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Magic square game released in 1978
‘best selling toy and game item in America in 1980’
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Energy consumption: 1W/®. Glauber dynamics on {O),O}Zz.

Ivailo Hartarsky Triangular plaquettes



Model definition 2: statistical mechanics

Ivailo Hartarsky Triangular plaquettes



Model definition 2: statistical mechanics
Plaquette T = T2 — {Oa €1, 62} = {(07 0)) (15 0)7 (0’ 1)}

Ivailo Hartarsky Triangular plaquettes



Model definition 2: statistical mechanics

Plaquette T = T2 = {Oa €1, 62} = {(070 )(150)7 (0’ 1)}
State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.

Ivailo Hartarsky Triangular plaquettes



Model definition 2: statistical mechanics

Plaquette T=T= {Oa €1, 62} = {(070 )(150)7 (0’ 1)}
State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.
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Model definition 2: statistical mechanics
Plaquette T=T= {Oa €1, 62} = {(07 0 )(15 0)7 (0’ 1)}
State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.
Hamiltonian® H{ : Qpx = R:o— =Y, A 7T [Ler(om)xty-

YWo-1),=0,ifz€Nand (0-7), =7 if z€ Z*\ A.
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Model definition 2: statistical mechanics

Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.

State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.

Hamiltonian! H{ : Qp > R:0 — — doxen—11Ler(0 T)xty-
Inverse temperature 3 € (0, c0).

YWo-1),=0,ifz€Nand (0-7), =7 if z€ Z*\ A.
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Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.

State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.

Hamiltonian® H{ : Qpx = R:o— =Y, A 7T [Ler(om)xty-

Inverse temperature 3 € (0, c0).

Partition function Zy =3 o, e BHI(9),

Boltzmann measure 1} (o) = e #Hi(@) )z

Glauber dynamics®. Each x € A has a unit rate Poisson clock. When it
rings, we resample o, to an independent Rademacher matching the
marginal p, = M?XGA\{X} induced by the boundary condition and the
rest of the configuration.

o 1), =0;ifz€Nand (0-7); =77 if z€ Z*\ A,
2 photosensitive monkey is pressing the switches.
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Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.

State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.

Hamiltonian® H{ : Qpx = R:o— =Y, A 7T [Ler(om)xty-

Inverse temperature 3 € (0, c0).

Partition function Zy =3 o, e BHI(9),

Boltzmann measure 1} (o) = e #Hi(@) )z

Glauber dynamics®. Each x € A has a unit rate Poisson clock. When it
rings, we resample o, to an independent Rademacher matching the
marginal p, = M?XGA\{X} induced by the boundary condition and the
rest of the configuration.

Dirichlet form D} (f) = > o p(Varx(f)) for £ : Qp — R,

o 1), =0;ifz€Nand (0-7); =77 if z€ Z*\ A,
2 photosensitive monkey is pressing the switches.
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Model definition 2: statistical mechanics

Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.

State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.

Hamiltonian® H{ : Qpx = R:o— =Y, A 7T [Ler(om)xty-

Inverse temperature 3 € (0, c0).

Partition function Zy =3 o, e BHI(9),

Boltzmann measure 1} (o) = e #Hi(@) )z

Glauber dynamics®. Each x € A has a unit rate Poisson clock. When it
rings, we resample o, to an independent Rademacher matching the
marginal p, = M?XGA\{X} induced by the boundary condition and the
rest of the configuration.

Dirichlet form D} (f) = > o p(Varx(f)) for £ : Qp — R,

Relaxation time3 T, = sup{ Var"()) f:Qpn — R} with 0/0 = 0.

Yo -1),=0,ifz€Nand (0-7), =7 if z€ Z*\ A.
2 photosensitive monkey is pressing the switches.
3Rate of correlation decay.
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Model definition 2: statistical mechanics

Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.
State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.
Hamiltonian H{ : Qpn = R0 = =3 A 71l e7(0 7))y
Inverse temperature § € (0, 00).
Partition function Z{ = > o e PHR(9),
Boltzmann measure i} (0) = e #Hi(@) ) ZT.
Glauber dynamics. Each x € A has a unit rate Poisson clock. When it
rings, we resample o, to an independent Rademacher matching the
marginal py = uggf\\m induced by the boundary condition and the
rest of the configuration.
Dirichlet form D} (f) = > cp ua(Varx(f)) for f: Qp — R.

Varj (f)

Relaxation time T,q = sup RO f:Qan — R} with 0/0 = 0.
A

Triangular domain A, = {(x,y) € Z?: x > 0,y > 0,x +y < n}.
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Model definition 2: statistical mechanics

Plaquette T = T» = {0, e1, &} = {(0,0),(1,0),(0,1)}.

State space Q = {1, -1} = (DO}~ or O\ = {-1,1}"; A € Z2.
Boundary condition 7 € Qz2\x.

Hamiltonian H{ : Qpn = R0 = =3 A 71l e7(0 7))y

Inverse temperature § € (0, 00).

Partition function Z{ = > o e PHR(9),

Boltzmann measure pij (o) = e‘ﬁHK(")/ZX.

Glauber dynamics. Each x € A has a unit rate Poisson clock. When it
rings, we resample o, to an independent Rademacher matching the
marginal py = uggf\\m induced by the boundary condition and the
rest of the configuration.

Dirichlet form D} (f) = > cp ua(Varx(f)) for f: Qp — R.
Relaxation time T,q = sup % . f: Qpn — R} with 0/0 = 0.
Triangular domain A, = {(x,y) € Z? : x > 0,y > 0,x + y < n}.
Torus T, = (Z/nZ)?.
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Isn’t this Ising?

In dimension d =1 with T = T3 = {0,1} = {0, e}, this is the Ising
model (with heath bath dynamics).
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Isn’t this Ising?

In dimension d =1 with T = T3 = {0,1} = {0, e}, this is the Ising
model (with heath bath dynamics).
In higher dimension, this model from [Heringa, Blote, Hoogland’89]

corresponds to a natural (d + 1)-uniform hypergraph on Z9 instead of
the usual graph structure.
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In even dimension, —1%° and 1%° have highest and lowest energy.
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Isn’t this Ising?

In dimension d =1 with T = T3 = {0,1} = {0, e}, this is the Ising
model (with heath bath dynamics).

In higher dimension, this model from [Heringa, Blote, Hoogland’89]
corresponds to a natural (d + 1)-uniform hypergraph on Z9 instead of
the usual graph structure.

In even dimension, —1%2° and 1%° have highest and lowest energy. In
odd dimension, they both have lowest energy.
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Isn’t this Ising?

In dimension d =1 with T = T3 = {0,1} = {0, e}, this is the Ising
model (with heath bath dynamics).
In higher dimension, this model from [Heringa, Blote, Hoogland’89]
corresponds to a natural (d + 1)-uniform hypergraph on Z9 instead of
the usual graph structure.
In even dimension, —1%2° and 1%° have highest and lowest energy. In
odd dimension, they both have lowest energy.
In terms of lamps, we have the product Rademacher measure with
parameter )

-2
T14reP T C "

but a (d + 1)-site dynamics.

p
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Model definition 3: group and ergodic theories

Baumslag metabelian group from 1972:

F=(a,x,y|xy=yx,a>=a-xax 1 .yay ! =1).
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Model definition 3: group and ergodic theories

Baumslag metabelian group from 1972:

F=(a,x,y|xy=yx,a>=a-xax 1 .yay ! =1).

That is, I is the set of configurations modulo allowed moves.
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Model definition 3: group and ergodic theories

Baumslag metabelian group from 1972:

F=(a,x,y|xy=yx,a>=a-xax 1 .yay ! =1).

That is, I is the set of configurations modulo allowed moves.
Groundstates (switch configurations with no @) are known as the
Ledrappier subshift from 1978.
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Scaling on dyadic tori

Theorem (Bartholdi, H., Mitrofanov'26+)

In dimension d = 2,

Tk
fim M el
B—ro0 kg3
k/B—0
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Scaling on dyadic tori

Theorem (Bartholdi, H., Mitrofanov'26+)

In dimension d = 2,

Tk
im Ml _
B—ro0 kB

k/B—0

In words, when p is much smaller than |T,| and n is a power of 2, the
relaxation time is p~ o827,
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Scaling on dyadic tori

Theorem (Bartholdi, H., Mitrofanov'26+)

In dimension d = 2,

Tk
im M el _ g
B—00 k,B
k/B—0

In words, when p is much smaller than |T,| and n is a power of 2, the
relaxation time is p~ o827,

This is the exact same scaling one has in the 1d East (kinetically
constrained) model [Cancrini, Martinelli, Roberto, Toninelli’08].
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Scaling on dyadic tori

Theorem (Bartholdi, H., Mitrofanov'26+)

In dimension d = 2,

Tk
im Ml _
B—ro0 kB

k/B—0

In words, when p is much smaller than |T,| and n is a power of 2, the
relaxation time is p~ o827,

This is the exact same scaling one has in the 1d East (kinetically
constrained) model [Cancrini, Martinelli, Roberto, Toninelli’08].
Conjectured in [Newmann, Moore'99].
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Canonical paths
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Bisection

: [N NNE NN N
(N) (N/2)
Trel < 4'Trel X
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Bisection

: [N NNE NN N
(N) (N/2)
Trel < 4'Trel X
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Bisection
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Bisection
NN NN

TN 4Ny

rel

X<C/p
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Bisection
NENENNERNENRY

TN 4Ny

rel

X<C/p

k
T <4C) ~ 20k
rel p
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Combinatorial bottleneck

Proposition (Bartholdi, H., Mitrofanov'26+)

Let k € N, and set By = Bo(0,6 - 2¥). Consider a sequence of
configurations W, . .., W, (sets of @ differing by one ® /). If
Wo = {0} and W, N By = @, then for some index i we have

|VV;ﬂBk‘ > k.
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Infinite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that, for all inverse
temperature 3 > 0, we have

e'B2/C/C < T < Cee’

and the Gibbs state y is unique.
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Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that, for all inverse
temperature 3 > 0, we have

e'B2/C/C < T < Cee’

and the Gibbs state y is unique.

The upper bound for d = 2 follows from [Chleboun, Faggionato,

Martinelli, Toninelli'17] proving strong spatial mixing with length scale
2B
e,
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Infinite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that, for all inverse
temperature 3 > 0, we have

e'B2/C/C < T < Cee’

and the Gibbs state y is unique.

The upper bound for d = 2 follows from [Chleboun, Faggionato,
Martinelli, Toninelli'17] proving strong spatial mixing with length scale
e2? but the approach fails in d > 3, so more combinatorics was
needed.

Ivailo Hartarsky Triangular plaquettes



Infinite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that, for all inverse
temperature 3 > 0, we have

e'B2/C/C < T < Cee’

and the Gibbs state y is unique.

The upper bound for d = 2 follows from [Chleboun, Faggionato,
Martinelli, Toninelli'17] proving strong spatial mixing with length scale
e2? but the approach fails in d > 3, so more combinatorics was
needed.

Gan(t)= > t#OMX ¢y — (X e, : X hasno@inAg, 1}
XeCy,n
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Infinite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that, for all inverse
temperature 3 > 0, we have

e'B2/C/C < T < Cee’

and the Gibbs state y is unique.

The upper bound for d = 2 follows from [Chleboun, Faggionato,
Martinelli, Toninelli'17] proving strong spatial mixing with length scale
e2? but the approach fails in d > 3, so more combinatorics was
needed.

Gan(t)= > t#OMX ¢y — (X e, : X hasno@inAg, 1}
XeCy,n

If t <1 and nis suitably large, then Gy n(t) ~ 1.
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Finite volume
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Finite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that the following
holds. If n < €P/€, then

eﬁnl/C/C < T/\d,nyl < Cecnd(/B'f‘l)'

rel
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Finite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that the following
holds. If n < €P/€, then

1/c /\n71
B JCL T

rel

Again, more combinatorics needed.
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Finite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that the following
holds. If n < €P/€, then

1/c /\n71
B JCL T

rel

d
Again, more combinatorics needed.

size ‘ torus simplex

efIC | & e’
2

eBC | ef ?
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Finite volume

Theorem (Bartholdi, H., Mitrofanov'26+)

For any d > 2 there exists C = C(d) > 1 such that the following
holds. If n < €P/€, then

eﬁnl/C/C < T/\d,nyl < Cecnd(/B'f‘l)'

rel

Again, more combinatorics needed.

size ‘ torus simplex

efIC | & e’
2

eBC | ef ?

The strong mixing length scale is e27.
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Question
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Question

2 B
Is T, of order e or e¢”?
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