INTRODUCTION TO ALGEBRAIC OPERADS

EXERCISE SHEET 4: Twisting morphisms

EXERCISE 1 (The augmented bar construction is acyclic). Let A be an augmented dg algebra.
Our goal is to prove that the twisted tensor product BA® A is acyclic. We denote an element of BA® A
as

ail...laplaps :=sa1® - ® sa, ® any

wherea; € A for1 <i <n anday € A.
1. Compute the twisted differential on BA ®, A.

2. Prove that BA ®; A is contractible and conclude the proof.

EXERCISE 2 (Hochschild homology and bar construction). Let C. be a chain complex. We
define a chain subcomplex D. C C, to be a collection of vector spaces D,, C C,, such that 3$ (D) C
Dy foralln € Z.

1. Prove that if D, is acyclic then the projection map C, — C,/D., is a quasi-isomorphism.

Let A be a unital dg algebra and M be an A-bimodule. We set A := A/IK14. Consider the Hochschild
complex Cp(A, M) := M ® A®" and define D,, the subspace of C,,(A, M) generated by all elements
mlai| ... |an such that at least one of the a; is equal to14.

2. Prove that D, c C.(A, M) is a chain subcomplex which is acyclic.
We define the normalized Hochschild chains as

C:(A, M) :=C.(A,M)/D., .
Following question 1. we then have that H.(M, A) ~ H,(M, A).

3. Let A be an augmented associative algebra seen as an augmented dg algebra concentrated
in degree 0. Prove that the Hochschild homology of A with coefficients in K is isomorphic to
the homology of its bar construction BA.

ExXERCISE 3 (The dy differential). Let s be an element of degree |s| = 1. We introduce the degree
-Tmap ps : Ks ® Ks — Ks defined as ps(s ® s) = s. We also point out that the suspension sV of a
dg vector space V then corresponds to the dg tensor product Ks @ V.

1. Let A be an augmented dg algebra A. Prove that the differential d9 on BA can be equiva-
lently defined as the unique extension of the degree -1 composite linear map

c _— - - = ps®pua -
T(sA) » SARSA=Ks@AQKs @A 2KsOKs®RARA — S Ks® A =sA .

We also introduce the degree -1 linear map Ag : Ks™1 — Ks™! @ Ks™1,
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2. Let C be a coaugmented dg coalgebra. Prove that the differential dy on QC can be equiva-
lently defined as the unique extension of the degree -1 composite linear map

As®A _ _ _ _ _ _
sle=Ks1oC 22 ks loKs 19 CoC ~Ks 1@ CoKs 19 C=s1C®s1C — QC .
3. Let & be an operad. Compute an explicit formula (with signs) for the differential dy on the
bar construction BP.

4. Let 6 be a cooperad. Compute an explicit formula (with signs) for the differential do on
the cobar construction Q%.

EXERCISE 4 (Schur lemma). Let K be a field with char(K) = 0.

Prove that for every natural transformation Ay : V®" — V®" there exists an element 1 € K[G,]
such that Ay (v1,...,vy) =4- (1 ®---Qv,) forvy,...,v, €V.

EXERCISE 5 (Derivation). For an operad & in Vect and a P-algebra A, we define a derivation
d: A — A tobea linear map such that for every u € P(n),

du(as, ... an)) = Z,u(al, day),. .. an) .
i=1

Prove that for a vector space V, any derivation on the free P-algebra d : S3(V) — Sx(V) is
completely determined by its restriction V — Sg (V).

EXERCISE 6 (bar-cobar resolution).

Prove that the resolution QBds3 — d45 is not minimal.

EXERCISE 7 (dg pre-Lie algebra).

Let & be an operad in Vect with &% (0) = 0. For v € P(n), u € P(m), we define

n

{u, v} :=Zvoiu-

i=1
1. Prove that this bracket defines a dg pre-Lie algebra structure on the dg vector space
Hn>195(n),

2. Prove that for a dg cooperad € and a dg operad & such that % (0) = 0 and € (0) = 0, the dg
pre-Lie algebra associated to the the convolution operad of € and & is exactly the operadic
convolution pre-Lie algebra.

ExXERCISE 8 (Coderivation).

Prove that there is a correspondence between coderivations of the cofree cooperad J (/L)
and morphisms of S-modules T (M) — L.
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EXERCISE 9 (Hurewicz fibration). Let p : E — B be a Hurewicz fibration and assume that B is
connected.

1. Prove that for by, b1 € B, the fibers p~1(by) and p~1(b1) are homotopy equivalent.
2. Prove that there exists a lifting function for p.
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