INTRODUCTION TO ALGEBRAIC OPERADS

EXERCISE SHEET 6: Homotopy algebras

EXERCISE 1 (The cooperad sisi). We work over the field Z /27 in this exercise. We recall that
the ns operad < is binary quadratic: it is generated by one arity 2 and degree O operation denoted
satisfying proq pt— prog . = 0. We then define the following elements of the cofree cooperad T, (Ksp) :

pi =id Ky = Sp Ky = Z Tu
tePBT,,

where PBT,, denotes the set of planar binary ribbon trees of arity n and the sum corresponds to
planar binary ribbon trees all of whose vertices are labeled by su.

1. Prove that for every n > 1

k . .. > -
Agrﬁ\‘(Ks'u) (”2) - Z (’ui’ /‘11?1’ v 9#:’/]{) .

i1+-+ig=n
2. Prove that for every n > 1
si(n) = Kpf, © T, (Ks) -

3. Prove that for a graded vector space V, the cofree sfsi-coalgebra generated by V is the cofree
coalgebra s~1T¢(sV).

EXERCISE 2 (A-equations). Let A a graded vector space.

7. Prove that a codifferential on the cofree coalgebra T¢(sA) is equivalent to a collection of
degree -1 linear maps b, : (sA)®" — sA for n > 1 satisfying

Z bi1+1+i3 (id@il ® bi2 ® id@ig) =0.

i1+i2+i3:n

2. Prove that the previous data is equivalent to a collection of maps m, : A®" — A forn > 1
satisfying
Do (DB G (P @ my, ©1d®0) = 0.

i1+i9+iz=n

3. Prove that a morphism of dg coalgebras (T°(sA), Da) — (T(sB), Dp) is equivalent to a
collection of maps f, : A®" — B satisfying

D) fy 0, (120 @ my, @) = Y (<) my(fy @ ® fiy)

i1+i9+iz=n i1+ +Hs=n

where € = 371 (s —u)(1 —iy).
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EXERCISE 3 (Homotopy transfer theorem for A..-algebras).

We work over the field Z/27. Consider a deformation retract diagram

n(C 7 (Ada) = (H.0n) .

Our goal is to prove the homotopy transfer theorem for A -algebras: if A is endowed with an A-
algebra structure, then H can be made into an A-algebra such thati and p extend to A-morphisms.

We denote PT,, the set of planar trees with n vertices. Fort € PT,, we then denote tH ip" H®" — H

the linear map defined by labeling the arity k vertices of t by the operation my, its mternal edges by h,
its incoming edges by i and its outgoind edge by p.

1. Prove that the operations

define an A.-algebra structure on H.

2. Prove that i and p can be extended to A.-morphisms using similar formulae.
EXERCISE 4 (Deformation retract diagram).

Let A be a dg vector space. Forn € Z we denote H,, := H,(A) and B,, := Im(d +1)

1. Prove that A, ~ B, ® H, ® B,,_1.

2. Prove that the homology H.(A) with trivial differential is a deformation retract of A.
EXERCISE 5 (Homotopy Gerstenhaber algebra).

We work over the field 7 /27. Let A be a dg vector space. We define a G «-algebra structure on A to
be a collection of maps m,, : A®™ — A of degreen —2 forn > 1 and my; : A% ® A®! — A of degree
k+1-1 fork,l > 0 that satisfy the following three families of equations:

g M +1+i3 (alv cees Ay, My, (ai1+1’ ey ai1+i2)7 Ai+ig+ls - -+ 5 an) =0
i1+i9+i3=n
Z mk,s(al, e, Ay mil,jl(bl, ey bil; Clyevny le), cees Mg g (bi1+"'+is—1+1’ ey b[; Cipttjg14ls -+ Cm))
i1+ +ig=l
Jit++js=m
Z Mg m(myy i (ar, ..., ai5b1,...,b5), ... ,my j (Qigegiy 410 -5 Q3D jigtjy 1415 -, b1)5C1, .o Cm)
i1+ +is=k

Jibe =l



Z ms(mil,jl (al, cees Qs bla R bjl)’ cees My (ai1+~~+l's,1+1a cees Al bj1+'~~+js,1+1a LR bl))

i1+ +is=k
Jite+js=l

= § mi1+1+i3,l(a1’- . "ail’miQ(ai1+1" . '$ai1+i2)’ai1+i2+1" . ',ak; bl" . ’bl)
i1+ig+iz=k

+ Z M ji+14+j;(at, ..., a; b1, ..., by, mj2(bj1+1’ B bj1+j2)’ bjitjprts - - - bi) .
Ji+jot+js=k
where my = 0, my1,o = mo1 =id and myo = mox =0 fork # 1.

1. Prove that the homology of a G-algebra is a Gerstenhaber algebra H,(A).

2. Prove that a G-algebra structure on A is equivalent to a dg bialgebra structure on 7'(sA)
whose coproduct is the deconcatenation coproduct, whose unit is the inclusion K — T'(sA)
and whose counit is the projection 7T (sA) - K.

EXERCISE 6 (Massey products).
Def arity 3 Massey product / Show that m2 and m3 correspond / Borromean ring

EXERCISE 7 (Curved A-algebra).
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