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INTRODUCTION TO ALGEBRAIC OPERADS

HOMEWORK 2

Due 11:59PM February 18. You can either give me your copy by February 16 course or send a scanned
version in a unique and well readable PDF file to thibaut.mazuir@hu-berlin.de .

Difficult questions are indicated by a (%) or a (%x).

PROBLEM 1: INHOMOGENEOUS KOszUL puALITY (12 PT)

We define a quadratic linear data (V,R) to be a vector space V together with a linear subspace
R C V®V®. Wedenote qR C V®? the image of R under the projection q : V ® V& — V®2. The
data (V,qR) is then in particular quadratic.

1. Prove that under the assumption
(qh) ROV = {0}
there exists a linear map ¢ : gR — V such that R = {x — ¢(x), x € gR}.
For a quadratic linear data (V, R), we denote
A=A(V,R) :=T(V)/(R)  qA:=A(V,qR) =T(V)/(gR) .

In particular qA is the quadratic algebra associated to the quadratic data (V,qR). Under the assump-
tion (qh), we define the map ¢ : (qA)i — sV as

é: (gAY = C(sV,s*qR) » s*qR i gR 2, VsV,
2. Prove tl~1at there exists a unique coderivation dy : (qA)i — T<(sV) which extends the
linear map ¢.
3. Under the assumption , prove that if

(ROV+V@R) NV® c 4R

then Im(dys) C (qA)i C TC(sV).
The linear map d s then defines a coderivation on (qA)!.
4. Under the assumption (ql), prove that if
(qla) (R®V+V®R) NV® c RNV®?
then the coderivation d4 squares to zero, dé = 0.

5. Prove that the universal enveloping algebra U(g) of a Lie algebra g admits a quadratic
linear presentation satisfying conditions (qli) and (ql3).
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Following question 4, if a quadratic linear data (V,R) satisfies conditions (qli) and (qlg), we can
define the Koszul dual coalgebra of A = A(V, R) as the dg coalgebra

Al= ((gAY.dg) = (C(sV,s°qR),dg) .

6. Prove that the Koszul dual coalgebra of the universal enveloping algebra U(g) is the cofree
cocommutative coalgebra A°(sg) € T°(sg) endowed with the Chevalley-Eilenberg differential

dp(x1 A+ Axp) :Z(—l)”f‘l[xi,xj] AXTA - AXi A AXj A AXy
i<j

where x1 A -+ A Xy i= Y peg, SEN(0)$5X5(1) ® *+ ® 5X i (n).-

PROBLEM 2: HIGHER MORPHISMS BETWEEN A,-ALGEBRAS (26 PT)

Forn > 0, we define A" to be the graded vector space
A" = @ Klip < -+ < ix]

0<ip<---<ix<n
generated by the increasing sequences of ([0, n]. Its grading is defined as
| lio < <ik] | =k

We endow this graded vector space with the following degree -1 and degree O linear maps:

Oan ([ig < -~ <zk)—Z( 1)/ [ip < - <i_A,~<---<ik],

Aprn([ig < -++ < ig]) lip<--<ijl®[ij<- - <ik] .

M»

Jj=0

1. Prove that (A", 9pn, Apn) is a dg coalgebra.

We point out that the combinatorics of the dg coalgebra A" can be easily understood on the standard
n-simplex defined as the convex hull

= Conv((1,...,1,0,...,0),0 < k <n) c R"
~——
k

by labeling the vertex whose first k coordinates are equal to 1 by [k] and by labeling the face whose
vertices are [io], ..., [ix] withip < --- < ix by [io < -+ < ir]. We illustrate this in Figure We
will thereby sometimes denote an increasing sequence of [[0,n]] as a face I C A" in the rest of this
problem. We then have in particular that |I| = dim().

2. Prove that for every n > 0 there exist morphisms of dg coalgebras
6?:A"_1—>A”,O<i<n,

ol A" S AT 0<i<n,

3 pt

2 pt

3 pt



1 pt

2 pt

2 pt

3 pt

that satisfy the following equalities

§;6;=06:6j1 fori<yj,
O'jéizéi(]'j_l fOI‘i<j,
Uj5i:6i—10'j fOI‘i>j+1,
0j0; = 004 fori<j,
O'j(sj' =0'j6j+1:id .

where we omit the upper script » in o; and ¢;.
We then say that the collection of dg coalgebras {A"},>o forms a cosimplicial dg coalgebra.

3. Let C and C’ be two dg coalgebras. Prove that their tensor product C ® C’ can naturally
be endowed with a dg coalgebra structure.

Let fo, fi : C — C’ be two morphisms of dg coalgebras. We define a homotopy from fy to fi to be a
degree +1 linear map h : C — C’ such that

Ach=(fo®h+h® f1)Ac
[6’11] :fl_f() s

where we recall that for a linearmap f : C — C’ of degree | f|, we denote 9, f] = dc' f— (=11 foc.

4. Prove that the data of two morphisms of dg coalgebras fj, fi : C — C’ and of a homotopy
between them is equivalent to the datum of a morphism of dg coalgebras Al ® C — C’.

5. Prove that the datum of a morphism of dg coalgebras A" ® C — C’ is equivalent to the
data of linear maps f;,<...<i,] : C — C’ of degree k for every [ip < --- <ir] C A", that satisfy
the following equations:

k

[8’f[i0<“'<ik]] = Z(_I)Jf[lo<<i;<<lk] ’

J=0

k
AC’f[i0<---<ik] = Z(f[i()<"'<ij] ®f[ij<~~~<ik])AC .
j=0

We recall that an A-algebra structure on a dg vector space A can be defined as a codifferential D 5
on the reduced tensor coalgebra T (sA) such that the restriction of D to the summand sA is equal to
Osa. An A-morphism between two A-algebras A and B can then be defined as a morphism of dg
coalgebras (T (sA), D ) — (T(sB), Dp).

6. Prove that an homotopy H between two As,-morphisms F, G : (T(sA),Da) — (T(sB),Dp)
can be equivalently defined as a collection of linear maps A, : A*” — B of degree —n forn > 1
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such that
[0, 7] =gn = fat D, *hipei, (id® @ m} ©id®")

i1+ig+i3=n
i9>2

B
+ Z ims+1+t(fi1®"'®fis®hl®gj1®"'®gjt)'
i1+ +ig+l
ik e=n
s+1+1>2

where mZ and mZ are the operations of the A-algebras A and B, and f,, g, : A®" — B are
the operations of the A,,-morphisms F and G. (The explicit signs need not be computed)

Let I be a face of A". An overlapping s-partition of I is defined to be a sequence of faces (I;)1<c<s of
I such that

(i) the union of this sequence of faces (seen as increasing sequences of [[0,n]]) is I, i.e. Ur<e<sly =1
(i) forall1 < € < 5, max(ly) = min(Ip41).
An overlapping 6-partition for [0 <1 < 2] is for instance
[0<1<2]=[0JU[OJUl0<I]JU[1]U[1<2]U[2].
An overlapping 3-partition for [0 <1 < 2 < 3 < 4 < b] is for instance
[0<1<2<3<4<5]=[0<1]U[1<2<3]U[3<4<5].

7. Let A and B be two A-algebras. Prove that a morphism of dg coalgebras A" ® T(sA) — 4 pt

T(sB) is equivalent to a collection of linear maps fl(m) : A®™ — B of degree 1 — m + || for
I Cc A" and m > 1, that satisfy

dim(7)
0.,] = D DI+ DI Y e B 0 @ m 1d®)
Jj=0 i1+ig+iz=m
i9>2

B ) s
b Y e e )
i1+ g =m
LU---Ulg=1
s>2

where the last sum runs over all overlapping s-partitions /; U---U Iy =1 of I for s > 2.
A morphism of dg coalgebras A" ® T(sA) — T(sB) will be called a n-morphism from A to B.
8. (x) Compute the explicit signs in the equations of question 7. 3 pt

We define the (k,n)-horn AX to be the simplicial subcomplex of the standard n-simplex A" obtained by
removing the face [0 < --- < n) as well as the face [0 < --- < k < --- < n] in A". This is illustrated
in Figure [2| A (k,n)-horn of higher morphisms between two As-algebras A and B is then defined
to be a collection of operations fl(m) : A®™ — B of degree 1 —m + |I| for I € AX and m > 1 that
satisfy the equations of question 7.

9. (xx) Prove that for all 0 < k < n, every (k, n)-horn of higher morphisms from A to B can 6 pt



be filled to a n-morphism from A to B.

In other words, we have proven that the simplicial set of higher morphisms from A to B
HOMooA_ a1¢(A, B)y := Homgg cog (A" ® T(sA), T(sB))

is an co-category.
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FIGURE 1. The standard 2-simplex A?

The (1,2)-horn A} c A? The (0,2)-horn A) c A?

FIGURE 2
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