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@ Integrability and Bethe equations
@ Coordinate Bethe ansatz
@ Nested Bethe equations for rational spin chains

© Coderivative approach to rational spin chains
@ Coderivative formalism
@ Hirota equation <> Wronskian determinants
@ Non-twisted limit
@ Hirota equation <> spectrum

© Finite size spectrum of sigma models
@ Thermodynamic Bethe Ansatz
@ “Quantum Spectral Curve” for AdS/CFT
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Eigenstates of H = -, 7 -0/11 H = (C°)®%, Fr+1 =01
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
Eigenstates of H = — Zf'-:l g 01 H = (C?)®L; Fr+1 = 01
=L—230 1 Pris1 Pra [ LAL) = L)

Pra W) = [141D)

A {31 = [t ..

° Veeum kb 1,41 = [t )

[9) o 3oy kP [{k})

where e2/PL =1

@ Single excitation:

e Two excitations: [¢)) = Zj,k V(j, k) [, k})
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

e Two excitations:|1)) o Zj<k(ei(p1j+p2k) +S ei(p1k+”2])) I{Jj, k})

ilpp _ G _ o—ilp : _ _ 1+eilPitra) _oeiP2
where e =S=ce , with § = 1+ el (P1+P2) _DeiP1
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

e Two excitations:|1)) o Zj<k(ei(p1j+p2k) +S ei(p1k+”2])) I{Jj, k})
iLpy — g — g—ilp i — _ LiellPrtra) 2eib2
where e =S=e , with § = 11 (P1tP2) _peiP1
@ n excitations:

W= 3D A erwi (o))

11 <je<-<jn<L 0€G,
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

e Two excitations:|1)) o Zj<k(ei(p1j+p2k) + S ei(Prktp2i)y | {5 k1)
ilps _ © _ —ilpy ; _ _ leilPitra) _2eir2
where e =S=e , with § = 11 (P1tP2) _peiP1
@ n excitations:

W)= D D Ak o))
1< <jp<-<jn<l 0€G,
is an eigenstate if
o Ay oc (=1)7 [];p (1 + /(P TPoiy) 2ei”<’<“>>

14ef(PtP) _oeip

o Vj,e'tPi =TT, S(pj, px) where S(p,p') = — ey
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"Coordinate Bethe Ansatz" for XXXy, Heisenberg spin chain

e Two excitations:|1)) o Zj<k(ei(p1j+p2k) + S ei(Prktp2i)y | {5 k1)
ilps _ © _ —ilpy ; _ __ 1téilpatra) _peira
where e =S=e , with § = 11 (P1tP2) _peiP1
@ n excitations:

W)= D D Ak o))
1< <jp<-<jn<l 0€G,
is an eigenstate if
o Ay oc (=1)7 [];p (1 + /(P TPoiy) 2ei”<’<“>>

14ef(PtP) _oeip

o Vj,e'tPi =TT, S(pj, px) where S(p,p') = — ey

The corresponding eigenvalue is

E= —L—|—Z(4—4cospk)
k
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1+1 D Integrability field theories / spin chains

Bethe Ansatz of the form i(n1, n2, -+, np) = Z A, e’ 2ok Po(i) Mk

oceSM

~+ wave-function of the eigenstates of several theories

Sébastien Leurent, IMB, Dijon
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1+1 D Integrability field theories / spin chains

Bethe Ansatz of the form i(n1, n2, -+, np) = Z A, e’ 2ok Po(i) Mk
cesSM

~+ wave-function of the eigenstates of several theories such that
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@ The space is one-dimensional and
there are periodic boundary conditions.

@ The interactions are local.

Ny
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o Conditions (1,2) are necessary for this :
J

ansatz
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1+1 D Integrability field theories / spin chains

Bethe Ansatz of the form i(n1, n2, -+, np) = Z A, e’ 2ok Po(i) Mk

cesSM
~+ wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and
there are periodic boundary conditions.
@ The interactions are local. = =

© A factorization formula holds:

i

ssti
i\

AQ‘

o Conditions (1,2,3) are necessary for this
ansatz

<
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177
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[Zamolodchikov Zamolodchikov 79]
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1+1 D Integrability field theories / spin chains

Bethe Ansatz of the form i(n1, n2, -+, np) = Z A, e’ 2ok Po(i) Mk

cesSM
~+ wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and

there are periodic boundary conditions.
@ The interactions are local. = =
© A factorization formula holds

@ There are infinitely many conserved
charges

T

AN

o Conditions (1,2,3) are necessary for this
ansatz

o Conditions (1,2,4) are sufficient for this
ansatz [Zamolodchikov Zamolodchikov 79]
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1+1 D Integrability field theories / spin chains

Bethe Ansatz of the form v(ny, n, -+ ,ny) = Z A, e’ 2ok Po(i) Mk

ocesSM
~> wave-function of the eigenstates of several theories such that

© The space is one-dimensional and

there are periodic boundary conditions.
@ The interactions are local. _ _
© A factorization formula holds
@ There are infinitely many conserved
kg 1

charges

y 4

E=>%E(pi) e'tPi = [Ty S(pj, Px)

€ and S are model-dependent functions

Sébastien Leurent, IMB, Dijon T



Integrability and Bethe equations Coderivative approach to rational spin chains Finite size spectrum of sigma models
oooe 000000000000000 oo

Nested Bethe Ansatz
unexpected simplicity of the equations for higher rank rational spin chain

SU(2) spin chain:

S "N o 1+ei(p<p’)72eip — J> 9j+i/2 Q(9j+i)

(p.P) = — e Q=TL(u=0) g _ _; foy __1
+ Zk 02+1/4

E=—L+>,(4—4cospg) P

Sébastien Leurent, IMB, Dijon Aug 12,2015 6/ 23
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Nested Bethe Ansatz
unexpected simplicity of the equations for higher rank rational spin chain

SU(2) spin chain:

S(p. o)) =  LteiP+)_oeip e W\ G52 Q(6;+1)

(pv p ) - *1+e;(P\p/)7ze;P/ Q(U):Hk(U—ek) E=—L 2 1
+ Zk 02+1/4

E=—L+>,(4—4cospg) P

polynomials Qu, Qi, Q2, ..., Qu, with Q =1, Qu(u) = ut

— 1

Ok:Qn—1(0k)=0
Qi—1(0+i/2)Qi(0—i)Qir1(0+i/2) 1

Q=12 QTN 1 (0=T72) = when Qi(¢) =0

Sébastien Leurent, IMB, Dijon Y
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© Coderivative approach to rational spin chains
@ Coderivative formalism
@ Hirota equation <> Wronskian determinants
@ Non-twisted limit
@ Hirota equation <> spectrum

Sebastien Leurent, IMB, Dijon TR
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Group-derivative

Advertisement

Nuy=g—3 1 g|= H

picture for L = 3 spin chain,
operators on H = (CN)®3
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Group-derivative

let € GL(CN), | f(g) | € £L((CV)®h)

>
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Group-derivative

let € GL(CN), | f(g) | € £L((CV)®h)

>

well-behaved under change of representation

3@ :% % % derivative of f w.r.t. log(g) :

? Af h AN SN 4 b h A S S {
Dxf(g)| = 8¢:J f(e?g)
LI S T W ¢—0

L+1

derivation exchanges in-going and outgoing indices:
0i = 04i, 0' = Ox
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Integrability and Bethe equations Coderivative approach to rational spin chains Finite size spectrum of sigma models
0000 00®000000000000 oo

let € GL(CN), e L((CM)=h)

3E :% % % derivative of f w.r.t. log(g) :

1 ? ?
(e%g) I‘
T Tlp—0

b A S S S 4 hd hd
|D®f(g) |E|a¢t f
R ) )

gbﬁzgkao 6601g [e%)}

~ B1,8
(Deg) . | =ahr (%8),
1

1,00

60 ¢ 5
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let € GL(CN), e L((CM)=h)

3E :% % % derivative of f w.r.t. log(g) :

hd hd ?
(e%g) I‘
T Tlp—0

) S S S SN 4 hd ?
|D®f(g) |E|a¢t f
I BRI ) $

~ B1,80
__0 # ..\ Po _ Bo .k Bo
° (D ® g) ag,00 6¢a1 (e g) @0 | p—0 8¢afé1 ¢ K& a0 =0 lg 040

wDog=Po(®g) ::
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let € GL(CN), e L((CM)=h)

3E :% % % derivative of f w.r.t. log(g) :

hd hd ?
(e%g) I‘
T Tlp—0

) S S S SN 4 hd ?
|D®f(g) |E|a¢t f
I BRI ) $

~ B1,80
__0 # ..\ Po _ Bo .k Bo
° (D ® g) ag,00 6¢a1 (e g) @0 | p—0 8¢afé1 ¢ K& a0 =0 lg 040

wf)@g:ﬂ,o(]l@g) ::

DoD0g=PioPa(I®I®g)
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let € GL(CN), e L((CM)=h)

3E :% % % derivative of f w.r.t. log(g) :

hd hd ?
(e%g) I‘
T Tlp—0

) S S S SN 4 hd ?
|D®f(g) |E|a¢t f
I BRI ) $

~ B1,80
__0 # ..\ Po _ Bo .k Bo
° (D ® g) ag,00 6¢a1 (e g) @0 | p—0 8¢afé1 ¢ K& a0 =0 lg 040

wf)@g:ﬂ,o(]l@g) ::

DoD0g=PioPa(I®I®g)

WH%: J where o = ul+ iP, o = ul+iD

Sébastien Leurent, IMB, Dijon Hirota ~~ quantum spectrum Aug 12, 2015 9/23
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Group-derivative and transfer matrices
derivative of f w.r.t.log(g): % % %:

|D®f |_|3¢‘ f(e¢g)| where e = ul + iP, e = ul + iD
¢
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Group-derivative and transfer matrices
derivative of f w.r.t.log(g): % % %:

|D®f |_|3¢‘ f(e¢g)| where e = ul + iP, e = ul + iD
¢

Transfer matrix T (u) = DE = % % { = (u+ ib)®L Trg
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Group-derivative and transfer matrices
derivative of f w.r.t.log(g): % % %:

|D®f |_|3¢‘ f(e¢g)| where e = ul + iP, o = ul + iD
Py
Transfer matrix T (u) = jg :% % % = (u+ ib)@L Trg
[T(u), T(v)]=0 H=L—2i0,log T(u)|,—0z-1
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Group-derivative and transfer matrices
derivative offw.r.t.log( ): % % %-

b
5. ¢ where e = R—matrix,
|D®f J |3¢ f(e g)| o=ul+iD
Transfer matrix T(u) =<1 g :+ + % =(u+iD)®L Trg
[T(u), T(v)] =0 H=L—2i0,log T(u)|,—g g1

Arbitrary irrep (in auxiliary space):
™) = e = § {[8]]= v+ D))

[TA(u), TH(v)] = 0 H=1L-2id,log TD(u)|u:0’g:1
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Group-derivative and transfer matrices
derivative of f w.r.t.log(g): % % %-

|TDT®Tf(T )'| |3T 'f(' ¢' )'| where ¢ = R—matrix,
= t e
111?1 1¢Lxxg1 °—UH+’D
Transfer matrix 7(v) =<« g :+ + %:(u—i—ib)@LTrg

[T(u), T(v)]=0 H=L—2i0,log T(u)l,—0z-1

Arbitrary irrep (in auxiliary space):
™) = e = § {[8]]= v+ D))

[TA(u), TH(v)] = 0 H=1L-2id,log TD(u)|u:0’g:1

Rectangular irrep: T,5(u) = TA==(u +i25%)

where X\, s = [} a
~——

S
Sébastien Leurent, IMB, Dijon Hirota ~~ quantum spectrum Aug 12, 2015 10 / 23
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Hirota equation

Hirota equation
Ta7$(u + i/Q)Ta,s(U - i/2) = Ta+1,s Ta—l,s + 7_a,s—i—l 7_a,s—l

Sébastien Leurent, IMB, Dijon Aug 12,2015 11/ 23
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Hirota equation

Hirota equation

Ta7$(u+i/2)Ta,s(U ’/2)— a+1s a— 15+Tas+1Tas 1

Some arguments of the proof (combinatorial):
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Hirota equation

Hirota equation

Ta7$(u+i/2)Ta,s(U ’/2)— a+1s a— 15+Tas+1Tas 1

Some arguments of the proof (combinatorial): [Kazakov Vieira 08]
Yoo 2 Tus(u+i%52) = (u+ D)LY " 2°x15(g)
s>0
| —
w(z)
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Hirota equation

Hirota equation

Tosler 4 1/2) T ot — 1/2) = Togq,s Ta1,s + Tasttl Fas1

Some arguments of the proof (combinatorial): [Kazakov Vieira 08]
2520 z°Tys(u+ I%) = (u+ D)®tw(z), w(z) = Zszo z°x1.5(8)
o= 11 XX LKA
a+D)wie) = \\

where — = 1522 and
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Hirota equation

Hirota equation

Tosler 4 1/2) T ot — 1/2) = Togq,s Ta1,s + Tasttl Fas1

Some arguments of the proof (combinatorial): [Kazakov Vieira 08]
Zszo z°Tys(u+ I%) = (u+ D)®tw(z), w(z) = Zszo z°x1.5(8)
o= (|| [+]

a+D)wie) =

where — = 1522 and

- [(1 v D)@Lw(zl)] : [D@Lw(zz)} -z [D@Lw(zl)} : [(1 + D)®LW(22)}
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© Coderivative approach to rational spin chains
@ Coderivative formalism
@ Hirota equation <> Wronskian determinants
@ Non-twisted limit
@ Hirota equation <> spectrum
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Classical integrability
7-functions of the MKP hierarchy

A 7-function of the MKP hierarchy is a function of a variable n and an
infinite set t = (ty, tp, -+ ) of “times”, such that Vn,t,z;,z :

Characteristic property
2Tp41 (t— [z{l]) 7o (t— [zfl]) — 21 Tpy1 (= [zfl]) o (t— [z{l])

+ (21 — )T ()70 (t =[] — [ ']) =0.

wheret:l:[z—I]: <t1j:z_1,t2j:§,t3:|:§,---)
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Classical integrability
7-functions of the MKP hierarchy

A 7-function of the MKP hierarchy is a function of a variable n and an
infinite set t = (ty, tp, -+ ) of “times”, such that Vn,t,z;,z :

Characteristic property
2Tp41 (t— [z{l]) 7o (t— [zfl]) — 21 Tpy1 (= [zfl]) o (t— [z{l])

+ (21 — )T ()70 (t =[] — [ ']) =0.

where t £ [z 71 = (5 £z £ 50 220 )
o Example: expectation value
7a(t) = (n] "G [n)
over an infinite set of fermionic oscillators ({w;,w}} = 0jj),
where G = exp <Zi,kez B;kijk> and J; = Zk21 tiJk,
where J, = 3"y wﬂp}H. (and 1, |n) = |n + 1))

Sébastien Leurent, IMB, Dijon Aug 12,2015 13 /23
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Classical integrability
7-functions of the MKP hierarchy

A 7-function of the MKP hierarchy is a function of a variable n and an
infinite set t = (ty, tp, -+ ) of “times”, such that Vn,t,z;,z :

Characteristic property
2Tp41 (t— [z{l]) 7o (t— [zfl]) — 21 Tpy1 (= [zfl]) ™ (t—[z ])
+ (21— 2)n () (t— [z - [z 1]) =0

where t + [271] = (tlj:z L+ 52 22 )
o Example: expectation value
7a(t) = (n] "G [n)
over an infinite set of fermionic oscillators ({w;,w}} = 0jj),
where G = exp <Zi,kez B;kijk> and J; = Zk21 tiJk,

Where Jk = ZjGZ ijj+k (and 1/}n ’n> = ’n + 1>

@ Smooth n dependence ~~ u=in€ C T(u,t) = 7_iy(t)
Sébastien Leurent, IMB, Dijon Aug 12, 2015 13 /23
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Classical <+ quantum integrability

T-operators form a 7-function:

@ Set of times t «~» representations \ :

7(u, t) ZSA t)t(u, \) sx(t) = det (hx,—i4j(8)) 1< i

A Schur polynomial

where e5(t2) = 37, o he(t) 2%, E(t,2) = 2 psg tiZ¥
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Classical <+ quantum integrability

T-operators form a 7-function:

@ Set of times t «~» representations \ :

7(u, t) ZSA t)t(u, \) sx(t) = det (hx,—i4j(8)) 1< i

A Schur polynomial

where e5(t2) = 37, o he(t) 2%, E(t,2) = 2 psg tiZ¥

If T(u, \) = TNu) = (u+ iD)®t \Ng), we get

T(u,t) = (u+ iD)BL eXnz1 tutr(g")
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Classical <+ quantum integrability

T-operators form a 7-function:

@ Set of times t «~» representations \ :

7(u, t) ZSA t)t(u, ) sa(t) = det (hx—itj(t)1<; j<
A Schur polynomial
where e5(t2) = 37, o he(t) 2%, E(t,2) = 2 psg tiZ¥

If T(u, \) = TNu) = (u+ iD)®t \Ng), we get

T(u,t) = (u+ iD)BL eXnz1 tutr(g")

o Then T(U,t + [Z]) = (u + ID)®L W(Z)ezkzl tktr(gk)
where w(z) = Es>0 Y1525 = det

1gz

Sébastien Leurent, IMB, Dijon Aug 12,2015 14 /23
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Wronskian determinant (quantum integrability)

Generic solution of Hirota equation

[Krichever Lipan Wiegmann Zabrodin 97]

Ac—k+1 ~ . . .
- det (xj Qi(u+ (M — k + 1)))1<MSN
- Axy, -+ 5 xn)

J

where g = diag(x1,---xn);  A(xa, -, xy) = det <x1_k>1g N

V.

where Q1, Qs, ... commute among themselves and with T.
Qi(...) @(...) ... Qu(-..)

Q(-.) Q(..) .. Qn(...) [+s] ol
T=" oo Tas = Q)" A Q)

Al.) @) . Q)

Sébastien Leurent, IMB, Dijon Aug 12,2015 15/ 23
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Wronskian determinant (quantum integrability)

Generic solution of Hirota equation

[Krichever Lipan Wiegmann Zabrodin 97]

Ae—k+1 . - .
- det (xj Qi(u+ (M — k + 1)))1%@
- Axy, -+ 5 xy)

Q’s are solution of

Qi X; QE‘+2] X'-2 QE_+4] o XiN QEQN]
o O Oaa) e ThpY
-1 -2 -3 —N-1
Tl[,l ] T1[,2 : T1[,3 . T1[,N+1 H=o
T R RSV S
T:L[,N—+1 ] T1[,N ] T1[,N+1 ] T1[,2N—+1 ]

4

Sébastien Leurent, IMB, Dijon Aug 12,2015 15/ 23
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Wronskian determinant (classical integrability)

General rational 7-function [Krichever 78]

Polynomial 7-functions of this MKP hierarchy

7(u,t) = det (Aj(u — ikvt))lgj,ng

dj
where Aj(u,t) = Z ajm0y (z_"”eg(t’z)>
m=0 2=p;
parameterized by : the integer N > 0, the numbers {p;} and dj,
and the coefficients {aj m}.

Sébastien Leurent, IMB, Dijon Aug 12,2015 16/ 23
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Wronskian determinant (classical integrability)

General rational 7-function [Krichever 78]

Polynomial 7-functions of this MKP hierarchy

7(u,t) = det (Aj(u — ikvt))lgj,ng

dj
where Aj(u,t) = Z ajm0y (z_"”eg(t’z)>
m=0 2=p;
parameterized by : the integer N > 0, the numbers {p;} and dj,
and the coefficients {aj m}.

o Singularities of 7(u,t + [z7}]) at p;
= for spin chains, p; = x; (eigenvalue of the twist)
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Wronskian determinant (classical integrability)

General rational 7-function [Krichever 78]

Polynomial 7-functions of this MKP hierarchy
T(u,t) = det (A-(u — ik t)1<jk<n

where Aj( Z aj,m0 (z—iueﬁ(t,2)>

parameterized by : the integer N > 0, the numbers {p;} and dj,
and the coefficients {aj m}.

z=pj

o Singularities of 7(u,t + [z7}]) at p;
= for spin chains, p; = x; (eigenvalue of the twist)
0 A, = Res zx=p, T(u+i(N—-1),t + Tzt
) = Res sy 70+ i(N = 1).t+ Yyylz; ')
k#j
Sébastien Leurent, IMB, Dijon Aug 12, 2015 16 / 23
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Wronskian determinant (classical integrability)

General rational 7-function [Krichever 78]

Polynomial 7-functions of this MKP hierarchy
T(u,t) = det (A-(u — ik t)1<jk<n

where Aj( Z aj,m0 (z—iueﬁ(t,2)>

parameterized by : the integer N > 0, the numbers {p;} and dj,
and the coefficients {aj m}.

z=pj

o Singularities of 7(u,t + [z7}]) at p;
= for spin chains, p; = x; (eigenvalue of the twist)
o A= Reslzéfgvr(u +i(N—-1),t+ Zk#[zk—l])
kA o (= Aj(t=0)
Sébastien Leurent, IMB, Dijon Aug 12, 2015 16 / 23
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Construction of Q-operators

() = (u+ D)0 @) =1 | {[e]]= ]

Sébastien Leurent, IMB, Dijon Aug 12,2015 17 /23
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Construction of Q-operators

() = (u+ D)0 @) =1 | {[e]]= ]

Quantum integrability Classical integrability

Qi1(-..) Dof...)

A(...) As(...) |

Bécklund flow Ai =Res7(...)
TQ-relations

[Alexandrov, Kazakov,

[Kazakov, SL, Tsuboi 12] SL, Tsuboi, Zabrodin 13]
Q-operators

Qj = (u+i(N — 1)+ iD)®H] ] det =&
k#j

1-gt tk—>1/Xk

Sébastien Leurent, IMB, Dijon Hirota ~~ quantum spectrum Aug 12, 2015 17 / 23
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Construction of Q-operators

() = @+ i01ee) =} | {[e]] = =]

Classical integrability
Ai =Res7(...)

Quantum integrability
Bécklund flow

[Alxandrov Kazakov,

[Kazakov, SL, Tsubsj 12]
AN SL,/ sub0| Zabrodin 13]

Q-operators

Qj = (u+i(N — 1)+ iD)®L] ] det =&
k#j

1—g t tk—>1/Xk

o Equivalently, T-operator for a complicated irrep in auxiliary space

Sébastien Leurent, IMB, Dijon Aug 12,2015 17 /23
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© Coderivative approach to rational spin chains
@ Coderivative formalism
@ Hirota equation <> Wronskian determinants
@ Non-twisted limit
@ Hirota equation <> spectrum

Sébastien Leurent, IMB, Dijon Aug 12,2015 18/ 23
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Wronskian determinants in the g — T limit

Twisted case:

o under the redefinition Q; = Q; xj_i”

A —k+1
x, K

) = det (x Qj(u-l—i(/\k—k—f—l)))lsj,kéN det(QurtiCh—k+1), i,y

Axy, xn) A(xy, - ,xy)det g’ ¥

Sébastien Leurent, IMB, Dijon Aug 12,2015 10/ 23
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Wronskian determinants in the g — T limit

Twisted case:

o under the redefinition Q; = Q; xj_i”

A —k+1
x, K

det
T>‘(u) = (I
g — I limit :

Q,-(u+i(Ak—k+1)))1§j7k§N det(Qj(u—l—i()\k—k-&-l)))lgj’kg’v
Axy, xn) A(xy, - ,xy)det g’ ¥

@ Denominator: disappears in H =L — 2i9, log T(u)|u:0,g:1

Sébastien Leurent, IMB, Dijon Aug 12,2015 10/ 23
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Wronskian determinants in the g — T limit

Twisted case:
@ under the redefinition Q; = Q; xJ_’”

A k+1 .
dt( k= Q,-(u+l(kk—k+1)))1§j7k§,v det(Qj(u—l—i()\k—k-&-l)))lgj’kg’v

A
TH(u) = A(xa, - xn) A(xg, - xy)det g

g — I limit :

@ Denominator: disappears in H = L — 2i9,log T(u)|

o Q= (u+i(N—1)+iD)®]] det =

k#j
has a j-independent limit when g — 1.

u=0,g=1

I-gtx —& tk by —)1/Xk

~ All lines of the determinant become equal

Sébastien Leurent, IMB, Dijon Aug 12,2015 10/ 23
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Wronskian determinants in the g — T limit

Twisted case:
o under the redefinition Qj = Q;x;
A —k .
de t( kot Qj(u+’(/\k_k+1)))1<j <N det(Qj(U+i(>\k_k+1)))1<j k<N
<Gk<N <jok<

A
T(v) = A(x1, xn) A(x, xy)det g'¥
g — I limit :

@ Denominator: disappears in H = L — 2i9,log T(u)|

o Q= (u+i(N—1)+iD)®]] det =

k#j
has a j-independent limit when g — 1.

u=0,g=1

I-gtx —& tk by —)1/Xk

~ All lines of the determinant become equal
@ One should consider the limits of @1, Q1 — @2, ...

Sébastien Leurent, IMB, Dijon Aug 12,2015 10/ 23
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Wronskian determinants in the g — T limit

Twisted case:

o under the redefinition Q; = Q; xj_i”

A —k+1
x, K

) = det (x Qj(u-l—i(/\k—k—f—l)))lsj’kSN det(QurtiCh—k+1), i,y

Axy, ,xn) A(xy, - ,xy)det g’ ¥

g — I limit :

“Rotational symmetry”

Wronskian determinant invariant under
Q; ~ Hi* Qx
where the coefficients ij are i-periodic functions of u
(up to the normalization det H)

@ One should consider the limits of @1, @1 — @2, ...

Sébastien Leurent, IMB, Dijon Aug 12,2015 10/ 23



Integrability and Bethe equations Coderivative approach to rational spin chains Finite size spectrum of sigma models
0000 0000000000000e0 oo

© Coderivative approach to rational spin chains
@ Coderivative formalism
@ Hirota equation <> Wronskian determinants
@ Non-twisted limit
@ Hirota equation <> spectrum

Sébastien Leurent, IMB, Dijon Aug 12,2015 20/ 23
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=ut

o H=1L—2i Llog T2 ()],

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=ut

o H=1L—2i Llog T2 ()],

o Example for periodic SU(2) spin chain  Qi(v) = [[;(u — 6;)
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=ut

o H=1-2i Llog T9(u)| _,

o Example for periodic SU(2) spin chain  Qi(v) = [[;(u — 6;)

(v— 5= Quu) Qa(u— i) — Qa(u)Qu(u— i)

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=ut
e H=1L-2i 5 IogTD( )‘uzo

o Example for periodic SU(2) spin chain  Qi(v) = [[;(u — 6;)

(u—5t = Quu) Qu—i)— Q(u)Qi(u—1)
(u+ é) Qu(u+1)Q(u) — Q(u+17) Qi(v)

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Integrability and Bethe equations Coderivative approach to rational spin chains Finite size spectrum of sigma models

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=1ut
o H=1-2i {log T7(u)| _,

o Example for periodic SU(2) spin chain  Qi(uv) = [];(u — 6j)

- 1) :M@G — i) — Q0;)Qu(0; — 1)
(9j+ b= Qu(8; + 1) Qa(6;) — @af 9j+f)M

I\)

N~

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=1ut

o H=1L—2i {log T2 ()],

o Example for periodic SU(2) spin chain  Qi(uv) = [];(

M(h (0; — i) — Q(8;)Qu(0; — 1)
) Qu6 + 1)Qa(6)) — @a(6; + i) Quke].

iNL
Hk(9j79k+l') _ 9j+2
ACE o

u—46;)
9

N~ N\

(0 +

2
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tu)=1ut
o H=1-2i {log T7(u)| _,

o Example for periodic SU(2) spin chain  Qi(uv) = [];(u — 6j)

M(h (0; — i) — Q(8;)Qu(0; — 1)
) Qu6 + 1)Qa(6)) — @a(6; + i) Quke].

oL
[(O—0cti) _ [ 0t3
Me0=0=0 =~ \ -1

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o Tou)=1ut

e H=L-2ig; IogTD( )’u=0

o Example for periodic SU(2) spin chain  Qi(uv) = [];(u — 6j)

M(h (0; — i) — Q(8;)Qu(0; — 1)
) Qu6 + 1)Qa(6)) — @a(6; + i) Quke].

L
0;—0)+i 0;+5
PMZ—<9' %) The same works for N > 2
J

)
o 1 Nested Bethe ansatz

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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Hirota equation <+ Spectrum

Three conditions fix the twisted spectrum

° inUQj is polynomial in u (for 1 < j < N)
o Tu) = uLdetgi”
e H=L-2ig; |0g TD(”)‘

o Example for periodic SU( ) spin chain

Quw) =% TI(w — )

detg—2"4(6; é)L:MQz (0; — 1) — Q(0;)Qu(6; — i)

detgt (6 + 51 = Qul6) +)Q@a(6)) — Q{6+ ) Qukef).

; L
. 1
[0t _  x <9f+z_>

[LO—0—) — —x \ g _1 The same works for N > 2
iT32
Nested Bethe ansatz
E=-L+23 9}+11/4

Sébastien Leurent, IMB, Dijon Aug 12,2015 21/ 23
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© Finite size spectrum of sigma models
@ Thermodynamic Bethe Ansatz
@ “Quantum Spectral Curve” for AdS/CFT

Sébastien Leurent, IMB, Dijon Aug 12,2015 22 /23
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Key points to have in mind for TBA

. o Q
e Hirota + polynomiality ~~ T =
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Key points to have in mind for TBA

. Q
o Hirota + finite rank ~~ T =

@ Analytic properties of @ ~~ spectrum

@ Finite set of equations
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. Q
o Hirota + finite rank ~~ T =

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”
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Key points to have in mind for TBA
. Q ..
Hirota + finite rank ~ T = ‘ o ‘

Analytic properties of @ ~» spectrum
Finite set of equations

“Rotation symmetry”

iu

Twist: Q-functions multiplied by x;”
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Key points to have in mind for TBA
. Q ..
Hirota + finite rank ~ T = ‘ o ‘

Analytic properties of @ ~» spectrum
Finite set of equations

“Rotation symmetry”

iu

Twist: Q-functions multiplied by x;”
~ degenerate g — I limit (degree of polynomials)
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Key points to have in mind for TBA

. Q ..
o Hirota + finite rank ~~ T = ‘ o ‘

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”

e Twist: Q-functions multiplied by x,-_"”

~ degenerate g — I limit (degree of polynomials)

May help for “QSC from first principle” (7from a lattice
regularization?)

SesaCusbl
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Key points to have in mind for TBA

. Q ..
o Hirota + finite rank ~~ T = ‘ o ‘

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”

e Twist: Q-functions multiplied by x,-_"”

~ degenerate g — I limit (degree of polynomials)

May help for “QSC from first principle” (7from a lattice
regularization?)

o Representation factors out
SeaaCesirl
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Key points to have in mind for TBA

. Q ..
o Hirota + finite rank ~~ T = ‘ o ‘

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”

e Twist: Q-functions multiplied by x,-_i”

~ degenerate g — I limit (degree of polynomials)

May help for “QSC from first principle” (7from a lattice
regularization?)

o Representation factors out
SeaaCesirl

o More “classical”
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Key points to have in mind for TBA

. Q ..
o Hirota + finite rank ~~ T = ‘ o ‘

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”

e Twist: Q-functions multiplied by x,-_i”

~ degenerate g — I limit (degree of polynomials)

May help for “QSC from first principle” (7from a lattice
regularization?)

o Representation factors out
SeaaCesl

o More “classical”
@ Aj=Res7(...)
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Key points to have in mind for TBA
Q .. ‘

@ Hirota + finite rank ~~ T = ’

@ Analytic properties of @ ~~ spectrum
@ Finite set of equations

@ “Rotation symmetry”

o Twist: Q-functions multiplied by xfi”

~ degenerate g — I limit (degree of polynomials)

May help for “QSC from first principle” (7from a lattice
regularization?)

o Representation factors out
» )=t { 1] "

o More “classical”

o Aj=Rest(...) Thanks for your attention
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Appendices

Disclaimer : The following slides are additional material, not
necessarily part of the presentation

@ Master identity
© Integral definition of 7-functions
@ Nested Bethe equations

@ Finite size spectrum of sigma models
@ Thermodynamic Bethe Ansatz
@ “Quantum Spectral Curve” for AdS/CFT
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Master Identity
Combinatorics of coderivatives

“Master Identity” [Kazakov, S.L, Tsuboi 10]
when = [, w(t)),
(t=2) [(u+1+ D)t w(z)w(t)n] - [(u+ D)t ]
—t [(u + D)st W(z)n} : [(u +1+ D)st W(t)n]
_z [(u +1+ D)8t W(z)n] : [(u + D)st W(t)n}
where w(z) = det ﬁ =00z xs(8)
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Integral definition of 7-functions

7-functions are often defined as the functions such that Vn > n/, Vt, t/

Definition of 7-functions.

j{ eg(t_tl’z)z"_"/ﬂ,(t — [z_l])T,,/(t/ + [z_l])dz =0
C

where t + [z71] = (tl +z 1ttt ?, t3 + ?, . ) and

£(t,2) = 3 ks tyz¥, and C encircles the singularities of

To(t — [z71]) 7w (' + [271]) (typically finite), but not the singularities of
et(t=t'2) zn=n" (typically at infinity).
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Integral definition of 7-functions

7-functions are often defined as the functions such that Vn > n/, Vt, t/

Definition of 7-functions.

j{ eg(t_tl’z)z"_"/ﬂ,(t — [z_l])T,,/(t/ + [z_l])dz =0
C

where t + [z71] = (tl +z 1ttt ?, t3 + ?, . ) and

£(t,2) = 3 ks tyz¥, and C encircles the singularities of

To(t — [z71]) 7w (' + [271]) (typically finite), but not the singularities of
et(t=t'2) zn=n" (typically at infinity).

o Baker-Akhiezer W-functions: 1
W,(t, z) = znef(t2) Tlt=[z7])

Ta(t)
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Hirota equation <> Spectrum (nested Bethe equations)

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o TO(u)=ut

o H=1L-2i Llog T2(w)| o

let
Qr = Qiyip...i, =

Qi (u+i%5Y) . Qi (utikz?
= det(Q;(u+ (|1 +1-2k))) jes

k- B k- <k<
Q (u=it52) - Qg (u=itgh) reksll

Qrik(W)Qi(v) = Qjlu+4) Qulu—2)—Qj(u—5)Q(u+4)

Sébastien Leurent, IMB, Dijon Aug 12,2015 2723
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(nested Bethe equations)

Hirota equation <+ Spectrum

Three conditions fix the spectrum

o Q; is polynomial in u (for 1 < j < N)
o Tu)=ut
o H=1L—2i flog T7(u)| _,

let Qi (ut+i%5Y) . Qi (utikz2)

Q1 = Qiyip..i, = = det(Qj(u+5 (/| +1-2k))) jer

Q;l(u—.i%) Q;k(u—.i%) 1<k<|
Qujk(u—5)Qi(u—4%) = Qij(u) Quulu— 1) — Qij(u—i)Qrx(u)
3

Qujk(u+5HQu+1)=Qu+)Qi(u)— Qi(u) Qilu+i)

Sébastien Leurent, IMB, Dijon Aug 12,2015 27/ 23
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Hirota equation <> Spectrum (nested Bethe equations)

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o TO(u)=ut

o H=1L—2i Llog ()],

et Qy (utik5Y) @y (utitg? |
U= Qi = Lo : = det(Qj(u+5(|/|+1-2k))) jei
Qiy (u— ,71) . Q,-k(u—i%) 1<k<|1|

Quik(0i—£)QuOi—4) = Q) Qua(0 -f')—o/,j( i—1)Qui(0)

2
Quik(0i+5)Qu0i+3) = Qui0: + i) Qui(6:)— Q) Qu6i+1)
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Hirota equation <> Spectrum (nested Bethe equations)

Three conditions fix the spectrum

e Q; is polynomial in u (for 1 < j < N)
o TO(u)=ut

o H=1L—2i Llog ()],

let
Qr = Qiyip..ip =

k=1 k=1
Qi (uti57) - Qyp (utiT5>

: = det(Q;(u+5(I1|+1-2K))) jes
Qiy (u— ,71) : Q,-k(u—i%) 1<k<|1|

Quik(0i—£)QuOi—4) = Q) Qua(0 -f')—o/,j( i—1)Qui(0)
Q/Jk(e'"i_ ) ) QI,'/(‘9 +/)Qlk MQ”( 9+I

10+
Qi (6 *5)011(9 +i)Quj k(0 — j) — 1
Ql(e +5 )Qlj(e _I)QIJ k(e +2)

Sébastien Leurent, IMB, Dijon
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Integrable field theories

Bethe Ansatz of the form i(n1, n2, -+, np) = Z A, e’ 2ok Po(i) Mk

cesSM
~+ wave-function of the eigenstates of several theories
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Integrable field theories
Bethe Ansatz of the form i(n1, n2, -+, np) = Z Ay el Xk PoliM
cesSM

~» wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and
there are periodic boundary conditions.

@ The interactions are local.
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Integrable field theories

Bethe Ansatz of the form ¢(n1, n2, -+, npy) = Z A, e’ 2ok Poti) Mk

ocesSM
~> wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and
there are periodic boundary conditions. = =

@ The interactions are local.

@ A factorization formula holds:
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Integrable field theories

Bethe Ansatz of the form ¢(n1, n2, -+, npy) = Z A, e’ 2ok Poti) Mk
ocesSM
~> wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and
there are periodic boundary conditions. = =

@ The interactions are local.
@ A factorization formula holds

One can argue that it is sufficient to have
infinitely many conserved charges
[Zamolodchikov Zamolodchikov 79] n
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Integrable field theories

Bethe Ansatz of the form ¢(n1, n2, -+, npy) = Z A, e’ 2ok Poti) Mk
ocesSM
~> wave-function of the eigenstates of several theories such that

@ The space is one-dimensional and
there are periodic boundary conditions. = =

@ The interactions are local.
@ A factorization formula holds

One can argue that it is sufficient to have
infinitely many conserved charges
[Zamolodchikov Zamolodchikov 79] n

@ “Locality” requires a large spatial period
~» Question of the finite size effects
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Thermodynamic Bethe Ansatz

@ Matsubara Trick: “double Wick Rotation”
finite size «~ finite temperature

=

Sébastien Leurent, IMB, Dijon Aug 12,2015 29/ 23
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Thermodynamic Bethe Ansatz

@ Matsubara Trick: “double Wick Rotation”
finite size «~ finite temperature

X
Aaaad
[}

o At finite temperature, the Bethe equations give
rise to several different types of bound states
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Thermodynamic Bethe Ansatz

@ Matsubara Trick: “double Wick Rotation”
finite size «~ finite temperature

X X XX X
Ay
o oo o o o

o At finite temperature, the Bethe equations give
rise to several different types of bound states
~~ introduce one density of excitations (as a
function of the rapidity) for each type of bound
state.
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Thermodynamic Bethe Ansatz

@ Matsubara Trick: “double Wick Rotation”
finite size «~ finite temperature

X X XX X
Ay
o oo o o o

o At finite temperature, the Bethe equations give
rise to several different types of bound states
~~ introduce one density of excitations (as a
function of the rapidity) for each type of bound
state.

e For vacuum, densities given by T-functions T, s(u) obeying the Hirota
equation
Tas(u+i/2)Tas(u—1i/2) = Tap1,s(v) Ta1,5(u) + Tasia(u) Tas-1(u)

Sébastien Leurent, IMB, Dijon Aug 12,2015 20/ 23
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Boundary conditions for Hirota equation

o Symmetry Group «~ boundary condition

a
a
a1
N I N
S 5 s
_ _ SU(N) x SU(N) AdSs /CFT,4
SU(N) spin chain principal chiral model PSU(2,2(4)
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Boundary conditions for Hirota equation

o Symmetry Group «~ boundary condition

a
a
a1
N I N
S 5 s
_ _ SU(N) x SU(N) AdSs /CFT,4
SU(N) spin chain principal chiral model PSU(2,2(4)

~ T23(u) = det(Q(u+ .. )i<jks<...
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Boundary conditions for Hirota equation

o Symmetry Group «~ boundary condition

a
a
a1
N I N
S 5 s
_ _ SU(N) x SU(N) AdSs /CFT,4
SU(N) spin chain principal chiral model PSU(2,2(4)

~ T23(u) = det(Q(u+ .. )i<jks<...

o Additional information: analyticity properties
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Boundary conditions for Hirota equation

o Symmetry Group «~ boundary condition

a
a
a1
N I N
S 5 s
_ _ SU(N) x SU(N) AdSs /CFT,4
SU(N) spin chain principal chiral model PSU(2,2(4)

~ T23(u) = det(Q(u+ .. )i<jks<...

o Additional information: analyticity properties

e Singularities (poles, branch points, ...)
o Large u behaviour (power-like, exponentially small, ...)
e Analytic continuation around branch points.
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Analyticity requirements Quantum Spectral Curve

e Functions P, and P? holomorphic
on C\ [—2g,2g] (1<a<i4)
where g = )4/—75, A= gymN2.

P;
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Analyticity requirements Quantum Spectral Curve
y y req
o Functions P, and P? holomorphic ° Functio.ns pab I-periodic and
on C\ [-2. 2g] (1<a<a) (';:"'\"Fz]“"h'c el g, D) + 12)
Ay 2 — 00, —28| U |2g8,00]) + i
where & = i A = gymlle. Hab = —Hba 1<ab<4
P, H12 (134 — f413 H24 + p14 p23 =1
L . Kap
_2g 2g 2g+i

—e —2g 2g o—

— 2g—i o——

—e 2g—2i e—|
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Analyticity requirements Quantum Spectral Curve
y y req
o Functions P, and P? holomorphic ° Functio.ns pab I-periodic and
on C\ [-2. 2g] (1<a<a) (';:"'\"Fz]“"h'c el g, D) + 12)
Ay 2 — 00, —28| U |2g8,00]) + i
where g = am A= evmhc. Hab = —Hba 1<ab<4
. (P, H12 (134 — f413 H24 + p14 p23 =1
P, 5 . . [iab
PNa e ° s 2g:i

— 2g—i o——

—e 2g—2i e—|
o Denote by tilde the analytic —
continuation around +2g.
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Finite size spectrum of sigma models
000@e00

Analyticity requirements Quantum Spectral Curve

e Functions P, and P? holomorphic
on C\ [-2g,2¢] (1<a<4)
where g = )4/—75, A= gymN2.

. . P3
o
a

o Denote by tilde the analytic
continuation around +2g.

/'zab_/vtab:Pa'E)b_Pb'ba

Sébastien Leurent, IMB, Dijon

'E)a:l//abpb

Hirota ~~ quantum spectrum

o Functions p,p i-periodic and
holomorphic on

CA\ (] = o0, —28] U [2g, 00[) + iZ)
Hap = —Hba 1<ab<4
H12 34 — (13 p24 + p1a po3 = 1

L . Kap

2g+i

—e —2g 2g o—
— 2g—i o——

—e 2g—2i e—|

P,P? =0
[Gromov Kazakov SL Volin 14]
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000@e00

Analyticity requirements Quantum Spectral Curve

e Functions P, and P? holomorphic
on C\ [-2g,2¢] (1<a<4)
where g = )4/—75, A= gymN2.

. . P3
o
a

o Denote by tilde the analytic
continuation around +2g.

/'zab_/vtab:Pa'E)b_Pb'ba

Sébastien Leurent, IMB, Dijon

Hirota ~~ quantum spectrum

o Functions p,p i-periodic and
holomorphic on

CA\ (] = o0, —28] U [2g, 00[) + iZ)
Hap = —Hba 1<ab<4
H12 34 — (13 p24 + p1a po3 = 1

L . Kap

2g+i

—e —2g 2g o—
— 2g—i o——

—e 2g—2i e—|

—

o Power-like asymptotics

'E)a:l//abpb

P,P? =0
[Gromov Kazakov SL Volin 14]
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Tests and generalizations

Non-exhaustive list

Tests and applications of the QSC

@ Weak coupling expansion [Marboe Velizhanin Volin 14]
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Tests and generalizations

Non-exhaustive list

Tests and applications of the QSC

@ Weak coupling expansion [Marboe Velizhanin Volin 14]

@ Numeric resolution [Gromov Levkovich-Maslyuk Sizov 15]
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Tests and generalizations
Non-exhaustive list

Tests and applications of the QSC

@ Weak coupling expansion [Marboe Velizhanin Volin 14]
@ Numeric resolution [Gromov Levkovich-Maslyuk Sizov 15]
o BFKL regime [Alfimov Gromov Kazakov 15]
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Tests and generalizations
Non-exhaustive list

Tests and applications of the QSC

@ Weak coupling expansion [Marboe Velizhanin Volin 14]
@ Numeric resolution [Gromov Levkovich-Maslyuk Sizov 15]
o BFKL regime [Alfimov Gromov Kazakov 15]

Generalisations of the QSC
@ Deformations of AdS5/CFT4 [Kazakov SL Volin in preparation]
o ABJM [Cavaglia Fioravanti Gromov Tateo 14]
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Interpretation of the QSC

Ambiguity in shifts
Ta,s(u) = det(Qj(U 4 ... ))131'7/(

A

Tas(u+i/2)Tas(u—i/2) =
Ta+1,s(u) Ta—l,s(u) + Ta,s+1(u) Ta,s—l(u)
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Interpretation of the QSC

Ambiguity in shifts Symmetries

To%(u) = det(Qj(u+ ... )1<j
Ta,s(“"‘i/z)Ta,s(U—i/z) = (U) e (Qj(u+ ))1£j,k§

Tar1,s () Tamr s (u) + Tarsia (u) Tas-1(v) Invariant under

e rotation Q; «~ ijQk
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Interpretation of the QSC

Ambiguity in shifts Symmetries

To%(u) = det(Qj(u+ ... )1<j
Ta,s(u+i/2)Ta,s(U—i/2) = (U) e (Qj(u+ ))1£j,k§

Tar1,s () Tamr s (u) + Tarsia (u) Tas-1(v) Invariant under

e rotation Q; «~ ijQk

o hodge duality:
Qj “ans Q-’ = det(Qk(u + ... ))k;éj
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Interpretation of the QSC

Ambiguity in shifts Symmetries

To%(u) = det(Qj(u+ ... )1<j
Ta,s(“"‘i/z)Ta,s(U—i/z) = (U) e (Qj(u+ ))1£j,k§

Tar1,s () Tamr s (u) + Tarsia (u) Tas-1(v) Invariant under

e rotation Q; «~ ijQk

o hodge duality:
Qj “ans Q-’ = det(Qk(u + ... ))k;éj

Quantum spectral curve

I’sa:,UJab'Db
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