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Coding words
I Freeman’s alphabet : F = {0, 1, 2, 3}.

I Define a monoid morphism on F∗ by

0 7→ 1 7→ 2 7→ 3 7→

Example

The word 0012123 codes
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Closed as many 0s than 2s, 1s than 3s.
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Definition
It is the topological closure of the inside of the loop coded by a boundary
word.
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Definition
It is the topological closure of the inside of the loop coded by a boundary
word.
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Definition
It is the topological closure of the inside of the loop coded by a boundary
word.
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It is the topological closure of the inside of the loop coded by a boundary
word.
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Tesselation

Definition
A tesselation is a covering of R2 by translations of a unique polyomino
overlapping with empty interior.
A polyomino appearing in a tesselation is said exact.
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Beauquier-Nivat

Let ·̂ be the antimorphism defined by

0 7→ 2, 1 7→ 3, 2 7→ 0, 3 7→ 1.

Example
The hat of 0103 ( ) is 1232 ( ).

Beauquier-Nivat’s Theorem
A polyomino is exact if and only if it admits a boundary word of the form
uvwûv̂ ŵ .
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Composition
Geometric intuition

Idea
Replace the unit square by a square tile.
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Composition
Formal definition

Definition
Let u, v such that uvûv̂ is a boundary word. The composition by (u, v) is
the monoid morphism

ϕu,v : 0 7→ u, 1 7→ v , 2 7→ û, 3 7→ v̂ .

Previous example :

ϕ010,121(0001212323) = 010010010121232121232303232303.
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Composition

Question
If w codes an exact polyomino, does ϕu,v (w) as well ?

And conversely ?
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Composition

Sufficiency
If w codes an exact polyomino, so does ϕu,v (w).

Proof. ϕu,v (α̂) = ϕ̂u,v (α).

Necessity
If ϕu,v (w) codes an exact polyomino, does w also ?
Proof. ϕu,v (w) = ABCÂB̂Ĉ ...
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Beauquier-Nivat
2.0

Theorem
An exact polyomino has a boundary word of the form uvwûv̂ ŵ .
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Skecth of proof

I Take a tesselation of the polyomino coded by ϕu,v (w).

I This leads to a tesselation by the polyomino S that is coded by
uvûv̂ .

I Beauquier-Nivat 2.0 : each meeting point gives a factorization
xyzx̂ ŷ ẑ of the boundary of S.

I Case where ϕu,v (w) = ABÂB̂ is square. Technical lemmas
conclude that A,B are words {u, v , û, v̂} : w is square as well !

I General case ? The previous proof does not extend...
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Thanks.
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http://www.eleves.ens.fr/home/cagne/
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