Large scale instability of 3D helical flows

A. CAMERON ; A. ALEXAKIS ; M.-E. BRACHET
ENS Paris

29th July, 2016



Magnetic and kinetic sim

Table of contents

@ Magnetic and kinetic similarities



Magnetic and kinetic simila

Large scale magnetic fields




Magnetic and kinetic similarities

The induction and vorticity equations

Magnetic

V-B=0
0;B=V x(uxB) +nAB

V-w=0
0;w =V x (uxw) + vAw

w=Vxu

42



Magnetic and kinetic similarities

Hand-waving
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Magnetic and kinetic similarities

First order effects: « and AKA

0;— 0;+€*0r , Vy— Vi+e?V,.
Magnetic B = ¢'B; Kinetic: u= U+¢€V; V=¢V;
a-effect: n=eng AKA-effect: v =€vy
0:—1oV*)B=€V x (Ux B), @0:—VvoVA)V =
e-(U-VHV-(V-NU],
0, —noV3)By = (By- VU, @ —voVAVi=-(Vo- VU,
@7 —n0V3)Bo =V, x(UxBy). ©@r—voV) Vo= —((U-V) ).

[Frisch et al. Phys. D 87]
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Growth rate

o=aq-vq*| with .




Magnetic and kinetic similarities

Second order effects: -effect and eddy viscosity

Magnetic
B-effect Negative eddy viscosity
[Dubrulle & Frisch PRA91]




Magnetic and kinetic similarities

Recap

e o=aq-vq ° 0=pq ~vq

e a=aRel e B=bR&v
o Re‘ =vql(aly) @ Ref=p1?
o ¢‘=alv o Switch

Magnetic

Magnetic

o AKA
@ B,n,Rm @ v,V, Re

o v<0

@ v,Vv, Re
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Derivation

Linearised Navier-Stokes & Floquet Framework

Non-Linear equation
o;u=uxVxu—-VP+vAu+F , V-u.

Linearised equation: with ||v]|| < ||U]]|

0;U=UxVxU-VPx+vAU+F , V-U=0,
0, v=UxVxv+vxVxU-VP+vAv , V-v=0.

Floquet framework

v(r,H) = b(r,0)e'9" +cc. , p(rt)=pr e +c.c.,
050 = [0xV — qu¥' + 1(qe V" +0,0)] €97 + c.c..

Linearised Navier-Stokes equations with the Floquet framework

0,0=(VxU)xv+ (1q<0+V x®)x U~ (1g+V)p+v(A—q*) D,
with 1q-7+V .-0=0.




Derivation

Floquet Linear Analysis of Spectral Hydrodynamics (FLASH)

Linearised Navier-Stokes equations with the Floquet framework

0, 0= (VxU)xv+(gxv+ VxD)xU—-(1g+V)p+v(A— gD,
with 1q-9+V -p=0.

v

Numeric method

i. Compute the linear terms in Fourier space.

ii. Compute convective terms in physical space.

iii. Use 4th order explicit RK for the time evolution.
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3M model

Formalism & Simplification

Mode selection

v(r, 1) = vg(r, ) + vo(r, 1) + v-(r, 1), (1)
vy(r,t) = (g, )e'" +c.c., 2)
vo(r,n= Y gk e D e, 3)

[1kll=1
vs(r,)= ) bgk, pel@r+kn 4 oo (4)
[1Kl[>1

Additional hypothesis

o Smallest are greatest: [los || < [lvgll.

o Adiabatic hypothesis: 0:vQ < VAvg.
o Helical flow: Upe(r) = K™'V x Upe (1)
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3M model

Equations

Equations before simplification

KU,
0:vg = UxV xvg+vox V=T~ hez—qu+vAvq.
KU
g = UxV x (g + 1) + (vg + 3I)x VxTU” hel—Vpo+vAvQ.
Simplified vorticity equations
VAwQ ==V x [Upe x (wq—Kvg)] (5)
Owg =V x [Upex(wq— Kvg)| + vAwy. (6)

Prediction for A-ABC flows (A=1:B=1:C=A)

o=BF -vq with B=DbRev, )
b—m and Re—m. (8)
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Fr87 benchmark

Flow & Theoretical prediction

Flow equation

UL = Uy cos (Ky+vK?t), 9)
U, = Upsin (Kx—vK?1), (10)
Fr87 Fr87 | yFré7
U =U"~" + U™ (11) )
Growth rate of the large scale instability
. 1
o=aq- qu with a=aReU; and |a= o (12)

Determining a in the g < 1 limit

o (01 1 /o 1 g 1
a:<—><:»—:—<—><:)a: <—>:—. (13)
q U U \q ReUp \q/ 2




Fr87 benchmark

FLASH: Large scale energy ratio
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Fr87 benchmark

FLASH: Large scale energy ratio
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FLASH: Growth rate

Fr87 benchmark
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Fr87 benchmark

FLASH: Power-law
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Helical flows
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Roberts flow

Flow & Theoretical prediction

Flow equation

URob = cos(Ky), (14)
U = sin(Kx), (15)
URP = sin(Kx) + cos(Ky) . (16)

Growth rate of the large scale instability
o=pq —vq® with B=bRév, (17)

1
b:Z and Re:K—Uv. (18)
o 1 o (o)
p-v= < ?
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Helical flows
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Roberts flow

FLASH: Large scale energy ratio
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Roberts flow

FLASH: Large scale energy ratio
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Roberts flow

FLASH: Growth rate
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Roberts flow

FLASH: Power-law
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Helical flows
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Equilateral ABC flow

Flow & Theoretical prediction

Flow equation
U™ = sin(Kz) + cos(Ky), (20)
U™ = sin(Kx) + cos(Kz), 1)
U™ = sin(Ky) + cos(K). 22)
o=pq -vq with B=bRév, (23)
and Re=-Z. (24)

Determining b
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Equilateral ABC flow

FLASH: Large scale energy ratio
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Helical flows
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Equilateral ABC flow

FLASH: Large scale energy ratio
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Helical flows
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Equilateral ABC flow

FLASH: Growth rate
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Helical flows
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Equilateral ABC flow

FLASH: Power-law
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A—ABC flows

Flow & Theoretical prediction

Helical flows
€00000000

Flow equation

U} = Asin(Kz) + cos(Ky), (26)
U} = sin(Kx) + Acos(Kz), 27)
U? = sin(Ky) + cos(Kx) . (28)

Growth rate of the large scale instability
o=pq -vq® with B=bRév, (29)
= m and Re= v - (30)

/o B & S
ﬁ—v—<q2><:>V <=>b_ReZV(<q2>+v). (31)
3 /42




Helical flows
0@0000000

A—ABC flows

FLASH: Power-law pre-factor
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Helical flows
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A—ABC flows
FLASH: Fourier truncation
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A—ABC flows

GHOST : Instability spectrum KL = 20
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A—ABC flows

GHOST : Instability spectra
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A—ABC flows

GHOST: Small scale instability

[Dombre et al. 86; Podvigina & Pouquet Phys. D 94]
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A—ABC flows

GHOST: Small scale instability zoom
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Helical flows
000000000

A—ABC flows

Critical Reynolds number

o=Bq -vq with B=DbRev, (32)

0=0 < f=v < b°=(Re)?|. (33)
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A—ABC flows

A—ABC flows graph
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On arXiv, submitted to PR Fluids
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Thank you for your attention

e Also investigated in HD:
e Turbulent ABC flow
° Study of EO/Etot
e Also investigated in Induction:

o Study of the ABC-dynamo

e Study of magnetic response to non-helical flow

e Study of magnetic response to §-correlated flows
On arXiv, submitted to PRL

Thank you for your attention
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