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1. Everything you always wanted to know about what | do” —

“But were afraid to ask.
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Big picture

notion of
equality
study of the mathematical activity study of deformations of spaces
formal point of view algebraic tools
what is a property? T? = §'?

what is a proof? what is a space?
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Ontology of equality

Extensional equality Intensional equality

( Equal things are interchangeable. ] ( Proofs of equality are relevant. ]

If x equals y, then a property on x is A proof that x equals y translates
true exactly when it is on y. meaningful properties on x to mean-
ingful properties on y.
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Rational beings are crazy about epistemological questions.
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Philosophical (kangaroo-free) detour

Consider the rather sound sentence:

Rational beings are crazy about epistemological questions.

What to think then of Plato’s substitution:

Featherless bipedes are crazy about epistemological questions.

Instead a proof that featherless bipedes are in fact rational beings acts as a

translator:

Featherless bipedes, neither unbalanced or handicaped to flight by a su-
perior weight of the head have been able to evolve towards larger and larger
brains hence making them capable of reasoning to a point that reasoning itself

can be reasoned upon, are crazy about epistemological questions.
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Back to math

Fibonacci sequence: Fy = 0 and F; = 1,and next F,, = F,,_1 + F,,_».

Prove that F;g and Fq are relatively prime.

F,=F +F =1
F3=F+F =2
F,=F;+F,=3
Fs=F,+F=5
Fs=F;+F, =38

F7=F6+F5=13

Fig = Fi; + Fi¢ = 2584
Fg = Fig + F;; = 4181
2584 = 23 x 17 x 19
4181 = 37 x 113

Fp=F +F=1
F=F,+F =2
F,=F;+F,=3
Fs=F,+F =5
Fg=Fs+F, =8

F7=F6+F5=13

F18 = F17 + F16 = 2584
F19 = FlS + F17 = 4181



Back to math

Fibonacci sequence: Fy = 0 and F; = 1,and next F,, = F,,_1 + F,,_».

Prove that F;g and Fq are relatively prime.
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Back to math

Fibonacci sequence: Fy = 0 and F; = 1,and next F,, = F,,_1 + F,,_».

Prove that F;g and Fq are relatively prime.

Fy=Fj+Fy =1 F,=F +F,
FE=F+F =2 F=F+F
F,=F+F=3 F,=F, +F,
Fs=F,+F=5 Fs=Fy +F
Fg=F5+F, =8 Fg = F5 + F
F, = F +F5 =13 F, = Fg + Fs
Fig = Fi7 + Fi6 = 2584 Fig = Fi7 + Fig
Fig = Fig + Fy7 = 4181 Fig = Fig + Fy7

2584 = 23 x 17 x 19
4181 = 37 x 113 Euclid algorithm!



Proofs with content

Leta, b € IN_. Agood way to compute ged(a, b) is Euclid (extended)
algorithm, which yield also n, m such that na + mb = ged(a, b).
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Proofs with content

Leta, b € N_. Agood way to compute ged(a, b) is Euclid (extended)
algorithm, which yield also n, m such that na + mb = ged(a, b).

Consider the theorem:
If gcd(a, b) = 1, then there exists nsuch that b | an — 1

As gcd(2584,4181) = 1, there exists n
such that 4181 | 2584 x n — 1.

Limit the searchto n € {0, ..., 4180} and try
them all.

Computing ged(2584,4181) = 1 already
gives n = 1597 such that

418112584 xn-1

[Moral: proofs of equality are relevant mathematical objects. J
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2. Model categories .




Homotopy in topological spaces

X YxY
f (f.g
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In categorical terms

The space of paths ylo.1lin Top satisfies the path lifting property:
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In categorical terms

0,1]

The space of paths ylo1l Top satisfies the path lifting property:

D, Yy ylo]

T
o\L _H \L(s,t)

D,x[0,1]] —> Y xY
(0.7)

Model categories make formal what it means to have such objects with such
properties in any category.
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Model categories

In a category M, denote j 1 g when for any

A—X

B——mY

Define RLP(£) as the class of g such that j 41 g forall j € £.
Define LLP(fR) as the class of j such that j 1 g for all g € fR.

A weak factorization system on a category M is a pair (£, R) such that
- £ = LLP(R) and RLP(£) = R
- each morphism factors as q - j for j € £and q € R.



Model categories

A model category is a category M with finite products and finite sums together
with Cof, W, Fib such that

- W has 2-out-of-3,
- (Cof n W, Fib) and (Cof, W n Fib) are weak factorization systems.



Model categories

A model category is a category M with finite products and finite sums together
with Cof, W, Fib such that

- W has 2-out-of-3,
- (Cof n W, Fib) and (Cof, W n Fib) are weak factorization systems.

Anadjunction L : M 2 N : Ris Quillen when:
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Path object

How does this give a good notion of path spaces?
Given Y € M, factor Y — Y x Yinto

acyc. cof. N

fi
> Py

bration
S Y xY

Now define an homotopy between f, g : X — Y asamap H in

Py
27
X@YXY

No need for a whole model structure, good notions of fibrations and acyclic
cofibrations seems enough...



3. (My view of) Lawvere's view on logic ‘/
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o(xX,y) F ¢Y(x) ifandonlyif 3Fye(x,y) k Y (x)

and
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Given formulas ¢(xy, ..., x,, y) and /(x, ..., x,,) in a first-order language:

0%, ) Fy V(X)) ifandonlyif 3ye(x,y) kz Y(x)

and
V' (X) kg o(Xy) ifandonlyif Y(X) k; Vye(%, y)



Quantifiers as adjoints

Given formulas ¢(x, ..., x,, ) and ¢(x, ..., x,,) in a first-order language:
(X, y) — (i) Y(X) ifandonlyif 3ye(x,y) —z ¥(x)
and

V(@) g,y 0Ey) ifandonyif (Z) -3 Vye(R,y)

It feels like adjunctions!



Lawvere's hyperdoctrine

An hyperdoctrine is a pseudofunctor P : € — Cat such that:
- € has finite products,

- each P(f) has both a left adjoint Elf and a right adjoint V¢
(with Beck-Chevalley conditions),

- each P(c) is a Boolean algebra, and each P(f)) a morphism of Boolean
algebras
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Lawvere's hyperdoctrine

An hyperdoctrine is a pseudofunctor P : € — Cat such that:
- € has finite products,

- each P(f) has both a left adjoint 37 and aright adjoint V
(with Beck-Chevalley conditions),

- each P(c) is a CCC, and each P(f) a morphism of CCCs.

Define the equality predicate over ¢ € C as the direct image of 1, along the
diagonal

1c |i> E]A(lc)

A
c——> cxc¢
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Grothendieck bifibrations

A Grothendieck opfibration is a functor p : €& — B such that

cart.

u
E 1
X\_/ x cocart. 3,X

Z 7 u
A’ A———B
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Grothendieck bifibrations

A Grothendieck opfibration is a functor p : €& — B such that

7Y cart. % ¥
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x ooert g x

AU g 5
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Grothendieck bifibrations

A Grothendieck bifibration is a functor p : € — B such that

7Y cart. % ¥

TS ﬁ
X//\_/ cocart. o 3!
x ooert g x

and

AU g 5
/\/ u/>
A A% .3



Push and pull
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f L

XC—X>3uX
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Push and pull

WY ———Y
Forany f : X — Yin€overu : A— B,

f f
X ——3,X
X
Hence 3,, and u" extend to functors:

Cxr ,
x—2 3,x

x
X —3,X
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Push and pull

Forany f : X — Yin€overu : A— B,

Hence 3,, and u" extend to functors:

Cxr ,
X —3,X
3y |
k|l ———— ;(CX'k)D
|
Cx !

X —= 5 3,X

WYy —S—y
fa 1o

XC—X>3uX



Push and pull

Forany f : X — Yin€overu : A— B,

Hence 3,, and u" extend to functors:

Cxr ,
X —3,X
3y |
k|l ———— ;(CX'k)D
|
Cx !

X —= 5 3,X
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wYy —Y
f
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Push and pull

Forany f : X — Yin€overu : A— B,

Hence 3,, and u" extend to functors:

Cxr

X —= 5 3,X’

3 I
k ?—u> : (CX‘rk)D

x

X —= 5 3,X

CY
wYy —Y
f
f L

CY/
uwyYy —Y’
(ke), | s }c
l oY
uwy —— Y



Push and pull

Forany f : X — Yin€overu : A— B,

Hence 3,, and u" extend to functors:

Cxr ,
x— X 43X
I

3 |
k|l —%— | (ex k),
Cx :
X —X s3,x

CY
wYy —Y
f
f L

This produces an adjunction3,, : €4 2 € : u" between fibers.



Grothendieck construction

From a Grothendieck bifibration p : € — B, construct:
., P
B° —— Cat
Abr— 8A

Joa

B+—— €&p



Grothendieck construction

From a Grothendieck bifibration p : € — B, construct:
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Grothendieck construction

From a Grothendieck bifibration p : € — B, construct:
., P
B° —— Cat

AI—)EA

A

Br—— €3

From a pseudofunctor P : B° — Cat where each P(u) has a left adjoint,
construct:

[P objects: pairs (X, A) for X € P(A)
B morphisms (X, A) — (Y, B): pairs (u, f) where
J/ u:A— Band f : X — P(u)(Y).
B



4. Quillen bifibrations and their localizations ‘/
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between model categories such that:
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- the model structure on & restricts to a model structure on each € 4



Goal

Given a Grothendieck bifibration p : € — B, with B a model category and
each fiber € 4 a model category also, what are the conditions that makes € into
a compatible model category?

Define a Quillen bifibration to be a Grothendieck bifibration p : & — B
between model categories such that:

* p preserves cofibrations, fibrations, and weak equivalences,

- the model structure on & restricts to a model structure on each € 4

Find a characterization of Quillen bifibrations among the Grothendieck bifibrations
that comes equipped with a model structure on B and on each fiber € 4.
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General principle

Suppose p : & — B is a bifibration with model structure (Cof, W, Fib) on B
and (Cof 4, W 4, Fib 4) on each fiber € 4 such that every (3,,, u*) is Quillen.
Call finé&

- atotal acyclic cofibration if p(f) € Cof n W and f. € Cofgn Wp,

- atotal acyclic fibration if p(f) € Fibn Wand f, € Fiby n W 4.

Denote Cofg, WCofe and Fibg, WFibg the corresponding classes.

Fact: in a Quillen bifibration, the (acyclic) cofibrations and (acyclic) fibrations are
the total ones.
Fact: (Cofge, WFibg ) and (WCofp, Fibg ) are always wrs.

Remains to find W such that
* We has 2-out-of-3,
: WCOfS = COfg n Wg and WFibg = Fibg n WE'
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You don't have a choice for the total weak equivalences:

def
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Total weak equivalences

Main Idea
You don't have a choice for the total weak equivalences:

def

Wg = WFibg OWCOfE

vY——Y

T Call f: X — Y acyclic relatively to
‘ (u, v)if p(f) = vuwith u € CofnW and

X 1 x v€E€FibnW,and3,X — v'Y € W
H u

Define f to be a total weak equivalence if
it is acyclic relatively to some pair.




Necessary conditions

H, 3, preserves and reflects weak equivalences if u € Cof n W.
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H, 3, preserves and reflects weak equivalences if u € Cof n W.
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H, 3, preserves and reflects weak equivalences if u € Cof n W.

e N

X ———3,X

X—"53,X




Necessary conditions

H, 3, preserves and reflects weak equivalences if u € Cof n W.

e N

X’ - EIuX7>1

X—"53,X
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Necessary conditions

H, 3, preserves and reflects weak equivalences if u € Cof n W.

H, v* preserves and reflects weak equivalences if v € Fib n W.

( )

VY ——— Y’




Necessary conditions

H, 3, preserves and reflects weak equivalences if u € Cof n W.
H, v* preserves and reflects weak equivalences if v € Fib n W.

hBC every square of the form

A>u—>cl

v v u,u’ € Cofn' W
v,v' €EFibn'W
C — B
satisfies the homotopical Beck-Chevalley condition, i.e. the mate
3, V" — v'"3,is pointwise in W .



Necessary conditions

H, 3, preserve
H, V" preserve

hBC every squar

A

C

satisfies the
3,V —

v''3,7Z

. 3u,1*Z\
(CEEPY
/ \
Mo /

nW.
nW.

he mate




Necessary conditions

H, 3, preserves and reflects weak equivalences if u € Cof n W.
H, v* preserves and reflects weak equivalences if v € Fib n W.

hBC every square of the form

A>u—>cl

v v u,u’ € Cofn' W
v,v' €EFibn'W
C — B
satisfies the homotopical Beck-Chevalley condition, i.e. the mate
3, V" — v'"3,is pointwise in W .



Characterization of Quillen bifibrations

Theorem (Cagne, Mellies)

Letp : € — B be a Grothendieck bifibration such that (3,,, u*) is a Quillen
adjunction for every uin B. Then pis a Quillen bifibration if and only if it
satisfies H4, H, and hBC.



Characterization of Quillen bifibrations

Theorem (Cagne, Mellies)

Letp : € — B be a Grothendieck bifibration such that (3,,, u*) is a Quillen
adjunction for every uin B. Then pis a Quillen bifibration if and only if it
satisfies H4, H, and hBC.

Related works:

Model category structures in bifibred categories (1994) Roig
Bifibrations and Weak Factorisation Systems (2012) Stanculescu
The Grothendieck construction for model categories (2015) Harpaz, Prasma
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Given a category C with pullbacks, the functor
cod : Arr(C) - C, (A - A — A

is a bifibration where 3,, and u” are given by:
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Warm up example: the codomain bifibration

Given a category € with pullbacks, the functor
cod : Arr(C) - C, (A - A — A

is a bifibration where 3,, and u” are given by:

A — AxgB — > B
A U
A—Y* B A—2% 4B
A—2% B A—2% B

If € is a model category, each fiber cod4 = C, 4 inherit a canonical model
structure. The conditions Hy, H, and hBC are satisfied, hence we get a model
structure on Arr(C)...



Warm up example: the codomain bifibration

Given a category € with pullbacks, the functor
cod : Arr(C) - C, (A - A — A

is a bifibration where 3,, and u” are given by:

A — AxgB — > B
A U
A—Y* B A—2% 4B
A—2% B A—2% B

If € is a model category, each fiber cod4 = C, 4 inherit a canonical model
structure. The conditions Hy, H, and hBC are satisfied, hence we get a model
structure on Arr(C)... which is the injective model structure!



The Reedy construction

Consider the category of standard simplices: A.
Denote A, for the full subcategory with objects [k] s.t. k < n.

The restriction p,, : [A,,1, M] — [A,,, M] is a bifibration where:

M,u
M,A——M,B

/

L,u
L,A——L,B

Y

X

A—B
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The restriction p,, : [A,,1, M] — [A,,, M] is a bifibration where:
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- The fiber at A is equivalent to
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structure, we then obtain a model
LA Lnu, L,B structure on [A,,,1, M]...



The Reedy construction

Consider the category of standard simplices: A.
Denote A, for the full subcategory with objects [k] s.t. k < n.

The restriction p,, : [A,,1, M] — [A,,, M] is a bifibration where:

M,u
M,A——M,B

The fiber at A is equivalent to

L, AM/ M, A
hence is a model category.

L If [A,,, M] has the Reedy model
structure, we then obtain a model
L,A Lnu, L,B structure on [A,,,1, M]... which is

again the Reedy model structure.
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Localization of Quillen bifibrations

A Quillen bifibration p : & — B preserves weak equivalences:

€ — Ho (&)

1
p 31 1 Ho(p)
e

B —3 Ho(B)

Also each adjuction3,, : €4 2 Ep : u"is Quillen, so there is a derived
adjunction
L(3,) : Ho(€4) 2 Ho(Ep) : R(uw)

Which relationship does Ho (p) sustain with the collection of all those derived
adjunctions L(3,,) 4 R(u")?



Fiberwise localization

Surprising fact: there is another model structure on & for which the weak
equivalences are the fiberwise weak equivalences.
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Construct it as follows:
- Consider B with the trivial model structure: denote it B;.
- Use the theorem to get a model structure on &: denote it €.

Denote p; for the functor p viewed as £; — B



Fiberwise localization

Surprising fact: there is another model structure on & for which the weak
equivalences are the fiberwise weak equivalences.

Construct it as follows:
- Consider B with the trivial model structure: denote it B;.
- Use the theorem to get a model structure on &: denote it €.

Denote p; for the functor p viewed as £; — B

ThenHo (p;) : Ho(€;) — Ho (B,) = B is still a Grothendieck bifibration:
its fiber at A is Ho (€ 4) and the adjunction above u : A — Biis the derived
adjunction L(3,)) : Ho(E4) 2@ Ho (Ep) : R(u").



lterated localization

Theorem (Cagne, Mellies)

€ — 5 Ho(&;) — Ho(Ho (¢,)) = Ho (€)

pl lHo(pt) lHo(p)

B — Ho(B,)=B —— Ho(B)

How so?
- Give back to B its original model structure.

- Use again the theorem to get the model structure on Ho (&,;).



5. Display maps and relative tribes (




Martin Lof's Type Theory

Given a dependent type theory T, build a category ctx:

+ the objects are the dependent contexts
X1 ¢ Al’ Xy ¢ Az(xl), ey Xt An(xl, veey xn_l)

- the morphisms (¥ : /_1)) — (y: §) are the | B-dependent tuples of

terms N
Xx: A t(X) : By,
X AF (%) : By(ty),
X: A t,(X): B(t1,..os tyoq)



Martin L6f's Type Theory (cont'd)

Given a type A dependent on A) there is a dependent projection in ctx:
prg: (¥ : Ay : B) — (¥ : A)

We call them fibrations.



Martin L6f's Type Theory (cont'd)

Given a type A dependent on A) there is a dependent projection in ctx:
prg: (¥ : Ay : B) — (¥ : A)

We call them fibrations.

The codomain functor Fib — ctx is a Grothendieck fibration.
Associated pseudofunctor:

Fib
T:ctx’ > Cat, T'— (cxt/r) '



Dependent pairs and dependent functions

The substitution functor prg" has both left and right adjoint, given by dependent
pair and dependent function types:

-

Ay B@z: CEY - .2 : OF)
X:Aw: zy:B(ic’) C(X, y) F t(X, wy, wy) = C/(X)

X : /_l),y : B(¥),z : C(X) - t(X,y,2) : C'(X,y)
¥:Az:CR FAy.t(%,y,2) : Hy:B(k») C’'(X,y)




Dependent pairs and dependent functions

The substitution functor prg" has both left and right adjoint, given by dependent
pair and dependent function types:

-

X:A7y:BX),z: Cxy)Ftxyz): C(X)
X:Aw: Zy:B(J?) C(X, y) F t(X, wy, wy) = C/(X)

X : /_l),y : B(¥),z : C(X) - t(X,y,2) : C'(X,y)
¥:Az:CR FAy.t(%,y,2) : Hy:B(k») C’'(X,y)

T : ctx’ — Cat admits left/right adjoints for the functors of the form T(prB).



Identity types

A way to treat proofs of equality as mathematical entities:

I' - Atype ' Atype

Iix @ Ay : A-1dy (x, y) type Ix : Abrefl, @ Idg (%, x)
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Iix @ Ay : A-1dy (x, y) type Ix : Abrefl, @ Idg (%, x)

How to use such proofs of equality?
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|dentity types as an equality predicates?

The previous rules induces:

V4
a _-T

-
-

1y — Ia(14)

A—D v AxA



Relative lifting property

Given a functor p : &€ — B, say thatamap f in & has the weak left lifting
property relatively to p against g when:
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Relative lifting property

Given a functor p : € — B, say thatamap f in € has the strong left lifting
property relatively to p against g when:

X—Z)Z

N N
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Relative factorization systems

Define a right strong factorization system relativeto p : € — B to consist of
- two classes £¢, R¢ of morphisms of €,
- and two classes £g, Ry of morphisms of B,
such that
- p(Le) € £x and p(Re) € R,
- Le = LLP;(Re)
- forevery fin &:

Z
€Le T S Re
s \\)
X 7 >Y
C
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Cocartesian morphism as lifting problems

cocart. o3l

x oot 3 x X 3,X

cocart.



Cocartesian morphism as lifting problems

[f is cocartesian if and only if f € LLP-(any — 1) ]

Y

-

7/
cocart. o3l

x-St g x

X——3,X

cocart.



Cocartesian morphism as lifting problems

f is cocartesian if and only if f € LLP*(any — 1)

/_N ' /_N r : :
A I~
X s3,X

]
X cocart. EluX

cocart.
/\) i /N o '
u e
A—* B A—* B

p : € — Bisa Grothendieck opfibration if and only if there is a strong RFS
relative to p with Re = {any — 1} and £¢ = {any}



Reconcile Lawvere's equality and identity types

14 - > Z A z s Z
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Reconcile Lawvere's equality and identity types

14 - > Z A z s Z
\ \ rh \
cocart. x
IA(1y) ——— 1 dy —— 1
A ¢ 5 C A : 2 C
A e h A - h



Reconcile Lawvere's equality and identity types

1, z > Z A z > Z
\‘ EI!k’\( \ \ 3k 7 \
cocart. o refl, ol
W1y ———— 1 ldf ———1
C C
A 5 C A % C
A h A h



Models of MLTT in Lawvere's style

Definition
A relative tribe is a Grothendieck fibration p : € — B:

+ mapping 1to 1,

* with left and right adjoints 3.5 and IIp to the substitution prg* for a
specific class of morphisms prg (with Beck-Chevalley conditions),

- with a right weak factorization system relative to p where:

L¢ = {total anodyne},  R¢ = {total fibration}
Lq ={any}, 9y = {fibrations}



Models of MLTT in Lawvere's style

Definition
A relative tribe is a Grothendieck fibration p : € — B:

+ mapping 1to 1,

* with left and right adjoints 3.5 and IIp to the substitution prg* for a
specific class of morphisms prg (with Beck-Chevalley conditions),

- with a right weak factorization system relative to p where:

L¢ = {total anodyne},  R¢ = {total fibration}
Lq ={any}, 9y = {fibrations}

The functor Fib — ctx is a relative tribe.
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Future works

+ A new notion of model for MLTT?
+ Integrate univalent universes in that framework.
- Simplicial structure of the syntax might be reflected in the models.

+ Substructural MLTT through semantics?



Thank you.

http://www.normalesup.org/~cagne/
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