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Lifting paths

How to define equality in the whole type B?

e * Syntactically:
|7 p: Y x=x'F > py=y
B x,x A y:B(x),y" : B(x")

* Semantically?
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Suppose B is a model category and that

& B Ly cat
lp T
B Mod

Can we equip € with a model structure?

Say pis a Quillen bifibration if there is one such that
* ppreserves Cof, W, Fib

* restriction of it to a fiber matches the fibers model structure.
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A first step

Itis always possible to define two wfs (WCof, Fibg ) and (Cofe, WFibg):

* f € WCof, (resp. Cof) if and only if:

& X — 2,X
AN u € WCof (resp. Cof)
I f\( \Lfb f. € WCofj (resp. Cofp)
» uy ——Y

* f € Fibg (resp. WFib,) if and only if:

u € Fib (resp. WFib)
B A u=p(f B f, € Fib, (resp. WFib )
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def .
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Related works:

Model category structures in bifibred categories (1994) Roig
Bifibrations and Weak Factorisation Systems (2012) Stanculescu
The Grothendieck construction for model categories (2015) Harpaz, Prasma
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Codomain bifibration

If € has pullbacks, the codomain functor is a bifibration:

Arr(C)
¢ — Mod
\Lcod A —s G/A
C

If C is a model category, it induces model structures on each C, 4, and cod
enters the conditions of the theorem.

Resulting structure on Arr(C) is the injective model structure!



Thank you.
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