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XXX-type spin chains

@ Two versions of a Fairy tale
@ Spin chain
o Coordinate Bethe ansatz
@ Hirota equation and Wronskian determinants
@ A look under the carpet

@ Solving Bethe equations
@ Multiplets
@ Each solution applies to several models

@ Resolution of Bethe equations

© Counting solutions
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

Eigenstates of H = — Y% &/ - 011 H = (C?)%L, OL+1 =01
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
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=L—-23, P Pra [ LML) = (L)

Pra [V = [T
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
Eigenstates of H = — Y% &/ - o/1a H = (C2)3L, Gy = &1
=L—-237, P Pra LML) = (L)

Pra2 [V = [T

o “Vacuum”: [|) -+ ]) {3h) =Wt D)

o Single “excitation”:

[¥) = >k V(K) [{k})

o 0= ({i}|H-EY)
= 2W(k—1)—2W(k+ 1)+ (L—2(L—2) — E) W(k)

~ W(k) = axk + By* or W(k) = x* (a + Bk)
o periodicity ~ W(k + L) = V(k)

) o 3o, e kP |{k}) where e*'PL =1
E=—L+8sin*2
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o “Vacuum™: [L|---]) {31 =W D)
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
Eigenstates of H = — 31, 7 - 0/11 H = (C?)®L OL41 =01
=L-2%F Piin P [JD) = [H LD

Pro [V = [T 1)

" {31 = [ )

o “Vacuum™ [} -+ |) {1,8)) = 1L ... 1)

[¥) o< o e™P [{k})

where e?’PL =1

o Single “excitation”:

o Two excitations: [¢) = Zj,k (), k) [, k})
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P2 [T = [1I 1)

. H{3}) =[]
Vacuur’® {1 - 4) {L,4}) = UL 1)

[¥) o< 3oy e ¥PI{K})

where e?'PL =1

o Single “excitation”:

o Two excitations:
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
Eigenstates of H = — Z,‘L:1 gi - 0it1 H = (C?)%L; OL+1 = 01
=L-2%F Piin Pro [ = [WATLD

Pra M) = [T

. H3}) = [Lr - )
Vacuum’ {1 - 4) {L,4}) = UL 1)

[¥) o< Su eP [{k})

where e2/PL =1

o Single “excitation”:

o Two excitations:

W) = AX PP, k})
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=L-2%F P Pro [ = [HALD

Pra W) = [141D)

o H{3}) =[]
Vacuur® [l -+ ) 1, 4}) = [T . 1)

1) o 50y %P k)

where e?'PL =1

o Single “excitation

o Two excitations:
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
Eigenstates of H = — Z,-L:1 gi 01 H = (C?)®L; Fr41 =01
=L-2%F P Prp | L) = [

Pra [ = [T
431 = [ )
)

o “Vacuum™ [} --- ) | H1,4}) = 141 .. 1
" [¥) o< 3oy e KPI{K})

o Single “excitation .
where e?’PL =1

s,

o Two excitations:

HH

THHIH I

T
i

717
17
717

H

) =3 o (AePritrk) o Leilprktpei)y |(j k})

77
77

where e'LP2 — ¢=ilp1 — § — %, with _
S — _1+ei(p1+p2),2eip2 J
T 14efilpitr2) _2eir1
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o Two excitations:[t)) = >, (A ei(PLitpek) o L eilPktpai)y |{f k})

ilpp _ —ilpy _ c _ A . __14¢iPitr2) _2eiP2
where e =e =S=19, withS= T L) 2t
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

o Two excitations:[t)) = >, (A ei(PLitpek) o L eilPktpai)y |{f k})
ilpy _ o—ilp — c_ A : — _1tellPrtra) —peiP2
where e'-P2 = ¢ 1=5= A with § = 14-e/(P1+P2) _DeiP1
e n excitations:

|'¢)> = Z Z AgeiZk pa(k)jk |{j17.j27 e 7jn}>
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"Coordinate Bethe Ansatz"

for XXX;/, Heisenberg spin chain

o Two excitations:[t)) = >, (A ei(PLitpek) o L eilPktpai)y |{f k})

ilpp _ —ilpy _ c _ A . __14¢iPitr2) _2eiP2
where e —e =5=% with § = T PP 2oy
e n excitations:

|'¢)> — Z Z AgeiZk pa(k)jk |{j17.j27 s 7jn}>

1<i<p<<ja<L 0€G,
is an eigenstate if

o Ay oc (=1)7 [y (1 + €/lPetrtPat) — 2glPaivr)

Y. i(p+p") _oaip
o Vj et =TI, S(ps, px) where S(p, p') = — 0725
k

-
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

o Two excitations:[t)) = >, (A ei(PLitpek) o L eilPktpai)y |{f k})

ilpp _ —ilpy _ c _ A . __14¢iPitr2) _2eiP2
where e =e =S=19, withS= T L) 2t

e n excitations:
D DD DI L L E NI
1<i<p<--<jn<L 0€G,
is an eigenstate if
o A, x (_]_)Cr ]._.[j<k (]_ 4 ei(Po(ytpPow) — Qeipg(k))

. ilp: i(p+p") _oaip

° Vj, eltr = Hk;ﬁj S(Pj,Pk) where S(p,p’) = _11::;(,7”—')_2?,:'
k

The corresponding eigenvalue is

E:—L+Zssin2ﬁ
k

2

Y =
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

o Two excitations:[1)) = > (A ei(PLitpek) o L eilPktpai)y |{f k})
ilpy _ a—ilpr _ ¢ _ A : _ _1+eilPitra)_oelP2
where e'-P2 = ¢ 1=5= A with § = 14-e/(P1+P2) _DeiP1
e n excitations:

D DD DI L L E NI
1<1<p<-<jn<L 0€G,
is an eigenstate if
] Ao‘ X (71)0‘ H]<k (1 + ei(po('i)erU(k)) - 2eip0‘(k))

1+e"("+”/)—26"”

o Vj,e'tP =T], ; S(pj. px) where S(p, p') = — sy

The corresponding eigenvalue is

E=—L+Y 8sin? 5
k

Bethe equations ~~ spectrum
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@ Spin chain
o Coordinate Bethe ansatz
@ Hirota equation and Wronskian determinants
@ A look under the carpet
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T-operators for XXXj, Heisenberg spin chain

H= —%iPiin

operator on the Hilbert space ((C2)®L
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T-operators for XXXj, Heisenberg spin chain

H= =P = — log ()],
T(u)=tra((ul+Pra) (ul+Pr1s) - (ul+P1a))
operators on the Hilbert space ((C2)®L

partial trace: Vx,y € Hp, (y[traM |x) = >, ({v| ® (z]) M (|x) @ |2))
where M € L(Hp @ Ha), tra(M) € L(Hp),  Ba=orthonorm. bas. of H,.
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T-operators for XXXj, Heisenberg spin chain

H= =X Pisa = — dlog T,
T(u)=tra((ul+Pra) (ul+Pr1s) - (ul+P1a))
operators on the Hilbert space ((C2)®L

partial trace: Vx,y € Hp, (y|traM |x) = >, 5. ({¥| @ (z]) M (|x) ® |2)
where M € L(H, ® H,), tra(M) € L(Hp),  B,=orthonorm. bas. of ’Ha

o (U= V)L +P)(ul + Prg) (VI + Py ) Kp 1)(
= (V]I+PJ k)(UH+Pl k)((u -V I[+,Pl,_])
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Commutation of T-operators

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}
Commutation of T-operators

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}

Commutation of T-operators
T(V)T(u) =

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}

Commutation of T-operators
T(V)T(u) =

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}

Commutation of T-operators
T(V)T(u) =

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale
000000®0000000000000

Solving Bethe equations

000

Counting solutions

Commutation of T-operators

Sébastien Leurent, IMB, Dijon

XXX-type spin chains

April 13, 2018 10 / 27



Two versions of a Fairy tale
000000®0000000000000

Solving Bethe equations
000

Counting solutions

Commutation of T-operators

Sébastien Leurent, IMB, Dijon

XXX-type spin chains

April 13, 2018 10 / 27



Two versions of a Fairy tale
000000®0000000000000

Solving Bethe equations

000

Counting solutions

Commutation of T-operators

Sébastien Leurent, IMB, Dijon

XXX-type spin chains

April 13, 2018

10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}

Commutation of T-operators
T(V)T(u) =

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
000000®0000000000000 [o]e]e}

Commutation of T-operators
T(V)T(u) =

4 -
¢ S
~ _ -

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 10 / 27



Two versions of a Fairy tale
000000®0000000000000

Solving Bethe equations

000

Counting solutions

Commutation of T-operators

Sébastien Leurent, IMB, Dijon

XXX-type spin chains

April 13, 2018 10 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
0000000 @000000000000 [o]e]e}

T-operators for XXXj 5 spin chain

H= —3iPiis1= — gy log T(u)],_q
T(u) =tra((ul+Pra) - (ul+Pra) - (ul+Pra))
operators on the Hilbert space (C2)®L

partial trace: Vx,y € Hp, (y|traM |x) = ZzeBa(<y| ® (z]) M (|x) @ |z))
where M € L(Hp, ® Ha), tra(M) € L(Hp),  Ba=orthonorm. bas. of H,.

o [T (u), T (v)] =0
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T-operators for XXX-type spin chains

H= —3iPiis1= — gy log T(u)],_q
T(u) =tra((ul+Pra) - (ul+Pra) - (ul+Pra))
operators on the Hilbert space (CK)®L

partial trace: Vx,y € Hp, (y|traM |x) = ZzeBa(<y| ® (z]) M (|x) @ |z))
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T-operators for XXX-type spin chains

H=«=>;Piiq1» = ——IogT |_0

T(u)=tra((ul+Pra) (ul+Proqa) - (ul+Pra) -g)
operators on the Hilbert space ((CK)®L

twist g € GL(K)

partial trace: Vx,y € H,, (yltraM |x) = 3, 5. ((v| @ (z]) M (|x) @ |2))
where M € L(Hp, ® Ha), tra(M) € L(Hp),  Ba=orthonorm. bas. of H,.
o [T (u), T (v)] =0
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T-operators for XXX-type spin chains

H=«=>;Piiq1» = — % log TD(U)‘UZO

TMu) = tra((ul4+Pra) - (ul+Pro1a) - (ul+Pra) - mA(g))
operators on the Hilbert space ((CK)®L

twist g € GL(K)
Generalized permutation operator: P ; = > 4 e((x'.,)ﬁ ® m(egl)
o [THu), T(v)] =0
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T-operators for XXX-type spin chains

H=«=>Piiq1» = — % log TD(”)‘u:O

d
T)\(U) = tr, ((U I+ PL,a) : (u I+ ,PLfl,a) T (U I+ Pl,a) : 7T)\(g))
operators on the Hilbert space ((CKWo@L

twist g € GL(K|M)

Generalized permutation operator:  P;; =3 5 eg’)ﬁ ® WA(egL)
° [T’\(u), T“(v)} =0

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 11 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
0000000 @000000000000 [o]e]e}

T-operators for XXX-type spin chains

H=«-— Z,-Pi,i+1» = — % log TD(U)‘UZO

T)\(u) = tr, ((u I+ PL,a) : (u I+ ,PLfl,a) e (u I+ Pl,a) : 7r>\(g))
operators on the Hilbert space ((CKWo@L

twist g € GL(K|M)

o [THu), TH(v)] =0
o For rectangular Young diagrams,
Ta,s(u_|_1). Ta,s(u) — Ta+1,s(u_|_1)‘ Ta—l,s(u)+ Ta7s—1(u+1)‘ Ta,s+1(u)
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Wronskian determinant

Generic solution of Hirota equation
(“"bosonic” case)

det (Xf‘k_k+1 Qj(u+ M —k+ 1))

T)\ u) = 1<j,k<N
( ) A(Xla Tt vXN)
here o — di coexn); Al :dt<_1—k>
where g = diag(xi, - - - xn) (x1 xn) = det ( x; L kN
where Q1, O3, ... commute among themselves and with T, and

are polynomial in u.
For spin chains, their explicit expression is known.
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Wronskian determinant

Generic solution of Hirota equation

(“bosonic” case)

det (xj)‘k_kJrl Qj(u+ X — k+ 1))
Tu) = -

Alx, -5 xw)

For generic solutions of Hirota equations, Q's are solution of

Qi x; Qi(u+1)

x? Q;(u+2) xNQi(utN)
Tl’o(u) T1’1(u) T1’2(u) TI’N(u)
T (u—1) TH2(u—1) T3 (u-1) TV (u—1)

=0

TEN=Y(y—N41) TV (u—N+1) TUNH (u—N41) o T2V (y—N41)

Sébastien Leurent, IMB, Dijon XXX-type spin chains
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Q-system

SU(N) case

o Qp=1
det (x}k—’Q,-k (u+17l))1<

<k,I<m
Ax, e xn)

© Qiiinrim =

Q1 Q05

| X X
- Q- Q13 - Doz
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° QQ) =1
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o Hence Q5= Q12 N = TO0(u) = ut

© Qiiinrim =

| X X
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Q-system

SU(N) case

° QQ) =1
1—/
det(ka Q"k(“Jrl*I))mk,/ém
A, )

o Hence Q5= Q12 N = TO0(u) = ut

o Qil,l'z,...,l-m -

,,,,, Qp=1------ “Q0-relations”

Q- Q- O - xQ2(u)  x3Q13(v)

-1 -1
| XX X | o Q13(u)Qi(u—1)= il ><)z—X3Q13(u )
- Q12 -- Q13 - Qo3
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Q-system
SU(N) case

o Qp=1

det (x.l—’Q,-k(quk/))
° Q . R 'k 1<k, I<m
11,0250 5Im

A(x1, . xn)
o Hence Q5= Q12 N = To0(u) = ut

,,,,, Qp=1------ “Q0-relations”
0, { 0, } 0; - xQ2(u)  x3Q13(v) ‘
X X | e Qmwa(u—1) = 122l 1X)2_X3Q13(”_ D
- Qo - Q13 - Doz -
o 3 I_U/L ,,,,, xiQu(u) Xk Qu(u)
e Qy(u—1) Qu(u—1)

o Qu(u)Qi(u—1)= P
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Q-system
SU(N) case
0 Qp=1
det(x.l_IQ,- (u+1fl)> -1
o o 'k k 1<k,I<m _
° Qll,lz,.,.,lm - Alx1, - xn) E EO = ; U(U T 1)
o Hence Q5= Q12 N = T90(u) = ut Q23...n(4)=0
,,,,, Qp=1------ “Q0-relations”
RN
S0y - O0y--- 05 - x2Q12(u)  x3Q13(u) ‘
u—1 u—1
X X | e Q)i 1)= 122 Quluml)
- Qo -- Q13 - Qo3
| .~
o ;23: S xQu(u)  xkQu(u)
Qy(u—1) Qu(u-1)

o Qu(u)Qi(u—1)= P
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Solving Bethe equations
000

Q-system in SU(K|M) case

Counting solutions

Pictures are for K =2 and M =1

o 2K+M Q_operators. Each is labeled by a subset of
{1,2,...,K} and a subset of {1,2,..., M}.
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Q-system in SU(K \

Solving Bethe equations

Counting solutions
000

Pictures are for K =2 and M

o 2K+M Q_operators. Each is labeled by a subset of
{1,2,...,K} and a subset of {1,2,..., M}.

/
/
/
/
/
/

- =1__ R [
Qu Qoo Q11 Q1

L7 TXOX

K Ql|® T Q2|(Z) Q12|1— ut

/
Sébastien Leurent, IMB, Dijon
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Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.
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Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.
Existence of Polynomial Q-functions such

that
Bethe equations <

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 15 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
00000000000 e®00000000 [o]e]e}

Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.

Existence of Polynomial Q-functions such
that

Bethe equations < o QO-relations hold on each facet

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 15 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
00000000000 e®00000000 [o]e]e}

Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.

Existence of Polynomial Q-functions such
that

o QOQ-relations hold on each facet
e Qy=1and Q@:UL.

Bethe equations <

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 15 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
00000000000 e®00000000 [o]e]e}

Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.
Existence of Polynomial Q-functions such
that

o QOQ-relations hold on each facet
e Qy=1and Q@:UL.

Bethe equations <

Example of SU(2)

(x1 — x2) ut = x1 Q1 () Qo(u — 1) — x2Q2(u) Q1 (u — 1)
(x1 — %) (u+1)E = x Q1 (u+1)Qa(u) — x2Q2(u + 1) Q1 (u)

V.
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Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.

Existence of Polynomial Q-functions such
that

o QOQ-relations hold on each facet
e Qy=1and Q@:UL.

Bethe equations <

Example of SU(2)

if uis a root of O,

(x1 —XQ)UL: —x2Q2(u)Q1(u—1)
(a —x) (u+1)E=x091(u+1)Q(v)

V.
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Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.

Existence of Polynomial Q-functions such
that

o QOQ-relations hold on each facet
e Qy=1and Q@:UL.

Bethe equations <

Example of SU(2)

if uis a root of O,

(x1 — x0) ut = —x0Q(u)Q1(u—1)
OQ—MKﬂ+UL=M?ﬂ$+UQﬂ®

u _ x0 Q1(u—-1
Hence It = _x_f—gl(uﬂ)'

V.
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Bethe equation

o Restrict to eigenspace: operators become complexed-valued
functions of u.

Existence of Polynomial Q-functions such

that

Bethe equations < o QO-relations hold on each facet

e Qy=1and Q@:UL.

Example of SU(2)

if uis a root of O,

(x1 — x0) ut = —x0Q(u)Q1(u—1)
OQ—MKﬂ+UL=S?ﬂ$+UQﬂ®
X u—1
Hence —(u—Lil-l)L = _x_i—Qi(qul)' |
Matches Bethe equation up to u = %
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@ Two versions of a Fairy tale
@ Spin chain
o Coordinate Bethe ansatz
@ Hirota equation and Wronskian determinants
@ A look under the carpet

Sébastien Leurent, IMB, Dijon XXX-type spin chains April 13, 2018 16 / 27



Two versions of a Fairy tale Solving Bethe equations Counting solutions
0000000000000 8000000 000

Importance of counting solutions

Coordinate Bethe Ansatz

Q-system

o “Each solution” of Bethe
equations provides an

_ o Each eigenstate provides a
eigenstate

\ consistent Q-system

/ o All consistent O-systems
correspond to eigenstates

o All eigenstates are
produced this way
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Coordinate Bethe Ansatz Q-system

o “Each solution” of Bethe

equations provides an o Each eigenstate provides a
eigenstate consistent Q-system

o The number of states \ o The number of consistent
produced this way is the Q-systems is the dimension
dimension of the Hilbert of the Hilbert space
space / o Hence all consistent

o Hence all eigenstates are Q-systems correspond to
produced this way eigenstates
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Physicalness of solutions to Bethe equation

Reminder: Bethe equations
Wy=" Y D Al Twrwic i, a})

1<j1<j2<"‘<jn<L €6,
AO' X (_1)0' HJ<I( (1 —+ ei(po'(j)"‘po'(k)) — 2eipo'(k))

o il 1+4eilP+p') _peip
Vj, ' "Pi = T1,; S(pj, Pk) where S(p, pl’)) _—1:§(P+P’)—2:"P’
E=-1 8sin? =X

—|—§k: sin >
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Physicalness of solutions to Bethe equation

Reminder: Bethe equations
Wy=" Y D Al Twrwic i, a})

1<j1<j2<"‘<jn<L €6,
AO' X (_1)0' HJ<I( (1 —+ ei(po'(j)"‘po'(k)) — 2eipo'(k))

_ 1+4eilP+p') _peip

Vj,elbri = [Tk S(pjs Px) where S(p,p') = 11 o) el
.2 Pk
E=—L+) 8sin? %
d sin® =

What about the (completely symmetric) state
Zlgj1<j2<"'<jn<L |{j1’j2"“ a./n}>?
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Physicalness of solutions to Bethe equation

Reminder: Bethe equations
Wy=" Y D Al Twrwic i, a})

1<j1<j2<"‘<jn<L €6,
AO' X (_1)0' HJ<k (1 —+ ei(po'(j)"‘po'(k)) — 2eipo'(k))

_ 1+4eilP+p') _peip

Vj,elbri = [Tk S(pjs Px) where S(p,p') = 11 o) el
.2 Pk
E=—L+) 8sin? %
d sin® =

What about the (completely symmetric) state
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Physicalness of solutions to Bethe equation

Reminder: Bethe equations
Wy=" Y D Al Twrwic i, a})

1<j1<j2<"‘<jn<L €6,
AO' X (_1)0' H_j(k (1 —+ ei(po'(j)"‘po'(k)) — 2eipo'(k))

_ 1+4eilP+p') _peip

Vj,elbri = [Tk S(pjs Px) where S(p,p') = 11 o) el
.2 Pk
E=—L+) 8sin? %
d sin® =

What about the (completely symmetric) state
Zlgj1<j2<.‘.<jn<L |{jlaj2a s 7Jn}>?
o Corresponds to py = pp = --- =0, and arbitrary A,.
~» Same energy as “vacuum” |||} --- |).
e Should it be counted as well ?
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Physicalness of solutions to Bethe equation

Reminder: Bethe equations
Wy=" Y D Al Twrwic i, a})

1<j1<j2<"‘<jn<L €6,
AO' X (_1)0' H_j(k (1 —+ ei(po'(j)"‘po'(k)) — 2eipo'(k))

_ 1+4eilP+p') _peip

Vj,elbri = [Tk S(pjs Px) where S(p,p') = 11 o) el
.2 Pk
E=—L+) 8sin? %
d sin® =

What about the (completely symmetric) state
Zlgj1<j2<.‘.<jn<L |{jlaj2a s 7Jn}>?
o Corresponds to py = pp = --- =0, and arbitrary A,.
~» Same energy as “vacuum” |||} --- |).
e Should it be counted as well ?

~- do Bethe equations actually hold, as S(p, p’) = —% ?
Sébastien Leurent, IMB, Dijon April 13, 2018 18 / 27
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Importance of counting solutions

Coordinate Bethe Ansatz Q-system

o “Each solution” of Bethe

equations provides an o Each eigenstate provides a
eigenstate consistent Q-system

o The number of states \ o The number of consistent
produced this way is the Q-systems is the dimension
dimension of the Hilbert of the Hilbert space
space / o Hence all consistent

o Hence all eigenstates are Q-systems correspond to
produced this way eigenstates
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Importance of counting solutions

Coordinate Bethe Ansatz Q-system
o
o Each eigenstate provides a

eigensState consistent Q-system

o The number of states o The number of consistent
produced this way is the Q-systems is the dimension
dimension of the Hilbert of the Hilbert space
space / o Hence all consistent

o Hence all eigenstates are Q-systems correspond to
produced this way eigenstates
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Periodic limit

o Q-system has an unambiguous construction for generic twist
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Wronskian determinant

Generic solution of Hirota equation

(“bosonic” case)

det (xj)‘k_kJrl Qj(u+ X — k+ 1))
Tu) = -

Alx, -5 xw)

For generic solutions of Hirota equations, Q's are solution of

Qi x; Qi(u+1)

x? Q;(u+2) xNQi(utN)
Tl’o(u) T1’1(u) T1’2(u) TI’N(u)
T (u—1) TH2(u—1) T3 (u-1) TV (u—1)

=0

TEN=Y(y—N41) TV (u—N+1) TUNH (u—N41) o T2V (y—N41)

Sébastien Leurent, IMB, Dijon XXX-type spin chains

April 13, 2018 21 /27
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Periodic limit
o Q-system has an unambiguous construction for generic twist
° Qi = A(Xigs - -+ Xiy) [T X Qin..ia (u) oObey

TR R P AT et
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000000000000000000e0 000

Periodic limit
o Q-system has an unambiguous construction for generic twist
° Qi = A(Xigs - -+ Xiy) [T X Qin..ia (u) oObey
Qy(u) Que(u)
, 1) = J
Q=D =gy 1) Qu(u—1)

o Example of SU(2) state: 1) + /5 1))

141/,/2

QQ):Q@:]-; QI(U)ZU‘FI_—QZ
14,/2

Q(u)=u+ \/X; Qg o< Qua(u) = 2.

x2
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000000000000000000e0 000

Periodic limit

o Q-system has an unambiguous construction for generic twist
° Qi = A(Xigs - -+ Xiy) [T X Qin..ia (u) oObey
Qii(u) Qik(u)
, 1) = lj
Q=D = oiu-1) Qulu-1)

o Example of SU(2) state: 1) + /5 1))

1+1/,/L
Q= Qp=1; Q(u)=u+ 5"
1+,/2
Q(u) =u+ [ Qg o Qia(u) = v°.

o when x; — 1,
lim Ql = lim QQ X

Sébastien Leurent, IMB, Dijon

XXX-type spin chains April 13, 2018 22 /27
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Rotational degrees of freedom

Determinant ~~ possibility to take linear combinations of columns:
QI/ = Zj H,'JQJ' (where H;J(u + 1) = H,-,J-(u))
o Q' obeys the same QQ-relation as Q
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0000000000000000000e

Counting solutions
000

Rotational degrees of freedom
And periodic limit of twisted spin chain
Determinant ~~ possibility to take linear combinations of columns:
QI/ = Zj H,'JQJ' (where H,-,j(u + 1) = H,'J(u))
o Q' obeys the same QQ-relation as Q

o @ is equivalent to Q: gives the same T-functions

o This transformation preserves polynomiality only in the
periodic limit (x; — 1)
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Rotational degrees of freedom
And periodic limit of twisted spin chain
Determinant ~~ possibility to take linear combinations of columns:
QI/ = Zj H,'JQJ' (where H,-,j(u + 1) = H,'J(u))
o Q' obeys the same QQ-relation as Q

o @ is equivalent to Q: gives the same T-functions

o This transformation preserves polynomiality only in the
periodic limit (x; — 1)

o Example of SU(2) state: [[1) + x1 [T1):
limQp =1, lim(1 —x)Q1 =1, lim(x2 — x1) Q12 = u?,

lim ﬁ(@l +Q—-—(1-—x)@) = %u?’ + u? + ¢
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Rotational degrees of freedom
And periodic limit of twisted spin chain

Determinant ~~ possibility to take linear combinations of columns:
QI/ = Zj H,'JQJ' (where H;J(u + 1) = H,'J(u))

@’ obeys the same QQ-relation as @
Q' is equivalent to Q: gives the same T-functions

This transformation preserves polynomiality only in the
periodic limit (x; — 1)

Example of SU(2) state: |[1) + x1 [T]):
limQp =1, lim(1 —x)Q1 =1, lim(x — x1) Q12 = 2,
lim ﬁ(@l +Q-1-x)Q)=3+u+4

Example of SU(2) state: |}1) — xi |1):
lim Qy = 1, limQu=u+3, lim(x2 — x1) Q12 = v?,
lim 7%11?2 =20 +u— %
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Multiplets

Counting solutions

in the periodic limit

In the periodic limit, the Hamiltonian commutes with
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Counting solutions
®00

Multiplets
in the periodic limit

In the periodic limit, the Hamiltonian commutes with
o Permutation group: [H,P.]=0
o GL(K|M) action [Hh®@ h®@ h---] = 0.

Hence, solutions form multiplets having the same Q-system

Example of SU(2) spin chain at L = 2:
For [14), [11) and [11)+[11), For [4)-/14).

Q=Q =1, Q=12 Q=1 Q=u+3 Q=1
Q=3+ +4 Q=uv+4-
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In the periodic limit, the Hamiltonian commutes with
o Permutation group: [H,P.]=0
o GL(K|M) action [Hh®@ h®@ h---] = 0.

Hence, solutions form multiplets having the same Q-system

Example of SU(2) spin chain at L = 2:
For [14), [11) and [11)+[11), For [4)-/14).

Q=Q =1, Q=12 Q=1 Q=u+3 Q=1
Q=3+ +4 Q=uv+4-
o twist: partial degeneracy lift

o [I1) +
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00000000000000000000

Counting solutions
®00

Multiplets
in the periodic limit

In the periodic limit, the Hamiltonian commutes with
o Permutation group: [H,P.]=0
o GL(K|M) action [Hh®@ h®@ h---] = 0.

Hence, solutions form multiplets having the same Q-system

Example of SU(2) spin chain at L = 2:
For [L1), [11) and [J1)+[T4), For [J1)-[11).
Q=Q=1 Q=1 Q=1 Q=u+3 Q=1
ambiguous Q=u’+4

o twist: partial degeneracy lift
o [I1) +

,unambiguous

Q=3+ +4

% |T]) interpolates between two multiplets
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Multiplets
in the periodic limit

In the periodic limit, the Hamiltonian commutes with

o Permutation group: [H,P.]=0
o GL(K|M) action [Hh®@ h®@ h---] = 0.

Hence, solutions form multiplets having the same Q-system

EX Q[0|0] 1 Q[l 0] S Q[2|0] inat L =2:

For [L1), I8 R0 H T E b~ For L1

— . Y
Q= @1 =1, @12 = u? ,unambiguous ‘Q@ =1, Q= u—i—\; Q2 = 12
02:§u3+u2+§ ambiguous Q@=u+4-1

o twist: partial degeneracy lift
o |41+ % |T]) interpolates between two multiplets
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Rank does not matter

1) + % [T1) is an eigenstate of SU(2) spin chain,
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1) + \/%Hi) is an eigenstate of SU(2) spin chain, and of
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00000000000000000000 e To)
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o SU(2|1): Qoio) = Qo = Qujoy = Qo = 1, Quprj = U+ 3, Qpy = 2.
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but there is no Qpjo): both Qyp and @) are ambiguous in
the periodic limit.

e They depend on the rotation choice.
e The choice does not affect T-functions (nor the energy).
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Resolution of Bethe equation

Solving Bethe equation for a specific multiplet:
o write down its Young Diagram, associate a Q-function to each
node
o Q = ul at the corner
o @ =1 at the opposite boundary
o enforce QQ-relations on each facet
1—1—1

’ ‘

o Each multiplet corresponds to a solution of QQ-equations
o Conjecture: No “unphysical solution”
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o Completeness is a conceptual issue in the “nice Fairy Tale”
o Q-system is well defined in the presence of a twist

o Periodic case involves a non-straightforward limit, and
multiplets

o Resolution method [Marboe, Volin, '17] suitable for efficient
analytic resolution via algebraic-geomtric methods
implemented in Mathematica

o Algebraic-geometric resolution methods explained in [Jiang,
Zhang, '18]

o At the level of completeness, no need to actually solve
equations but only to count solutions (use BKK theorem).
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