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1. Motivations



Categorical modeling of dependency
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⋮
𝑝3

• Objects of C𝑖: dependent context of height 𝑖.

• Morphisms of C𝑖: terms between such contexts.

• Each 𝑝𝑖 has good properties reflecting the

structure of the type theory at play.
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Lifting paths

B

E

𝑝

𝑥 =𝐴 𝑥 ′

𝑥 ∶ 𝐴 ⊢ 𝑦 =𝐵(𝑥) 𝑦′

How to define equality in the whole type 𝐵?
• Syntactically:

𝑝 ∶ ∑
𝑥,𝑥′∶𝐴

𝑥 = 𝑥′ ⊢ ∑
𝑦∶𝐵(𝑥),𝑦′∶𝐵(𝑥′)

𝑝⋆𝑦 = 𝑦′

• Semantically?
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2. Grothendieck construction for model categories



Grothendieck bifibrations
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𝑝

The functor 𝑝 is a Grothendieck bifibration,

i.e. there is a

pseudofunctor

𝑃 ∶ B∘ → Cat

such that

• 𝑃(𝐴) is the fiber E𝐴 for every𝐴,

• 𝑢∗ = 𝑃(𝑢) has a left adjoint Σ𝑢 for every 𝑢,
• for each 𝑢 ∶ 𝐴 → 𝐵

𝑋 Σ𝑢𝑋

𝑢∗𝑌 𝑌
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𝜆𝑋𝑢
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Quillen bifibrations

B

E

𝑝

SupposeB is a model category and that

B∘ Cat

Mod

𝑃

0-cells: model categories

1-cells: Quillen adjunctions

2-cells: natural transformations

Can we equip E with a model structure?
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Model categories

𝑗 has the left lifting property against 𝑞
when

𝐴 𝑋

𝐵 𝑌
𝑗

∀

𝑞

∀

∃

• Denote 𝑗 � 𝑞
• LLP(𝑅) = {𝑗 ∣ 𝑗 � 𝑞, ∀𝑞 ∈ 𝑅}
• RLP(𝐿) = {𝑞 ∣ 𝑗 � 𝑞, ∀𝑗 ∈ 𝐿}

A weak factorization system (wfs) is the data (𝐿, 𝑅) such that

• LLP(𝑅) = 𝐿 and RLP(𝐿) = 𝑅
• any map factorizes as 𝑞𝑗 for some 𝑗 ∈ 𝐿 and 𝑞 ∈ 𝑅

A model category C consists of two wfs

(WCof, Fib) and (Cof,WFib) such

that

W = WFib ∘WCof

has the 2-out-of-3 property.

•

• •
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Quillen bifibrations

B

E

𝑝

SupposeB is a model category and that

B∘ Cat

Mod

𝑃

Can we equip E with a model structure?

Say 𝑝 is a Quillen bifibration if there is one such that

• 𝑝 preserves Cof,W, Fib
• restriction of it to a fiber matches the fibers model structure.
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A first step

It is always possible to define two wfs (WCofE, FibE) and (CofE,WFibE):

E 𝑋 Σ𝑢𝑋

𝑢∗𝑌 𝑌
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𝑢=𝑝(𝑓 )

• 𝑓 ∈ WCofE (resp. CofE) if and only if:

𝑢 ∈ WCof (resp. Cof)
𝑓▷ ∈ WCof𝐵 (resp. Cof𝐵)

• 𝑓 ∈ FibE (resp. WFibE) if and only if:

𝑢 ∈ Fib (resp.WFib)
𝑓◁ ∈ Fib𝐴 (resp.WFib𝐴)
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Characterization of Quillen bifibrations

Let 𝑝 ∶ E → B be a Grothendieck bifibration such that (Σ𝑢, 𝑢∗) is a Quillen

adjunction for every 𝑢 inB. Then 𝑝 is a Quillen bifibration if and only if it satisfies

H1, H2 and hBC.

Theorem (Cagne, Melliès)

Related works:

Model category structures in bifibred categories (1994) Roig

Bifibrations and Weak Factorisation Systems (2012) Stanculescu

The Grothendieck construction for model categories (2015) Harpaz, Prasma
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3. Illustration



Codomain bifibration

If C has pullbacks, the codomain functor is a bifibration:

Arr(C)

C

cod

C ⟶ Cat

𝐴 ⟼ C/ 𝐴

If C is a model category, it induces model structures on each C/ 𝐴, and cod
enters the conditions of the theorem.

Resulting structure onArr(C) is the injective model structure!
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Thank you.
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