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Previous work

First order effects: « and AKA

Ot—>6t+€40T 9 Vx—>Vx+€2Vy.
a-effect: AKA-effect:
@;-noVHB=¢eV x (Ux B), @ —voVHV =
el-(U- V- (V-VUI,
@:—1oV3) By = (By- V) U, @ —voVAV = = (V- V) U,
@r-noVABo=Vyx(UxBp). | ©@r-vV)Vp=~(U-Vy)W).
o=aq-vq*| with .




Previous work

Second order effects: -effect and eddy viscosity

Magnetic

B-effect Negative eddy viscosity

i. flow does not have an a- or AKA-effects

ii. derive equation to the next order

o=BF -vq | with |B=bRév|.




Previous work

Recap

e o=aq-vq o 0=pq -vq

e a=aRel o fB=DbR&v
@ Ref=vql(aly) @ ReC=p1/2
o ‘=alv @ Switch

Magnetic

Magnetic

o AKA

@ B,n,Rm @ v,Vv, Re

@ Negative
Vv

@ v,v, Re
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Linearised Navier-Stokes & Floquet Framework

Non-Linear equation
0,V=VxVxV-VP+vAV+F , V.V.

Linearised equation: with ||v]| < || U]

0;U=UxVxU-VPx+vAU+F , V-U=0,
0,v=UxVxv+vxVxU-VP+vAv , V-v=0.

Floquet framework

v(r,H) = b(r,0)e'9" +cc. , p(rt)=pr e +c.c.,
0xv = [0xV — Gu¥' + 1(qe V" +0,0)] €97 + c.c..

Linearised Navier-Stokes equations with the Floquet framework

0,0=(VxU)xv+ (1q<0+V x®)x U~ (1g+V)p+v(A—q*) D,
with 1q-7+V .-p=0.




Floquet Linear Analysis of Spectral Hydrodynamics (FLASH)

Linearised Navier-Stokes equations with the Floquet framework

0,0=(VxU)xv+(gxv+VxD)xU—-(1g+V)p+v(A— gD,
with 1q-9+V -9=0.

v

Numeric method

i. Compute the linear terms in Fourier space.

ii. Compute convective terms in physical space.

iii. Use 4th order explicit RK for the time evolution.
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3M model

Formalism & Simplification

Mode selection

v(r, 1) = vg(r, ) + vo(r, 1) + v-(r, 1), (1)
vy(r,t) = (g, )e'" +c.c., 2)
vo(r,n= Y gk e D e, 3)

[1kll=1
v-(r,)= ) bgk, pel@r+kn 4 oo (4)
[1Kl[>1

Additional hypothesis

o Smallest are greatest: [los || < [lvgll.

o Adiabatic hypothesis: 0:vQ < VAUVQ.
o Helical flow: Upe(r) = K™'V x Upei (1)
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3M model

Equations

Equations before simplification

0,04 =UxV xvg+vgxV xU—-Vpa+vAv,. (5)
0vQ=UxV x(0g+15)+ (vg+v-)xVxU-Vpo+vAvg. (6)

Simplified vorticity equations
VAwQ:_VX[Uhelx(wq_KVq)], (7)
01wq =V x| Upex(wq—Kvg)| + v Awy. 8)

Prediction for A—ABC flows (A=1:B=1:C=A1)

o=pq -vq with B=bRév, 9)
1-A?




3M model

Modes detailed in 2D

.G

8

(=)
Ed

ok

O Laminar flow
[0 Large scale

D Small scale model
4 Small scale FLASH

14 /55



Fr87 benchmark

Table of contents

@ Fr87 benchmark

15/55



Fr87 benchmark

Flow & Theoretical prediction

Flow equation

UL = Uy cos (Ky+vK?t), an
U, = Upsin (Kx—vK?1), 12)
Fr87 Fr87 | yFré7
U =U~" + U™ (13) )
Growth rate of the large scale instability
. 1
o=aq- qu with a=aReU; and |a= o (14)

Determining a in the g < 1 limit

o (01 1 /o 1 g 1
a:<—><:»—:—<—><:)a: <—>:—. (15)
q U U \q ReUp \q/ 2




Fr87 benchmark

FLASH: Large scale energy ratio
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Fr87 benchmark

FLASH: Large scale energy ratio
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FLASH: Growth rate

10°° { — 10%g ®-® Re=2
10| & W Re=50 & @& Re=1
10 25 ¢4 Re=20 Re=0.5
10| o ®-® Re=10 ®-® Re=02
Bl A-A Re=5  #*-% Re=0.1
107, 5 10’ 10° 10° 10™

q




Fr87 benchmark

FLASH: Power-law




Fr87 benchmark

FLASH: Power-law pre-factor
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Roberts flow

Flow & Theoretical prediction

Flow equation

URb = cos(Ky), (16)
Ul = sin(Kx), 17)
URP = sin(Ky) + cos(Kp) . (18)

Growth rate of the large scale instability
o=Bpq -vq® with B=bRév, (19)

1

b:Z and Re:K—Uv. (20)

(o) 1 o [0
ﬁ—v:<— >+v). 21

qZ

\
N




FLASH: Large scale energy ratio

Roberts flow
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Roberts flow

FLASH: Large scale energy ratio
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Roberts flow

FLASH: Growth rate
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FLASH: Power-law
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FLASH: Power-law pre-factor
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Equilateral ABC flow

Flow & Theoretical prediction

Flow equation
U™ = sin(Kz) + cos(Ky), 22)
U™ = sin(Kx) + cos(Kz), 23)
U™ = sin(Ky) + cos(Kj). (24)
o=pq -vq with B=bRév, (25)
and Re=-Z. (26)

Determining b




Equilateral ABC flow

FLASH: Large scale energy ratio
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Equilateral ABC flow

FLASH: Large scale energy ratio
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Equilateral ABC flow

FLASH: Growth rate
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FLASH: Power-law

Equilateral ABC flow
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FLASH: Power-law pre-factor

Equilateral ABC flow
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A—ABC flows
€00

Linear problem

Flow & Theoretical prediction

Flow equation
U} = Asin(Kz) + cos(Ky), (28)
U} = sin(Kx) + Acos(Kz), 29)
U2 = sin(Ky) + cos(Ky). 30)
Growth rate of the large scale instability
o=Bpq -vq® with B=bReév, 31)
= m and Re= v - (32)

Determining b
o

() = (5] = sl )




A—ABC flows
[e] 1]

Linear problem

FLASH: Power-law pre-factor
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Linear problem

FLASH: Fourier truncation
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A—ABC flows
000

Full non-linear problem

Critical Reynolds number

o=Bq -vq with B=DbRev, (34)

0=0 < f=v < b°=(Re)?|. (35)




Full non-linear problem

GHOST: Small scale instability

0.6t
Etot

0.4}

0.2}

0.0

41/55



Full non-linear problem

GHOST: Small scale instability zoom
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Thank you for your attention
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a-effect: overlook

Velocity and magnetic fields are divergence free: V-U=0 ; V-B=0.
Induction equation: 0tB=€eVx(UxB)+ nOVZ B.

Scale order: 0;—»6[+ea67- and 6x~6x+eﬂ6y.
@1 -ngVAB=eVy x (Ux B +2¢PngVy VB +e*Pvy x (U B +e2PVEB-carB,
€@or-e?PvgV3iBy = +Pvy x (UxeBp =2 Puxx (U By).

therefore: a=2f=2+p and Pf=2< f=2 and a=4.
Scales: 0rHB[+e46T and Bxﬂaerez@y.

Magnetic field expansion: B=By+e€B) + ZeiBl- ,

(@ —1V2)B=eVy x (U x B)+ 2621V VxB+e3Vy x (Ux B) +e4V)2,B—s46TB.
Multi-scales equations:
0 -ngV3)By =0, )

(0t =ngV3)By =Vx x (Ux By),
(0 ~ngV2)By = Vx x (Ux B) +2119VVxBy,
(0 ~ngV2)Bg = Vx x (U By) +21)gVyVxBy +Vy x (U By),
(0 ~ngV2)By =V x (U x B3) +21)gVyVxBy +Vy x (U x BIHVJZ/BO —o7B.
Solvability equation:
@¢ =1V By =Vx x (Ux By) = (By - V) U,
(0T—n0v§,)30 =(Vyx (UxBy))=Vyx(UxBy).

Cannot simplify too quickly because: V-B= (Vx-+ezvy.)3: 0 = Vy-By+Vx-B3=0.




AKA-effect: overlook

The pressure will not be written, velocities are incompressible: V-V=0 , V-U=0.

Linearised Navier-Stokes: 0 V=e(=(UV)V-(VV)U) + v0V2 V.

Scale order: 0y —0p+e%or Bxﬁaereﬁ@y,

@ ~vV2IV = —e(UV)V—e(VVx) U + ZEﬂVOVnyV—El+ﬂ(UVy)V—e“’ﬁ(VVy)U+62ﬂV0V}2,V—ea67‘V4
AKA expansion (EaaT—eZﬁVOV}%)Vl :—sH'ﬁ(UVy)eVg.
therefore a=2f and 2=2+p and P=2 and a=4.
Scales: 6[ﬂ0[+€40T , 6xﬂ6x+€20%
Velocity expansion: V=V +eVp+= yei-l Vi,

0 ~vgVRV = -e(UVx)V - e(VV) U + 262V VyVx V=3 (UV)) V =S (VW) U + ety V3V —etar V.
Multi-scale equations:
@r-voVIV =0 = VgD,
©r=vgV3) Vo =—(UVx) V] - (V| V)U,
@ = vV V3 = —(UVx)Va = (VaVx)U+2vgVyVx V7,
@ ~voVVy = —(UVx) V3 — (3 V) U+2vgVyVxVp — (UVy) V],
07 ~voVA V5 = —(UV) Vg — (V4 V) U +2vQVyVxVy + | = (UVy) Vo +voVa V] 07V |-
Solvability equation:
(at—v()v%)vz =—(N VU,
O vV V1 = ~(UVy) Vo).
Fourier space inx L

Vo (k) = Uk,w),

+k2

k
Or-V3v1 = [VyV]| Tp U koo los vk,




FLASH: Fr87 growth linear scale
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First order effects

a-effect:
0;—noV?)B=¢V x (U x B),

0;—noVA)B1 = (By- VU,
(aT_UOVJZ;)BO =V, x(UxBy).

AKA-effect in vorticity:

@:—noVHQ=€[Vx (UxQ)+Vx(QxU)],
0;—noV2Q1 = (Q- VU,
@1 =10V5)Q0 = Vy x (U x Q1) +Vy x (Q1 x U).

(36)
37
(38)

(39)
(40)
(41)



a-effect

Velocity and magnetic fields are divergence free
V-U=0 ; V-B=0.
Induction equation:
8;:B=¢€V x (U x B) +1V?B.
Scale order:

0;— 0, +€%dr and 0y— 0y+€Pa,.

(0:—10V2)B=€Vy x (U x B) + ZeﬁnOVnyB

+€""PV, x (U x B) +€*PV3B-€“d7B.

(42)

(43)

(44)

(45)
(46)



a-effect

a expansion:

(%07 —e*PvoV)By = €' PV, x (Ux eB)) =e** PV, x (Ux B). (47)

therefore:
a=2f and P=2 << =2 and a=4.
Scales:
0;—0;+€'0r and 0y — 0y +€%0,.
Magnetic field expansion:

B=By+eBi+) €'B;.

(0, —1oV2) B=€Vy x (U x B) +2e*19V, VB

+€’Vy x (U x B) +¢*V;B—¢*07B.

(48)

(49)

(50)

(61
(52)

55



a-effect

Multi-scales equations:

0, ~noVHBy =0,

(@ —1oV2) By =V, x (Ux By) |,

(0:—1M0VH By = Vi x (U x By) +2n00VyV By,
(0;—1m0V3) B3 =V x (U x By) +210VyVB1 + V), x (U x By),

(0:—10V3) By =V x (U x B3) + 209V, V By +

Vyx (Ux By) +V5By—0rBy |.

(53)

(54)

(55)

(56)

(57)

(58)



a-effect

Solvability equation:

@ —1oV2) B =V x (Ux By) = (By- V) U,

(01 =10V2)By = (V) x (U x BY) = Vy x (U x By).

Cannot simplify too quickly because:

V-B= (V- +€°V,)B=0
Vy By +Vy-B3=0

(59)

(60)

(61)
(62)



AKA-effect

The pressure will not be written, velocities are incompressible:
V-V=0 , V-U=0.
Linearised Navier-Stokes:
3,V =e(=(UV)V—=(VV)U) +voV?V.
Scale order:

0;— 0, +€%r , 0y—0x+ePay,

@:—voVAV = —e(UV,)V —e(VV ) U +26PvV, v, V
—e" P UV, V- P (YY) U+ePvoV2V — %07 V.

(63)

(64)

(65)

(66)
(67)

,,,,,
;;;;;



AKA-effect

AKA expansion:
(e*0r—€PvoVi Vi = e P (UV))eVs,

therefore:

a=2f and 2B=2+p and P=2 and a=4.

Scales:
0;—0;+€'dr , 0y— 0x+€°0).
Velocity expansion:

V=V+eW+=) ey,

0:—voVDV = —e(UV)V —e(VV,) U +26*voV, V, V
—e(UV) V- (VW)U +e*v ViV —eorV.

(68)

(69)

(70)

(*1)

(72)
(73)



AKA-effect

Multi-scale equations:

@—vVAVI=0 = WD, (74)

0= VoV Vo = —(UVY Vi — (VI U, (75)

(Ot—vovi)Vg =—(UV) V2= (VbLV ) U +2voVy ViV, (76)

(0= VoV Vi =—(UV) Vs — (V3V) U +2vgV, V. Vo = (UV) Vi, (77)

0= VvoVA) Vs = —(UV)Vy— (VaVOU +2voV, Vi Vs (78)

+ | = UV Va+voViVi—0r Vi | |- (79)




AKA-effect

Solvability equation:

@ —VvoVH Vo= —(V VYU,

@7 = VoV Vi = —(UV,) Va).

Fourier space in x, ¢ :

j_ ik
Va(k,w) = VlmU(k,w),

o\ — J _ i
@r-VA)Vi = [vyvl]hsz( ko) 5 Ulko).

(80)

(81)

(82)

(83)



	Previous work
	FLASH
	3M model
	Fr87 benchmark
	Roberts flow
	Equilateral ABC flow
	 -  ABC flows
	Linear problem
	Full non-linear problem


