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Navier-Stokes

Incompressible Navier-Stokes

Incompressibility condition: V.-v=0.
Equation of evolution, Navier-Stokes:

VL
Ov+ (V- V)Vv=—-VP+Re 'Av+F , Re=—. (1)

| |
A\

Variables
@ visthe dimensionless velocity flow.
e (v-V)vis the transport term.
@ V Pisthe pressure term.
e Re !Avis the viscous term.

o Fis the dimensionless forcing.

@ Reis the Reynolds number.
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Navier-Stokes
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Navier-Stokes

Energy spectrum

Local Reynolds number and energy

Rk = Yo=Yt E) =) vl 2)
v v K=k

Viscous regime: k> 2

%
Viscous limit: Re(k) < 0. Energy distribution

E(k) o< exp(—6k). 3)

Y

Kolmogorov regime: k <

Kolmogorov limit: Re(k) > 1. Energy distribution

E(k) o< k273 4)
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Navier-Stokes

Kolmogorv energy spectrum
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Navier-Stokes

Taylor-Green flow

Velocity decomposition

oo 00 o0
nGye =Y Y. > umn,p,0)xsinmx cosny cospz,  (5)
m=0n=0p=0

oo o0 o0
vy,z 0= Y. Y Y ulmnp,t)xcosmxsinny cospz, (6)
m=0n=0p=0
(o e olNe o]
Vz(X,9,2,1) = Z Z Z uz(m, n, p, t) x COS mx cos ny sin pz. (7)
m=0n=0p=0

Energy injection
Mode (1,1,1) set at

ux(l,l,l,t)=—uy(l,l,l,t)=uo and u,(1,1,1,)=0. (8)
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Navier-Stokes

r-Green at Re = 1020

) —_— TG
10" ¢ 1 /3

I eie o0k




Truncated Euler

Truncated Euler equation

Incompressibility condition: V-v=0.
Equation of evolution, Euler equation:

0, v+ (v-V)v=-VP. 9)

Truncation of the Fourier series: v(k| > Ky) =0.

o visthe dimensionless velocity flow.

(v- V)vis the transport term.

V Pis the pressure term.

Ky truncation wave-number.

No forcing no viscous term.
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Truncated Euler

Equi-partition of energy

Conservation of energy

Euler equation conserves energy: Eior = 3 [ vX)2dx.

1 1

Eatvzzvatv:v- vx Vxv—V P+§v2)] . (10)
Equivalence with thermodynamics
Energy in Fourier space: Eior = %Zk lv(K)|?.
Equi-partition: o? = (vI1?) — [(v{I))|?.

Energy spectrum
E(k) = Z|1(|:]C|V(k)|2 x 4mk’o?.
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Truncated Euler

Taylor-Green standard deviation
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Below the forcing wave-number

Small scale forcing
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Eddy noise inject energy at large scale modes.



Below the forcing wave-number

Prediction

Bridging TE and NS
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Below the forcing wave-number

Taylor-Green flow, Ky = 19
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Below the forcing wave-number

Taylor-Green flow, Re = 204
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Absolute equilibrium

Another invariant helicity

Conservation of helicity

Euler equation conserves helicity: Hior = [v-V xv(x) ax.

0;Vxv-v=v-Vx(vxVxv)+Vxv:

v><V><v—V(P+%V2)] . an

Kraichnan absolute equilibrium

The invariant is: aY i vI? + BY Vxv-v(k).
The energy spectrum follows:

2 BKy
E(k) X az——ﬁzkz and Kr= T . (12)
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Absolute equilibrium

Energy spectrum power law

Energy spectrum
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Absolute equilibrium

Energy spectrum deviation

Energy spectrum
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ABC flows statistic

Expression of the ABC flow

U4BC = Csin(Kz) + Bcos(Ky), (13)
U;P¢ = Asin(Kx) + Ccos(Kz), (14)
U4BC = Bsin(Ky) + Acos(Ky). (15)

Vorticity and helicity

V xUspc=KUspc and H=K(Uapcl*). (16)
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ABC flows statistic

Energy spectrum
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ABC flows statistic
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ABC flows instability

Low Re, large scale instability
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ABC flows instability

Low Re, large scale instability bifurcation
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ABC flows instability

Three-mode model

AlA

K- K K+q

>
of> <



Helical flows
[e]e]eY Yolelele]

ABC flows instability

Floquet decomposition

Floquet framework

V=U-+v, a7
v(ir,t) =v(r,ne'T" +c.c.. (18)

Linearised Navier-Stokes

0,0=(VxU)xv+ (1q<x0+V x0)xU—-(1g+V)p+v(A—g), (19)
0=1q-7+V 0. (20)
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ABC flows instability

Flow & Theoretical prediction

Flow equation
Uj} = Asin(Kz) + cos(Ky), (21)
U} = sin(Kx) + Acos(Kz), 22)
U2 = sin(Ky) + cos(Ky) . (23)

Growth rate of the large scale instability

0=pBq —vq® with B=bRév :b:i(<%>+v), (24)
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ABC flows instability

Growth rate
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ABC flows instability

Power-law pre-factor
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ABC flows instability

Instability threshold
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Thank you for your attention
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