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|- Recursive decomposition of
colored planar maps

1) Definitions



Planar maps

A planar map is the embedding of a connected graph into the sphere, up to
orientation preserving homeomorphism.
Multi-edges and loops are allowed.

— -a

Planar map = planar graph + cyclic ordering of the edges around each vertex.

All maps are rooted, i.e. an oriented edge is marked.



Planar maps

Planar map = planar graph + cyclic ordering of the edges around each vertex.

e \ertices and edges are inherited from the graph.
e [aces are the connected components of the sphere minus the map.

Size: number of edges n.

Degree (of a vertex or face) = number of incident half-edges.




Colored maps

Colored map: assign a color to each vertex so that adjacent vertices receive
different colors.

.

proper coloring non-proper coloring



|- Recursive decomposition of
colored planar maps

2) Tutte’s decompositions



2-colored maps

Generating function of bicolored planar maps:

Blt.y) = Y 10y

beB
with d(b) the half degree of the outer face.

Bty = 1 + tyB(t,y)?
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Generating function of bicolored planar maps:

Blt.y) = Y 10y

beB
with d(b) the half degree of the outer face.

_____________
- " n
. ~

= O

Bty = 1 + tyB(t,y)?

Can be solved with the quadratic method [Brown ‘60s].
+ This method provides an algebraic equation of degree 4 for B(t,y).



2-colored maps

Generating function of bicolored planar maps:

Blt.y) = Y 10y

beB
with d(b) the half degree of the outer face.

_____________
- " n
. ~

= O

Bty = 1 + tyB(t,y)?

Can be solved with the quadratic method [Brown ‘60s].
+ This method provides an algebraic equation of degree 4 for B(t,y).

Explicit bijection with a families of trees [Schaeffer ‘97].



3-colored maps

M (t,y): generating function of 3-colored planar maps with ¢ — number of
edges and y — degree of the outer face.

M(t,y) = 1 + 2ty* M (t,y)? +  ty??7?



3-colored maps

M (t,y): generating function of 3-colored planar maps with ¢ — number of
edges and y — degree of the outer face.

= O

M(t,y) = 1 + 2ty* M (t,y)? +  ty??7?
Solution:
—— need a second catalytic variable recording the degree of the root vertex.
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3-colored maps

M (t,x,y): generating function of 3-colored planar maps with ¢ — number of
edges, y — degree of the outer face and x — degree of the root vertex.

@ ©

Theorem. [Tutte ‘68, Bernardi & Bousquet-Mélou ‘11]

M(x,y) = 1+aytCy—1)M(x,y)M(1,y) — xytM (x,y)M (x

1
e M(z,y) — M(1,y) +xytyM(:v,y) — M (=, 1).
x—1 y—1

—xyt



3-colored maps

M(x,y) = 1+aytRy—1)M(x,y)M(1,y) —xytM (x,y)M(x,1)
_ajytﬂj‘M(ﬂfay) — M(1 ,y) yM(ZC,y) — M(x,1) |
x—1 y— 1

Not an algebraic/D-finite/. . .equation = no toolbox ?
2 catalytic variables = no method to get an algebraic equation.
Negative coefficients == cannot build a random generator.



3-colored maps

M(z,y) = 1+ayt(2y—1))M(z,y)M(1,y) —aytM(z,y)M(z,1)
_xytw‘M(ﬂf,y) - My M@y - M@ 1)
x—1 y—1

Not an algebraic/D-finite/. . .equation = no toolbox ?
2 catalytic variables = no method to get an algebraic equation.

Negative coefficients == cannot build a random generator.

Theorem. [Bernardi & Bousquet-Mélou ‘11| The generating function of
3-colored planar map is algebraic and is equal to

(1+28)(1 —25% — 483 — 4584)
(1 —253)2

with constant term O.

M(1,1) =
S(1— S3)
(14 25)3

< Obtained via a reduction to 1-catalytic equation.

with S the solution of t =



|- Recursive decomposition of
colored planar maps

3) Gasket decompositions

A car gasket. A map gasket.
Term from [Borot, Bouttier, Guitter "12].



Warm-up: Triangulations

Triangulation = all faces have degree 3.




Warm-up: Triangulations

Triangulation = all faces have degree 3.

3-colored triangulations = 2-colored general maps.



Gasket decomposition

Use the structure from the coloring and get back to bipartite maps.

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of
the outer face.

M (y) = 1 + tyM (y)? + 777

10
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Gasket decomposition

Use the structure from the coloring and get back to bipartite maps.

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of
the outer face.




Gasket decomposition

Use the structure from the coloring and get back to bipartite maps.

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of
the outer face.

\

—O Oo—e—oO
T A T
3-colored map where all neighbors

of the root vertex are red.
+ connection caterpillar.
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Gasket decomposition

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of

the outer face.
Let H(t,x) = H(x) be the generating function of 3-colored planar maps
where all the neighbors of the root vertex are red, with t — edges and + —

degree of the root vertex.

_o+ o

p

M(y) =1+ tyM(y)® +ty Y > ey [y 1M (y),
p=1 k=1

with h = Zd>0 (QIZZfIl)[xd]H(:I:)
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Gasket decomposition

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of

the outer face.
Let H(t,x) = H(x) be the generating function of 3-colored planar maps
where all the neighbors of the root vertex are red, with t — edges and + —

degree of the root vertex.

_o+ o

M(y) =1+ tyM(y)* + ty[y®° (M (y) — 1) H(
ﬁ(y) = Zk>1yk2d>0 (2];?;1)[376[]}](%)

=3[ () - (S

y)a §=1/y
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Gasket decomposition

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of

the outer face.
Let H(t,x) = H(x) be the generating function of 3-colored planar maps
where all the neighbors of the root vertex are red, with t — edges and + —

degree of the root vertex.

o % B

H(z)=1+tcH(x)? + 2tz[z” ),

T (@) = Ty 0 Fyso (T 7M1, y) = Q_%VM(% ﬁ> ~
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Gasket decomposition

Let M (¢, 1) = M(y) be the generating function of 3-colored planar maps with
a black and white outer face, with ¢t — edges and y — half the degree of

the outer face.
Let H(t,x) = H(x) be the generating function of 3-colored planar maps
where all the neighbors of the root vertex are red, with t — edges and + —

degree of the root vertex.

Theorem. [S. '26]
M(t.y) =1+ tyM(ty)* + tyly=° [ (M (t.y) —
H(t,z) =1+ taH(t,2)* + 2tz[2z=°

with

~—

-3l

I 1
M(t,z) = 5= x)gM(t )

N
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lI- A new algebraicity proof

11



The strategy: Guess and Check

{ M(ty) = 1+ tyM(ty)? + ty[y>°) (M (t,y) — DH(t.7),
H(t,x) =1+ tcH(t,2)* + 2tx[zZ°|(H (t,2) — 1) M (t, 7).

The equations allow us to recursively compute all the coefficients of the
series M and H

— unique solution in Q[y][[t]] x Q[z][[¢]].

Guess and Check:

1. Guess polynomial equations satisfied by our series.
2. Prove that the solutions of the polynomial equations satisfy the original
equations.

12



Guess
M(t,y) = 1+tyM(t,y)* + ty[y>°] (M (t,y) — 1) H(t,),
H(t,z) =1+ txH(t,z)* + 2tz[z”°|(H(t,2) — 1)M (t, 7).

Guess:

1. Use the equations to compute the first (250) terms of the series M and H.
2. Guess polynomial equations with algeqtoseries (package gfun).
3. Determine which solution of the polynomial equation is the candidate.

13



Guess

M(t,y) =1+ tyM(t,y)* + ty[yZ°) (M (£, y) — 1 H(t,),
H(t,z) =1+ txH(t,z)* + 2tz[z”°|(H(t,2) — 1)M (t, 7).

Guess:

1. Use the equations to compute the first (250) terms of the series M and H.
2. Guess polynomial equations with algeqtoseries (package gfun).
3. Determine which solution of the polynomial equation is the candidate.

We use the intermediate field Q(t,y) — Q(S,y) — Q(t,y, M (t,y))
S(1—5%)
(1+25)3

where t = to have smaller equations.

Equations of degree 6 for M (t,y) over Q(.S,y) and of degree 8 for H(t, x)
over Q(5, ).
Both polynomial equations have only one solution that is a power series in t.
We denote them M, and H..
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Guess

1. Use the equations to compute the first (250) terms of the series M and H.

2. Guess polynomial equations with algeqtoseries (package gfun).
3. Determine which solution of the polynomial equation is the candidate.

<~ Equations of degree 6 for M (t,y) over Q(S,y) and of degree 8 for H(t,x)
over Q(5, ).

P (S, y, M) = 4y° (y — 1)25° (253 — )0 MO 4 249% (5 — 1)2(1 +25)3 (253 — 1)°s%M° — (1 +
25)(253 —1)%((645% +965° +885% 13253 251+ 1)y? — (1654 + 45653 + 68452 +3345 +57)(1+
25)2y 4+ 56(1 + 25)°)53(y — Dy M+ — 4253 — 1)3(1 + 25)%((645° + 965° + 885% + 3253 —
25 + 1)y? — (165% + 13653 + 20452 4+ 945 +17)(1 4+ 25)2y 4+ 16(1 +25)°)S2% (y — 1)y M3 — (1 +
25)2 (253 —1)2(25(645% +965° +945% +505° +1852 +45+1)(S+1)3y* + (1 +25)(6144510 +
2092859 + 336005% + 3206457 + 183805° 4 52445° — 1625% — 53653 — 8752 + 185 + 5)y° —
2(3845% 1+ 11205° + 19145% + 160453 + 70652 + 1715 + 23)(1 + 25)°y?2 + (965* + 61653 +
02452 44145 + 77)(1 +25) 7y —36(1 +25)19)s5yM? —2(253 —1)(1 +25)°(25(645° + 965° +
045% + 505% + 1852 + 45 + 1)(S + 1)3y? + (1 + 25)(2048510 1 65925° + 953658 + 748857 +
250859 — 9005° — 134654 — 60053 — 11952 — 65 + 1)y> — 2(1285% + 2245° 1+ 2665% + 16453 +
5052 + 115 +3)(1+25)2y2 +(325% + 7253 +10852 +385+9)(14+25) y—4(1+25) M — (14
25)3 (5452 +25+1)3 (5 +1)%y* +2(645° +965° +945% + 5053 + 1852 +45 +1)(S+1)3(1 +
25)°y3 4+ (10245° + 300858 + 352057 + 134459 — 14605° — 24365% — 16425% — 61652 — 1275 —
12)(1 +25)%42 — 2(645° + 645% + 1453 — 3652 — 345 —9)(1 +25)10y +8(253 —1)(1 + 25)12)
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Check

Check: Prove that M. and H,. satisfy

Mt y) =1+ tyMo(ty)? + tyly®
H.(t,z) =14 teH.(t,x)* + 2tx[x™
with M,(t,z) = ﬁMc(ﬂ ﬁ)

and H.(t,y) = %[%@Hc(t, ) _ 1[\”/@

1
1—\/§

|

(Mc(t,y) — 1
|(Hc(t, x) —

1
)|
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Check

Check: Prove that M. and H,. satisfy

M (t,y) = 1+ tyM.(t,y)* + ty[yZ° (M. (t,y) — 1) He(t,7),
H.(t,x) =1+txH.(t,2)* + 2tx[xZ ) (H.(t,2) — l)M( T),

with M..(t,z) = ﬁMc(t, ﬁ)

and H,.(t,y) = %_11@@[{0(@ ) - Hc(t, 1+1ﬁ)]'

1. Reformulate the equations to some property visible on the polynomials:
yZ 1R (y) = 0,

27| Ry (z) =0,

1
1—\/§

14



Check

Check: Prove that M. and H,. satisfy

[ /> C ~ N ~
wit
an Let F'(t,y) € Q((y))|[t]] be an algebraic series in t
. given by its minimal polynomial and first coefficients.
' How to decide whether F' has a pole at y =0 7
wh _
an A 2\ LLt]]'

“II ™) =T/ 7 T T O - C ) © cTX™~7 )



Check

Check: Prove that [yZ Ry (y) = [27°] Ry (x) = 0.

2. Compute minimal polynomials for Ry; and Ry by eliminating M. and H.
using resultants.

<~ An equation of degree 12 for Ry, over Q(S,y) and one of degree 12 for

Ry over Q(S,x). Both are too big to work with.

Qar(S,y, Ryp) = 510 (y — 1)8(25° — 1)243}\3 + 245y (y — 1B (1 + Qs>3<283 —1)%2(45* +
853y + 1252y + 65y — 25 + )R — 2524y — )% + 25) (283 — 1)20(—124(1 + 25)1145 _
(99252 — 200853 — 301252 — 20025 —251)(1 +25)8y* —2(9765% — 796857 — 779255 + 55085° +
1853854 + 1633653 4+ 711252 + 12735 + 65)(1 + 25)°y> + (128512 + 31206511 — 17568510 —
16852857 — 262136S° — 16272057 + 2749255 1+ 1231485° + 962985% + 376525°% + 735352 +
5505 + 3)(1 +25)2y2 — 23(512513 i 32000512 + 7779251 £ 74176510 ¢ 144059 . 7306088 .
769785 —275045% +137505° + 2088052 + 1061953 + 264752 4+ 2795 + S)y +252(645% +965° +
8884+3283—23+1)(28 —1) YRE? 851042 (y—1)0(14+25)% (283 —1)18 (- 180(1+25)16 6
(21605 . 2984S _ 447652 — 33185 — 373)(1 + 25) 3 y® — 2(42405% — 1764857 — 198805° +
22085° + 3110852 + 295328 4 13766S 4 2316S 4 103)(1 +295)19,%4 _ (10240512 — 137216511 —
55808510 + 32355259 + 6499365° + 44774457 — 362045% — 3134845° — 2566705 — 10349653 —
1962552 — 13665 — 13)(1 + 25) 74> + 25(128051° + 825605'% — 159808513 — 766080512 —
1072032511 — 419680510 + 6858885 + 114083258 + 68474657 + 20485% — 2936205° —
2265965+ — 8634953 — 1716852 — 14755 —26)(1+25)%y2 —252(1+25)(102405 % + 184320513 +

489472512 1 51564851t + 42368510 — 5430485° — 66615258 — 30828057 + 836525° + 14



Check

Prove that [y= Ry (y) = [27°| Ry (z) = 0.

2. Compute minimal polynomials for R;; and Ry by eliminating M. and H.
using resultants.

An equation of degree 12 for Rj; over Q(S,y) and one of degree 12 for
Ry over Q(S,x). Both are too big to work with.

3. Find intermediate field extensions.

Q(S,y) —— Q(S, L) —— Q(S, K) —— Q(S, y, Ru)

;o L (1+28)°(1 +2S +45% —45%L)(1 - L)
oy (1+25 +252 +453 —483L)2 !
2
P S2L

(452 +25+1)(1 - K)

14



Check

Prove that [y= Ry (y) = [27°| Ry (z) = 0.

2. Compute minimal polynomials for R;; and Ry by eliminating M. and H.
using resultants.

An equation of degree 12 for Rj; over Q(S,y) and one of degree 12 for
Ry over Q(S,x). Both are too big to work with.

3. Find intermediate field extensions.

Q(S,y) —— Q(S, L) —— Q(S, K) —— Q(S, y, Ru)

;o L (1+28)°(1 +2S +45% —45%L)(1 - L)
oy (1+25 +252 +453 —483L)2 !
2
P S2L

(452 +25+1)(1 - K)
Solve the equation for Ry; over Q(S, K).

= B-CvD with A, B,C, D € Q|S, K].

Ry (y)
24 14




Check

Prove that [y= Ry (y) = [27°| Ry (z) = 0.

3. Find intermediate field extensions:

Q(S,y) —— Q(S, L) —— Q(S, K) —— Q(S,y, Rar)

;o 1 (1429)3(1 +2S + 452 —4S5%L)(1 — L)
oy (1+2S + 252 + 453 —453L)2 ’
2
o S“L

(452 +25+1)1—-K)
Solve the equation for Rjy; over Q(S5, K).

_ B-CvD
24
Prove that L then K then Rj; only have negative powers of y.

Rr(y)

Apply the same method to Rp.

with 4, B,C, D € Q[S, K].

14



Algebraicity

M(t,y) =1+ tyM(t,y)* + ty[y>°) (M (t,y) — 1) H(t,7),
H(t,2) =1+ teH(t,2)? + 2tx[z>(H (t, 2) — )M (L. 7).

has a unique solution in Q[y]|[t]] x Q|x][[t]].

]
b. There are polynomials Py;(S,y, M) and Py (S, x, H) whose only power series
solutions satisfy the system.

Theorem. [S. ‘26] The generating function M (t,y) of 3-colored planar maps
with black and white boundary is algebraic over Q(¢,y) of degree 24.
Complete map of the subfields of Q(t,y, (y))
4 3
All |[yP|M (y) are rational fractions in S.

15



l1l-- Random sampling

Boltzmann samplers

16



Exact size sampling

Principle: use the recursive decomposition to sample uniformly objects of a
given size n.

For binary trees :

t =
n—1

ﬂ — zi‘/ tn = Z teln—k—1
k=1

BinTreeSampler(n) =
if n = 1 then o
else draw k with P(k) = tptn_r_1/tn
(BinTreeSampler(k), BinTreeSampler(n-1-k))

17



Exact size sampling

Principle: use the recursive decomposition to sample uniformly objects of a
given size n.

For binary trees :

t =
n—1

ﬂ — zi‘/ tn = Z teln—k—1
k=1

BinTreeSampler(n) =
if n = 1 then o
else draw k with P(k) = tptn_r_1/tn
(BinTreeSampler(k), BinTreeSampler(n-1-k))

Need to write the explicit recurrence.
Very slow for large size objects.

17



Boltzmann samplers [Duchon, Flajolet, Louchard, Schaeffer ‘04]

Principle: sample objects v € C according to the probability distribution

ARl
C'(t)

P(y) =

with ¢ a parameter, by following a recursive decomposition of C.

For binary trees :

g

= ¢ +

IT(t)

tT(t)?

t
[ ﬁ‘/ prObablllty Ft)

probability t7T'(t)

18



Boltzmann samplers [Duchon, Flajolet, Louchard, Schaeffer ‘04]

Principle: sample objects v € C according to the probability distribution

B ARl
with ¢ a parameter, by following a recursive decomposition of C.
For binary trees : .
r zf/ probability ——

(1)

=% + IT(¢) = <

probability t7T'(t)

Tt = t + tT(t)? TN AT(t

\

Unfixed size (adjust the value of ¢ to aim for a given size).
Uniform distribution when conditioned by the size of the object.
Can be built as long as we have a positive combinatorial equation.

Very efficient for large objects.
18



Boltzmann sampler for 3-colored maps

te(m)yd(m)
» The catalytic variable becomes a second parameter: P(m) = M(ty)
» We use rejection to handle the [¢="] and [27"]. Y
(t,y) = DH(L,T),

Mt y) =1+ tyM(ty)* + tyly= ] (M
H(t,2) =1+ teH(t,2)? + 2tx[z>(H (t,2) — V)M (. 7).

-

O with probability

1
M(t,y)

w .@ with probability tyM (¢, y)
IM(t,y) = <

0 Otherwise.

Reject while the lengths of the
borders of the maps are
iIncompatible.

[TH(t, x) similarly.

19



Boltzmann sampler for 3-colored maps

te(m)yd(m)
» The catalytic variable becomes a second parameter: P(m) = M(ty)
» We use rejection to handle the [¢="] and [27"]. Y
(t,y) = DH(L,T),

Mt y) =1+ tyM(ty)* + tyly= ] (M
H(t,2) =1+ teH(t,2)? + 2tx[z>(H (t,2) — V)M (. 7).

TH(t, ) = -+ an integer £ ~ Geom(y) for each corner

¢ indicates the number of edges to insert:

A TS

¢ edges
Reject while the sum of the labels is odd.

19



Boltzmann sampler for 3-colored maps

o ge(m)ydtm)
» The catalytic variable becomes a second parameter: P(m) = M{(t, )
'Y

» We use rejection to handle the [¢="] and [27"].

Work in progress ...

File ~/Documents/Maths/Sage/topsurf/topsurf/planar_layout.py:150, in (self, m, root)
147 self._pos[1][i] = yi
149 if not self.is_valid():
—> 150 raise RuntimeError
152 # force parameters
153 self._repulsion_power = 1.0

RuntimeError

Lots of rejection.
Hard to build an oracle
for the pointed series.

A random map with 33 edges.

19



Boltzmann sampler for 3-colored maps

te(m)yd(m)
» The catalytic variable becomes a second parameter: P(m) = Mty)
» We use rejection to handle the [¢="] and [27"]. Y
- Lots of rejection.
200 -
E(e(m))
150 =
E(d(m))
100 -
N 50 - E(d(m))
E(d(h))
70.2015 0.2020 0.2025 0.2630 0.2035 00 " 0bz 008 012 096 020 S




Boltzmann sampler for 3-colored maps

» Make the catalytic variable recursive.

Y~

Equations for Mp = [y?|M (y), Ha = [2"]H(x), My = [z*]M (z) and
Hy, = [y*]1H (y):

(MO — HO — 17
p—1
My =ty MyMp_1_p+t ) My 1H, forp>0,
k=0 k=1
d—1 .
) H;=1 Z H.H; 11+t Z Hgy g1 My for d > 0,
k=0 k>1
~ 2p+ k —1
Mk=Z< L1 )Mp for £ > 0,
p=0
~ 2k +d—1
Hk=z< 2%k — 1 )Hd for k£ > 0.
. d=0

- Need to truncate the sums at some K
— boundary size at most K (recursively).

20



Boltzmann sampler for 3-colored maps

» Make the catalytic variable recursive.

A random 3-colored map with 616 edges and a horrible layout.

20



Boltzmann sampler for 3-colored maps

» The catalytic variable becomes a second parameter: P(m) =

or

ge(m) d(m)
M(t,y)

» Make the catalytic variable recursive (and bound the maximal outer degree
in the decomposition by K) .

Boltzmann catalytic variable

Recursive catalytic variable

Distribution at fixed n
Precalculus
One step
Rejection

Uniform
0
O(1)
A lot

Uniform only if n < K
O(K?)
O(l0g(K))

None

20



Boltzmann sampler for 3-colored maps

» Make the catalytic variable recursive.

250
& 200+
L
-
{8}
L
£
3 150 |
L3
> ¥
L +
;i =
T AR T
E &+ +
e + 7 .
£ + H

D 1 1 1 1 1 I I

0 200 400 600 800 1000 1200 1400

number of edges

The size and width of maps generated with K = 250.

20



Perspectives

Find a nice family of trees in bijection with 3-colored planar maps.

Others applications of the decomposition?

Adapt the gasket decomposition to others families of colored maps.

Colorful quadrangulations [Budd ‘25|, (D-algebraic and solved
|[Bousquet-Mélou, Elvey Price ‘20]).
4-colored triangulations (D-algebraic [Tutte ‘82]).
Analyse the samplers.
For which series G € Q|[t, z|| are the solutions of
F(z) = Pol(t, z, F(z)) + Pol(t, 2)[zZ"]F (2)G ()
algebraic?

21



Perspectives

Find a nice family of trees in bijection with 3-colored planar maps.

Others applications of the decomposition?

Adapt the gasket decomposition to others families of colored maps.

Colorful quadrangulations [Budd ‘25|, (D-algebraic and solved
|[Bousquet-Mélou, Elvey Price ‘20]).
4-colored triangulations (D-algebraic [Tutte ‘82]).
Analyse the samplers.
For which series G € Q|[t, z|| are the solutions of
F(z) = Pol(t, z, F(z)) + Pol(t, 2)[zZ"]F (2)G ()
algebraic?

0 nank you Q
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