of
fa(u,k) o0 Ya(y k). Note that indexing such a collection of functions with G or with N} is equivalent in
light of (5.9).

We prove the following ergodic convergence lemma for neighborhood-shape-dependent functions. The
proof of this lemma relies on the theorems in Section 5.A. Note that if U, is uniformly distributed over
G, with n > k, then Sh(A(u, k)) is uniformly distributed over Nj.

Lemma 5.2.11 (Ergodic theorem for neighborhood-dependent functions). Assume that Assumptions 5-7
hold. Let k > 0. Let (fs: Y — R)sen;, be a collection of neighborhood-shape-dependent Borel functions
that are in L?(Pg+). Then, we have:

. 1 .
hm rpm—— Z fA(u,k) (YA(u,k)) = EUk ® Eg* [fA(Uk)(YA(Uk))] Pg* -a.S. and m Lz(IPg*), (510)

n— 00 |Tn | WETN Tk 1

with the convention T_1 = 0, and where Uy, is uniformly distributed over Gy and independent of the
process X, and Ey, ® Eg« denotes the joint expectation over Uy and X (under the true parameter 6* ).
Moreover, there exist finite constants C < oo and « € (0,1) such that:

1
>k E|| =7 Y. fawkVawk) —Eu, ®Eo [fawo) Yaw,))] <Ca".  (511)

‘Tn| w€T \Tr—1

Remark that in the left hand side of (5.10) the subtrees A(u, k) are deterministic, while the subtree
A(Uy) is a random function of Uy.

Proof. Using Lemma 5.2.3, remind that under Assumptions 5-7, the branching Markov process (X,Y")
is stationary and its transition kernel has a unique invariant probability and is uniformly geometrically
ergodic. Hence, the lemma follows immediately from applying the ergodic Theorems 5.A.2 and 5.A.4 for
neighborhood-shape-dependent functions from the appendix. O

As T is a plane rooted tree, we can enumerate its vertices as a sequence (v;);jen in a breadth-first-
search manner, that is, which is increasing for < (note that uy = 9). Note that if V,, is uniformly
distributed over A,, := {v; : |[Th—1| < j < n} = A(vy) \ Tk—1, then the distribution of Sh(A(V;,,k))
converges to the uniform distribution over Ny as n — oco. We will also need the following variant of
Lemma 5.2.11 where T}, \ Ti—1 is replaced by A,,.

Lemma 5.2.12 (Another ergodic theorem for neighborhood-dependent functions). Assume that As-
sumptions 5-7 hold. Let k > 0. Let (fs: Y — R)sen, be a collection of neighborhood-shape-dependent
Borel functions that are in L?(Pg+). Let (vj)jen be the sequence enumerating the vertices in T in a
breadth-first-search manner. For all n > |Tx_1|, define A, = A(v,) \ Tp—1. Then, we have:

o1 .
lim — > fauk) (Yar) = Eu, @ Eo: [faw) Yaw,)]  in L2 (Pes),
noeen u€A,

where Uy, is uniformly distributed over Gy, and independent of the process X, and Ey, @ Eg~ denotes the
joint expectation over Uy and X (under the true parameter 6*).

Proof. Using Lemma 5.2.3, remind that under Assumptions 5-7, the branching Markov process (X,Y)
is stationary and its transition kernel has a unique invariant probability and is uniformly geometri-
cally ergodic. Hence, the lemma follows immediately from applying the ergodic Theorem 5.A.2 for
neighborhood-shape-dependent functions from the appendix. O
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Figure 5.4 — Illustration of the construction of the extended random plane rooted tree T°° (which is
rooted at 0) for U1y = 0 and U_yy = 1.

5.3 Strong consistency of the MLE

In this section, we first define the extended tree T°° to get an infinite past horizon and rewrite the
log-likelihood as a sum of increments. Then, we construct the log-likelihood increments with infinite past,
which allows to define the contrast function. We prove properties for this contrast function. Finally, we
prove the strong consistency of the MLE.

5.3.1 Decomposition of the log-likelihood into increments
The extended tree T°° to get an infinite past horizon

Remind that the subtree A*(u) = A*(u, h(u)) represents the past of the vertex u.

To get an infinite past horizon, we will consider an extended version of the tree T. Thus, we are going
to define a random (countable) plane rooted tree T°° that contains T" as a subtree and is also rooted at 0
the root vertex of T', and where each vertex (including 9) has exactly one parent node and two children
nodes. To construct T°°, we start from 7" and add a line L = {u_; : j € N*} of ancestors for 9 (that is,
u_j = p’(9) for j € N, where ug = 9), and then for all j € N*, we graft on u_; a copy T of T (that
is, u_; is the parent of the root vertex 20U of T()), We extend the height function h from T to T as
follows: for all j € N*, we set h(u_;) = —j and for all u € T\, we define h(u) as —j plus the number of
edges separating v from u_j;. For u,v € T°°, denote by u A v their most recent common ancestor, and
by d(u,v) = h(u) + h(v) — 2h(u A v) the graph distance between v and v. The definition of the subtrees
T°°(u) and T°°(u, k) then naturally extend to 7°°.

Thus, we have constructed the deterministic non-plane version of the tree 7T°°, and we are left to
define the random plane embedding of T°°. That is, for each vertex u € T°°, we have to define a possibly
random ordering of its children. As T is a plane rooted tree, note that if u € T or u € TU) for some
J € N*, then its children are already order deterministically. Let U = (U(;))-co<j<o be a sequence of
independent random variables with Bernoulli distribution of parameter 1/2, and which is independent of
the HMT process (X,Y). For all j € N, we order the children of u_;_1, that is u_; and §UHD (the root
vertex of T(j)), as follows: u_; is the left child of u_; 1 if U_; = 0, and is the right child otherwise.
Hence, we have constructed the random plane rooted tree T°°. (Note that U can be seen as the random
shape of the backward spine of 9.) See Figure 5.4 for an illustration of the extended random plane rooted
tree T°°. We denote by Py, the distribution of the random sequence U, and by E;; the corresponding
expectation.

Note that the random plane embedding of 7> allows to use Neveu’s notation to represent the random
path between any vertex in the plane tree 7> and one of its descendants as a random sequence Uy.,)
(which depends on U) for some k,n € Z with k& < n. The random breadth-first-search order relation
<:=<y can then be naturally extend from T to T°° using the random plane embedding of T (which
depends on U): we have u < v for u,v € T if either h(u) < h(v), or h(u) = h(v) and Uy <iex Vikn)
where U,y (resp. V(z.n)) is Neveu’s notation for the random path (which depends on /) from u A v to
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u (resp. v) with k = h(u Av) + 1 and n = h(u).

Thanks to the stationarity assumption, for all k£ € N, the HMT process (X,Y’) can be defined on the
(rooted) tree T°°(p*(d)), and thus by Kolmogorov’s extension theorem, the HMT process (X,Y) can
be defined on the whole tree T°°. In particular, note that the stationarity assumption implies that the
distribution of the HMT process (X,Y) is invariant by translation on T°°, that is, is the same (up to
translation) on T and on T°°(u) for any u € T°°. Note that the extended process does not depend on U.
Thus, we will now assume that the HMT process (X,Y) is defined on the whole tree T7°°°.

For all w € T and k € N, define the subtrees (which are measurable functions of U):

A (u, k) ={v e T (p* () : v <y u},

and Ay (u, k) = A (u, k) U {u}. For simplicity, we will write instead A*(u, k) and A(u, k), making the
dependence on the random variable I/ implicit, and only make the dependence explicit when necessary.
The following fact illustrates that the shape and size of the A(u, k) do indeed depend on the value of U:
for u = 0 and k£ = 1, note that A(0, 1) contains two vertices if Uy) = 0, and contains three vertices if
Uy = 1. Remark 5.3.1 below, which we shall reuse later, further illustrates the randomness of the set
A(u, k). However, for v € T and k < h(u), we have that A(u, k) = A(u, k) and A*(u, k) = A*(u, k) are
deterministic. Also note that we have the following inclusions:

T (u,k —1) C A(u, k) C T (u, k), (5.12)
where remind that the subtrees T°°(u, k — 1) and T°°(u, k) are deterministic.
Remark 5.3.1. For a vertex u = wy.,) in T with h(u) = n > k, note that A(u, k), up to re-rooting (i.e.
up to translation), can be identified with A(9, k) conditioned on U(_j 1.0y = U(n—k+1:n). In particular,
when U, is a random vertex uniformly distributed over G, for n > k, we get the following equality

between the distribution of the shapes (that is, when the subtrees are seen up to translation / re-rooting)
for the subtrees A(9, k), A(Up, k) and A(Uy):

Sh(A(0,k)) £ Sh(A(Un, k) £ A(Uy). (5.13)

Moreover, if (fs : Y$ — R)sens, is a collection of neighborhood-shape-dependent Borel functions that
are in L?(Pp+) (as in Lemmas 5.2.11 and 5.2.12), then we have:

Ey @ Eg+ [fao,0) Yao.m)] = Bu, © Eox [fawy) Yaws))]s (5.14)

where Eyy ® Eg« is the expectation corresponding to Py @ Py«.

The log-likelihood as a sum of increments
For any (possibly random) subtree A of T°° with root vertex w, note that we have:
p9(yA ‘Xw = l’) = gg(l‘, y@)/ H QO(SCP(U), xu)g«‘)(zm yv))\(dxv)~ (515)
XA eA\ {w)

We will use the convention pg(Ya | X,y = ) = 1 whenever A = () and w is any vertex in 7°°. For all
ueT, ke N x e X and 6 € O, using the conditional probabilities formula, define:

Hu,k:,z(e) = / 99(371“ Yu) PG(XU, € dmu ‘ YA*(u,k)aka(u) = .Z')
X

_ po(Yapr) | Xpr = )
Po(Yar(uk) | Xpk) = T)

: (5.16)

We then define the log-likelihood contribution of node v € T' with past over k € N generation as:
Do ke (0) = log (Hu,kz (6))- (5.17)

Note that hy . (0) (resp. Hyg.(0)) is a random variable as a function of Ya(,x) with an implicit
dependence on U through A(u, k), and that hy, 1 »(0) (resp. Hy x.+(6)) does not depend on U is k < h(u).

Hence, using (5.6), (5.7), (5.16) and (5.17) and a telescopic sum argument, the log-likelihood of the
observed variables Y7, can be rewritten as the sum of the log-likelihood contributions defined in (5.17):

en,w(e) = Z hu,h(u),x(9)~ (518)

ueTy,
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5.3.2 Construction of the log-likelihood increments with infinite past

In this subsection, we construct the log-likelihood increment functions with infinite past.

The following lemma states that, as the HMT is uniformly geometrically ergodic, the tree forgets
exponentially fast its starting state. Recall the mixing ratio p =1— 07 /o € (0,1) is defined just after
Assumption 7.

Lemma 5.3.2 (Exponential forgetting of the initial state). Assume that Assumptions 6 and 7 hold. We
have for allu € T, € ©, n € N and yr, € Y, and all initials distributions v and v’ on X, that:

For simplicity, Lemma 5.3.2 is stated with 0 as the initial vertex, but note that the results still holds
when replacing 9 and T,, by v and T'(v,n) for any v € T°°. We shall reuse this fact later.

< phw, (5.19)
TV

/X]P’g (Xu € ’ Yr, =vyr,,Xo = 1’) [v(dz) — V' (dx)]

Proof. Fix some u € T, § € ©, an integer n and observables yr, € YT». Denote by ug,--- ,us with
k = h(u) the vertices on the path from 9 to u. The proof relies on the fact that conditionally on
Yr, = yr,, the sequence (X,,)o<j<k is an inhomogeneous Markov chain where for 1 < j < k, the
(forward smoothing) transition kernel F; from X, ; to X, is defined if j <n as:

Fj [yT(uJ',n—j)](xuj_l;f> =Ey [f(XuJ | YT(u],n —3) = YT (uy, n—j)7Xuj_1 = 'IUj_l]
:EH[ (Xu] ‘ Yr, —yTnaXuJ 1 ‘TUj—l]

fX :L'uj )p0 T (uj,n—j) |Xuj = xuj )q@(xuj,lyxuj))\(dxuj)
prQ(yT (uj,m—j) | u; — muj)qe(-ruj,la-ruj))\(dxuj)

)

for any x,, , € X and any bounded Borel function f on A’ (note that in the second equality, we used
the Markov property of the HMT process, see (5.2)); and is defined as F; = @ for j > n. (Note
that Assumption 7-(ii) is only used to insure that pg(yr(u;mn—j) | Xu; = Tu,) is positive, and thus the
denominator in the last equality is also positive.)

Note that for all 1 < j < k An, using Assumption 7-(i), the transition kernel F; satisfies the following
Doeblin condition:

TVl - (F) < Filyra, mop) (@ 1),

where for any bounded Borel function f on X, we have:
Vilyru; m—i)1(f) = Balf (Xu;) | YT (u)n—5) = YT (uy.n—))

fX xuj Po yT(u],n 7) |Xu7 ‘Tuj) )‘(dxuj)
fx Po (YT (uyn—j) | Xu; = Tu;) A(day,)

Note that the difference between the definitions of F; and v; is that the term ga(7p(y,), Tu,) has disappear
from both the numerator and the denominator of v;. Remark that (5.3) also implies the Doeblin condition

“A(-) < Q(z, ) for the transition kernel Q). Thus, Lemma 5.2.7 shows that the Dobrushin coefficient of
each transition kernel F; for 1 < j < k is upper bounded by p = 1—0~ /0. Therefore, as the Dobrushin
coefficient is sub-multiplicative (see Lemma 5.2.5), applying Lemma 5.2.4, we get that (5.19) holds. This
concludes the proof. O

To construct the limit of the functions h,, j ,(#) we first prove the following lemma which states some
uniform bound about the asymptotic behavior of those functions when & — oco. For this lemma, we need
the following assumption on the density function gy that strengthens Assumption 7-(ii). Remind that Py
denotes the stationary probability distribution under the parameter 6 € © of the HMT process (X,Y),
and by Ey the corresponding expectation.

Assumption 8 (L' regularity, [CMRO05, Assumption 12.3.1]). Assume that we have:
(i) b+ :=1 Asupgysup, , go(z,y) < oo.
(i) Eo«|logb™ (Ys)| < oo, where b~ (y) := infy [, go(z,y)A(dx).

Note that b~ (y) > 0 for all y € Y by Assumption 6-(ii).
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Lemma 5.3.3 (Uniform bounds for h, ; ,(#)). Assume that Assumptions 6-7 and 8-(ii) hold. For all
vertices u € T and all integers k, k' € N*, the following assertions hold true:

p(kAk’)—l
sup sup ‘hu,k,z(e) - hu,k’,z’(9)| S I (520)
€O z,x'eX 1—p
sup sup sup |hy 2 (0)] < logb™ Vv [log(oc™b™ (Yy))]. (5.21)

9€0 kEN* zeX
Proof. [The proof is a straightforward adaptation of the proof of [CMR05, Lemma 12.3.2] with the use
of Lemma 5.3.2 for the coupling.|] Remind the definition of H,, j ,(0) in (5.16). Let k' > k > 1, and write
w = p¥(u), w' = p* (u). Then, write:
Hu,k,x(a) = / |:/ go(’l‘u, Yu)QO(xp(u)vxu)/\(dxu)]
xxx LJx
X Pg(Xp(u) S dl’p(u) |YA*(u,k)7Xw = Iw) X 5m(dl’w), (522)

and using the Markov property at X,,, write:

Hy oo (6) = /X N { /X g.g(xu,Yu)qg(wp(u),xu))\(dxu)]

X Po(Xpu) € dopuy | Yar (k) Xw = Tuw)
X Pg(Xw € dxy, |YA*(u,k/)an’ = .’13’). (523)

Applying Lemma 5.3.2, we get (note that the integrands in (5.22) and (5.23) are non-negative):

‘Hu,k,a:(e) - Hu,k’,w’(e)‘ S Pk_l sup / 99(337.&7 Yu)Q@(xp(u)a xu)A(dxu)
Tp(u) €EX J X

§pk_1o+/ 90 (T, Yo )A(dy,). (5.24)
X

The integral in (5.22) can be lower bounded giving us:

Houka(0) > 0~ /X g0 (2, Vi) M(dz,), (5.25)

where the right hand side is positive by Assumption 7-(ii); and similarly for (5.23). Combining (5.24)
with (5.25), and with the inequality |logz —logy| < |z — y|/(x A y), we get the first assertion of the
lemma:

ot o _ P!
|hu,k,ac(9) - hu,k/,x/(0)| < Fp = 11— p'
Combining (5.16) and (5.25), we get that b (Y,) < Hyp.(f) < b" (remind that b (Y,) > 0 by
Assumption 7-(ii)), which yields the second assertion of the lemma. O

We are now ready to construct the limit of the functions h, x . (f) and state some properties of this
limit. Note that this result is stated for every u € T, but we will only need it for v = 0. Remind that we
are in the stationary case, and that the HMT process (X,Y) is defined on T°°.

Proposition 5.3.4 (Properties of the limit function hy o (). Assume that Assumptions 5-8 hold. For
every u € T and 0 € O, there exists hy oo(0) € L'(Py ® Pp+) such that for all x € X, the sequence
(hy k.2 (0))ken converges Py @ Pg«-a.s. and in L' (Py ® Py+) to hy oo (0).
Furthermore, this convergence is uniform over 8§ € © and x € X, that is, we have Py @ Py«-a.s. and
in LY (Py @ Py+) that:
lim sup sup |hy k.. (0) — by, (6)] = 0.
k—=oopcozex
The limit function hy o (f) can be interpreted as log po(Yy | Ya+(u,00)), Where A*(u,00) = {v € T> :
v <y u} is a random subset of vertices. Note that h,, o (6) is a function of the random set of variables
(Yy,v € A(u,00)), where A(u, 00) = A*(u, 00) U{u}, and thus implicitly depend on U trough A(u, o).
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Proof. Fix some u € T. Note that (5.20) shows that the sequence (hy, 1 4(0))ken is Cauchy uniformly
in @ and z, and thus has Py ® Py«-almost surely a limit when k& — oo which does not depend on z; we
denote this limit by hy, o (#). Furthermore, we get from (5.21) that (hy k. (6))ken is uniformly bounded
in L' (Py ® Pp+), and thus hy «(6) is in L'(Py @ Py-) and the convergence also holds in L' (Py ® Pp-).
Finally, as the bound in (5.20) is uniform in 6 and x, we get that the convergence holds uniform over
and z both Py @ Py.-almost surely and in L (P @ Pg-). O

5.3.3 Properties of the contrast function

As the functions hy o (6) are in L'(Py @ Pg+) under the assumptions used in Proposition 5.3.4, we
can now define the contrast function ¢ (which is deterministic) as:

£(0) = Eyy ® Eo+ [ho, (0], (5.26)

where remind E;; ® Eg+« is the expectation corresponding to Py Q Py .

We prove under the following L? regularity assumption the convergence of the normalized log-
likelihood to the contrast function. Remind that b~ (y) = infy [, go(x,y)A(dz). Also remind that Py
denotes the stationary probability distribution under the parameter 6 € © of the HMT process (X,Y),
and by Ey the corresponding expectation.

Assumption 9 (L? regularity). Assume that Eg«[(logb™(Yp))?] < oc.
Remind that the log-likelihood ¢, ,, is defined in (5.7) on page 125.

Proposition 5.3.5 (Ergodic convergence for the stationary log-likelihood). Assume that Assumptions 5-
9 hold. Then, for all x € X, the normalized log-likelihood |T,,| ™ £,, .(6) converges Py«-a.s. to the contrast
function £(0) as n — co.

Proof. Let 6 € © be some parameter. Fix some k € N* and z € X. Remind from (5.18) that ¢, ,(0) =
> uet, Dun(u),2(0). Applying (5.20) for each vertex u € T;, \ Tj—1, we get:

1 pk—1 1
m gn,a:(a)_ Z hu,k,w<9) < — T T Z |huh(u),x(0)| (527)

wE€T \Th—1 1- P |Tn‘ w€ETy_1

Note that by (5.21), we have that [h,, j(y),.(0)] < 0o Pg«-a.s. for all u € T\ {0}. For u = 0, we have
ho0,2(0) = log gg(x, Ys) which is finite Pyp«-a.s. by Assumption 7-(iii).
For a vertex w in T'\ Ty_1, let v, € Gy, be the unique vertex that satisfies (5.8) (on page 126), then
we have:
ho k(03 YA (k) = Ya(uk)) = Doy k,z (03 Ya(e,) = Ya(uk))- (5.28)

Moreover, using (5.21) together with Assumption 9, we get for every u € T \ Tx—; that the random
variable hy r (05 YA (u,k)) is in L?(Py-). Hence, applying Lemma 5.2.11 to the collection of neighborhood-
shape-dependent functions (hy k. .(60;Ya@w) = -))veq, (remind that indexing functions with G} or with
N is equivalent by (5.9)), and using (5.28) and (5.14) (in Remark 5.3.1), we get:

Tl ™ D huka(0) — Ey®Ep[hoko(0)]  Pp-as. (and in L%(Py.)). (5.29)
ueTn\kal

Using (5.20) with Proposition 5.3.4, we get:

k—1
By @ Eox [ho k,2(0)] — By @ Egr [hy oo (0)]] < f_ o
Thus, combining this bound with (5.27) and (5.29), we get Py«-a.s. that:
i1
lim sup|[Th| ™ .o (6) — By © Eg- [ham(e)]’ <2f—
n—oo -

As the left hand side does not depend on k, letting k — oo, we get that |T,| 714, . () converges Py.-a.s.
to £(0) as n — oo. This concludes the proof. O
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We are going to prove that this convergence holds uniformly in 6. First, we need to prove that the
contrast function is continuous and has a unique global maximum at 6*. In order to get those results, we
need a natural continuity assumption on the transition functions.

Assumption 10 (Continuity, [CMR05, Assumption 12.3.5]). For all (x,2') € X x X and y € Y, the
functions 0 v qg(z',x) and 0 — go(x,y) defined on © C RY are continuous.

We denote by || - || the euclidean norm on R9.

Proposition 5.3.6 (¢ is continuous). Assume that Assumptions 5-8 and 10 hold. Then, for any n € N
and x € X, the log-likelihood function 0 v« £, ,(0) is Pg«-a.s. continuous on ©.
Moreover, for any 0 € ©, we have:

Ey ® Eg- sup ho,00(0") —hoeo(@)[| =0 asd—0,
6’ €0:]|9—6"||<5

and the contrast function 6 — £(0) is continuous on ©.

Proof. This proof is a straightforward adaptation from the proof of [CMRO05, Proposition 12.3.6].

Recall that hp o (6) is the limit of hy . (0) as k — oo. We first prove that, for every z € X and
k >0, hp i 5(0) is a continuous function of 0, and then use this to show continuity of the limit. Recall
from (5.16) the second equality defining H,,  ,(#), which we remind for convenience for any v € T' and
r e X:
_ po(Yaqupr) | Xprw) =)

pG(Y&*(u,k) |Xp’“(u) = Z)

Hu,k,w (9)

Recall from (5.15) the definition of pg(Ya | Xr(,) = #) where here the possibly random subtree A
is either A(u, k) or A*(u, k). First note that the integrand in (5.15) is by assumption continuous w.r.t.
6 and upper bounded by (1V o*b%)I4l. Thus, dominated convergence shows that pg(Ya | Xpr() =
x) is continuous w.r.t. to 6 (remind that A, defined in Assumption 6, is finite). Moreover, note that
Po(Yax(u,k) | Xpr(u) = ) is lower bounded by [T, ax (u i\ fpr )y 0~ (Yo) Which is positive Py @ Pg+-a.s.
(by Assumption 7). Thus, H, 1 .(6) and h,  ,(0) = log Hy 1 »(6) (remind (5.17)) are continuous w.r.t. 0
Py ® Py«-a.s. as well. Hence, using (5.6), for all n € N and x € X, we get that £, , () is also continuous
w.r.t. 0 Py+-a.s.

Remind from Proposition 5.3.4 that (b, s .())ken converges to hy, o (6) uniformly in 6 Py ® Pg«-a.s.
Thus, the function § — h, () is continuous Py ®Pg+-a.s. Using the uniform bound (5.21), Assumption 8-
(ii) and dominated convergence, we obtain the first part of the proposition.

We deduce the second part from the first one, as:

sup  [0(0") —O)] =  sup  |Ey @ Epe[hooo(6) — oo (6)]]
0’€0:||0"—0]|<5 0’€0:||0"—0)|<5
< Ey ® Eg- sup [ho.00(0) — 0o (6)]
0'cO:||0—0"||<s

This concludes the proof. [

We are now ready to state and prove that the convergence to the contrast function ¢ holds uniformly
in 6.

Proposition 5.3.7 (Uniform convergence to ¢). Assume that Assumptions 5—10 hold and © is compact.
Then, we have:

lim sup‘|Tn|71€n,w(9) - 5(9)‘ =0 Pp-a.s.
Proof. [We mimic the proof of [CMRO05, Proposition 12.3.7].] As O is compact, it is sufficient to prove
that for every 6 € O:
T 00 (0) — z(a)‘ —0 Py-as. (5.30)

lim sup lim sup sup ’|
0—0 n—oo §'€0:|6’—0|<d
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As this claim is not proven in the proof of [CMRO05, Proposition 12.3.7], we give a short proof. Indeed,
assume that (5.30) holds for all # € ©. Let ¢ > 0. By Proposition 5.3.6, the function ¢ is continuous,
and thus uniformly continuous as © is compact. In particular, there exists § > 0 such that for all
0,0" € ©, we have that |0 — 6’| < ¢ implies |£(0) — £(0")| < e. For every 6 € O, let dy9 € (0,9) be such
that limsup,, .. SUDgrce.|o/—g|<s, || Tnl " n,z (") — 5(9)’ < e. As Ugea{t : ||/ — 0| < do} is an open
cover of © and as © is compact, there exists a finite subset {#; : 1 < j < m} of © with m > 1 such

that © = UL {0 : [|6" — 0;]| < dp,}. Note that for n large enough, for all 1 < j < m, we have that

SUPy e 100, | <5, ’\anlfn,x(@/) - €(9j)‘ < e. Thus, for n large enough, we have:

sup‘\Tn|_1€n7w(9) - 5(9)’ <&+ max Sup
IC) 1Sism gre:]|0—0,]|<do,

[T |~ 0, (07) — £(0;)] < 2e.

This being true for all ¢ > 0, we get that the statement in the proposition holds.
We now prove (5.30). Fix some 6 € ©. By Proposition 5.3.5, remind that lim,, . |T7,| 714, (0) = €(0)
Py«-a.s. Using this fact, we get:
limsup  sup || T| " a(6) — €06)

n—oo 0/€@:||0—0|<s

—limsup sup ||l (6) = |Ta] 00 (0)] (5.31)
n—oo §'€O:||0’—0||<s§

Using (5.27), for any k > 1, we get that (5.31) is Py+-a.s. bounded by:

2lim sup sup T, |~
n—oo 6/€O:|'—0||<s

gn,m(al) - Z hu,k,x(a/)

u€Tp \Tx 1
+ limsup |T;,|~* Z sup o e, (07) — hu,k,r(g)‘

n—o0 wET \Th_1 0'€O:||0’—0|<s
pkfl

< 2 + lim sup ‘Tn|71 Z sup hu,k,w(el) - hu,k,w(e)’
1—-p n—o0 WETIN T 0'cO:)|0'—0||<5
pkfl

=22 | E, @k sup ’ham(a’) - ha,m(e)’ (5.32)
1-p 9'cO:(|0'—0]| <5
pkfl

< A — 4By @B | s [howe(t) ~how(0)]]
1-p 9'cO:]|0'—0|| <5

where we used Lemma 5.2.11 for ergodic convergence (with L?(Py«) boundedness given by (5.21)) in the
equality, and we used (5.20) (with Proposition 5.3.4) in the second inequality. Then, letting k — oo
in the upper bound of (5.32) (note that (5.31) does not depend on k), and then letting § — 0 with
Proposition 5.3.6, we get that (5.30) holds. This concludes the proof. O

Remark 5.3.8 (Uniform convergence for the log-likelihood with general initial condition). Let v be a
probability distribution on X such that sup, | [ go(z, Ys)v(dx)| is finite Pg«-a.s. The uniform convergence
of |T,,|~14,,..(0) to £(6) still holds when modifying the definition of the log-likelihood ¢,, ,.(6) of the HMT
to replace the Dirac mass é, by v for the distribution of the root hidden variable X5. When v is
the stationary distribution 7y associated to gg, uniform convergence holds without this extra regularity
assumption by conditioning on the state of the root’s parent X s) instead (which allows to replace
hy,0,2(0) = go(x,Ys) in (5.27) by hy1,(0) := log [, Ho1,+(0) v(dx) for which supgy [hs 1, (0)] is finite by
an immediate adaptation of (5.21)).

5.3.4 Identifiability and strong consistency

In this subsection, we prove the strong consistency of the MLE. We must first study the identifiability
of the parameter of the HMT model. We start with a definition of equivalent parameters.
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Definition 5.3.9 (Equivalent parameters). We say that two parameters 6,0 € © are equivalent if they
define the same distribution for the process (Yy,u € T), i.e. Po(Y € -) =Py (Y € -).

Note that by Kolmogorov’s extension theorem, 6 and 6’ are equivalent if and only if they define the
same law on every finite tree T}, i.e. for (Y,,u € T,,).
The following proposition characterizes global maxima of the contrast function /.

Proposition 5.3.10 (Global maxima of the contrast function ¢). Assume that Assumptions 5-9 hold.
Then a parameter 8 € © is a global mazimum of ¢ if and only if 0 is equivalent to 6*.

We get as an immediate corollary that 6* is a global maximum of /.

The proof of Proposition 5.3.10, which is postponed to the end of this section, is an adaptation of the
proof of [CMRO05, Theorem 12.4.2]. This adaptation comes from the difference of topology between the
tree and the line.

Remind that the log-likelihood function 6 — £, ,(6) is continuous Py--a.s. under Assumptions 5-8
and 10. Thus, when we further assume that © is compact, we get that the argmax set argmaxgcg 4n,2(6)
is non-empty. The maximum likelihood estimator (MLE) is then defined as the maximizer over © of the
log-likelihood ¢,, ;, that is as the following random variable (which depends on Y7, ):

On,z =0n2(YT,) € argmaxgeg n (). (5.33)

Note that the argmax set in (5.33) is not necessarily unique, in which case we select one parameter ¢
from the argmax set in a measurable manner (which is possible, see [BS96, Proposition 7.33]).

We are now ready to prove the following theorem that states the strong consistency of the MLE for
the HMT model in the stationary case.

Theorem 5.3.11 (Strong consistency of the MLE). Assume that Assumptions 5-10 hold, the contrast
function € has a unique mazimum (which is then located at 0* € © by Proposition 5.3.10) and © is
compact. Then, for any x € X, the MLE énz (defined in (5.33)) converges Py«-a.s. as n — oo to the
true parameter 6* € O, i.e. the MLE is strongly consistent.

Proof. [The proof is a straightforward adaptation of an argument for HMMs in [CMRO05, Section 12.1],
which itself adapts an argument that goes back to [Wal49].|
By definition of ,,, we have that £, (0 n) > Uy, o(8) for every 8 € O©. As the contrast function ¢ has a

unique maximum located at 8%, we have that £(§*) > £(6) for every § € ©, and in particular, £(6*) > ¢(6,,)
for every n € N. Combining those two bounds, we get that:

0 < 0(6%) —£(6,)
<U07) = [Tl 2 () + [Tl ™ 2 (0%) = [Tl o (0) + | Tl 0 (B1) — €(6,)
< 2sup|l(0) — | T~ . (0)],
0co
where the upper bound in the last line goes to zero Py«-a.s. as n — oo by Proposition 5.3.7 as © is
compact. Hence, we get that ¢(6,) — ((6*) Py«-a.s. as n — oco. Consequently, as ¢ is continuous (by

Proposition 5.3.6) and has a unique global maximum located at 8*, and as © is compact, we get that 6,
converges Py«-a.s. to 0* as n — oo. O

We now prove Proposition 5.3.10.

is defined in (5.17). By definition of £(0) (see (5.26))

Proof of Proposition 5.3.10. Remind that h, x () ) (s
(0))ken to hg o (#) (remind Proposition 5.3.4), we have:

and using the L'(Py @ Pp+) convergence of (hg j »

0(6%) — £(0) = Eyy @ Eg+ [hp,00(0") — ho,00(6)]
=[Ey ® Eg- [kll)ngo(ha,k,w(e*) - h@,k,x(e))]
= k]i}r(()lo Ey ® Eg« [ha)k,w(e*) — ha,kw(e)] .
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Figure 5.5 — Illustration of the “past” subtree A*(T(u,m),k) of the block subtree T'(u,m) for m = 1,
u =12 and k = 1. The block subtrees are circled w1th blue hneb and the block subtree T'(12,1) is circled
a second time with a red line. The vertices in green are those in A*(T(lQ7 1),1). Note the difference with
A, K'), e.g. vertex 111 is in A*(7°(12,1),1) but not in A*(12,2), and vertex 21 is in A*(121,3) but not
in A*(T(12,1),1).

Remind that H,  ,(0) is defined in (5.16). Then, write:

Ha,k,x(e*)

Eo (0o k,2(0") — Do k.0 (0)] = Eu [EG* {EG* {log Hoke(0)

‘ YA*(B,k)vka(a) = ZL’:|:|:| 5 (534)

where the inner expectation is on Y conditionally on X,k 5) = x and Ya-(o 1) (and thus also implicitly
on U as A*(0,k) = Aj;(0,k)). Recalling from (5.16) that Hp j , () is the conditional density of Yy given
Ya+(o,k) and Xprg) = @, we see that the inner (conditional) expectation in the right hand side is a
Kullback-Leibler divergence and thus is non-negative. Hence, the two outer expectations and the limit
£(0%) — £(0) as k — oo are non-negative as well, and thus 6* is a global maximum of £.

Remark that if 0 is equivalent to 6*, then as the process (Y,,,u € T) is stationary and has same law
under both parameters, the roles of * and 6 can be swapped in the argument above, and thus we get
£(0) = £(0*). Hence, any 6 equivalent to 6* is a global maximum of £.

We now turn to prove that any global maximum 6 € © of ¢ is equivalent to 6*.

Remind that we use the letter p to denote (possibly conditional) densities of random variables,
e.g. po(Yu |Yar(ur), Xpk(u) = ) denotes the conditional density (w.r.t. the measure p defined in As-
sumption 6-(i)) under the parameter ¢ of Y, conditionally on Ya«(yx) and Xpr,) = z. Note that
Po(Yu € | Yar(uk)s Xpk(u) = *) denotes the distribution under the parameter ¢ of Y, conditionally on
YA*(u,k) and ka(u) =2x.

We first need a variant of the convergence in Proposition 5.3.4 where instead of considering one vertex
w as in hy, ; (0) we consider a whole subtree T°°(u, m) for any m > 1 (this can be seen as a convergence
by block). To this end, we need to define an analogue of the breadth-first-search order relation < on
T for subtree blocks of the form T°°(u,m). Let m > 1 be fixed. For w,v € T with h(u) = h(v)
mod m + 1, we write T°°(u,m) < T°°(v,m) if u < v (informally, “T"*°(u,m) is above or on the left of
T°°(v,m)”). Note that the modulo congruence is there to insure the collection of block subtrees T (u, m)
with h(u) = h(9) mod m+1 form a partition (i.e. a cover with non-overlapping subsets) of 7°° (this still
holds for any other class of congruence mod m + 1). Also note that in this congruence we have m + 1
and not m, because any subtree T (u,m) (e.g. T,, = T°°(9,m)) spans over m + 1 different generations
(remind that h(9) = 0). We can then define the analogue of the subset A*(u, k) for subtree blocks, that
is, for all w € T*° and k € N, we define:

A" (T (u,m) U{T v,m) :v € A"(u,k(m + 1)) such that h(v) = h(u) mod m+1}.
See Figure 5.5 for an illustration of the “past” subtree A*(T'(u,m),k) of the block subtree T'(u,m).

(Informally, “the subset A*(T'(u,m), k) is the union of the subtree blocks (with height m) above and on
the left of T'(u,m) up to k block generations”. Note that we will not need to understand in details the
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geometry of the subset A*(T'(u,m), k), we only need to remember that all its vertices are upstream of
the edge (p(u),u), and we will then use the Markov property.) Remind that T°°(9, m) = T,. Then, a
straightforward adaptation of Lemma 5.3.3, and Propositions 5.3.4 and 5.3.5 to a decomposition of the
log-likelihood into non-overlapping subtrees of height m instead of single vertices (see Section 5.C for
detailed proofs of those adaptations) give us for all § € ©, z € X and m € N*:

k-h—>12<; Eu ® Eg* [logpg(YTm | YA*(Tm,k)a ka(m,+1)(8) = x)} = |Tm| f(@) (5.35)

Let U™ = (U(j))1<j<oo be a sequence of independent random variables with Bernoulli distribution of
parameter 1/2 (note that U™ can be seen as a random forward spine), which is independent of &/ and of
the HMT process (X,Y). For all n € N*, define the random vertex U, as the unique vertex in G,, whose
path from & is encoded by U(1.,) in Neveu’s notation. For all n € N, define the deterministic vertex
U_, = p"(9). Note that 0 = Uy and that U,_; is the parent vertex of U, for all n € Z. Moreover,
using a similar argument as in Remark 5.3.1, note that for any m, k € N, the sequence of random shapes
(Sh(A(T*°(Uy, m), k)))nez is stationary.

Now, pick 6 € O such that £(f) = £(0*). Thus for any positive integer n < m, we have:

0= [T] (4(67) - £(6))

= hm ]EZ/[ ® ]Eg*

k—o0

log

po(YT,,

Po+ (Y1, | YA (1(0.m) k) Xprm+1) (5) = T)
YA*(T(a,m),k)7ka(m+1)(a) = m)

1
k—o0 08

P (YT m) | YA* (T(8,m) k) Xprm+1) (9) = T)
oY1) | YA (T(0,m) k)5 Xph(m+1) (9) = T)

+Eu ® Eg* IOg

por (YT, \T(U,_n,n) | YA* (T(0,m) 1) UT(U s ,0) s Xprmt1) (5) = T)
PoO(Y T, \T (U ) | YA (1(0,m) k) UT (U m)» Xprm+1) (5) = )

> limsup Ey ® Eg+

k—o0

log

P (YT m) | YA* (7(8,m) k) Xpr(m+1)(9) = T)
oY1) | YA (T(0,m) k)5 Xprmin) (5) = T)

Do~ (YTH | YA*(T(Uf'"Hrvum))k)’ ka(erl) (U—man)

= limsup Ey ® Eg«

k—o0

log

=) 5.36
—. (5.36)
where the inequality follows by noting that the second term is non-negative as an expectation of a
(conditional) Kullback-Leibler divergence (using an argument similar as for (5.34) above), and the last
equality follows by using stationarity of the HMT process (X,Y’), of the spinal process (Uy,)nez, and of
the shape process (Sh(A(T*°(U,,m), k)))necz. Note that the term in the lower bound is also non-negative
as an expectation of a (conditional) Kullback-Leibler divergence.
Let n € N be fixed. Now, we define for all § € © and m, k € N*:

Po(YT, | YA (T(U_ i m) ks Xpkmt D (U_ i)

Wi (0) = log po (Y, | Yas(1(_,..mtn).k)s Xprtmintn(w_,,) = T)s
and W(8) =logpe(YrT,). (5.37)

Note that log pe(YT,) is well defined using an integral expression similar to (5.5) along Assumptions 6
and 7 and the comment on 7y after Lemma 5.2.3. From (5.36), we deduce that (where m in (5.37) and
(5.38) below corresponds to m — n in (5.36)):

Vm € N*, klim Ey ® Eg« [Wm,k(o*) — Wm7k(0)] =0. (5.38)
s— 00

Hence, we have managed to insert a gap between the variables (Y,,v € T,,) whose density we examine
and the variables (Y,,v € A*(T(U_y,, m +n), k)) and X rem+nt1)(_,,) that appear in the conditioning.
Remark that the following fact illustrates the gap between the variables: ifu € T;, andv € A*(T(U_,,, m+
n), k), then the most recent common ancestor u A v of v and v has height h(u A v) < —m, that is u A v is
an ancestor of U_,,. See Figure 5.6 for a graphical illustration of this gap.
The idea is now to let this gap tend to infinity to show that in the limit the conditioning has no effect.
Our next goal is thus to prove that:
lim sup|Ey @ Ege [Wy, 4(0%) — Wi 4(0)] — Eox [W(0%) — W (0)] ‘ —0. (5.39)
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U77n,7k(m,+77,+1)

AN(T(U_pm,m+n), k)

Figure 5.6 — Illustration of the gap in (5.38) between the variables (Y,,v € T},) (bottom triangle in blue)
and the variables (V,,v € A*(T(U_yn, m +n),k)) and X kemt+nn ) that appear in the conditioning
(top partial triangle in red). Note that the two groups of variables are separated by the path from
U_m—1=p(U_p) to & = Uy, which is of length m + 1.

Combining (5.39) with (5.38), it is clear that if § € © is such that £(6) = ¢(6*), then we have that
Eg«[log[pe~ (Y1,)/po(YT,)]] = 0, that is, the Kullback-Leibler divergence between the |T},|-dimensional
densities pg« (Yr,) and pg(Yr,) is null. This implies, by the information inequality, that these densities
coincide except on a set with pu®/T»|l-measure zero, so that the T),-marginal laws of Py« and Py agree.
Because n was arbitrary, we find that 6* and 6 are equivalent.

What remains to do to complete the proof is thus to prove (5.39). Remind the definition of W,, 1 (6)
and W(0) in (5.37). Obviously, it is enough to prove that for all § € ©, we have:

lim Ey @ Eg« [sup |W,, 1 (0) — W(0)|| =0. (5.40)
eN

m—r 00 k

Let 6 € © be fixed. To prove that (5.40) holds for 8, we write (remind the discussion above on the gap
between variables):

exp(Wim,k(0)) = po(Yr, | Yar(r_,..m+n).k)s Xprimintnw_,,) = T)
:/ Po(Yr, | Xp@) = Tp(0)) Q' (2, dzp(a))
XXX
xPo(Xvu_,, €dzy_,, | Yar(r_,.,mtn).k) Xprkmintn(w_,.) = T),

and

exp(W(0)) = po(Y1,) = / po(Yr, | Xp(0) = Tp(e)) Qf " (wu_,, s dap(a))mo(day_,,),
XXX

where remind from Lemma 5.2.3 that 7y is the stationary distribution of the process (X, v € T°) with
transition kernel Qg (that is, under the distribution Py). Note that we have the upper bound (remind
that b™ is defined in Assumption 8):

po(Yr, | Xp(0) = p(a)) = /XT 1T %@ow) 2u)ge(@a, Yu) A(dz,) < (7)1 (5.41)
" u€eT,

Thus, as Assumptions 6 and 7 hold, applying the uniform geometric bound from Lemma 5.2.3 to the
Markov chain (XU]. )jeZ with transition kernel Qg, we obtain Pg«-a.s. :

Sup|po (Y, | Yar (10 mtn) ) Xpemen s ur_,,) = ) = po(Vr, )| < T —em)ymt (5.42)
S
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Moreover, as we have the lower bound:

pG(YTn Xp(a) = mp(a)) = /T H q@(xp(u)vxu)ge(xuaYu))\(dmu)

ueT,
> TT o b~ (va), (5.43)

this implies that pp (Y, | Ya+(1(U_ .., m4n)k)s Xpktmtntn @,y = @) and pg(Yr, ) both obey the same lower
bound. This lower bound combined with the observation that b~ (Y,) > 0 for all u € T;, (which follows
from Assumption 7-(ii)), and the bound |log(z) — log(y)| < |x — y|/x Ay, (5.42) shows that:

Py @ Pys-a.s. lim sup|W,, x(8) — W(6)| = 0.

m—r00 keN

Using the bounds (5.41) and (5.43) with Assumptions 7 and 8-(ii), we get:

Ey @ Eg« | sup sup |Wp, (0)]| < oco.
mEN* keN
Hence, as this expectation is finite, (5.40) follows from dominated convergence. This concludes the
proof. O

5.4 Asymptotic normality of the MLE

In this section, we prove that the MLE for the HMT has asymptotic normal fluctuations. We keep
the assumptions used in Section 5.3. This section is divided in two parts: we first prove the asymptotic
normality of the score, and then we prove a strong law of large numbers for the observed information.
Together with the strong consistency, those two results imply the asymptotic normality of the MLE.

We will need the following assumption for existence and regularity of the gradient and Hessian of the
transition kernels. Remind that Py denotes the stationary probability distribution under the parameter
6 € © of the HMT process (X,Y), and by Ey the corresponding expectation. Also remind that the
measures A and p are defined in Assumption 6. We denote by Vg and Vg, respectively, the gradient and
Hessian operator w.r.t. the parameter § € ©. With a slight abuse of notations, we denote by || - || the
euclidean norm on either R% or R%*¢,

Assumption 11 (Regularity of the gradient, [CMRO05, Assumption 12.5.1]). There exists an open (for
the trace topology on © C RY) neighborhood O = {0 € © : ||0 — 0*|| < do} of 6* such that the following
hold.
(i) For all (z,2') € X x X and all y € Y, the functions 0 — qg(z,2') and 0 — go(z,y) are twice
continuously differentiable on O.

(i) We have:

supsup [[Vologap(e,a')| < oo,  and  supsup||[V3log gp(,a’)| < oo,
€O x,x’ 0€0 z,z’

(iii) We have:

Eg- |supsup ||Vglog go(z, Ya)|*| < oo, and  Eg- [supsup ||V logge(z, Ya)||| < .
0cO =z 0cO =z
(iv) For p-almost all y € Y, there exists a function f, : X — Ry in L*(\) such that we have
SupPgeo 9o (e,y) < fy(@)-
(v) For M-almost all x € X, there exist functions fl : X — Ry and f2: X — Ry in L'(u) such that
supgeo [ Voge (@, y)ll < £ (y) and supgeo [IViga(x, y)| < f2(v).

These assumptions insures that the log-likelihood /,, , is twice continuously differentiable, and that
the score function Vgl, .(0) and the observed information —V3zl, ,(0) exist and are in L?(Py«) and
L!(PPy.), respectively.
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5.4.1 Asymptotic normality of the score

In this subsection, we prove the asymptotic normality of the score under the true parameter 6*. Note
that the score function can be written for all n € N and x € X as:

0) = Z Vi log [/ 96(Xu, Yu) Po(Xy € dy | Yax (u,h(u)), Xo = 2) |
ue”T,

and Vgl ,(0) is implicitly a function of Y7, .

Decomposition of the score as a sum of increments

Remind that for u € T, the subtrees A*(u, k) and A(u, k) are defined in Section 5.2.4 for k < h(u)
(with A*(u) = A*(u, h(u)) and A(u) = A(u, h(u))) and the random subtrees A*(u, k) and A(u, k) are
defined in Section 5.3.1 for k > h(u). Also remind that we use the letter p to denote (possibly conditional)
probability density, and in particular remind that pg(Ya | Xo = zg) for any subtree A C T with root 0
is defined in (5.15) in Section 5.3.1 (with the convention py(Yy | Xs = z9) = 1). Using (5.16) and (5.17)
in Section 5.3.1, note that for any u € T and x € X', we have:

hy nu),(8) = 1og pe(Yaw) | Xo = z) —logpe(Yax(u) | Xo = x). (5.44)

Using elementary computation along with permutations of the integral and the gradient operator
which are valid under Assumption 11 (note that this result is also known as Fisher identity, see [CMRO5,
Proposition 10.1.6]), we get:

Vologpo(Yaw) | Xo = x)

= Vyloggs(z,Ys) + Eg Z 0(Xp(v), Xo, Yo) | Ya), Xo =z | , (5.45)
veA(u)\{0}
where
po(a', x,y) = Vglog|qe(z', z)go(x,y)]. (5.46)

Note that under Assumption 11, ||¢o(Xp(v), Xv,Ys)|| is upper bounded by a square integrable function
of Y, (which does not depend on ), and ¢ (Xp(v), Xv,Ys) is thus integrable conditionally on Y(,) and
X9 = x. Also note that Vylog go(x,Ys) is Pyps-a.s. finite by Assumption 11-(iii).

Combining those two equations with (5.18) in Section 5.3.1, we can express the score function as:

Voln,(0) = Vologge(z,Ys) + Z Eq Z B0(Xp(v)s Xv, Yo) |[Yaw), Xo =
ueT} A(u \{9}

- Zﬂi@ Z D0(Xp(w)» Xo, Yo)|Yar ), Xo = x

ueTrx *(w)\{0}

We want to express the score function V¢, ,(#) as a sum of increments (conditional scores) in order
to apply a convergence result for the normalized score. To this end, define for every w € T, k € N and
x € X, the function hy, j () by hy 0.2(0) = Veloggs(z,Y,) if k=0, and otherwise by:

Dok (60) = Eg > D0(Xpw) X, Yo) | Yacuk)s Xpk(u) = &
vEA (u,k)\{p*(u)}

— g Z ¢9(Xp(v)a XU7 Yv) YA*(u,k)a ka(u) =
vEA* (u,k)\{p*(u)}

Note that I, ;. (#) is well defined as A(u, k) is finite and as ¢ (Xp(v)s Xo, Yy) is integrable conditionally
on Ya«(uk) and Xpr,) = @ under Assumption 11 (see the comment after (5.46)). Also note that
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Dy k.2 (0) is the gradient w.r.t. 6 of h, . (#) defined in (5.17) (see (5.44) and (5.45) for the case k = h(u)).
Furthermore, note that hy () is a function of Y4(,x) with an implicit dependence on U through
A(u, k), and that h, 4 ,(8) does not depend on U is k < h(u).

Using the increment functions h,, x ,(#), we can rewrite the score function as:

Volna(0) = > Dun(u).a(0)- (5.47)

ueT,

Construction of score increments with infinite past

Our goal is to let K — oo as before to get a limit function huoo We now proceed to construct huoO
First, we rewrite hy, x () (which is in L?(Py ® Py«) by Assumption 11), as:

hu,k,x(e) = E0[¢9(Xp(u)7 Xlu Yu) |YA(u,k)7 ka(u) = LL’]

+ Z <E9 [Qbe (Xp('u)7 X’UJ Y’U) | YA(u,k)a Xp’“ (u) = l’]
vEA* (u,k)\{p* (u)}

—Eo[po(Xpw)s Xos Yo) [ Yar k) Xpru) = »ﬂ) (5.48)

We will need the following lemma that states a coupling bound that works “backwards in time”, or
rather along the path between a vertex v and the newly observed vertex w. Remind from (5.12) on
page 129 that A(u, k) is a random subtree of the deterministic subtree T°°(p*(u), k).

Lemma 5.4.1 (Total variation bound “backwards in time”). Assume that Assumptions 6-7 hold. Let
keN*, 2 € X andu €T, and let v € T (p*(u), k) \ {u}. Then, we have:

[Po(Xo € | Ya(umy Xpr(uy = 2) — Po(Xy € - | Yar(ui), Xpr(uy = 7)]| gy < p0 71

The proof of Lemma 5.4.1, which is postponed to Section 5.B, relies on a “backward in time” bound
from p(u) to uAv and then a “forward in time” bound from u A v to v, and using the initial distributions
Po(Xpeu) € | Ya, Xpr(w) = ) with A equal to A(u, k) and A*(u, k), respectively. Note that this proof is
similar to the proofs for Lemma 5.3.2 and [CMRO05, Proposition 12.5.4].

The following lemma gives an L2-bound on the difference between hukm(H) and hu’k/,m/(G) with a
geometric decay. As we will reuse this result later with different functions, we state a more general
version.

Note that the condition p < 1/4/2 on the mixing rate p of the HMT process (X,Y) is due to the
coupling bounds and the grouping of terms used in the proof of Lemma 5.4.2 (the upper bounds at the
end of the proof only add a constant multiplicative factor). See the discussion in Remark 5.1.5.

Lemma 5.4.2. Assume that Assumptions 5-8. Further assume that p < 1//2.

Let ©q be a closed ball in ©, and let b be a Borel function from Oy x X? x Y to R¢ for some d € N
such that for all x,2’ € X andy € Y, 0 — (0, z,2',y) = vg(x,2',y) is a continuous function on Oy.
Furthermore, assume that there exists b € [1,4+00) such that:

£y [sup sup we(x,x',ya)nb] < co.
0€Oy z,x'€X

Let &, 1.+(0) be defined as in (5.48) (with hukm(ﬂ) and ¢g replaced by &, 1,2 (0) and 1y, respectively), and

note that it is in L°(Py ® Py.). Then, there exists a finite constant C < oo such that for all u € T and
k' >k >1, we have:

1/b
(EZ/{ & E@* |:Sup sup ”gukz(e) - gu,k/,z’(a)lb:|)

0€0p z,x’'€X

1/b
<C <Eg* [Sup sup |[ve(z, 2, Y3)||b}> k (max(p, 2p2))k/2.
0€0y z,x'€X
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As a consequence of Lemma 5.4.2, for all u € T and x € X, the sequence of function (&, x +(6))nen
converges in L*(Py @ Pp+) to some limit function &, () which does not depend on x. Moreover, the
bound in Lemma 5.4.2 still holds when &, x/ .+ (6) is replaced by &, 00 (6).

~ For the particular choice of 19 = ¢y, under Assumptions-5-8 and 11, for all u € T, we denote by
hy, o () the limit function of the sequence (hy k. (6))nen (for all z € X) which is in L?(Py @ Pp-+).

As an immediate corollary of Lemma 5.4.2, there exists a finite constant €’ < oo such that for all
€ X,u € T*and k > 1, we have that (Ey@Eg- [sup,c x [|€uk.2(0)]|°]) /" < Egr [supyer |Eun.o(0)]1P]) 0+
C’ < o0, (note that by stationarity, Eg«[sup,cy [|€u1,2(0)]|*])/" = Eg« [sup,cr [|€0,1.2(0)]|°])/® for any
other v € T™). Hence, we get:

1/b
Sup sup sup (Eu ® Eg- [sup §u’k’w(9)||b]> < oo. (5.49)
9O ueT k>1 zEX

Proof. We mimic the scheme of the proof of [CMR05, Lemma 12.5.3].
Let w € T and ¥’ > k > 1 be fixed. The idea of the proof is to match, for each vertex index v of the
sums expressing &, k- (0) and &, o (#), pairs of terms that are close. To be more precise, we match:

1. For v close to u,
Eg [0 (Xp(w)s Xos Yo) | Ya(u,k), Xpk ) = 2]
and

Eg 10 (Xpw)s Xos Yo) | Ya(urys Xpw (uy = 2],

and similarly for the corresponding terms with A(u, k) and A(u,k’) replaced by A*(u,k) and
A" (u, k), respectively;

2. For v far from u,
Eo[1o(Xpw), Xos Yo) [ Ya(uk)s Xpk () = 7]
and
Eo[1o(Xp(w)s Xos Yo) [ Yar k) Xpru) = 2,
and similarly for the corresponding terms with k¥ and x replaced by k' and ', respectively.

Remind from (5.12) on page 129 that A(u, k) C T°°(p*(u), k) and that the subtree A(u, k) is random
while the subtree 7°°(p*(u), k) is deterministic. Let (x,2') € X x X and let v € T°°(p*(u), k) \ {p*(u)},
which implies that p(v) € A(u, k).

We start with the first kind of matches. Using the Markov property (remind (5.2)), we have:

HEG [w@(Xp(v); X’uaYv) | YA(u,k)a ka(u) = x] —[Eq [1/)9 (Xp(v)7 Xo, Yv) | YA(u,k’)a ka/(u) = xl] H

= H/XS ¢9($P(’U)7xv7Yv)P0(XU S dl‘v |YA(U,]€)OT(U), Xp(v) — 'rp(v))
XPQ(XP(U) S dl'p(v) |YA(u7k)7ka(u) — ‘rpl"’(u))

X [(Sg;(dfl;pk(u)) — Pg(ka(u) S d{Epk(u) |Y&(u,k’)7 ka’(u) = :L‘/)]

<2 sup ||1/)9(x17x2,Yv)||pd(”’pk(“))_l, (5.50)

T1,22€X

where the inequality is obtained using Lemma 5.3.2 (note that d(p(v), p*(u)) = d(v,p¥(u))—1). Note that
this upper bound is a.s. finite as sup,, ,,cx [|¢o(x1, 22,Y,)| is in L?(Py ® Pg+) by assumption (remind
that the HMT process (X,Y) is stationary by Assumption 5). For v # wu, note that this bound remains
valid if A(u, k) and A(u, k') are replaced by A*(u, k) and A*(u, k'), respectively. Obviously, this bound
is small if v is far away from p*(u) (remind that & is fixed).

We now give a bound for the second kind of matches. Assume that v # u. If v is not an ancestor of
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u (then d(u,v) = d(u,p(v)) + 1), using the Markov property (remind (5.2)) and Lemma 5.4.1, we get:
| Eo[vo(Xp(w)> Xv: Yo) | Yaquk)y: Xpk) = 2] — Eo[to(Xp(), Xos Yo) | Yar (uh)> Xpk ) = 2|

N H/xs Yo(Tp(v) oy Yo) Po(Xo € A2y | Ya(umnr(v)s Xpw) = Zp))

x [Po(Xp(w) € dep(u) | Yaqu k) Xprw) = 7) = Po(Xpw) € dTp(w) [ Yar k) Xprw) = )] H

<2sup  sup |[wp(r, w2, V)| pH0) 72,
0€©g 1,x2€X

If v is an ancestor of w (then d(u,p(v)) = d(u,v) + 1), using the Markov property (remind (5.2)) and
Lemma 5.4.1, we get:

|[Eo v (Xp()s Xo: Yo) | Yacumys Xprw) = 2] = Eoltoo(Xp(w), Xos Yo) [ Yar (up)s Xpr(u) = 2|

= ' /X3 Yo (Tp(v), T, Yo) Po(Xpw) € drp) | Ya(ur\T(w) Xo = o)

<2sup  sup |[[¢p(x1, w2, V)| po0)
0€©g T1,x2€X

X [PQ(XU € dx, |YA(u7k)7ka(u) = 17) - ]P)g(XU € dz, | YA*(u,k)aka(u) = I)] H

In both cases, we get:

ot (Xp(0), Xos Yo) | Yacum)s Xprw) = 2] = Eoltoo(Xp(u), Xo, Yo) [ Yar (up) Xpr(u) = ]|

<2sup sup |[o(z1, w2, Yy)| p? V72 (5.51)
€@y z1,2€X

Note that the same bound remain valid for the corresponding terms with k and z replaced by k¥’ and x/,
respectively, and with v € A(u, k') \ {p* (u)} instead of v € A(u, k) \ {p¥(u)}. This bound is small if v
is far away from wu.

Remind from (5.12) on page 129 that A(u, k) C T°°(p*(u), k) and as k' > k note that:
Au, K\ Aluy k) C T (0 (u), )\ T (0" (u), k).

For a vertex v € T (p¥(u), k) \ {p*(u)} (note that u A v € T°(pF(u))), note that the term plvp* ()1
is smaller than p®(**)=2 whenever d(v, p*(u)) > d(u,v) — 1, that is when d(u A v,p*(u)) > d(u A v,u),
that is when d(u A v, u) < k/2.

Combining those facts with the bounds (5.50) and (5.51), and using Minkowski’s inequality for the
Lb-norm, we find that (Ey ® Eg« [suppco, SUP, wex [1uka(0) — Eur o (0)]°] )1/® is upper bounded by:

4 Z pd(mpk(U))—l +4 Z pd(u7v)—27 (5.52)
vET (plh/2) (u),|k/2]) veT> (p*' (u),k)\T> (plF/2] (u),|k/2])

up to the factor (Eg« [supyce, SUP,, myex 1V6(21, 22, YU)Hb])l/b (remind that the process (Y, u € T*) is
stationary under Assumption 5). Denote by A; and As respectively the first and second terms in (5.52).
We are going to reindex those sums by j := d(u,u A v) and ¢ := d(u A v,v) with ¢ < j. Note that if
q > 0, then the first vertex after u A v = p?(u) on the path from u to v cannot be p?~!(u) and must be
the other children of p/(u). Thus, there are 29=1 choices of v with the same coding (j,¢q) with 0 < ¢ < j.
Hence, we get:

Lk/2]

J K’ J
A =4 Z prIi-1 <1+22q_1p‘1> and As =14 Z o2 (1—1—22‘1_1,0‘1) .
j=0 g=1 q=1

j=lk/2]+1

Remark that there exists a finite constant C' < oo (which depends on the value of p) such that for all
j € N* we have (14327, 297"p?) < C'max(j, (2p)’) and 372, gp? < Cp’. Hence, there exists a finite
constant G’ < oo (which depends only on the value of p) such that (remind that p < 1/v/2):

e (kpk/2 + (sz)k/2) and Ay < O (pk/2 + (sz)k/Q) . (5.53)
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Combining (5.52) and (5.53), we get that the bound in the lemma holds. This concludes the proof of the
lemma. O
Asymptotic normality of the score

Define the limiting Fisher information as:
T(6%) = By @ Eo- [fig,o0 (9" )ho,0 (0°)'] (5.54)

where we see hp o (0*) as a column vector.
For the asymptotic normality of the score, we need the following extra regularity assumption of the
gradient.

Assumption 12 (L* gradient regularity). In addition to Assumption 11, we have:
Eg+ |sup sup ||Vglog go(z, Ya)|*| < oo.
e xeX

We are now ready to prove the following theorem stating the asymptotic normality of the normalized
score towards a centered Gaussian random variable whose variance is the limiting Fisher information.
Note that the condition p < 1/4/2 on the mixing rate p of the HMT process (X,Y) comes from the use
of Lemma 5.4.2 in the proof of this theorem. See the discussion in Remark 5.1.5 for comments on this
condition on p.

Theorem 5.4.3 (Asymptotic normality of the normalized score). Assume that Assumptions 5-8 and
11-12 hold with 6* € © given. Further assume that p < 1/v/2. Then, for all x € X, we have:

‘TTL|_1/2 v9€n,w(e*) @) N(O,I(e*)) under Pg*,

n—oo

where N'(0, M) denotes the centered Gaussian distribution with covariance matriz M, and Z(0*) is the
limiting Fisher information defined in (5.54).

Proof. Step 1: Approximation of the score by the stationary score.
Remind from Lemma 5.2.3 that mp« denotes the invariant distribution for the hidden process X
associated with Qg«. Define the stationary score Vgl r,. (6) as:

Vol my. (6) = / Volono(6) mp- (dz).
X

First, for all z,2’ € X and 6 € O, write:

Volna(0) = Volna () = > ®(0;u,,2"),

ueT}
where:
<I>(0, u,r,T ) E9[¢9( Xuvi/u) ‘ YT 7X3 = I] E9[¢9(Xp(u)7Xua }/u) |YTn7X8 = llfl].

Using Minkowski’s inequality and the upper bound (5.50) from the proof of Lemma 5.4.2, we get:
1/2
(IEQ* [ sup |T | IVolno(0) —vgen,x,(e)QD

T3 €X
5 (50 [ 5w 200,000 D/

1/2
ITI/M* o
2 12 k k 1
<1 (e [ totes 0]
(52 g om oo vl ) i 52

< C'max(n27™", (2p%)™?),

144



5.4. ASYMPTOTIC NORMALITY OF THE MLE

where C' < 0o is some finite constant. Thus (remind that p < 1/v/2), for any x € X, we have:

. 1 * * : 2
nlgxéow(wfn,m(e ) = Volnry. (0 )) —0  in L2(Py). (5.55)

In particular, to prove asymptotic normality for the score Vg, ,(6*) for any = € X, it is enough to prove
asymptotic normality for the stationary score Vgl,, r,. (6*) (see for instance [Bil99b, Theorem 3.1]).
For any u € T and k € N and 6 € O, define:

B e (6) 12/){1'1%1@,9;(9) o+ (dz). (5.56)

In particular, note that, as the bound in Lemma 5.4.2 is uniform in x € X, this bound still holds with
hy k.2(6) replaced by hy g x,. (6). Using (5.47), note that we have:

Vefn,we* (9) = Z hu,h(u),ﬂ'e* (0)

u€Ty,
Moreover, remark that for 6 = 6* and for any u € T and k € N*, we have:

Dy e (0%) = Egr [0+ (Xpu)s Xus Yu) | Yaur)]

+ Z (EG* [¢0* (Xp(v)7 Xo, Yv) | YA(u,k)]
vEA* (u,k)\{p* (u)}

—Eo+[60+ (Xp): Xor Yo) | Yar ) (5.57)

Step 2: The stationary score is a sum of martingale increments.

As T is a plane rooted tree, we can enumerate its vertices in a breadth-first-search manner, that is,
as a sequence (u;);jen which is increasing for <. (Note that up = ¢.) Remind that A(u;_1) = A*(u;) for
all j > 1. Define the filtration F by F; = o(Y, : v € T, v < uj) = 0(Ya(y,)) for all j € N, and note that
Fj Co(Yr). Let j e N*, 1 <k < h(u;), z € X and v € Ya«(y,x)- Note that we have:

Eg+ [Ee*[%* (Xp(0)s Xy Yo) | YA (0] ‘ ]:jfl} = B+ [0+ (Xp), Xos Yo) | Yas(uy,0))-
Also note that Assumption 11 (on page 139) implies that:

Eg [po+ (Xp(uy)s Xuys Yauy) | Xp(uy))

= Vo loglqe(Xp(u,) )90 (2, y)] q0(Xpu,), ) go(x, y) M(dz) u(dy)
XxY

= v yVO[qe(Xp(u]')vx)QG(Ivy)] )\(dfﬂ)ﬂ(dy)

=V, [/ 20 (Xp(u;), )90 (2,y) AM(dx)pu(dy)
XxY
=0.
Thus, we have:
Eg« [Eg* [¢9* (Xp(uj), Xuj , Yuj> | YA(uj,k)] ) ]:j,l}
= Eo+ [0+ (Xp(uy), Xuys Yy ) | Yar (u b))
= Ey- [EG*[‘%* (Xp(uy)> Xuys Yoy ) | Yax uy k) Xp(uy)] ’ YA*(W»k)}

= Eg- [Ea*[%* (Xp(uy)s Xugy Yu ) | Xpeuy)] ‘ YA*(uj,k:):|
= 0’
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where we used the Markov property for the inner expectation in the third equality. Moreover, it is
immediate that hy; g x,.(0%) is F;-measurable for all j € N* and 1 < k < h(j). Hence, we get that

the sequence (huj7h(uj)7ﬂ9* (9*)) is a Pg«-martingale increment sequence adapted to the filtration

JEN*
F = (Fj)jen in L?*(Py+) (thanks to Assumption 11). We are going to apply a central limit theorem for
martingales (see [Dufll, Corollary 2.1.10]). For all n € N, define M,, = Z?:o W, h(u),mee (0F). Note that
Moy = hp gy (0%) = [y Velog ge (x,Ys) mgs (dx) is in L?(Py+) by Assumption 11. Hence, the sequence
(My)nen is a Pg--martingale sequence adapted to the filtration 7 = (F;)jen in L?*(Py), and whose
quadratic variation is:

<M>7l = ZEQ* [huj,h(uj),ﬂ'g* (0*)}.IUj7h(Uj)7779* (0*)t ’ fj—1:|7

Jj=1

where, as in (5.54), we see huj,h(uj)y,,e* (6*) as a column vector. Note that for all n € N, M,, and (M),
do not depend on U.

Step 3: Convergence of the quadratic variation. Before applying the central limit theorem
for martingales, we first need to prove that lim, . n~ (M), = Z(6*) in Py.-probability. Indeed, we
will prove that this convergence holds in L?(Py+). Let k € N* and z € X. Note that for u; € T\
Ti—1 is equivalent to j > |Tj—1| (remind that ug = 9). Using (5.48) along with Assumption 12, we
get that the random variable sup,cy hu’k’w(G*,YA(uyk)) is in L*(Pg~), and thus the random variable
SUp, ¢y hu,kyx(ﬁ*, YA(u7k))hu7k7x(G*, Ya(uk))" is in L?(Pg+) for every u € T'\ Tj,—1. Thus, using (5.56) and
Lemma 5.4.2 (remind that p < 1/4/2) for the first moment (b = 2), there exists a finite constant C' > 0
and « € (0,1) such that we have (remind (5.49)):

n

- 1 X *\ 7. * C|Tk—1|
Eo- ||n "' (Mba== > Eo [ e (0% Yo e (0°)" ’ Fia|| < cak+ —EL (5)
J=1Tk-1]
where remind that || - || denotes the euclidean norm for d x d matrices (or any other norm as they are all

equivalent in finite dimension). To prove that the second term inside the expectation in the left hand side
of (5.58) converges in L?(IPy+) as n — oo, we are going to apply the ergodic convergence Lemma 5.2.12
where the averages are done on the vertex subset {u; : |Tp—1] < j < n}. Note that this lemma is stated
for scalar-valued functions, but we can apply it individually for each of the matrix coefficients to get the
equivalent for matrix-valued functions.

For all uw € T\ T_1, define the function:

Wokw : Ya-up) € VS P Epe [flu,k,xw*;YA(u,k))flu,k;,m(@*;YA(u,k))t YA (uk) = Ya=(uk) |-

For a vertex w in T'\ Tk_1, let v, € G, be the unique vertex that satisfies the shape equality constraint
(5.8) (on page 126), then we have the equality between functions:

\I/u,k,:c = \I]'uu,k,x- (559)

Moreover, using (5.48) along with Assumption 12, we get that huyk’x(ﬁ*,YA(%k)) is in L*(Py), and
thus the random variable W,k o (Ya«(uk)) is in L?(Py.) for every u € T \ Ty_;. Hence, applying
Lemma 5.2.12 to the collection of neighborhood-shape-dependent functions (¥, k4 )veq, (remind that
indexing functions with Gy or with N} is equivalent by (5.9)), and using (5.59) and (5.14) (in Re-
mark 5.3.1), we get that the second term inside the expectation in the left hand side of (5.58) converges
in L2(Pp+) to Eyy @ Eg- [ha,kym(H*)hak,z(@*)t] as n — 0o. Using Lemma 5.4.2, we have that limy_, ., Eyy ®
Eg- [h@7k7$(9*)ha,k7w(0*)t] = Z(6*). Combining those facts with (5.58), we get that lim, o, n= (M), =
Z(6%) in L2(Py-).

Step 4: Lindeberg’s condition holds. We now need to verify that Lindeberg’s condition holds
(see [Dufll, Corollary 2.1.10]), that is, to prove for all € > 0 that lim,,_, F},(1/n) = 0 in Py--probability
where for all n € N* and A € Ry:

Fo(A) = % 3 Ep [
j=1

. 2
Do b ), me (9*)H Ty, (6)||>A} ‘ }-jfl]- (5.60)

joh(ug),mgx
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Remind that by Assumption 12 and Lemma 5.4.2 (remind that p < 1/4/2) for the fourth moment
(b=4), we have:

4
hu,kyz(G*)H ] < 00.

C :=sup sup Ey @ Ey- [sup
ueT keN* TEX

Using Cauchy-Schwarz inequality and Markov inequality, we get:

1 - ]EG* |:SupI€X ‘ hu_7‘7h(u_7‘),:b(9*)
n 4 A2

Jj=1

Eo: [Fa(A)] < | <<

Let ¢ > 0. Then, setting A,, = ey/n for all n € N*, we get that lim,, . Fy,(¢y/n) = 0 in L*(Pp-), and
thus in Py«-probability. Hence, we get that Lindeberg’s condition holds.

Step 5: Applying the central limit theorem for martingales. Hence, we can apply the central
limit theorem for martingales (see [Dufll, Corollary 2.1.10]), which gives us that lim, . n=*M, = 0
Py«-a.s. and that the sequence (nil/QMn)neN* converges in Py«-distribution towards a centered Gaussian
distribution A (0,Z(6*)) whose covariance matrix is Z(6*). In particular, using (5.55), we get that Pp--a.s.
limy, o0 | T 71 Vgl 2 (60%) = 0 and that:

T~/ Voln,(0%) (@, N(0,Z(6%)) under Py-.

n—oo

This concludes the proof of the theorem. O

5.4.2 Law of large number for the normalized observed information

In this subsection, we prove that for all possibly random sequence (0,,),en such that lim,, . 6,, = 6*
Py+«-a.s., then the normalized observed information —n_lvgﬁn,x (0,,) converges Py--a.s. as n — 0o to the
limiting Fisher information matrix Z(6*) which is defined in (5.54).

Remind the definition of the log-likelihood ¢, ,(0) in (5.7) on page 125. We start by decomposing
the Hessian of the log-likelihood ¢, ,,(€) as a sum of increment indexed by the tree T'. Using elementary
computation along with permutations of the integral and the gradient operator which are valid under
Assumption 11 (note that this result is also known as Louis missing information principle, see [CMRO5,
Proposition 10.1.6]), we get for all # € O and z € X:

Viln.a(0) = Vilog(ge(Xa,Y0) + Eo | > ©00(Xp(uy Xu,Ya) | Vi, Xo =

uely

+Var0 Z ¢0(Xp(u)7Xu7Yu) YTn7X8 =],
ueTy
where remind that ¢y is defined in (5.46) on page 140, and g is defined as:
wo(a',x,y) = Vi log(ge (', x)ga(x,y))- (5.61)

Note that similarly to the case of ¢g, the random variale g (Xp(y), Xu, Yu) is integrable conditionally on
YA and Xg = x (see the discussion after (5.46)). Also note that Vgloggs(x,Ys) is Pg--a.s. finite by
Assumption 11-(iii).

Forallu € T, k € N* and x € X, we define:

Au7k7l(9) =Ky Z 909(Xp(v)a Xo, Yv) Y&(u,k)a Xo =1mp
vEA(u,k)\{p*(u)}

_EG Z we(Xp(v)7XU7Yv) Y&*(u,k)aXa =Ty (562)
vEA* (u,k)\{p* (u)}
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and:

Ly k,e(0) = Varg Z 0(Xp(vy> Xvs Yo) | Ya(u,k), Xo = Ta
vEA(u,k)\{p* (u)}

— Vary > Do(Xp(w), Xv, Yo) | Yar k), Xo = o | , (5.63)
v€A* (u,k)\{p*(u)}

where Varg (resp. Covp) denotes the (possibly conditional) variance (resp. covariance) corresponding
to Py @ Pg. Note that Ay k() and Ty .(0) are random variables which depend on Yy (k) with an
implicit dependence on U, and that they do not depend on U if k < h(u).

Then, using telescopic sums involving the quantities defined in (5.62) and (5.63), the Hessian of the
log-likelihood ¢, ,,(6) can be rewritten for all 6 € O and x € X as:

Vilna(0) = V3log(gs(Xa,Y0) + Y Aunw.e(®) + D Tungu.a(0). (5.64)
uely uely

To prove the convergence of the two sums in the right hand side of (5.64), and thus get the conver-
gence of the normalized observed information —n~'V2¢, ,(0), we will need the following L? regularity
assumption on the Hessian of the transition kernel gy of the HMT.

Assumption 13 (L? Hessian regularity). In addition to Assumption 11, assume that we have:

Eg- |sup sup || V3 log go(x, Ya)||?| < oo.
0O =

Propositions 5.4.4 and 5.4.5 below (whose proofs are given in Sections 5.4.2 and 5.4.2, respectively)
state that Ay . (0) and I'y k. (6) both have limits Pps-a.s. and in L?(Py«) when k — oo. Denote those
limits by Ay 0(0) and T’y oo(0), respectively. Furthermore, Propositions 5.4.4 and 5.4.5 also state that
the two sums in the right hand side of (5.64) converge to Ey ® Eg«[Ag.oo(0)] and Ey @ Egs[I's,00(6)],
respectively, with some uniformity in 6 near 6*.

We start with the proposition for the terms A, 5 . (¢). Note that the condition p < 1/ v/2 on the mixing
rate p of the HMT process (X,Y) is due to the use of Lemma 5.4.2 in the proof of Proposition 5.4.4. See
the discussion in Remark 5.1.5 for comments on this condition on p.

Proposition 5.4.4 (Convergence for averages of Ay, i (0)). Assume that Assumptions 5-8, 10-11 and 13
hold. Assume that p < 1/\/2. Then, for each 6 € O, we have that Ay k(0) converges in L?(Py @ Pp+)
to some limit Ay, oo (0) (that does not depend on x) as k — oo. Moreover, we have:

lim Eg. |sup |T | D Aun(w.e(0) — By @ Egx [Ag oo (6%)] || = 0. (5.65)

n—oo
rzeX weT:

Furthermore, the function 8 — Ey @ Eg«[Ag oo ()] is continuous on O, and for all z € X and 6 € O, we
have:

lim lim sup T, Ay nu —Ey ® Eg«[Ag,00(0)]| =0, Pyr-a.s.
6%071—»009,60 6" —0]| <6 | ‘ u;* h( )7 [ ( )]

The following proposition is the equivalent of Proposition 5.4.4 for the terms T’y x (). Note that the
condition p < 1/2 on the mixing rate p of the HMT process (X,Y) is due to the use of Lemma 5.4.17 in
the proof of Proposition 5.4.5. See the discussion in Remark 5.1.5 for comments on this condition on p.

Proposition 5.4.5 (Convergence for the averages of I'y,  ,,(0)). Assume that Assumptions 5-8 and 10-12
hold. Assume that p < 1/2. Then, for each 6 € O, we have that Ty i .(8) converges in L?(Py @ Pp+) to
some limit T'y oo (0) (that does not depend on x) as k — co. Moreover, we have:

lim Eg |sup |T | > Tun(wa(0) = By @ Eos [To,00(67)] || =0. (5.66)

n—oo
zeX weT:
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Furthermore, the function 0 — Ey ® Eg+ g 00 (0)] is continuous on O, and for allx € X and 6 € O, we
have:

lim lim sup |T,,| ! Lunu),e(0) —Ey @ Eg«[To,00(0)]| =0, Pps-a.s.
0=0n=00 gre:||9'—0||<5 3 u; w [ ]

With Propositions 5.4.4 and 5.4.5, we are now ready to prove the following theorem which states
that the normalized observed information —\anlvgen,m(an) converges Py+«-a.s. locally uniformly to the
limiting Fisher information Z(6*) (which is defined in (5.54)). Note that the condition p < 1/2 on the
mixing rate p of the HMT process (X,Y) is inherited from Proposition 5.4.5. See the discussion in
Remark 5.1.5 for comments on this condition on p.

Theorem 5.4.6 (Convergence of the normalized observed information). Assume that Assumptions 5-8
and 10-18 hold. Assume that p < 1/2. Assume that © is compact. Then, for all x € X, we have:

lim lim sup H—T w2y no(0) —Z(0"
6=0n—=00 90 |19— 9*\<6 Tl Vs (9) (")

=0 Py -a.s. (5.67)

As an immediate corollary, for any possibly random sequence (6,,),en such that lim, . 60, = 6*
Py«-a.s. and any 2 € X, we get that Pg«-a.s. lim,,_, —|Tn\_1V§€n,m(9n) = Z(60*). In particular, choosing
0, = énw for all n € N (remind that the MLE énw is defined in (5.33) on page 135), and combining
Theorems 5.3.11 and 5.4.6, we get that the normalized observed information —|7},|~'V2¢,, , (9nl) at the
MLE 6, is a strongly consistent estimator of the Fisher information matrix Z(6*).

Proof. Using (5.64) and Propositions 5.4.4 and 5.4.5, we get that (5.67) holds with Z(8*) replaced by
—Ey @ Egx[Ap 00 (0*) + T'g,00(0*)]. Thus, it remains to prove that this latter quantity is equal to Z(6*).

Using elementary computation along with permutations of the integral and the gradient operator
which are valid under Assumption 11 (note that this result is also known as Fisher information matriz
identity, see [RS18, p.21] or [CMRO05, p.355]), we get for all 6 € O and x € X:

T "  Eo[Voln,o(0)Volno(0)' | Xo=2]=—|T,| " Eg[Vlno(8) | Xo =]
Setting # = 0* and taking the expectation over Xy, we get:
T ™" Eox [Voln,x, (0" )Voln,x,(0*)] = =T, Eg« [Vl x,(0%)]. (5.68)

Using (5.64) on page 148, Propositions 5.4.4 and 5.4.5 give us that the right hand side of (5.68)
converges as n — 00 t0 —Eyy @ Eg«[Ag 00 (0*) + T'o,00(0)].

Remind that using (5.48) along with Assumption 12, we get that hy s . (6%, YA(u,k)) is in L*(Pg+), and
thus the random variable hu,;w(ﬁ YA(u’k))hu kya (07, Ya(ur))" is in L?(Py+) for every u € T\ Ty—1. Thus,
using Lemma 5.4.2 for the first moment (b = 1), there exists a finite constant C' > 0 and « € (0, 1) such
that for any & € N* and « € X', we have:

C|Tk—1]

1
Ege | —— V0£n7Xa(9 )vogn X@ Z hu k, a: u k av(e*) < Cak + |T ‘ ;

|Tn| WET, \Tk—1

(5.69)

where remind that we see huvk’m(Q*) as a column vector. Then, using an ergodic convergence argument
similar to the one used in Step 3 in the proof of Theorem 5.4.3, we get:

1 : : .
lim > huka(0)hu ko (07)" = Ey @ Eoe [ho ko (0 )hora(0%)]  in L*(Pp.).

n— 00 |T |
€T \Tk -1
Using Lemma 5.4.2, we have that limy_,oc Eyy ® Eg« [ha’k’m(Q*)ha,k@(G*)t] = Z(#*). Combining those

facts with (5.69), we get that the left hand side in (5.68) converges to Z(6*) as n — .
Hence, we get Z(0*) = —Ey @ Eg«[Ag,00(0%) 4+ T'g.00(0*)], which concludes the proof. O
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Using Theorems 5.3.11, 5.4.3 and 5.4.6, we can prove the following theorem which states that the
MLE has asymptotic normal fluctuations with covariance matrix Z(6*)~! where the Fisher information
matrix Z(6*) is defined in (5.54) on page 144. Recall that the contrast function ¢ is defined in (5.26) on
page 132, that the MLE énx is defined in (5.33) on page 135, and that the mixing rate p of the HMT
process (X,Y) is defined after Assumption 7 on page 124.

Note that the condition p < 1/2 on the mixing rate p of the HMT process (X,Y") is inherited from
Theorem 5.4.6, and thus from Proposition 5.4.5. See the discussion in Remark 5.1.5 for comments on
this condition on p.

Theorem 5.4.7 (Asymptotic normality of the MLE). Assume that Assumptions 5-13 hold. Assume
that p < 1/2. Further assume that the contrast function £ has a unique mazimum (which is then located
at 0* € © by Proposition 5.3.10) and that © is compact, 0* is an interior point of ©, and the limiting
Fisher information matriz Z(0*) (which is defined in (5.54)) is non-singular. Then, for all x € X, we
have:

T, |12 (é,w —6%) (@, N(0,Z(6*)")  under Po-,

n—oo
where N'(0, M) denotes the centered Gaussian distribution with covariance matriz M.

Proof. The proof is a standard argument and is similar to the proof of [BRR98, Theorem 1]. Remind
that the gradient of £, , vanishes at the MLE 0, , by definition. Thus, using a Taylor expansion for
Vol . around 6%, we get:

1
0= vegn,w(én,w) = vGén,w(a*) + (/ VSEH,I(G* + t(én’w - 9*)) dt> (é”n’v - 9*)7
0

where we see énx and 6* as column vectors. As Z(6*) is non-singular (indeed definite positive), remark
that Theorems 5.3.11 and 5.4.6 insure that Py«-a.s. for n large enough the integrand in the integral of
the above formula is non-singular (indeed definite positive) for all values of ¢, and thus the matrix-valued
integral is non-singular. Thus, from the above equation, we obtain Py«-a.s. for n large enough:

1 —1
T2, — 0%) = (—Tn|1/ V3lno (0 4 t(0nn — 0%)) dt) T, "2V gl 0 (67).
0
As by Theorem 5.3.11, we have that Py«-a.s. lim,,_, énw = #*, using Theorem 5.4.6, we get that the first
factor in the right hand side Py«-a.s. converges to Z(6*) as n — oco. Using Theorem 5.4.3, we get that the
second factor in the right hand side converges Py«-weakly as n — oo to the Gaussian random distribution
N(0,Z(6*)). Hence, using Cramér-Slutsky’s theorem, we get that |T,|'/? (énr —6*) converges Py.-weakly
as n — oo to the Gaussian random distribution A'(0,Z(6*)~1). This concludes the proof. O

Proof of Proposition 5.4.4

We are going to prove a version of Proposition 5.4.4 where the functions ¢y used in (5.62) to define
Ay i,z (0) are replaced by scalar-valued functions, still denoted by ¢y, under more general assumptions.
The extension to matrix-valued functions is then straightforward by applying the result coordinate-wise.

Let ©g be a compact subset of ©, Let O be a closed ball in ©, and let ¢ : Oy x X2 x Y — R be
a Borel function such that for all 2/, € X and y € Y, 0 — (0,2, z,y) = wo(z', z,y) is a continuous
function on ©g, and such that:

Eg- | sup sup |pg(z, 2", Ys)|?| < oo.
0€0g z,x'eX
Let Ay k..(0) be defined as in (5.62) on page 147 and note that it is in L?(Py ® Pg-).
The proof of Proposition 5.4.4 is decomposed into several lemmas.

We start with the following lemma, stating a uniform L?(Py ® Pg+) approximation bound on the
quantities A, . (6), and the existence of a limit function A, o (6) which does not depend on z. This
lemma is an immediate consequence of Lemma 5.4.2 (remind that p < 1/v/2 under the assumptions of
Proposition 5.4.4) for the second moment (b = 2) with 19 = ¢y, see also the discussion after Lemma 5.4.2
for the existence of the limit function.

150
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Lemma 5.4.8. Under the assumptions of Proposition 5.4.4, there exist finite constants C < oo and
a € (0,1) such that for all u € T there exists some function Ny o0 (0) in L*(Py @ Py«) such that for all
k € N*, we have:

1/2
(Eu ® Eg+ [sup sup Ay k,z(0) — Au,oo(e)ﬂ) < Car.
€Oy z,eX

In particular, for allu € T, § € ©g and x € X, the sequence (A, k.. (0))gen+ converges in L? (P @ Py+)
t0 Ay 00 (6) which does not depend on z.

The following lemma gives an exponential bound on the L?(IPy.) norm uniformly in z € X for the the
average of the quantities Ay, (y),.(0*) over u € T);.

Lemma 5.4.9. Under the assumptions of Proposition 5.4.4, for all x € X and 0 € O, there exist finite
constants C < oo and o € (0,1) such that for all n € N* we have:

971/2
1
Eg+ sup W Z Au_’h(u)’m(e) — Ey @ Eg+ [Aa,oo(gﬂ < Ca".

TEX ueTr

Proof. Let 2’ € X and 6 € ©y. Using Minkowski’s inequality and Jensen’s inequality, for all n, k € N*,
we get:

97 1/2
1
Eg+ |sup T Z Ao h(u),z(0) — By @ Egx [Ag,00(6)]
zeX | n| weT*
97 1/2
1
<Eg« | sup |— Ay (0)
eaorex | |Tnl ugk;_1 (u)
[ 97 1/2
1
+ EG* sup T Au,h(u),gj(a) — Au,k,x/ (0)
z,x'€X ‘Tn| uET;\;Tk_1 (570)
: 97 1/2
1
+ EO* ryp—— Z Au,k,cc’ (0) - Eu ® Ee* [Aa,k,x’ (0)]
Tl ET\T,
uCdn\Lk—1

+ By @ Ege [[Agsa (0) — Moo (0)]2]"°.

Using Lemma 5.4.8 together with (5.49) on page 142 (which, remind, are both immediate consequences
of Lemma 5.4.2), there exists a finite constant C' < oo and S € (0, 1) such that the first term in the right
IT

hand side of (5.70) is upper bounded by C2~("~%) (note that ‘}73‘ < 2=(=k))and the second and

fourth terms in the right hand side of (5.70) are both upper bounded by C3*/2.

We now give an upper bound for the second term in the right hand side of (5.70). For a vertex u
in T\ Tx_1, let v, € Gy, be the unique vertex that satisfies the shape equality constraint (5.8) (on page
126), then we have:

Au,k,r’ (9§ YA(u,k) = yA(u,k)) = Avu,kﬂr’ (9§ YA(M) = yA(u,k))~ (5'71)

Moreover, using the definition of A, k. (6) in (5.62) together with the assumption on ¢y in Proposi-
tion 5.4.4, we get that the random variable Ay k. 2 (0; YA (uk) = YA(u,k)) 15 0 L?(Py+) for every u € T\Tj,_1.
Thus, we can apply Lemma 5.2.11 (see in particular (5.11)) to the collection of neighborhood-shape-
dependent functions (Ay, x.2/(0; Ya() = *))vec, (remind that indexing functions with Gy or with Ny is
equivalent by (5.9)). Using (5.11) in Lemma 5.2.11 together with (5.28) and (5.14) in Remark 5.3.1, we
get that there exist v € (0,1) and a finite constant ¢’ < oo (note that they both do not depend on k
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and n) such that for all n,k € N* with n > k, the second term in the right hand side of (5.70) is upper
bounded by C'~y"~F.

Hence, taking k = [n/2], we get that the left hand side of (5.70) is upper bounded by 2CS™/* +
C'a™? 4+ €27/t and thus decays at exponential rate as desired. This concludes the proof. O

Lemma 5.4.9 implies as a corollary the convergence Py«-a.s. and in L?(Py.) uniformly in z € X for
the the sum of the quantities A, j,(u),o(0*) over u € T};.

Corollary 5.4.10. Under the assumptions of Proposition 5.4.4, for all x € X and 0 € ©g, we have:

1
lim sup T > Aunw,o(0) = By @ Boe [Ag.oc(0)]| =0 Poe-a.s. and in L*(Pp:).

n—oo
TEX ueTy

Proof. The convergence in L?(Py.) follows immediately from Lemma 5.4.9. Moreover, using again
Lemma 5.4.9, we have:

1
> Eoe [sup |t > Auoo(0) — By @ Eg: [Ag o (0)]] | < o0.
neN* zeX |Tn|

Hence, Borel-Cantelli lemma and Markov’s inequality imply that the convergence in the lemma also holds
Pg*-a.s. L]

The following lemma gives some continuity properties of the function 6 — Ap 1 ,(9).

Lemma 5.4.11. Under the assumptions of Proposition 5.4.4, for all x € X and k € N, the random
function 0 — Ag i .(0) is Py @ Py« -a.s. continuous on Oy. Moreover, for all 0 € O, we have:

lim Eyy @ Eg» sup |Ag k. (0') — Aa7k7z(9)\2 =0.
6—0 0€00:1|0"—0]|<5

Proof. We mimic the proof of [DMR04, Lemma 14].

For all v € T, define the random variable [[¢"|[cc = Supg e, SUP, 2ex lpor (z',2,Y,)]. Remind
that under the assumptions of Proposition 5.4.4, the HMT process (X,Y) is stationary and the random
variable |¢?||« is in L2(Pg+). Thus, for all v € T, the random variable ||¢?||» is in L?(Pg). Remind
from (5.12) on page 129 that A(9,k) is a random subtree of the deterministic subtree T°°(p*(u), k).
Then, note that we have:

sup [Ag,k,z(0)] < 2 Z [16°]loc
Pee0 vET™ (pH(9),)

where the upper bound is a random variable in L?(Pp-) (and thus in L?(Py ® Py-)) which depends
only on Ypeor(u),k) but not on . Hence, to prove the lemma, it suffices to prove that for all v €
T (p*(u), k) \ {p*(9)} we have:

%im sup Eg/ [QDQ/ (Xp(v)7 Xv, Yv) | YA(an), ka(a) = 1’]
—0p7co0:6—0|<5

—Eo[po(Xp(v)> Xo, Yo) | Ya(a,k) Xpro) = 2]| =0, Py ® Pg+-a.s.

Denote @k (5) = x, and write:

Eglpo(Xp(w), Xos Yo) | Ya@a,k), Xpra) = 7]

. fXA(a,k)\{pk(a)} ®o (xp(v)a Ly, Yv) HweA(B,k)\{pk(B)} qe (Ip(w)a xw)gé)(fﬂwy Yw))\(dxw) ] (5 72)

foa,k)\{pk‘(a)} HwE&(@,k}\{pk(a)} 40 (Tp(w), Tw )90 (Tw, Y )A(dTw)

Using Assumptions 6-8 (which are part of the assumptions in Proposition 5.4.4), we know that the
integrand in the numerator of the right hand side of (5.72) is continuous w.r.t. # and is upper bounded
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by the random variable ||| (o) T @ (@WRI=1 (remind that o+ > 1 and b* > 1). And similarly,
the denominator is continuous w.r.t. 6, and, using Assumption 7-(ii), is lower bounded by the random
variable:

H o~ ellnf 90/ (T, Yip)A(dzy) > 0.
weA(9,k)\{p*(9)}

Hence, using dominated convergence, we conclude that Py ® Pys-a.s. the left hand side of (5.72) is
continuous w.r.t. §. This concludes the proof. O

As a corollary of Lemma 5.4.11, we get that the function 6 — Ag () is continuous in L?(Pg-).

Corollary 5.4.12. Under the assumptions of Proposition 5.4.4, for all 8 € O, we have:

lim Ey @ Eg- sup |A9.00(0') — Ao (0)]? | = 0.
6—0

0'€O0:||0"—0]| <6

In particular, the function 0 — Ey @ Eg«[Ag o0 (0)] is continuous on Oy.

Proof. Using Minkowski’s inequality and Lemma 5.4.8, there exist a finite constant C' < co and 8 € (0, 1)
such that for all z € X and k € N*, we have:

1/2
Ey © Eg- sup  [Ag,0(0) — Aa,oo(9)|21
0'€00:(10"—0]|<5

1/2
< 208%? 4 By @ Ee- sup |Aok,z(0") — Aa,k,w(9)|2] . (5.73)

0/€00:]|0"— 0] <5

Using Lemma 5.4.11, we get:

limsup Ey ® Eg«

6—0

1/2
sup |Ap.00(0") — Aa,w(e)ﬁ] < 20p%/2,
0'€O:||0"—0] <5

and taking £ — oo, the upper bound vanishes. This concludes the proof. O
We now prove a locally uniform law of large numbers for the quantities A, 1 »(9).

Lemma 5.4.13. Under the assumptions of Proposition 5.4.4, for all x € X, we have:

lim lim wh(u —Ey @ Eg«[Ag,00(0)]| =0, Pg«-a.s.
5—“’"”009'6@0 Hef 9)1<s \T| ; oAl 4,00
Proof. First, write:
Z A nuy,o(0") — By @ Ege [Ag 00 (0)]
00 : ||9/ o)|<s |T| =t
<o X [Aunw.2(0) = A o(0)]

weT: V€00 ||«9' 0]|<s

(5.74)

|T | Z U h('u, I ]Eu ®E9* [AO,OC<9)} °
ueTy

Then, we use the exact same argument as in the proofs of Lemma 5.4.9 and Corollary 5.4.10 where
for all u € T™, the random variable A, j(y),»(¢) is replaced by the random variable:

sup |Aun(w)o(0') = Aupguy,o(0)],
6/ cOy : [0'—0]|<5
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which are in L?(Py-) using the assumptions of Proposition 5.4.4. This gives us that the first term in the
upper bound of (5.74) converges Py+-a.s. as n — oo to:

Ey ® Eg« sup ‘Aa,oo(ol) - AB,OO(QN )
0’:1|0"—0[| <

which, by Corollary 5.4.12, vanishes when § — 0. Corollary 5.4.10 implies that the second term in the
upper bound of (5.74) vanishes Py«-a.s. when n — oco. This concludes the proof. O

Combining the previous lemmas in this subsection, we are now ready to prove Proposition 5.4.4.

Proof of Proposition 5.4.4. By Lemma 5.4.8, for all u € T, we have that (A, .(0))ken- is a Cauchy
sequence uniformly w.r.t. § € ©g in L*(Py ® Py« ) that converges to some limit A, () (that does not
depend on z). By Corollary 5.4.10, we have that Py«-a.s. the convergence for the the average of the
quantities Ay p(y),2(0%) over v € T}y holds uniformly in x € X, that is, (5.65) in Proposition 5.4.4 holds.
By Corollary 5.4.12, we have that the function 6 — Ey ® Eg«[Ag o0 ()] is continuous on Oy. Finally, the
last part of the proposition is given by Lemma 5.4.13. O

Proof of Proposition 5.4.5

Similarly to what we have done for Proposition 5.4.4, we are going to prove a version of Proposi-
tion 5.4.5 where the functions ¢y used in (5.63) to define I'y, 1, 5 (0) are replaced by scalar-valued functions,
still denoted by g, under more general assumptions. The extension to matrix-valued functions is then
straightforward by applying the result coordinate-wise.

Let ©g be a compact subset of ©, Let Oy be a closed ball in ©, and let ¢ : ©g x X2 x Y — R be
a Borel function such that for all 2/, € X and y € Y, 6 — ¢(0,2',2,y) = ¢o(2’,z,y) is a continuous
function on ©g, and such that:

Eg« |sup sup |¢o(z,2",Ys)|*| < oc.
0€e©g z,2'€X

Let I'y k,.(0) be defined as in (5.63) on page 148 and note that it is in L?(Py ® Pp+).

The proof of Proposition 5.4.4 can be straightforwardly adapted to Proposition 5.4.5 except for
Lemma 5.4.8. Thus, for brevity, we only present the adaptation of Lemma 5.4.8 to the terms 'y, 1 ,(6).
(The details of the adaptation for the rest of the proof of Proposition 5.4.4 to the terms I'y 1, (6) can be
found in Section 5.D.)

We start with two lemmas giving coupling bounds that will be used to control the covariance terms
that appear in the definition of the terms Ty, x (6). The following lemma is a variant of Lemma 5.3.2 for
two vertices of T'.

Lemma 5.4.14 (Forward coupling bound for two vertices). Assume that Assumptions 6 and 7 hold.
Then, for all u,v € T, all yr, € Y™ (and n € N) and all initials distributions v and v’ on X, we have:

For simplicity, Lemma 5.4.14 is stated with 9 as the initial vertex, but note that the results still holds
when replacing 9 and T,, by v and T'(v,n) for any v € T°. We shall reuse this fact later.

<2 pmin(h(u),h(v)) )
TV

| o(XuenXo e | Yo, =yn, Xo =) blde) v/ (do)
X

Proof. We are going to construct a coupling that achieves this minimum. Denote by ((X/,,Y,),
w € T) the process started from the distribution v’ (and similarly without the ’). Remark that we
only need to define the (joint) coupling for the variables X,, and X/, for w on the paths between the
vertices 0, u and v.

Lemma 5.3.2 applied to the vertex u Av gives us a coupling for the variables X,, and X/, for w on the
path between 9 and u A v with successful coupling probability upper bounded by 1 — p"(A?) On this
successful coupling event before or on u A v, the two processes are still defined to be equal after the fork
on both branches leading to u and v.
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On the complementary event (no successful coupling before or on u Av), we get two new distributions
Vuny and vl .. for the variables X,r, and X/, , respectively. Note that conditioned on the value of
Xunv, the two branches leading to u and v are independent. Thus, applying Lemma 5.3.2 to u (resp. v)
with the initial distributions vy, and v, ,,, we construct a coupling of the processes X and X’ on the
branch from u A v to u (resp. v) with successful coupling probability upper bounded by 1 — ph(w)—h(unv)
(resp. 1— ph(v)fh(u/\v)).

Hence, the probability that we do not get a successful coupling on at least one of the two variables
X, and X, is upper bounded by p(#/\v)(ph(w)=h(urv) 4 ph(v)=h(urv)y < 9 smin(h(u).h(v)) = This concludes

the proof. O

The following lemma is a variant of Lemma 5.4.1 giving a “backward in time” coupling bound for two
vertices of T'.

Lemma 5.4.15 (Backward coupling bound for two vertices). Assume that Assumptions 6-7 hold. Let
keN*, x€X andu €T, and let v,w € T (p*(u), k) \ {u}. Then, we have:

[Po(Xy € -, X € | Ya(urys Xpk(uy) = ) — Po(Xy € -, X € | Yar(upy, Xpru) = 2)|| oy
< 2pmin(d(u,v),d(u7w))—l.

Proof. The idea of the proof is similar to that of Lemma 5.4.14. We explicitly construct a coupling with
coupling failure probability upper bounded by 2 pmir(d(wv).d(w,w))=1 " Denote by wq the vertex on the
path between v and w that is the closest to u, and note that we have wo € T°(p*(u), k) \ {u}. Note
that wq is on the path from p(u) to v, and thus d(p(u),v) = d(p(u), wp) + d(wp, v), and similarly when
replacing v by w. On the path from p(u) to wg, we use the coupling provided by the “backward in
time” coupling bound from Lemma 5.4.1 with successful probability 1 — pP(#):wo) = On the path from
wo to v and the other path from wy to w, which are independent using the Markov property, we use
two independent couplings that are constructed using a similar coupling argument as in Lemma 5.4.1
with p(u) replaced by wg. Those independent couplings have successful probabilities 1 — ptwo.v) and
1 — p#wow) respectively. Note that the coupling we have constructed has a coupling failure probability
upper bounded by 2 pmin(d(wv)d(u,w)—1 O

For brevity, for all u € T we will denote ¢ = Go(Xpeu), Xu,Yu) and [[Qulloc = supgeq,
sup, rex [Po(2’,2,Yy,)|. The following lemma gives several upper bounds on the covariance terms that
appear in the definition of the terms Iy, j ,(¢). Remind from (5.12) on page 129 that A(9, k) is a random
subtree of the deterministic subtree T (p*(u), k).

Note that this lemma is stated under the assumptions of Proposition 5.4.5, but here we do not need
the assumption that p < 1/2 for the mixing rate p of the HMT process (X,Y).

Lemma 5.4.16. Under the assumptions of Proposition 5.4.5 (without the need for the assumption that

p<1/2), for all z,2' € X, 0 € Oy, k' > k>0 and u € T, and for all v,w € T (pF(u), k) \ {p*(u)}, we
have:

|Covol d,0: Bo,0 | Ya(uk)s Xk ) = )| < 2[|0]lool|duwlloo o272, (5.75)

and,

|COV9[ ¢9,m ¢0,w |YA(u,k), ka(u) = I] - COVg[ d)gﬂ,, (;597“, |YA(u,k’), ka,(u) — I/H
< 8| |oo|| P [l co p™P(@PE (W)0)d(P" (w)w)=2 (5 76)

Moreover, if v,w € A*(u, k), then we have:

|COV6[ ¢0,’U7 ¢9,w |YA(u,k), ka(u) = LE] — COV@[ ¢9,v7 d)g’w |Y&*(u,k); ka(u) = x”
< 8||¢uloo | Pl o p™mm @)D =2 (5 77)

Proof. We start by proving (5.75), that is, the first inequality in the lemma. Let A;, A, By, Ba be
measurable subsets of X', and we write A = Ay X Ay and B = By X Bs. If one of the two vertices v and
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w is an ancestor of the other, say w is an ancestor of v (which implies that w is also an ancestor of p(v)),
then using the Markov property of the HMT process (X,Y), we get:
IPo(X(pw)p € A Xp(w)w} € Bl Vawr), Xpru) = )
—Po(X(pw)w) € Al Ya(uk)> Xpr ) = 2)Po(Xpw)w} € Bl Ya(uk)» Xpku) = )|
= Po(X(p(w),wy € Bl Ya(uk)> Xpru) =)
X ‘/XZ L (zpy zn)eay Po(Xo € Az | Ya(uk)s Xpw) = Tpw))
X [P@(Xp(v) S da:p(v) |YA(u,k)an € BQ,ka(u) = $)
_PG(Xp(v) S dmp('u) |YA(u,k)7 ka(u) = 'T)]

< pApw.w)

— pd(v,w) -1

)

where the inequality follows using the same argument as in the proof of the “backward in time” coupling
Lemma 5.4.1 (with the role of p(u) replaced by w and using the initial distributions P((Xp (), Xw) €
| Ya(uk)s Xw € Ba, Xpr(y) = ) with B’ = B and X respectively).

Otherwise, we have that both p(v) and p(w) are on the path between v and w, and similarly to the

first case, we get:

Po(X (o)1 € A Xip(w),w} € Bl Yaum), Xprw) =)
—Po(X(p(w).0r € Al Ya(ur)s Xprw) = 2)Po(Xipw),wy € Bl Ya(uk) Xpkw) = )|

=Po(X(p(w),uw € Bl Ya(unry Xprw) =)
X ‘/XQ Ly wreay Po(Xo € d2o [ Yaqu k), Xp) = Zow)
% [Po(Xp() € dp(w) | Ya(uk)» Xp(w) € Brs Xpk(u) = @)
—Po(Xpw) € dTp() | Ya(uky Xpr) = )]

< pHp).p(w)

_ pd(v,w)72.

Thus, in both case, we get:

Po(Xp() 0} € A Xipw)w) € B Yacur) Xprw) =)
~Po(X(pw).} € Al Yaur)r Xpkw) = 2)Po(X (pw),wy € B Yacur)s Xpk(u) = )|
< pd(v,w)72.

This gives that (5.75) holds. (Note that the functions ¢g, and ¢y, can take positive, null or negative
values.)
For (5.76), that is, the second inequality in the lemma, use the decomposition:

|Covel 6,05 Po,w | Ya(u,k) Xpk ) = ] — Covel ¢6,0; Po,w | Ya(unnys Xpr (u) = 2']|
< |Eo[ d0,0 90,0 | Ya(uk)s Xpkw) = 2] — Eol 0.0 90w | Y&(wk')vka’(u) = 7|
+ Eo[ 0,0 [ Ya(uk) Xprw) = 2] = Eol do,0 | Ya(ur Xpr ) = 2']|
* |Eol b0, | Ya(u,ky Xpr(w) = 2]l
+1Eo[ ¢, | Ya(u.ky Xprw) = =) — Eo[ do,0 | Yaqunys Xpw ) = 2|
X Eo[ do,0 | Ya(uky Xpw ) = 2,

and then use the joint coupling Lemma 5.4.14 with v = p(v) and w’ = p(w) for the first term in the
upper bound, and use the coupling Lemma 5.3.2 for the other two terms with p(v) and p(w), respectively.
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For (5.77), that is, the third inequality in the lemma, use a similar decomposition as for (5.76), and
then use the “backward in time” coupling for two vertices from Lemma 5.4.15 for the first term in the
upper bound, and use the “backward in time” coupling Lemma 5.4.1 for the other two terms. This gives
an upper bound of 8 ||¢y]|co||Pwlleo p™ With m = min{d(p(u),wo) : woe € {p(v),v,p(w),w}}. Noting
m < min(d(u,v),d(u,w)) — 2, we get that (5.77) holds. This concludes the proof of the lemma. O

We are now ready to prove the following lemma which is the adaptation of Lemma 5.4.8 to the terms
L. k.2(0), and which gives us a uniform L?(Py) approximation bound.

Note that the condition p < 1/2 on the mixing rate p of the HMT process (X,Y) is due to the
coupling bounds from Lemma 5.4.16 and the grouping of terms used in the proof of Lemma 5.4.17 (the
upper bounds at the end of the proof only add a constant multiplicative factor). See the discussion in
Remark 5.1.5.

Lemma 5.4.17. Under the assumptions of Proposition 5.4.5, there exists a positive constant C' < oo
such that for allu € T and 0 < k < k', we have:

1/2
@B |sup sup [us(6) = T (O]
0€0y z,x'cX
1/2
< CEy- [sup sup ooz, 2, Yo)|*| k2 (2p)*/3.
0€@p z,a’€X

Proof. Let u, k and k’ be as in the lemma. Similarly to the proof of Lemma 5.4.2, we use the bounds from
Lemma 5.4.16 and Minkowski’s inequality to bound the left hand side of the inequality in the lemma. For
a finite subset I C T'°°, we write S; = ) ., ¢0,» (the dependence on 6 is implicit). Similarly to the proof
of [DMR04, Lemma 17], the difference Iy, j, 4, (6) =Ty g 2 (6) may be rewritten as A+2B+C+D+2E+2F,
where all those terms are random variables which depend on Y4, ) and implicitly on ¢/, and are define
as:

A = Varg[Sax(uk) | Ya(u,k)> Xpru) = ] — Varg[Sax(uk) | Yar (k) Xpk () = 7]
— Varg[Sax (u.k) | Yaurrys Xpr ) = 2]+ Vare[Saxumy | Yar (s Xpw () = 2],
B = CovelSa+(u,k) P0.u | Ya(u,k)> Xpku) = 7]
— Covo[Sax(uk)s Bo,ul Ya(urys Xpw () = 2],
C = Varg[do,u | Ya(u.k), Xprw) = 2] — Varg[do,u | Ya(u.rr), Xpr ) = 2],
D = Varg[Sas (i \ax(uk) | Yaury Xpr () = 2]
— Varg[Sax (ukr)\axuk) | Yar (ks Xpw () = '],
E = Covo[Sar(ur)\A*(uk)s Sax(uk) | Yaury Xpr () = 2]
— Covg[Sar (ur)\A* (uk)s Sax(uk) | YA (ks Xp () = 2],
F = Covo[Sas(ur\as(ur) ou | Yaury Xpr ) = 2]
— Covo[Sarur\as (k) Pou |l Yarurry, Xpw ) = 2]
Using Minkowski’s inequality, we will upper bound each of those six terms separately. First remark
using Cauchy-Schwarz inequality, the stationarity of the process ((X,, Yy ), u € T°°) and the assumptions
in the proposition, that we have Eg: |6, 2. l|6ull2.] < Eo:[[6oll%.] < o for all v,w € T.

Remind from (5.12) on page 129 that A(u,k) is a random subtree of the deterministic subtree
T (p* (u), k).

Upper bound for A: Applying the three inequalities in Lemma 5.4.16 and Minkowski’s inequality,
we get that Eg.[|A|?]*/? is upper bounded (up to the factor Eg-[||¢al|%]) by:

9 Z (2 « 8pmin(d(v,u),d(w,u))—2 A2 x 8pmin(d(v,pk'(u)),d(w,pk(u)))—2 A4 2pd(v,w)—2>
v,weT > (pk(u),k)
32 min(d(v,u w,u min(d(v,p® (u w,p® (u VW
g — Z (p (d(v,u),d(w,u)) /\p (d(v,p"(w)),d(w,p" (v))) /\pd( ’ )) (578)

v,wET 2 (pk (u),k)
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Note that the value of this sum does not depend on the choice of u € T

For all j € N, denote u; = p’(u). We will divide the sum in the upper bound of (5.78) according
to four cases: v,w € T (ug, k) \ T (u|x/3), |k/3]), or v,w € T (u|op3, [2k/3]), or v € T (ug, k) \
T (u|2k /3], [2k/3]) and w € T (u|x/3), |k/3]) or similarly exchanging the roles of v and w. Note that
those conditions are non-exclusive and we will count some vertices several times, but this is not a problem.

Let i, j € N be such that u Av = u; and u A w = u;, and let a,b € N be such that a = d(u;,v) and
b = d(uj,w). Note that for v, w in the first case, either min(d(v, u), d(w,w)) or d(v,w) is large, and thus
using elementary computation we upper bound the sum for v, w in the first case by:

Zk: zk: Zz: XJ: 2a+b <pmin(i+a,j+b) A pa+b+|j—i|)

i=_k/3] j=|k/3] a=0 b=0

ko ki
<2 3 33w o
i=[k/3) j=i a=0b=0
< 8(1—p) k (2p) Lk/3]+1
(1—2p)
Note that for v,w in the second case, either min(d(v,p”*(u)),d(w,p*(u)) or d(v,w) is large, and thus
using elementary computation we upper bound the sum for v, w in the second case by:

[2k/3) [2k/3) @

a+b ( min(k—ita,k—j a+b+j—i 8(1—[)) b
S Y Sy g sty ¢ SUB g gpasen

i=0 j=0 a=0b=0

Note that for v, w in the third and fourth case, either min(d(v, p*(u)), d(w, p¥(u)) or d(v,w) is large, and
thus we upper bound the sum for v, w in the third and fourth case by:

Lk/3] k i g o 9
9 Z Z ZZQaMpwbHH\ < — k2 ph/3-1,
i=0 j=|2k/3] a=0b=0 P

Putting those three upper bounds together, we get that Eg.[|A|?]'/? is upper bounded by an expression

as in the lemma.
Upper bound for B: Using the first and second inequalities in Lemma 5.4.16 and Minkowski’s
inequality, we get that Eg-[|B|?]'/? is upper bounded (up to the factor Eg-[||¢a||%]) by:

8 Z (pd(v,u)—Z A pd(v,Pk(u))—Q) <Ck (max(p7 2p2))k/27

vEA* (u,k)
where we used the same computation as in the proof of Lemma 5.4.2 and C' < oo is some finite constant
(which depends only on p).

Upper bound for C: Using the second equation in Lemma 5.4.16, we get that IE(9*[|C|2]1/2 <
80 ?Eg- ([l 401%).
Upper bound for D: Using the first and third equation in Lemma 5.4.16, Minkowski’s inequality

and elementary computation, we get that Eg.[|D|?]'/? is upper bounded (up to the factor Eg-[|$s]|%])
by:

v,wW)— min(d(v,u w,u))— 96
Z (2 x 2pH(w) =2 A gpmin(dv.w).dlwu) =2y < mk(%)k-
v, WET > (uys k" )\T>® (uk,k) P p

Upper bound for E: Using the first and third equation in Lemma 5.4.16, Minkowski’s inequality
and elementary computation, we get that Eg[|E[?]'/? is upper bounded (up to the factor Eg-[|ps||%])
by:

Z Z (2 X 2pd(v,w)72 A 8pmin(d(v,u),d(w,u))72)
veT® (uk’ 7kl)\Too (uk;k) weT > (uk,k)

_ 64
— pP(1—p)(1—2p)?

k2 (2p) |k/2] )
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Upper bound for F: Using the first equation in Lemma 5.4.16 and Minkowski’s inequality, we get
that Eg.[|F|?]*/? is upper bounded (up to the factor Eg-[||¢a]|%]) by:

4 pkfl
2% 92 Z pd(v,U)*2 < — .
1-2p1—p
VET ™ (uys k" )\T>® (uk,k)

Hence, as the L?(Pp-) norm for the six terms A, B, C, D, E and F are all upper bounded by
expressions as in the lemma, we get that the upper bound in the lemma holds. This concludes the proof.
O

As annonce at the beginning of this subsection, the rest of the proof of Proposition 5.4.5 closely follows
the lines of the proof of Proposition 5.4.4.

5.5 Extension to the non-stationary case

In Sections 5.3 and 5.4, the stationarity assumption of the process (Y, : u € T) played a crucial role.
In this section, we extend the strong consistency and the asymptotic normality of the MLE for the HMT
to the case where this process is not stationary.

Hence, we assume that the HMT process (X', Y') = ((X/,Y.) : uw € T) has the same transition kernel
Qo+ and Gy~ that are parametrized by some 6* € © as before, and the hidden variable X}, of the root
vertex 0 has distribution ¢. This initial distribution ¢ is unknown to us, may depend on 6*, and in general
is different from the invariant distribution mp-. As before, we will denote by (X,Y) = ((X,,Y,):u e T)
a stationary process distributed according to the same parameter 8*. Note that, in this section, we will
use the convention that objects with an added ’ symbol are related to the non-stationary process (X', Y”),
while those without the ' symbol are their counterpart for the stationary process (X,Y"). Also note that
due to the non-stationarity assumption, in this section, we will only consider the HMT process on the
original tree T°° = T'(0).

For the non-stationary process (X’,Y’), similarly to the stationary case in (5.7) on page 125, define
its log-likelihood for all n € N and x € X as:

b 2(0) = ln o (0:Y7,), (5.79)

where ¢, ,(6;-) is defined in (5.6) on page 125. Moreover, when Assumptions 5-8 and 10 hold and
© is compact, similarly to the stationary case in (5.33) on page 135, we define the MLE 6, , for the
non-stationary process as:

é’:L,I = é;z,z(YTI“n) € argmaXge-g Kn,m(e) (580)

Denote by Py« ¢ the probability distribution of the non-stationary HMT process (X',Y”), and by Eg- ¢
the corresponding expectation.
We can now prove the strong consistency of the MLE for a non-stationary HMT process.

Theorem 5.5.1 (Strong consistency of the MLE, non-stationary case). Assume that Assumptions 6-10
hold. the contrast function ¢ has a unique mazimum (which is then located at 8* € © by Proposition 5.53.10)
and © is compact. Then, the MLE is strongly consistent, that is, for all initial distributions { and all
x € X, the MLE é;m converges Py~ ¢c-a.s. as n — oo to the true parameter 6* € ©.

Proof. We start by proving that for any n € N*,| the distribution of the non-stationary HMT process
(X',Y") on T* is absolutely continuous w.r.t. the distribution of the stationary HMT process (X,Y) on
T*, that is:

]Pg*)((Xr}* S ',Yj/"* € ) < Pe*ﬂfe* (Xé’v* € -7Y7'1* S ) = Py~ (XT* €Y € ) (581)

Remind that Assumption 7-(i) implies that g« < A with density dgﬁ\* taking value in [0~,07]. Denote

by u; and wug the two children vertices of 0. Using Assumption 7, for any non-negative measurable
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function f from X2 to R, , we get:

/ f(xulvxuz)P9*7C(X;1 € d‘r’ule;z € dl‘u2)
X2

= s f(g:ul s xuz) qo~ (.Ta, xul)qa* (1‘3, Iu2) )‘(dxul)/\(dxuz)g(dxa)

(7+ 2
s(_) / F(us ) T (A, J0- ()
g X2

o\ 2
= <0> o f(@uy, uy) Por (Xu, € day,, Xy, € dzy,).

In particular, for any measurable subset A of X7~ x YT we can choose f to be define as:

f(xu17xu2) = E@*,C[]IA(X%*7Y'1{'*) | X1ltl = xu17X’l/,Lg = qu]
= ]Eg*[]lA(XT*,YT*) ‘Xul = $u17Xu2 = (Euz]

Hence, we get that (5.81) holds.

Using (5.81), we get that Proposition 5.3.7 also holds Py- c-a.s. with £, ,(6) replaced by £, ,(6), that
is, in the non-stationary case. Thus, the proof of Theorem 5.3.11 can be immediately adapted to the non-
stationary case (note that Propositions 5.3.6 and 5.3.10 state properties of the contrast function ¢, which
is the same in the stationary and non-stationary cases). This concludes the proof of the Theorem. O

Using a similar argument as for Theorem 5.5.1, we get that in the non-stationary case, the normalized
observed information —|T,|"*V3é,, . (0,) converges Py« c-a.s. locally uniformly to the limiting Fisher
information Z(6*) (which is defined in (5.54)). Note that the condition p < 1/2 on the mixing rate p of
the HMT process (X,Y) is inherited from Theorem 5.4.6 in the stationary case. See the discussion in
Remark 5.1.5 for comments on this condition on p.

Theorem 5.5.2 (Convergence of the normalized observed information, non-stationary case). Assume
that Assumptions 6-8 and 10-18 hold. Assume that p < 1/2. Assume that © is compact. Then, for all
wniatial distributions ¢ and all x € X, we have:

lim lim  sup H—\anlvge;x(a) — (6%
6=0n=0 e |90+ <5 ’

’ =0 Py ¢-a.s.

In particular, combining Theorems 5.5.1 and 5.5.2, we get that the normalized observed information

—|Tn |7 V2%, o (énw) at the MLE énw is a strongly consistent estimator of the Fisher information matrix
Z(6%).

Before proving the asymptotic normality of the MLE in the non-stationary case, we start with the
following lemma which present a coupling construction for the two processes (X,Y) and (X', Y”).

Lemma 5.5.3 (Coupling construction of two HMTs). Assume that Assumptions 6 and 7 hold. Further
assume that o~ > 1/2. Then, it is possible to construct the two processes (X,Y) and (X',Y') on a
common probability space such that there exists an a.s. finite random time N, which we call the coupling
time, such that (X,,Y,) = (X.,Y.)) for all u € T,, withn > N.

u’

We will denote by Pg«¢ the probability distribution that realizes this coupling.
Note that p < 1/2 implies that 0~ > o /2 > 1/2 (see Assumption 7).

Proof. We first construct the coupling only for the process X and X’. We define the coupling construction
inductively on the height of the tree. For the root vertex, we use an independent coupling construction
for Xy and X, which are distributed according to mg« and ¢ respectively (note that it is also possible to
use a perfect coupling with probability error ||mg« — (||Tv). Then, if the coupling has been constructed up
to generation n € N, using the Markov property, we proceed to construct independently the coupling for
each vertices in generation n+1. Let u € G, 1. If the variables were already coupled for the parent vertex
p(u), that is X,y = Xp/)(u)’ then we choose the new value X,, = X/ according to the transition kernel

Qe+ Otherwise, if X,y # X r/> (u)? then using the uniform geometric ergodicity (remind Assumption 7)

160



5.5. EXTENSION TO THE NON-STATIONARY CASE

of the transition kernel Qg-, we know that sup, ,.cx [|Qo«(7;-) — Qo+ (2;-)|lrv < 1 — 07, and thus we
can construct a coupling of X, and X/, conditionally on Xp(u) # X]/)(u) with exact matching probability
at least 1 — o0~. We have constructing the matching for u, and thus for the whole generation n + 1.
Using Kolmogorov extension theorem, there exists a coupling measure for the whole tree T whose finite
dimensional marginals are the ones given above.

Remark that the joint process (X,Y) satisfies a uniform geometric ergodicity bound with the same
constant 1 — 0. Thus, the construction above can be extended to the joint process (X,Y). Denote by
Pgxpq¢c the probability distribution of the coupling we have constructed for the joint process (X,Y").

Define the random coupling time N = inf{n € N|Vu € G, X, = X/}, which is the first generation
for which the exact coupling occurs for all vertices (and N = oo is this never happens). We are left
to prove that Pg«pqc-a.s. N < co. We say that a vertex u is a special vertex if X,, # X,. Note that
if u is not special, then all its descendants are also not special. Also note that special vertices form
a Bienaymeé-Galton-Watson tree whose (homogeneous) offspring distribution takes the values: 0 with
probability (07)?; 1 with probability 26~ (1 — 0~ ); and 2 with probability (1 —o~)2. The average of this
offspring distribution is 2(1 — o ~). Hence, the number of special vertices if finite Py~qc-a.s., that is, N is
finite Pgxpqc-a.s., if and only if 2(1 —o~) < 1, that is, 0~ > 1/2. This concludes the proof. O

Remind that the log-likelihood function ¢, ; (resp. ¢, ,), which is a random function depending on
Yr, from the stationary HMT process (resp. on YT’n from the non-stationary HMT process), is defined
in (5.7) on page 125 (resp. just before (5.79) on page 159). For all § € O, define:

Dn,m(e) = gfn,:r(e) - En,m(e)

= Z 10g po (Yey | YA~ (un(uy)s Xo = @) — log po(Ya | Yar (u.n(u))> Xo = ),
ueT,

where remind that pp denotes possibly conditional density (see (5.5) on page 125).

Remind that when Assumptions 5-8 and 10 hold and © is compact, for all z € X, the MLE én « (resp.
é’ ») 18 a random variable which depends on Y7, from the stationary HMT process (resp. on Yy from
the non-stationary HMT process) and is defined in (5.33) on page 135 (resp. in (5.80) on page 159)

To prove that lim,,_, o |T,L|1/2(9’ — Op.z) = 0 Pgepge-acs., and thus that 9;”6 and 6, , are asymp-
totically normal with the same covariance matrix (remind Theorem 5.4.7), we must first prove that the
function 6 — D,, ,(0) satisfies some kind of continuity property. Note that we proved in the proof of
Theorem 5.5.1 that Proposition 5.3.7 holds both in the stationary and the non-stationary cases, and thus
we have:

lim sup||Ty| ' Dy o(0)| =0 Ppepyc-a.s.
However, we need some kind of continuity property without the normalizing term ||T;,|~!, which is given
by the following lemma.

Lemma 5.5.4. Assume that Assumptions 6-10 hold. Further assume that p < 1/2. Then, for all initial
distributions ¢ and all z € X, we have:

lim Dy (0, ) = Dpo(0nz)| =0, Porpac-a.s.

n— oo

Proof. |The proof is a straightforward adaptation of the proof of [DMR04, Lemmas 11 and 12|.|
Let N be the random time provided by Lemma 5.5.3. We first prove that Pg~.qc-a.s., we have:

Z sup |log pe (Y, | YA*(u,h(u)),Xé =) —1og pg (Yo | YA+ (u,h(w)) Xo = x)| < 0. (5.82)
weT\Tn €

Note that for all u € T,, and v an ancestor of u (distinct of u), we have:
Po(Yu | YA+ (u,h(u))> Xo = )
= /)(3 gQ(xua Yu)Qé)(ﬂ?p(u), mu) )\(dmu)PG(Xp(u) € dxp(u) |X’U = T, YA*(u,h(u)fh('u)))

X Po(X, € dry | YA+ (u,h(w)), Xo = T),
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5.5. EXTENSION TO THE NON-STATIONARY CASE

and similarly for py(Yy | YA+, (u)) X6 = @). Using the fact that for v € T" with height h(v) = N, we
have Y, =Y, and using Lemma 5.3.2, we have for all v € T with height h(u) > N:

1P (Yo | YA+ (wh(u)y» X6 = ) = Po(Yu | Yar (u,n(u))s Xo = )|

<2 Nlgt / g6(x, Y,) A(da).

Thus, using a similar argument as in the proof of Lemma 5.3.3, we get:

, , ;L B 7 - ph(u)fol
[ Llog po (Y [ YA« (0 n(uy) Xo = @) — log po (Y | YA« (u h(u)), Xo = z)| < T,

Hence, the sum in (5.82) is Pg+pc-a.s. upper bounded by a constant times Y7 ., 25pF < (2p)N 1 /(1 —
2p), and is thus finite Py«pqc-a.s.
Let € > 0. Using (5.82), there exists a random integer N, which Pg«pqc-a.s. is finite and satifies:

> sup[logpa(Yy | YA (unquy)» Xb = 7) — 108 po(Ya | YA+ (un(uy)» Xo = @)| < €.
u€T\Tn, 0eo

Thus, Pg+pqc-a.s., for all n > N,, we have:

|Dnr(é;m) - Dnr(énx” <2+ |€/N€x(é;7.a:) - ﬁvsm(énx” + |€Na,1(é;1,z) - gNs,r(én,z”'

Note that under the given assumptions, the functions 0 +— £y _,(0) and 0 — (n_.(¢) are continuous
Pgrpac-a.s. (see the proof of Proposition 5.3.6). Hence, the proof is complete upon observing that é;m

and énm both converge Pg+pqc-a.s. to % (see Theorem 5.5.1), and that ¢ was arbitrary. O]

/

1, » in the non-stationary case. Remind
;

We can now prove the asymptotic normality of the MLE )
that the contrast function ¢ is defined in (5.26) on page 132.

Theorem 5.5.5 (Asymptotic normality of the MLE, non-stationary case). Assume that Assumptions 6
13 hold. Assume that p < 1/2. Further assume that the contrast function £ has a unique mazimum
(which is then located at 6* € © by Proposition 5.3.10) and that © is compact, 0* is an interior point of
O, and the limiting Fisher information matriz Z(0*) (which is defined in (5.54)) is non-singular. Then,
for all initial distributions ¢ and for oll x € X, we have:

T, Y2(0,, — 0%) D NO,Z(0)7Y)  under Py- ¢,

— 00
where N'(0, M) denotes the centered Gaussian distribution with covariance matriz M.

Proof. [The proof is a straightforward adaptation of the proof of [DMR04, Theorem 6].]
Define e, = |T,,|*/%(0n,5—0), ,) for all n € N, and remark that it is sufficient to prove that lim, o &, =
0 Pyrpac-a.s. Since é;”v is the maximizer of the function 6 + £;, ,(0), we have that £, (é;w) >y (On.)-

Thus, using a Taylor expansion of ¢, , around its maximizer 6, , (for which we have Vgl (0, ) = 0),
we get that there exists ¢, € [0, 1] such that:

Dn,x(érln’m) - Dn,z(én,z) Z En,z(én,z) - én,x(é;z)
1 R R
— fi\anleflvgﬁn’m(th;w + (1= tp)0n.2)en.
Note that we have lim,_, tné;z + (1 - tn)énm = 0* Pyrpac-a.s. by Theorem 5.5.1. Thus, applying
Theorem 5.4.6, we have:

lim —|T,| " V2l o (tnbl, o + (1 = t2)0n2) = Z(0%), Ppepac-a.s.
n—oo ’

As Z(6*) is positive definite, there exits M > 0 such that on a set with Pg«yqc-probability one and for n
sufficiently large, we have: R .
Dn,r(‘%,m) = Dy o(On,z) > M‘5n|2~

Then, the proof is complete by applying Lemma 5.5.4. O
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5.A. ERGODIC THEOREM FOR MARKOV PROCESSES INDEXED BY TREES WITH
NEIGHBORHOOD-DEPENDENT FUNCTIONS

5.A Ergodic theorem for Markov processes indexed by trees with
neighborhood-dependent functions

In this appendix, we prove generalization of the ergodic theorems in [Guy07] and in [Wei24b|, which
give a.s. and L? convergences for branching Markov chains, to allow for neighborhood-dependent func-
tions. Those ergodic theorems are used to prove the ergodic convergence lemmas in Section 5.2.4 which
are used in the main body of this article. Remind that we need those generalization as in the study of
asymptotic property of the MLE for the HMT relies on the study of the likelihood contribution functions
hy k.2 (0; YA(u,k)) (defined in (5.17) on page 129) which are neighborhood-dependent.

Remind from Section 5.2 that if (X,Y") is a HMT process, then the joint process ((X,,Y,),u € T)
is a branching Markov chain. Thus, it is enough to prove those ergodic theorems for branching Markov
chains instead of HMT processes.

Let @ be a transition kernel on (X, B(X)) where X is a metric space. We assume that @ has a
unique invariant probability distribution 7 and is uniformly geometrically ergodic, that is, there exists
p € (0,1) and a finite positive constant C such that for all x € X, we have ||Q™(z;-) — 7||rv < Cp™.
Remind from Lemma 5.2.3 that this covers the case Q@ = Qp for any § € ©. Let X = (X,,u € T) be a
branching Markov chain with transition kernel () and initial distribution 7. Denote by Pg the probability
distribution of the process X, and by Eqg the corresponding expectation.

In this section, for a probability measure v on X, a transition kernel @ on (X,B(Z)) and a Borel
integrable function f on B(Z) where Z = X4 for some finite subset A C T, we will write vQ for
the image probability measure (vQ)(-) = [, Q(x;-)v(dz), and Qf for the Borel function (Qf)(z) =
[z f(2) Q(x;dz). For a probability measure v on X and a Borel integrable function f on X, we will write
<V7f> =vf= fxfd’/'

We will need the following lemma which states geometric convergence bounds for functions in L?(7).

Lemma 5.A.1 (Convergence bounds when @ is uniformly geometrically ergodic). Assume that the
transition kernel Q has a unique invariant measure 7w, and that Q is uniformly geometrically ergodic.
Then, there exists finite positive constants o € (0,1) and M < oo such that for all functions f € L?(x),
we have:

YneN,  suprQ Q'S — (. ) = 7(Q"f ~ (m 1) < M| = (. 1) (o)

In particular, the function f satisfies sup, ey TQ™ f? < co.

Note, using Cauchy-Schwarz and Jensen’s inequalities, that sup,,cny 7Q" f? < oo implies that Q™ f,
Q" %, and QF(Q™f x Q™ f) (with n,m,k € N) are well-defined and finite 7-almost everywhere and are
m-integrable.

Proof. Using [DMPS18, Proposition 22.3.5 and Definition 22.3.1], we get that there exists finite positive
constants o € (0,1) and M < oo such that for all functions f € L?(rx), we have m(Q"f — (m, f))? =
Q™ (f — (=, f))H%Q(W) < Mao*™||f —(m, f>||2L2(7r) for all n € N. In particular, we get that sup,, .y 7Q™ f% <
00. O

Let k& € N be fixed. Remind from Section 5.2.4 the definitions of the subtrees A(u, k), of their shapes
Sh(A(u,k)) (defined in (5.8)), and of the finite set of possible shapes N}, (defined in (5.9)). For simplicity,
in this appendix we will write S, instead of Sh(A(u,k)). Also remind from Section 5.2.4 the definition
of a collection of neighborhood-shape-dependent functions (fs : X — R)sen, . Remind that for such a
collection of functions, we simply write fa(ur) or fs, instead of fsp(a(u,k))- And also remind that we
write fs, (Xa(u,k)) for the evaluation of fs, = fa(uk) on Xa(u,k). Note that up to translation, we may
identify XS and X2k for any u € T \ Tk—1 such that S, = S.

Remind that any subset A C T, we denote by X 4 the gathered variables (X, : v € A). For a collection
of neighborhood-shape-dependent functions f = (fs : X® — R)sen;,, define the empirical average of f
over a finite subset A C T'\ Ty_1 as:

Ma(f) = A7) oo (X)) (5.83)
u€A
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NEIGHBORHOOD-DEPENDENT FUNCTIONS

For a neighborhood shape S € Ny, let u € G be the unique vertex such that S, = S, and define the
transition kernel QS on (X, B(XS)) for any x € X and any Borel function f on XS = X2 which is in
Ll(XA(u)) = L'(Xs) by:

Q%1(@) = Eq|f (Xaw) | Xo =a]. (5.84)

That is, from the value z € X of the root vertex v in S, the transition kernel Q° returns the distribution
of the Markov process X on S with transition kernel @) conditioned on the value X, of the vertex v being
x. Note that (5.84) also extends to any vertex u € T'\ T_; such that S,, = S, which gives us:

Q% 1(x) = Eq[F(Xatum) | Koo = 1] (5:85)

Moreover, using Jensen’s inequality, note that if f € L?(Xs), then Q° f is in L?(7r) = L?(Xp).

Remind that as T is a plane rooted tree, we can enumerate its vertices as a sequence (v;) ey in a
breadth-first-search manner, that is, which is increasing for < (note that ug = 9). Also remind that, for
n > |Tg_1|, if V}, is uniformly distributed over A,, := {v; : |Tx—1| < j < n} = A(vy) \ Tk—1, then the
distribution of Sy, converges to the uniform distribution over N as n — oo.

We are now ready to state the ergodic theorem with neighborhood-shape-dependent functions for
branching Markov chains indexed by the infinite complete binary tree 7. Remind that M4 (f) is defined
in (5.83).

Theorem 5.A.2 (Ergodic theorem with neighborhood-dependent functions). Let k € N be fized. Let
(vj)jen be the sequence enumerating the vertices in T in a breadth-first-search manner. For alln > |Ti_4|,
define A, = A(vy) \ Tg—1.

Let Q be a transition kernel on (X, B(X)) which is uniformly geometrically ergodic and has a unique
invariant probability measure w. Let X = (X, u € T) be a branching Markov chain with transition kernel
Q and initial distribution .

Let f= (fs: X% — R)sen, be a collection of neighborhood-shape-dependent Borel functions that are
in L?(X). Then, we have:

My, (f) — By, @ Eq[fsy, (Xaw))] in L*(7) = L*(X), (5.86)

where Uy, is uniformly distributed over Gy, and independent of the process X, and Ey, ® Eq denotes the
joint expectation over Uy, and X.

As an immediate corollary, we get that the result still holds if A,, is replaced by T), \ Ti—1.

Remark 5.A.3 (More general assumptions). Note that without changing the proof, we could replace the
subtrees A(u, k) by general subtrees (i.e. a connected subsets) O, of the the k-neighborhood Br(u, k) :=
{veT: du,v) <k} of usuch that O, contains u. In that case, we must assume that the distribution
of the shape (i.e. when seen up to translation) Sh(Oy, ) converges to some limit distribution. Also note
that we could allow more general choices as in [Wei24b| for the averaging sets (A, )nen, for the tree T
and for the transition kernel () and initial distribution of the branching Markov chain X.

Proof. First case: we only have constant functions fs = ¢(S) for all § € N. Then, for every
n € N we have:

— €A,:S5, =S8
Mo () = Y o) AR, (5.8)
SENk n

where the right hand side converges in distribution (and thus in L?) as n — oo to Ey, [¢(Sy,)] (remind
that the distribution of Sy, converges to the uniform distribution on Gy when n — oo0). This concludes
the proof in this first case.

General case: We adapt the proof of [Wei24b, Theorem 2.2] to the case of neighborhood-shape-
dependent functions.

Using the first case and the linearity in f of the empirical averages, and replacing fs by fs—(m, Q5 fs),
we may assume that (7, QS fs) = 0 for all S € Ny. For all n € N, we have:

1

Eq [MA"(f)Q] RV NE > Eq [fsu(XA(u,k))va(XA(v,k)) : (5.88)
n u,VEA,
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Using Lemma 5.A.1, as the transition kernel @ is uniformly geometrically ergodic and has unique
invariant probability measure 7, and as the function Q°fs for S € N}, are all in L?(7) (see the
comment just after (5.85)), we have that Cs := sup,cymQ"(Q° fs)? < oo for all S € Nj. Define
C := maxsen,, Cs < oo (remind that N}, is finite). Thus, for u € T, we have:

Eo [ fs. (Xaq)?] = QU 9=(@%f5,)* < € < ox.
Hence, for all u,v € T, using Cauchy-Schwarz inequality, we have:
1/2
Eq |fs.(Xaqum)/fs, (XA(v,k))} < (EQ [fSu(XA(u,k))z]EQ {fsv (XA(v,k))z]) <C < oo (5.89)
Let u,v € T such that d(u,v) > 2k, which implies that A(u,k) N A(v,k) = 0. Without loss of

generality, assume that h(u) > h(v). Then, we have that h(u A v) < h(u) — k. Denote by vy the last
ancestor of u in A(v, k) U{u A v}. Remark that w A v is an ancestor of vy. Then, we have:

Eq [fsu (Xagum)fs, (XA(u,k)):|
~ Eq [EQ [fs. (Xacm) | Xacwr) Xuno] fs. (XA(v,k)):|
< (EQ [EQ [fs.(Xam) | Xagwr, X“A”ﬂ Eq [fs“ (XA(”’k))?D
< OV (Bq[Ealfs, Xaru | %u)*]) "

<2 (EQ {EQ [fs.(Xagur)) | Xum;}z])l/z

o\ 1/2
_ 01/2 (’n’Qh(U/\v) (Qd(U/\UM)*k?QSu fSu) )

1/2

1/2
1/2 h(uAv) d(u,v)—k S 2
<C (‘gle% mQ (Q Q fs) ) , (5.90)
where we used Cauchy-Schwarz inequality in the first inequality, we used (5.89) and the Markov property
of the process X in the second inequality, and we used Jensen’s inequality in the third inequality. Remark
that d(u,v) = max(d(u A v,u),d(u Av,v)) is a distance on T that satisfies d/2 < d < d.

Let U,, and V,, be uniformly distributed over A,,, and independent of each other and of the branching
Markov chain X, and denote by Py, v, their joint probability distribution. Using again Lemma 5.A.1,
there exist finite constants M < co and « € (0, 1) such that for all S € N we have

vm € N, sup 1@’ (QmQSf5)2 < M?a2™. (5.91)
jeN

Hence, combining (5.88), (5.89), (5.90) and (5.91), we get for any K > k:

Eq[Ma, (£)?] < CPu, v, (d(Un, V2) < 2K)

. 2\ 1/2
+ 01/2 |An|_2 Z (max WQh(U/\v) (Qd(u,v)—KQSfS) )

— SENk
w,wEAp: d(u,v)>2K
< CPu, v, (d(Un, Vy) < 4K)

+CY? A, 3 M) =K (5.92)
u,WE Ay :d(u,v)>2K
< CPy, v, (d(U,, V;) < 4K) + CY2MaX. (5.93)

Let € > 0. Let K > k be such that C'/2Ma’€ < e. Using [Wei24b, Lemma 3.1], we get that the first term
in the right hand side of (5.93) goes to zero as n — oo. Thus, for n large enough, the right hand side
of (5.93) is upper bounded by 2e. This being true for all ¢ > 0, we get that lim, ., Eq [MAn (f)2] =0.
This concludes the proof. O
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We now state and prove a strong law of large numbers for branching Markov chains indexed by the
infinite complete binary tree T" and with neighborhood-shape-dependent functions. This result uses the
same assumptions as in Theorem 5.A.2.

Theorem 5.A.4 (Strong law of larger numbers with neighborhood-dependent function). Let Q be a
transition kernel on (X,B(X)) which is uniformly geometrically ergodic and has a unique invariant prob-
ability measure w. Let X = (X,,u € T) be a branching Markov chain with transition kernel Q and initial
distribution .

Let k € N be fixed. Let Uy be uniformly distributed over Gy and independent of the process X, and
let By, ® Eq denote the joint expectation over Uy and X. Let f = (fs : XS — R)sen;, be a collection of
neighborhood-shape-dependent Borel functions that are in L?(X).

Then, we have:

a.s. lim MG (f) = lim MT AT 1(f) = EUk ® EQ [fguk (XA(Uk))]

n—roo n—oo

Moreover, there exist finite constants Cy < oo and 8 € (0,1) such that:

W2k Bq|(Ma(D) - By, @ Bolfs, (Xawy)]) | < Cos™ (5.94)

Proof. After using (5.92), the proof is an easy adaptation of the proof of [Guy07, Theorem 14].
The case of My, \7, , (f) follows directly from the case of Mg, (f) as:

S Gl -
Z 1T\ Tho— 1| 6, (®)

Thus, it it enough to treat the case of Mgn (f). In the case where all functions fs for S € N, are
constant, writing Mg, (f) as in (5.87), and using the convergence in distribution of (S, )nen the uniform
distribution over A%, we get that the sought convergence holds a.s. for Mg, (f). Thus, without loss of
generality, we assume that (m, Q5 fs) = 0 for all S € ;.

Remark that it is enough to prove that Y -, E[Mg, (f)?] < oo, as then we can immediately conclude
using Borel-Cantelli lemma with Markov’s inequality. Thus, for n > k, using (5.92) with n’ = |T},| (such
that A, = G,) and K = k, we get:

Eq [MG (f)z] < C 9~ (n—2k) + Cl/2 ) 9-2n Z O/Z(u,v)—k
w,EG,:d(u,v)>2k

— 0o (n=2k) 4 o1/2)y Z 9= (n=i)=1(;501 oi—k
j=k
< 0 2=(n=2k) L 01/2) 9—(n—k) Z 9i—k i~k
j=k
< C2-(=2k) 4 020 2= (R O max(n + 1, (20)" %)

< 2720 L 12N C" max((n + 1)27 (7R qn k),

where C’ is a constant whose value only depends on the value of 2a. Hence, there exist finite constants
Cp < oo and 3 € (0,1) such that (5.94) holds. In particular, we get that > -, E[Mg, (f)?] < oco. This
concludes the proof of the theorem. B O

5.B Proof of the “backward” coupling Lemma 5.4.1

We now prove Lemma 5.4.1.

Proof of Lemma 5.4.1. The proof relies on a “backward in time” bound from u to u A v, and then a
“forward in time” bound from u A v to v. We divide the proof in two cases: first when v is an ancestor of
u, and then the general case.
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For all j < k, define the vertex U; = p’(u) which is random for j > h(u) (in which case, it depends
on U). Write zy, = x. For all j € {1,--- ,k}, define the random set (which depends on U):

A™(u, k, j) = (A" (u, k) \ {Ux}) N (T (U) \ T™ (Uj-1)),

and in particular remark that Uy = u & A~ (u, k,j) and Uy, = pF(u) € A~ (u, k, 5).

Case 1: v is an ancestor of u. We mimic the proof of [CMR05, Proposition 12.5.4]. The proof of
the first case relies on the observation that conditioned on X,y and Ya(u k), the backward ancestral
process X from Uy = u to Uy = p¥(u) is a non-homogeneous Markov chain satisfying a uniform mixing
condition. The fact that (Xy,)o<j<k is a Markov chain comes from the Markov property of the HMT
(X,Y) (remind the discussion around (5.2) on page 123) which gives for all j € {1,--- ,k}:

L(Xv; | Yacury Xvy, Xroo ;1)) = L(Xv; | YAk, Xve, Xv;_y)
= E(XU]' ‘ Yﬁf(u,k,jﬁXUk’XUj—l)' (595)

For all integers j € {1,---,k}, the backward transition kernel (which depends on U/) from Xy, _, to
Xy, is defined as:
Bay, iluacml@u,_; £) =Bo[f(Xu,) | Yawr) = Yar), Xvw = Tuy, Xv,_, = 2u,_,],

for any 2y, _, € & and any bounded Borel function f on X. By the Markov property (see (5.95)), note
that B, ; [Ya(uk)l(TU;_,, f) only depends on yx -y, k,;) instead of ya(u,x), that is:

Bay, ilYauml(@u,_if)
=Eo[f(Xu,) | Ya-(urj) = Ya-(urj) X0n = T, Xu,_, = 7u,_, ]
_ S feu) po(ya- gy 2o, | Xv, = 20,)g0(zu;, 20, 1) Mdzw,)

Jx Po(Wa- (k) 7u; | Xup = 20,)q0 (20, 20, ) Mday,)

, (5.96)
where:

pQ(yA—(u,k:,j)axUj |XUk = xU}«) =

w)r W wy Jw )\ d w)-.
/.)v(&*(u,k,j) H qg(xp( ) * )ge(l‘ y ) H ( x )

weA™ (u,k,5) weA™ (u,k,j)\{U; }

To simplify notations, we will keep the dependence on ya(y,x) for all indices j. Note that the integral in
the denominator in the right hand side of (5.96) is lower bounded by:

H U_/Xg@(xﬂﬂyw)/\(dxw)y

weA~ (uk,j)

and is thus positive Py-a.s. under Assumption 7.
Using Assumption 7, we get that those backward transition kernels satisfy the following Doeblin
condition (remind Definition 5.2.6):

g
—FVrveilya@m](f) < Bay, slyam]@u, s f),

where for any bounded Borel function f on &', we have:

Vau, jlYa@ml(f) =Eq [f(XU \ YA~ (ukg) = YA (ukj)r XU = TU,]
fX y& (uk])vl'U |XUK 71’Uk))‘(d$U7)
prO A~ (u,k,5)> LU; ‘AX'U,C —QTUk))\(dJ}Uj)

where note that the only difference with the definition of By, j[yau.m](zu;_,:f) is that the term
qo(vv;,ry,_,) has disappeared in both the numerator and the denominator of Vau, i [Wa(u,i](f). Thus,
Lemma 5.2.7 shows that the Dobrushin coefficient 6(By,, ;) (defined in (5.4)) of the backward transition

kernel By, ; is upper bounded by p =1 — o~ Jot.
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Note that the Markov property in (5.95) (with j = 1) also gives us:

L(Xu, | Yacuky Xvy, Xvy) = L(Xv, | Ya- (k) Xves Xvo)
= L(Xv, | Yax(u.k) Xvis Xup)- (5.97)

Finally, if we write:

Po(Xy € | Ya(u,k) = YA(u,k)> XU = TU,)

= /Pe(Xv € [ Ya-(uk1) = Ya-(uk1) Xvp = Tu,, Xv, = Tu,)

(5.98)
x Po(Xv, € dazu, | Ya(ur) = Ya(uk) Xve = Tu, ),
and we also write (using (5.97)):
Po(Xy € - | Yar(uk) = Ya~(u.k) XU = ZUy,)
= /PH(XU €| Ya-(uk1) = Ya-(uk 1) XUp = Uy, Xvy, = Tuy) (5.99)

x Po(Xy, € dzy, | Yar(ur) = Ya<(u.r)s XU, = U, ),

then the two distributions (for X,,) on the left hand sides of those displayed equations can be considered
as obtained through running d(u,v) — 1 iterations of the backward ancestral conditional Markov chain
described above, using two different initial conditions. Therefore, as the Dobrushin coefficient is sub-
multiplicative (remind Lemma 5.2.5), we get that those two probability distribution differ by at most
2 pdwv)=1 ip total variation. This concludes the proof of the first case.

Case 2: general case. The proof of the second case relies on the observation that conditioned on
Xpr(uy and Ya(y k), if we consider the process X backward from u to u A v (remind that v € A*(u, k))
and then forward from uw A v to v, we get a non-homogeneous Markov chain satisfying uniform mixing
rate p. Note that as v € T>(p¥(u), k) \ {u}, we have that u Av € {Uy,---,Uy}. Using the first case,
it only remains to check those observations for the forward segment, which were already proved in the
proof of Lemma 5.3.2.

Hence, if we use the same decomposition as in (5.98) and (5.98), which corresponds to run d(u,v) —1
iterations of the backward-forward conditional chain described above (d(u,u Av) —1 backward iterations
and d(uAv,v) forward iterations), we get as in the first case that those two probability distribution differ
by at most 2 p***)=1 in total variation. This concludes the proof of the lemma. O

5.C Proof of (5.35) (used in the proof of Proposition 5.3.10)

Let m € N* be fixed through this section.

For ease of read, we restate some notation definitions used only in the proof of Proposition 5.3.10. For
u,v € T with h(u) = h(v) mod m + 1, we write T'(u, m) < T'(v,m) if u < v. Moreover for u,v € T,
we write u < T'(v,m) if h(u) < h(v) or h(u) < h(v) +m and for all w € T(v,m) with h(w) = h(u) (note
that such w must exist), we have u < w. Informally u is “above or on the left of T'(v,m)”. For all uw € T,
k € N, define the random subtrees which depend on U:

A*(T(u,m), k) = U{T(v, m) : v € A*(u, k(m + 1)) such that h(v) = h(u) mod m + 1},

and A(T(u,m), k) = A" (T (u,m), k)UT (u, m). When h(u) > k(m+1), then those subtrees do not depend
on U, and we write A*(T'(u, m), k) = A*(T(u,m), k) and A(T(u,m),k) = A(T'(u, m), k) to indicate it.
See Figure 5.5 on page 136 for an illustration of the “past” subtree A*(T(u,m), k) of the block subtree
T(u,m).

The goal of this section is to prove (5.35) for all § € © and x € X, which we restate here for ease of
read:

Jim Ey @ Eg- [og po(Yr,, | Yar (1, k), Xprm+n 9y = )] = |Tn| €(6).
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5.C.1 Decomposition of the log-likelihood into subtree increments

Following (5.16), for all u € T, k € N, € X and 6 € O, using the conditional probabilities formula,
define:

_ Po(Ya(r(um)k) | Xpkw) = )
Po(Yar (1 (um) k) | Xpk(u) = )

= /Pa(YT(u,m) | Xo = 20) Po(Xy € dzy | Yar (7 (um) k) Xpti-Dmt1) () = T),

HT(u,m),k,m(Q) (5100)

where:
pO(YT(u,m) |Xu = xu) = / . 99($u7Yu) H 90($w7 Yw)qe(mp(w)axw) )\(dxw)
1T m)] weT (u,m)\{u}
We then define the log-likelihood contribution of the subtree T'(u,m) with past over k € N subtree
generations (that is, k(m + 1) (node) generations) as:
W7 (u,m) k2 (0) = 108 Hr(u,m) k.2 (6)

For all n € N*, we decompose the tree T}, (,,41)—1 into subtrees of height m (such as T),), and we order
those subtrees according to <. Hence, using (5.6), (5.7) and (5.100) and a telescopic sum argument, the
log-likelihood of the observed variables Y7, ., can be rewritten as:

n—1
én(m-i—l)—l,w(e)zz Z h(um) e,z (60)- (5.101)

k=0 u€Gr(m+1)

5.C.2 Construction of the log-likelihood increments with infinite past for
subtree blocks

In this subsection, we construct the log-likelihood increments with infinite past for subtrees.
To construct the limit of the functions hp(y m) k,2(0) we first prove the following lemma which states
some uniform bound about the asymptotic behavior of those functions when k& — oc.

Lemma 5.C.1 (Uniform bounds for hy(y m) k,2(0)). Assume that Assumptions 6-7 and 8-(ii) hold. For
all vertices w € T and all integers k, k' € N*, the following assertions hold true:

p(k/\k’)(m+1)—1

sup sup |hrwm)k2(0) — hram ke ()] < —————) 5.102
Oegx,x’gé\f" T (u,m) e, (0) = D m) i a2 (6)] (1 — )T ( )
sup sup sup [hpy,m), ke (0)] < (|Tm|log b+) \% Z log(c7b™ (Yw))| - (5.103)

0€O keN* zeX wET (u,m)

Proof. [The proof is a straightforward adaptation of the proof of [CMR05, Lemma 12.3.2] with the use of
Lemma 5.3.2 for the coupling.| Let & > k > 1, and write v = p*("+1 (y), o/ = p* (m+1)(y;). Then, write:

/ I 9@ Yu)ao (@), 2w)A(dzw) (5.104)
AT (u,m)

weT (u,m)

HT(u,m),k,r (9) = /

X2
X Po(Xp(w) € dZpu) | Yar (T (u,m) k) Xo = o) X 0(dy),

and using the Markov property at X, write:

HT(u,m),k’,a:’ (9) = /

/ H 90(Zw, Yo )0 (Zp(w)s Tow ) A(d2ow) (5.105)
X2 X T (u,m)

weT (u,m)
X Po(Xpw) € drpuy | Yar (0 (u,m) k)> Xo = Ty)
X Pg(Xy € Ay | Yar (7 (u,m) b \A(T(u,m) k) Xor = Z).
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5.C. PROOF OF (5.35) (USED IN THE PROOF OF PROPOSITION 5.3.10)

Applying Lemma 5.3.2, we get (note that the integrands in (5.104) and (5.105) are non-negative):
|HT(u,m),k,x (9) - HT(u,m),k’,x’(a)l

Spk(m-l-l)—l sup / H gg(gcw,Yw)qg(acp(w),xw))\(dxw)

Tp(u) €EX weT (u,m)
< prmAD=1 () T H 90(Zw, Yo )A(d2y). (5.106)
weT (u,m)

The integral in (5.104) can be lower bounded giving us:

Hoy o (0) > (7)1 ] /ge(ww,Yw)A(dxwx (5.107)

weT (u,m)

where the right hand side is positive by Assumption 7-(ii); and similarly for (5.105). Combining (5.106)
with (5.107), and with the inequality |loga — logy| < |z — y|/(z A y), we get the first assertion of the

lemma:
O—+

[T | k(m+1)—1
M um) e,z (0) = By m) k2 (0)] < <> prm =1 =

hS]

g

Combining (5.100) and (5.107), we get:

H O—ibi(Yw) < HT(u,m),k,l‘(G) < (bJr)‘Tm‘a

weT (u,m)

which yields the second assertion of the lemma (remind that b= (Y,,) > 0 for all w € T by Assumption 7-
(ii)). O

We are now ready to construct the limit of the functions hyp, ) k() and state some properties of
this limit. Note that this result is stated for every u € T, but we will only need it for v« = 0. Remind
that we are in the stationary case, and that the HMT process (X,Y) is defined on 7.

Proposition 5.C.2 (Properties of the limit function hp(y )00 (0)). Assume that Assumptions 5-8 hold.
For every uw € T and 0 € O, there exists hp(ym),c(f) € LY (Py ® Py+) such that for all x € X, the
sequence (Wp(y,m) k,2(0))ren converges Py @ Pg«-a.s. and in LY (Py @ Py+) to h(u,m),00 (0).
Furthermore, this convergence is uniform over 8 € © and x € X, that is, we have Py ® Py«-a.s. and
in L' (Py ® Py-) that:
klim sup sup |hT(u7m),k,x(3) — hT(u,m),oo(a)| = 0.
X PO zeX
The limit function hy(y, m),o0(f) can be interpreted as log po(Yr(u,m) | Ya* (7 (u,m),00)), Where the ran-
dom subset of vertices A*(T'(u,m),0) is defined as A*(T(u,m),00) = {v € T : v <y T'(u,m)}. Note
that hp(y,m),00(0) is a function of the random set of variables (Y,,v € A(T(u,m),00)), where we define
A(T(u,m),00) = A*(T(u, m),o0) UT(u, m), and thus implicitly depend on U trough A(T(u,m),o0).

Proof. Fixsomeu € T'. Note that (5.102) shows that the sequence (hyp(y,m),k,z(0))ken is Cauchy uniformly
in # and z, and thus has Py, ® Py«-almost surely a limit when k& — oo which does not depend on z; we
denote this limit by hp(y,m),00(?). Furthermore, we get from (5.103) that (hp(y,m),k,«(0))ken is uniformly
bounded in L'(Py @ Pg+), and thus hy(y,m),e(0) is in L'(Py @ Pg+) and the convergence also holds in
LY (Py ® Py-). Finally, as the bound in (5.102) is uniform in 6 and z, we get that the convergence holds
uniform over # and = both Py, @ Py.-almost surely and in L'(Py ® Pp- ). O

5.C.3 Properties of the contrast function

As the functions hy(, m),00 () are in L' (Py @ Pg+) under the assumptions used in Proposition 5.C.2,
we can now define the contrast function (™ (which is deterministic) for block subtree of height m as:

g(m)(g) = Ey ® Eg« [hTm,oo(a)]v

where remind Ey; ® Eg- is the expectation corresponding to Py ® Pg~. We prove under the L? regularity
assumption Assumption 9 the convergence of the normalized log-likelihood to this contrast function.
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Proposition 5.C.3 (Ergodic convergence for the log-likelihood). Assume that Assumptions 5-9 hold.
Then, for all x € X, the normalized log-likelihood |Tn(m+1)_1|’1€n(m+1)_171(0) converges Pg«-a.s. to the
contrast function £0™ () as n — co.

|Tom|
lim —— . (0) = (0 Py« -a.s. 5.108
arg |Tn(m+1)7 | (m+1)—1, ( ) ( ) ( )
In particular, we get that (0™ (0) = |T,,|£(0).
Proof. Let 6 € © be some parameter. Fix some k € N* and z € X. Remind (5.101). Applying (5.102)

for each vertex u € Gj(y41) with j € {k,---,n — 1}, we get:
|Ton| . )
Myl | 70 1L Y hrme®

J=k u€G j(m41)

pk(m+1)—1 |T |

==l * | T(m+1)— 1|Z 2 Mramse@)l (5109

J=0u€G(my1)

Note that by (5.103), we have that |[hp(ym),;2(0)] < oo Pg--a.s. for all j € N* and u € Gj(p41). For
u = 0, we have hy, o ,(0) =logpe(Yr, | Xo = ) which is finite Py--a.s. by Assumption 7-(iii).

The definition of the shape from Section 5.2.4 can straightforwardly be adapted to the (deterministic)
subtrees A(T(u,m), k) for vertices u € Gj(mmq1) With j > k, where u is seen as a distinguished vertex of
A(T(u,m), k). Following (5.8) (on page 126) in the initial vertex-by-vertex decomposition setting, for a
vertex u € Gj(m41) With j > k, let vy, € Gj(m1) be the unique vertex Gy, 41y such that A(T(u,m), k)
and A(T(v,,m), k) have the same shape. Then, we have:

DT () e (05 VAT (im) k) = YAT () b))
= (o, m) b (03 YA@@0m) k) = YAT@m) k) (5110)
Moreover, using (5.103) together with Assumption 9, we get for every u € G (1) With j > k that the
random variable hp(y m) k.2 (05 YA (T (w,m),k)) 18 in L?(Py-). Hence, applying a straightforward modification
of Lemma 5.2.11 for subtree blocks T'(u, m) to the collection of neighborhood-shape-dependent functions

(hr(v,m) k2 (05 YA (T (0,m)) = -))vegk(m_H) (remind that indexing functions with Gy (y,41) or with the set of
possible shapes is equivalent by (5.9)), and using (5.110) and (5.14) (in Remark 5.3.1), we get:

Z Z hT(u,m),k,x(e) njgo Ey ® Eg« [hTm,k,m(e)] Py+-a.s. (5111)

nm+1) 1| =k WEG (1)

Using (5.102) with Proposition 5.C.2, we get:

pk(m-i-l)—l .
1
Thus, combining this bound with (5.109) and (5.111), we get Pp«-a.s. that:

|Ey @ Eg« [hr,, 5,2(0)] — By ® Egs [hr,, 00 (0)]| <

] Tl 6) — By © Epe [y (8)]] <2 20
imsup | ————lpmi1)—1.2(0) — ® Eg~ |h1,, o0 <2 —Y
S | i1 (0) — By © o [, o (O)]| < 25—

As the left hand side does not depend on k, letting & — oo, we get that (5.108) in the lemma holds.
Lastly, as the limit must be the same as in Proposition 5.3.5, we get that £(™) () = |T;,|¢(6). This
concludes the proof. [

We are now ready to close this section by proving that (5.35) holds.
Proposition 5.C.4. Assume that Assumptions 5-9 hold. Then, (5.35) holds for all € © and x € X.

Proof. Applying Proposition 5.C.2, we get that the left hand side of (5.35) is equal to £(™)(#) = By ®
Eg« (1 (8,m),00 (8)], which is equal to |T},,|¢(f) by Proposition 5.C.3. O
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5.D Details of the proof of Proposition 5.4.5

Remind that the proof of Proposition 5.4.4 can be straightforwardly adapted to Proposition 5.4.5 ex-
cept for Lemma 5.4.8. In Section 5.4.2, for brevity, we have only presented the adaptation of Lemma 5.4.8
to the terms Iy ,(€). In this appendix, we present all the details of the adaptation of the rest of the
proof of Proposition 5.4.4 to the terms I'y, . ().

The following lemma gives an exponential bound on the L?(Pg.) norm uniformly in # € X for the the
average of the quantities Iy, j,(y),,(0*) over u € T;.

Lemma 5.D.1. Under the assumptions of Proposition 5.4.5, for allx € X and 0 € ©q, there exist finite
constants C < oo and o € (0,1) such that for all n € N* we have:

91 1/2

1
Eg- sup | 77 > Tunw,e(®) — By @ Eg: [T9,00(6)] < Ca". (5.112)
ze n ucTy

Proof. Let 2’ € X and 6 € ©g. Using Minkowski’s inequality and Jensen’s inequality, for all n, k € N*,
we get:

97 1/2
1
Eg- |sup | == Y Tunw.e(0) — By @ Ege [T00(6)]
TeX |Tn| weT*
07 1/2
1
< Eg- Sup |\ Fu u),T 0
:E,r/GX |Tn‘ ug; 7h( )7 ( )
k—1
- 97 1/2
1
+Ep« | sup |— Cun ,(9)_Fu,k,m/(9)
z,x'€X Tn|u€TnZ\Tk1 uoh(u), (5113)
- b 1/2

1
+ E@* m Z Fu,k,x' (6) — EL{ ® EO* [Fa,k,ml (9)]
n wET, \Tk—-1

+ Ey ® Eg- [|To 1,00 (0) — To.00(0)]%]

1/2

Using Lemma 5.4.17 together with (5.49) on page 142 (which, remind, are both immediate consequences
of Lemma 5.4.2), there exists a finite constant C' < oo and 8 € (0, 1) such that the first term in the right

hand side of (5.113) is upper bounded by C2~("=%) (note that % < 27(=F)) and the second and

fourth terms in the right hand side of (5.113) are both upper bounded by C*/2.

We now give an upper bound for the second term in the right hand side of (5.113). For a vertex u
in T\ Tx_1, let v, € Gy, be the unique vertex that satisfies the shape equality constraint (5.8) (on page
126), then we have:

Lo ka (03 YA (k) = Ya(uk)) = Dow ke (05 Ya(o,) = Ya(uk))- (5.114)

Moreover, using the definition of T'y x »(#) in (5.63) together with the assumption on ¢ in Proposi-
tion 5.4.5, we get that the random variable I'y g 2/ (0; YA (u,k) = YA(uk)) 1810 L?(Py- ) for every u € T\Tj_1.
Thus, we can apply Lemma 5.2.11 (see in particular (5.11)) to the collection of neighborhood-shape-
dependent functions (I'y, k2 (0; Ya() = *))veq, (remind that indexing functions with Gy or with N, is
equivalent by (5.9)). Using (5.11) in Lemma 5.2.11 together with (5.28) and (5.14) in Remark 5.3.1, we
get that there exist v € (0,1) and a finite constant C’ < oo (note that they both do not depend on k
and n) such that for all n, k € N* with n > k, the second term in the right hand side of (5.113) is upper
bounded by C’'~y"~F.

Hence, taking k = [n/2], we get that the left hand side of (5.113) is upper bounded by 2C5"™/* +
C'a™? + €27/ and thus decays at exponential rate as desired. This concludes the proof. O
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Lemma 5.D.1 implies as a corollary the convergence Py.-a.s. and in L?(Py~) uniformly in x € X for
the the sum of the quantities Iy, j,(u),»(0*) over u € T};.

Corollary 5.D.2. Under the assumptions of Proposition 5.4.5, for all x € X and 0 € ©q, we have:

lim sup |T | Z wh(u),z(0) — By @ Eg» [F&OC(G)] =0 Pg«-a.s. and in LQ(PQ*).

n—0 pcx uGT*

Proof. The convergence in L?(Pg+) follows immediately from Lemma 5.D.1. Moreover, using again
Lemma 5.D.1, we have:

Z Eg« [sup T Z Fu oo — Ey ® Eo- [FO,OO(G)} < 0.
neN* TEX | | weET)

Hence, Borel-Cantelli lemma and Markov’s inequality imply that the convergence in the lemma also holds
Py«-a.s. O]

The following lemma gives some continuity properties of the function 6 — I'g i ,(6).

Lemma 5.D.3. Under the assumptions of Proposition 5.4.5, for all x € X and k € N, the random
function 0 — T i, »(0) is Py @ Pgx-a.s. continuous on ©g. Moreover, for all § € Oy, we have:

lim Eyy ® Eg- sup To.1.2(0") —Tor(0)*| = 0.
6—0 0'€00:|0"—0]|<5

Proof. We mimic the proof of [DMR04, Lemma 14].

For all v € T°°, define the random variable [[¢"|cc = Supy ce, SUP, wex [Po (', 7,Y,)|. Remind
that under the assumptions of Proposition 5.4.5, the HMT process (X,Y) is stationary and the random
variable ||¢?]|o is in L*(PPp+). Thus, for all v € T°°, the random variable ||¢? || is in L*(Pg-). Remind
from (5.12) on page 129 that A(9,k) is a random subtree of the deterministic subtree T°°(p*(u), k).
Then, note that we have:

2

sup Lo,z (0)] < 4 o eVl |

0€%0 VET™ (pk(0),k)

where the upper bound is a random variable in L?(Pp-) (and thus in L?(Py ® Py-)) which depends
on Yroo(pk(u),k) but not on U. Hence, to prove the lemma, it suffices to prove that for all vi,ve €
T (p*¥(u), k) \ {p*(9)} and € € {0,1}, we have Py @ Pp+-a.s. :

lim sup ]EQ’ [Qb((i’e) (Xp(vl)a X'u1 ) le ) Xp(v2)7 Xv27 sz) | YA(B,]C)’ ka(ﬁ) = LL'}
0=0grcoq:(|0" -0 <5

—Eq [¢((92’€)(Xp(v1), Xy Yo Xp(on)s Xvas Yoo ) | Ya(ok), Xpra) = 7]| =0,
where:
35 (Xo(or)s Xors Yor» Xp(us)s Xoas Yor) 7= 00/ (Xp(or)s Xors Yor )00 (Xp(ua)s Xog, Yoo )
Denote @k (5) = @, and write:

2,e
]Ee[¢§/ )(Xp(’ul)’XU1>Y’U17Xp(’U2)7X1)27Y’U2) | Ya(a,k), Xpk(9) = 7]

2,€
_ Sxiae.mi-1 cbé: )(pr(ul),%l,Yul,mp(v2)7$v27YuQ) \Il(dxA(&k)\{p’“(a)}).
Jra@mnwron 1(ATA @00\ (p*0)})

(5.115)
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where:
qj(dx&(avk)\{pk (8)}) = H de (xp(w)v xw)ge ((Ew, Yw))\(dxw)
weA(9,k)\{p*(0)}
Using Assumptions 6-8 (which are part of the assumptions in Proposition 5.4.5), we know that the
integrand in the numerator of the right hand side of (5.115) is continuous w.r.t. # and is upper bounded

by the random variable [|¢"* ||oo (|62 [|oe )¢ (o bH) T @ (WRI=1 (remind that o= > 1 and b+ > 1). And
similarly, the denominator is continuous w.r.t. 8, and, using Assumption 7-(ii), is lower bounded by the
random variable:

H o~ inf /g.g/(mew))\(da?w) > 0.

0'c®
weA(9,k)\{p*(9)}

Hence, using dominated convergence, we conclude that Py ® Pgs-a.s. the left hand side of (5.115) is
continuous w.r.t. §. This concludes the proof. O

As a corollary of Lemma 5.D.3, we get that the function § — I's o () is continuous in L?(Pp-).
Corollary 5.D.4. Under the assumptions of Proposition 5.4.5, for all 6 € ©g, we have:

sup T9.00(0") — To.00(0)*| = 0.

lim Eu ® Eg*
6—=0 0'€00:]|60"—0|<5

In particular, the function 0 — Ey @ Eg«[[s,00(0)] is continuous on Oy.

Proof. Using Minkowski’s inequality and Lemma 5.4.17, there exist a finite constant C' < oo and 8 € (0, 1)
such that for all z € X and k € N*, we have:

1/2
Ey ® Eg» sup To,00(0") — Fa,oo(ﬁ)Q]
0/€00:||0"—0]|<5

1/2
< QCﬂk/2 + Ey ® Eg« sup |F8,k,m(0/) — Fa,k,z(9)2‘| . (5.116)

0'€00:(|6'—0]| <6

Using Lemma 5.D.3, we get:

limsup Eyy ® Eg+

1/2
sup IT5.00(0") — ra,m(e)d < 208%/2,
d—0

07€00:||6"—0]|<5

and taking £ — oo, the upper bound vanishes. This concludes the proof. O
We now prove a locally uniform law of large numbers for the quantities Ty, x ().

Lemma 5.D.5. Under the assumptions of Proposition 5.4.5, for all x € X, we have:

lim lim Lo h(u —Euy @ Eg«[I'g,00(0)]| =0, Por-a.s.
5—>On~>ooe,€@0 He’ ol1<s |T ‘u;* )7 [ oo( )]
Proof. First, write:
Z w,h(u), z EU by EG* [Fa 00(9)]
0'€0, \|a/ 0||<s \T | S
sup FuJL u ,1(9/ - Fu,h u ,:Jc(e)
|u;*9 e@oz||eue\|g5| Aw).=(8) ()
(5.117)
\T | Z wh(w),z(0) — Eyy @ Eg«[Tg,00(0)]] -
ueTy
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5.D. DETAILS OF THE PROOF OF PROPOSITION 5.4.5

Then, we use the exact same argument as in the proofs of Lemma 5.D.1 and Corollary 5.D.2 where
for all u € T*, the random variable ', 1, () is replaced by the random variable:

sup T nu),e(0) = Tunuy 2 (0)],
/€00 :||6"—0]|<5

which are in L?(Pp-) using the assumptions of Proposition 5.4.5. This gives us that the first term in the
upper bound of (5.117) converges Py«-a.s. as n — oo to:

Ey ® Eg- sup  [To,00(0) = To,00(0)]]
0':)16'—0]|<5

which, by Corollary 5.D.4, vanishes when § — 0. Corollary 5.D.2 implies that the second term in the
upper bound of (5.117) vanishes Pys-a.s. when n — oco. This concludes the proof. O

Combining the previous lemmas in this appendix and Lemma 5.4.17, we are now ready to prove
Proposition 5.4.5.

Proof of Proposition 5.4.5. By Lemma 5.4.17, for all u € T, we have that (T'y k. (6))ken+ is a Cauchy
sequence uniformly w.r.t. § € Og in L?(Py @ Py«) that converges to some limit I';, o (#) (that does not
depend on z). By Corollary 5.D.2; we have that Py«-a.s. the convergence for the the average of the
quantities T'y, j(u),«(0*) over u € T,; holds uniformly in z € X, that is, (5.66) in Proposition 5.4.5 holds.
By Corollary 5.D.4, we have that the function 6 — Ey @ Eg«[['p o0 ()] is continuous on ©g. Finally, the
last part of the proposition is given by Lemma 5.D.5. O
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Julien WEIBEL
Graphons de probabilités, limites de graphes pondérés
aléatoires et chaines de Markov branchantes cachées

Résumé :

Les graphes sont des objets mathématiques qui servent a modéliser tout type de réseaux, comme les réseaux
électriques, les réseaux de communications et les réseaux sociaux. Formellement un graphe est composé
d'un ensemble de sommets et d’'un ensemble d’arétes reliant des paires de sommets. Les sommets repré-
sentent par exemple des individus, tandis que les arétes représentent les interactions entre ces individus.
Dans le cas d'un graphe pondéré, chaque aréte possede un poids ou une décoration pouvant modéliser une
distance, une intensité d’interaction, une résistance. La modélisation de réseaux réels fait souvent intervenir
de grands graphes qui ont un grand nombre de sommets et d’arétes.

La premiére partie de cette thése est consacrée a l'introduction et a I'étude des propriétés des objets limites
des grands graphes pondérés : les graphons de probabilités. Ces objets sont une généralisation des graphons
introduits et étudiés par Lovasz et ses co-auteurs dans le cas des graphes sans poids sur les arétes. A partir
d’une distance induisant la topologie faible sur les mesures, nous définissons une distance de coupe sur
les graphons de probabilités. Nous exhibons un critére de tension pour les graphons de probabilités lié a
la compacité relative dans la distance de coupe. Enfin, nous prouvons que cette topologie coincide avec la
topologie induite par la convergence en distribution des sous-graphes échantillonnés.

Dans la deuxiéme partie de cette thése, nous nous intéressons aux modéles markoviens cachés indexés par
des arbres. Nous montrons la consistance forte et la normalité asymptotique de I'estimateur de maximum de
vraisemblance pour ces modéles sous des hypothéses standards. Nous montrons un théoréme ergodique
pour des chaines de Markov branchantes indexés par des arbres avec des formes générales. Enfin, nous
montrons que pour une chaine stationnaire et réversible, le graphe ligne est la forme d’arbre induisant une
variance minimale pour I'estimateur de moyenne empirique parmi les arbres avec un nombre donné de
sommets.

Mots clés : graphes pondérés aléatoires, réseaux stochastiques, graphons de probabilités, modeles marko-
viens cachés indexés par des arbres, chaines de Markov branchantes, processus de branchement

Probability-graphons, limits of weighted random graphs
and hidden branching Markov chains

Abstract :

Graphs are mathematical objects used to model all kinds of networks, such as electrical networks, commu-
nication networks, and social networks. Formally, a graph consists of a set of vertices and a set of edges
connecting pairs of vertices. The vertices represent, for example, individuals, while the edges represent the
interactions between these individuals. In the case of a weighted graph, each edge has a weight or a deco-
ration that can model a distance, an interaction intensity, or a resistance. Modeling real-world networks often
involves large graphs with a large number of vertices and edges.

The first part of this thesis is dedicated to introducing and studying the properties of the limit objects of
large weighted graphs : probability-graphons. These objects are a generalization of graphons introduced and
studied by Lovasz and his co-authors in the case of unweighted graphs. Starting from a distance that induces
the weak topology on measures, we define a cut distance on probability-graphons. We exhibit a tightness
criterion for probability-graphons related to relative compactness in the cut distance. Finally, we prove that this
topology coincides with the topology induced by the convergence in distribution of the sampled subgraphs.
In the second part of this thesis, we focus on hidden Markov models indexed by trees. We show the strong
consistency and asymptotic normality of the maximum likelihood estimator for these models under standard
assumptions. We prove an ergodic theorem for branching Markov chains indexed by trees with general
shapes. Finally, we show that for a stationary and reversible chain, the line graph is the tree shape that
induces the minimal variance for the empirical mean estimator among trees with a given number of vertices.

Keywords : random weighted graphs, stochastic networks, probability-graphons, hidden Markov models in-
dexed by trees, branching Markov chains, branching processes
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