Integrability:
analyticity of

proniog Integrability and analyticity of the conserved

charges

sterrt charges of quantum spin chains : a guideline for
the AdS/CFT duality.

Sébastien Leurent
postdoc - Imperial College

[arXiv:1112.3310] A. Alexandrov, V. Kazakov, SL,
Z.Tsuboi, A. Zabrodin

[arXiv:1110.0562] N.Gromov, V. Kazakov, SL, D. Volin
[arXiv:1302.soon] SL, D. Volin

Imperial College, February 5, 2013



Integrability:
analyticity of
conserved
charges

S. Leurent

Motivation

GL(K|M) spin
chains
T-operators
Backlund flow
Some results

Y-systems
Analyticity
properties of
Q-functions

Quantum Integrability

Quantum integrability is a property of
very specific models (spin chains or
quantum field theories), which have

@ 1+1 dimensions
@ local interactions

@ and many conserved charges.
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Quantum Integrability

Quantum integrability is a property of
very specific models (spin chains or
quantum field theories), which have

@ 1+1 dimensions
@ local interactions

@ and many conserved charges.

Then, they have the following properties

Properties of integrable models

@ n-points interactions factorize into 2-points interactions

@ the exact diagonalization of the Hamiltonian reduces to
solving the Bethe Equation(s).
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One method of resolution
through a Backlund flow and Q-operators

Solving rational spin chains

@ Introduce conserved charges (T-operators) by changing
the “auxiliary space”

@ Reduce the model to a simpler and simpler system
(Backlund flow~~ Q-operators)

@ Express the original Hamiltonian through Q-operators

@ Analyticity properties of these conserved charges give
constraint such as the “Bethe equations”
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One method of resolution
through a Backlund flow and Q-operators

Solving rational spin chains

@ Introduce conserved charges (T-operators) by changing
the “auxiliary space”

@ Reduce the model to a simpler and simpler system
(Backlund flow~~ Q-operators)

@ Express the original Hamiltonian through Q-operators

@ Analyticity properties of these conserved charges give
constraint such as the “Bethe equations”

— Surprisingly this method

gives a guideline for more com-

plicated models, including a

3+1 dimensional field theory:

the A/ = 4 Super-Yang-Mills (of AR
AdS/CFT duality)
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Heisenberg “XXX" spin chain

Construction of T-operators

T(u)=tro(ul+Pra) - (ul+Pro1a) - (ul+Pra))

operator on the Hilbert space (C?)

permutation operator : Py | LTIt ---) =
Pra| LTt ) =

)
PN -
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T(u)=tra((ul+Pra) (ul+Pro15) - (ul+P1,))
operator on the Hilbert space (C?)

T-operators
Backlund flow

permutation operator 1 Pra | L 14t ) = [ L -+
Pral AL ) = [T )
° [T (u), T (v)] =0
(proved from relations like P; jPj x = Pj «Pi k)
o H= -6 -0if1= L—24log T(u),_,
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T(u)=tra(uI+Pra) - (ul+Pr1a) - (ul+Pra))

T-operators
Backlund flow

permutation operator : Pio | L T o) = [ WM )
Pra| It ) =[N )
0 [T (u), T (v)] =0
(proved from relations like P; jP; x = Pj «Pi k)
o H= =N A1 =2L—2 L log T(u)],—o



Integrability:
analyticity of

copserved GL(K) spin chains
S. Leurent Construction of T-operators
T(u) = tra (v = €I+ Pra) - ((v — &)+ Pra) )
operator on the Hilbert space ((CK)®
ok flow
Sol It

permutation operator : Pio | L T o) = [ WM )
Pra| It ) =[N )

o [T (u), T (v)] =0
(proved from relations like P; jP; x = Pj «Pi k)

o H= %L—2d%logT(u)‘u:0
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GL(K) spin chains

Construction of T-operators

T(u) = tra (((u = €T+ Pra) -~ ((u = &)+ Prs) - g)

twist g € GL(K)

permutation operator : Pio | L T o) = [ N )
Pra| I ) =[N )

o [T (u), T (v)] =0
(proved from relations like P; jP; x = Pj «Pi k)

o H=

%L -2 d% log T(u)‘

u=0
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GL(K) spin chains

Construction of T-operators

T () = tra (((u = €T+ Pra) -~ ((u = &)+ Pra) - ma(g))
operator on the Hilbert space ((C

QL

twist g € GL(K)
generalized permutation operator :
Pij=2ap ec(xi)[f ® TFA(%({)a)
o [THu), TM(v)] =0
(proved from relations like P; jPj x = Pj «Pi k)
o H= %L—2d%log TD(u)’uzo
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GL(K|M) spin chains

Construction of T-operators

T () = tra ((u = €T+ Pra) -+ ((u = &)L+ Pra) -malg
operator on the Hilbert space (CXI")

4 .
twist g € GL(K|M)

generalized permutation operator : .
Pij = Yapens ®ma(ed))
° [T)‘(u), T“(v)] =0
(proved from relations like P; jPj x = Pj «Pi k)
o H= %L—2d%log TD(u)‘u:O
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Weak coupling

AdS/CFT

T-operators «~» characters
+ Cherednik-Bazhanov-Reshetikhin formula
T () = tra (v = €T+ Pra) -~ ((u = &)1+ Pra) - ma(g))

o At L =0, TMu) = x*g) = tr m\(g)
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T-operators «~+ characters
+ Cherednik-Bazhanov-Reshetikhin formula
T () = tra (v = €T+ Pra) -~ ((u = &)1+ Pra) - ma(g))

o At L=0, TMu) = x(g) = trma(g)
@ In general ui=u-—=5g
TMNu) = <u1+D) ® (uz+ﬁ) ® - ® (uL+ﬁ) x*(g)
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T-operators «~+ characters
+ Cherednik-Bazhanov-Reshetikhin formula
T () = tra (v = €T+ Pra) -~ ((u = &)1+ Pra) - ma(g))

o At L=0, TMu) = x(g) = trma(g)
@ In general ui=u-—=5g
Tu) = <u1+D) ® (uz+ﬁ) ®-® (uL+ﬁ) X*(g)

Rectangular representation : a,s <> A = } a
——

S

CBR Determinant identity

X(g) = det (X" (g)) ;i

s T)‘(u) =

LAj+j—i —f
det( THAH i (w1 J))1§i,j§|A|
Al—=1
IT2 T00(u—k)
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T-operators «~+ characters
+ Cherednik-Bazhanov-Reshetikhin formula
T () = tra (v = €T+ Pra) -~ ((u = &)1+ Pra) - ma(g))

@ In general up=u—§
T u) = <u1+ﬁ> ® (u2+ﬁ> R ® (UL+L§> xMe)

Rectangular representation : a,s <> A = } a

CBR Determinant identity

[Cherednik 86] [Bazhanov-Reshetikhin 90] [Kazakov Vieira 08]
x*(g) = det (x (&) 1<ij<ppl

~ TAu) = o U Ce)) RPN

[ 700(u—k)

@ ‘equivalent” to the Hirota equation :
T (u+1)- T?*(u) =
Ta—l—l,s(u + 1) . Ta—l,s(u) + Ta,s—l(u + 1) . Ta,s+1(u)
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S. Leurent Authorised Young diagrams for a given symmetry group
GL(K) symmetry GL(K|M) symmetry
K
P K
il ( M
B ometions
Hirota equation solved by gradually reducing the size of the
“fat hook”
~ ] ~ ~
[ |
[ 1 [ ]
x31 00 x» 0
(020 )~ (Fg) » xa(2) ~ xa( )
0 0 x3 ——— ~—~ ~—~—
€GL(1]1) €GL(1) e{1}

cGL(2)1)
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T

~ Hasse Diagram
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123

Aa [¥]
. BT
mp N I
T 123
T 1 I
Q1234 3 Q123 |
1234
7/ \\
124 134 234

~ Hasse Diagram
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example of GL(4) Backlund flow

~ Hasse Diagram
Aa

ta ta
i . BT |
U ENPZaN —
T 133
Ql|23z|1 3 Q123I |
1234

123 124 134 234

12 13 14 23 24 34

BT
N

IT23 T.
Q23 .
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example of GL(4) Backlund flow

~ Hasse Diagram
Aa

Aa [¥]
. BT
Tos v
1B 2
T 1 I
Q1234 z Q123 |
1234

/ \
12713714 23 24 34
\ /

BT
N
IT23 T.
-z (?23 .

BT< ta
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12
\

ta ta
i . BT | BT
lT‘L’Sl 4.\ 7\
T Tiay T T
1 ] : 23 -
Q1234 z Q123 3 Q23 .
1234
/NN ta BT
1237 124 134 234 :
\
13714 23 24 34 T3 la>1 =0
/ 521 PN T2(a,s) .
o« T T

example of GL(4) Backlund flow

1 2 3 4
\\\\:§®4:////

~ Hasse Diagram
Aa
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. BT BT
lTa,sl 4+ N =T N
operators 12341 . T =21 .
e HT EH 5T
== Q1234 I Q123 o Q23 .

¥t 123 124 134 234

/ \

12713714 23 24 34 T3 la>1 =0

RS K RN
T

1 2 3 4
\\@// . Qp

~ Defines 2* Q-operators, lying on the nodes of this Hasse
Diagram
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T BT BT
T T AN =TT AN ,
T-operators | | 123 | T
5Bach<Fur/1d f‘ltow T T . I i . 23 — .
- —=Q1234 '3 i 3 Qs
Y- tems 1234
sty /NN ta BT\ #
Q-functions 123 124 134 234 . .
/ \ a,s _
12713714 23 24 34 Ty }a>1 0

PO | A e
\ . " . 2.|_|I.
\0//

. ? o

~ Defines 2* Q-operators, lying on the nodes of this Hasse
Diagram
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b llermens The consistency of the construction imposes the QQ-relations
(xi —xj) Qe(u—1)Qq,ij(u) =
xiQrj(u—1)Qr,i(u) — xQrj(u)Qr,i(u—1)

T-operators

Backlund flow example S {23}, = 1*./ =4

| (x1 — xa) Q3(u — 2) Q1234(u) =
Yaystems x1 Qo3a(u — 1) Quo3(u) — x4 Qo3a(u) Qu23(u — 1)

Analyticity
properties of

Q-functions 1234

123 124 134 234

/ \  The relation involves
12 13 _14 23 24 34 Q-operators lying on the same
\ | facet of the Hasse diagram

1 2 3 4
\\@//
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e QQ-relations and Bethe Equations
3. Leurent The consistency of the construction imposes the QQ-relations

(xi = x;) Qu(u — 1)Qr,ij(u) =
xiQrj(u—1)Qri(u) — x;Qrj(u)Qri(u—1)

T-operators

Bicklod fow Consequences
1234 @ Q-operators are
Y-systems .
: TR ETE™ petiynontel _
(functions = parameterized by their

1 X SN
12 13 14 23 24 34

RS

1 2 3 4
\\@//

roots



Integrability:
analyticity of

conserved QQ-relations and Bethe Equations
& Lt The consistency of the construction imposes the QQ-relations

(xi = x;) Qu(u — 1)Qr,ij(u) =
xiQrj(u—1)Qri(u) — x;Qrj(u)Qri(u—1)

T-operators

Bicklund flow Conseq uences

Some results

1234 @ Q-operators are
Y-systems .
e TR polynomial
S 123 4 124 4 134 4 234 = parameterized by their

I X I KN

12713714 23 24 34 roots
\ / @ Zeroes of the left hand
1 2 3 4 )
side have to be zereoes of
\\@// the right hand side

~~ Bethe equations
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Expression of T4

@ T-operators are reconstructed from Q-operators as

1=k+Xc () _
det (xj Qu—k+1+ )\k))lgj,kgK
A(xt, - xi) TTher Qolu — k+ M)

_ 1—k
where A(xy, -+, xx) = det (XJ- )

T (u) = Qyu — K) -

1<j,k<K
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Expression of T4

@ T-operators are reconstructed from Q-operators as

1=k+Xc () _
det (xj Qu—k+1+ )\k))lgj,kgK
A(xt, - xi) TTher Qolu — k+ M)

_ 1—k
where A(xy, -+, xk) = det (XJ- )

T (u) = Qyu — K) -

1<j,k<K

outcome

@ T-operators expressed through Q-operators

el gy oL d 1,1
@ Hamiltonian : H = 2% —24.log T (u)‘u:0
@ Q-operators constrained by the Bethe equation.
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Summary

@ T-operators are reconstructed from Q-operators as

1=k+Xc () _
det (xj Qu—k+1+ )\k))lgj,kgK
A(xt, - xi) TTher Qolu — k+ M)

_ 1—k
where A(xy, -+, xk) = det (XJ- )

T (u) = Qyu — K) -

1<j,k<K

outcome
@ T-operators expressed through Q-operators

el gy oL d 1,1
@ Hamiltonian : H = 2% —24.log T (u)‘u:0
@ Q-operators constrained by the Bethe equation.

@ Requires the existence and polynomiality of the
Q-operators
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methods, and prove their polynomiality, their degree, their
T-operators .
Bicklund flow commutations, etc.

Some results

[Kazakov, S.L., Tsuboi 10]
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Some results for these spin chains

can explicitely construct the Q-operators by combinatoric
methods, and prove their polynomiality, their degree, their
commutations, etc.

This construction turns out to be deeply related to
classical integrability. The Hirota equation is the
statement that the T-operators form a 7-function, whose
residues are the Q-operators
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Some results for these spin chains

can explicitely construct the Q-operators by combinatoric
methods, and prove their polynomiality, their degree, their
commutations, etc.

This construction turns out to be deeply related to
classical integrability. The Hirota equation is the
statement that the T-operators form a 7-function, whose
residues are the Q-operators

Stated in terms of classical integrability, the construction
is generalizable to other models



Integrability:
analyticity of
conserved
charges

S. Leurent

Motivation

GL(K|M) spin
chains
T-operators
Backlund flow
Some results

Integrable
field theories
Y-systems
Analyticity

properties of
Q-functions

Weak coupling
AdS/CFT

Outline

© Finite size effects in integrable field theories
@ Y-systems

@ Analyticity properties of Q-functions
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141 D integrable field theories

Wavefunction for a large volume
@ planar waves when particles are far from each other
@ an S-matrix describes 2-points interactions

= Bethe equations
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@ planar waves when particles are far from each other

@ an S-matrix describes 2-points interactions

T-operators

Ee - = Bethe equations

Some results

I bl w . " .. .

P @ “Thermodynamic Bethe Ansatz” for finite size effects :
i “double Wick Rotation”

properties of

Q-functions finite size «~ finite temperature
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copserved 141 D integrable field theories
S. Leurent Wavefunction for a large volume

@ planar waves when particles are far from each other

@ an S-matrix describes 2-points interactions

T-operators

Ee - = Bethe equations

Some results

| bl " . ” . .

P @ “Thermodynamic Bethe Ansatz” for finite size effects :
o “double Wick Rotation”

properties of . . ..

Bnctions finite size «~ finite temperature

@ At finite temperature, the Bethe equations give rise to
several different types of bound states
~- introduce one density of particles (as a function of the
rapidity) for each type of bound state.
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Y-systems

Classification of Bound states

up to a change of variables

Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

SU(N)
Gross-Neveu
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up to a change of variables

Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

S. Leurent

T-operators
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Some results SU(N)
Gross-Neveu

Y-systems
Analyticity
properties of
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N
_ 1+, 14+Yoe1 I
Yas — 251 “Y-system equation

T T (Yars) TIF(Yo10) T
Y‘-,75jE =Y,s(uti/2)

= T T, = 7_a+1,s Tafl,s + 7_a,s+1 7—a,sfl

a,s 'a,s
If Y _ Ta,s+l Ta,sfl
a,s Ta+1,sTa—1,s
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Y-systems~+ Energy spectrum

Classification of Bound states

up to a change of variables
Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

SU(N)
Gross-Neveu

— 1 Y 1 Y — 1 - 7
I I + Yot tYos 1 “Y_system equation

- 1+(Ya+175)71 ]-JF(YafLs)il
< Hirota equation

E = —Zasf E,s(u) log(1+ Yas(u)) du
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Y-systems~+ Energy spectrum

Classification of Bound states

up to a change of variables
Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

SU(N)
Gross-Neveu

+ - 1+Ya,s+1 1+Ya,571 I _ . "
@ Yo" Yas = TH Y, T T (Y, 1) T Y-system equation

< Hirota equation

E=-3,/)Eas(u) log(1+ Yas(u)) du
@ + analyticity condition
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Y-systems~+ Energy spectrum

Classification of Bound states

up to a change of variables

Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

SU(N) SU(N) x SU(N)
Gross-Neveu Principal Chiral Model

+ - 1+Ya,s+1 1+Ya,571 I _ . "
@ Yo" Yas = TH Y, T T (Y, 1) T Y-system equation

< Hirota equation

E=—3 .  Eas(u) log(1+ Yas(u)) du
@ + analyticity condition
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Y-systems~+ Energy spectrum

Classification of Bound states

up to a change of variables

Y(a,5)(u)= density of particles of type (a, s) and rapidity u € C.

SU(N) SU(N) x SU(N) planar limit of
Gross-Neveu Principal Chiral Model AdSs/CFTy

o @O

o @O

o @O

(oRoX RoXe)
00000 @O0O000O0

I I I¥Yosin _1tYas “Y-system equation”

1+(Ya+175)71 ]-JF(YafLs)il
< Hirota equation

E=—3 .  Eas(u) log(1+ Yas(u)) du
@ + analyticity condition
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@ Typical solution of Hirota equation :
Tos = cielt (Qk(u + f(a,s, /))) where T and Q are the

T-operators eigenvalues of T and @ operators.
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Some results

Y-systems
Analyticity
properties of
Q-functions



Integrability:
analyticity of

conserved Analyticity properties of Q-functions
S, Lema ~ simple equations
@ Typical solution of Hirota equation :
Tos = (ielt (Qk(u + f(a,s, /))) where T and Q are the
Lo el eigenvalues of T and @ operators.

Some results

@ Q@ functions are holomorphic functions of u in the upper
half plane Im(u) > 0.
Analticty = Each Q-function reduces to a real function on the real axis.

properties of
Q-functions
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charges

S. Leurent ~ simple equations

@ Typical solution of Hirota equation :
Tos = cielt (Qk(u + f(a,s, /))) where T and Q are the

T-operators eigenvalues of T and @ operators.

Backlund flow
Some results )

Q functions are holomorphic functions of u in the upper
half plane Im(u) > 0.

Y-systems

Ay = Each Q-function reduces to a real function on the real axis.

Qfunctions @ ~~ Additional analyticity conditions (typically at u — o0)
give rise to a finite set of non-linear integral equations
(FINLIE)

Statement

The outcome of these works is that the (previously
conjectured) Thermodynamic Bethe Ansatz is proven to be
equivalent to analyticity conditions on the Q-functions.
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Branch points
—2g+ia/2+2i &——@ 2g+ia/2+2i
. —2g+ia/2+i &————@ 2g+ia/2+i
Toperators The Y-, T- and Q-functions —2g+ia/2 0———e 2g+ia/2
S i have square-root-types branch R Ta1(u)
points at positions +2g + ni or
systems 1y:
Zna'ly‘ﬁcity +2g + (n + 5)1, where n € Z. —2g—iaj20——@ 2g—ia/2
gofpertti_es of —2g—ia/2—i@————@ 2g—ia/2—i
-unctions —2g—ia/2—2i@———@ 2g—ia/2—2i
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charges
S. Leurent
Branch points
—2g+ia/2+2i &——@ 2g+ia/2+2i
. —2g+ia/2+i @———@ 2g+ia/2+i
Toperators The Y-, T- and Q-functions —2g+ia/2 0———e 2g+ia/2
S i have square-root-types branch R Ta1(u)
points at positions +2g + ni or
systems 1y:
I\nélytticity +2g + (n + 5)1, where n € Z. —2g—iaj20——@ 2g—ia/2
gofpertti_es of —2g—ia/2—i@————@ 2g—ia/2—i
-unctions —2g—ia/2—2i@———@ 2g—ia/2—2i

@ New symmetries identified, expressed very simply in terms
of Q-functions :

For instance, there exists a Q-function @1
such that Q1 = — Q1. Then

*r—0
*—2e
*—2e
r—= | =| o—o =| eo——e
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charges

S. Leurent in AdS/CFT

Weak coupling

RR— X ia/2+2i
Backlund flow X +ia/2+i
Some results X +ia/2

When g < 1, the branch To1(u)

c c o o a

o points collide to give rise to SR e R
properties of ladders of poles.
Q-functions X —ia/2
Weak coupling X —ia/2—i
AdS/CFT X —ia/2—2i

Q-functions can then be expressed analytically in terms of sums
of the type

1

0§n1<n2<2...<nk<oo (U + 1 nl)m1(u =+ i n2)m2 Ce (U + 1 nk)mk .
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of the Konishi operator

S. Leurent

Motivation

GL(K|M) spin
chains
T-operators
Backlund flow
Some results

Integrable

L Agonishi =4+ 12g% — 488" +3368° + 968°(—26 + 6 (3 — 15¢s)
R —96g"%(—158 — 72 (3 + 54 (3 + 905 — 315¢7)

Weak coupling [Bajnok Egediis Janik Lukowski 09]

AdS/CFT

[Eden Heslop Korchemsky Smirnov Sokatchev 12]
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T-operators
Backlund flow
Some results

Y-systems
Analyticity

wwwwwwww

Weak coupling
AdS/CFT

Conformal dimension
of the Konishi operator

Akonishi =4+ 12g° — 48g* + 336 g% + 96 g8(—26 + 6 (3 — 15(s)
—96g'%(—158 — 723 + 54 (3 +90¢s — 315(7)
— 48 g"2(160 4 5472 (3 — 3240 (3 (5 + 432 (3
— 2340 (5 — 1575 (7 + 10206 (o)
SL Volin Serban 12]
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Weak coupling
AdS/CFT

Conformal dimension
of the Konishi operator

AKonishi =4 +12g% — 48 g* + 336 g° + 96 g°(—26 + 6 (3 — 15(s)
—96g'0(—158 — 72 (3 + 54 (3 + 90 (s — 315(7)
— 48 g1%(160 + 5472 (3 — 3240 (3 (5 + 432 (3
— 2340 (5 — 1575 (7 + 10206 o)

+ 48 g'*(—44480 + 108960 (3 + 8568 (3 (s
— 40320 (3 (7 — 8784 (2 + 2592 (3 — 4776 (s
— 20700 (2 — 26145 (7 — 17406 Co + 152460 (11)
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S. Leurent

T-operators

Backlund flow

Weak coupling
AdS/CFT

Akonishi =4 +12g% — 48 g% + 336 g% + 96 g®(—26 + 6 (3 — 15(s)
—96g1%(—158 — 72 (3 + 54 (3 + 90 (s — 315¢7)
— 48 g'2(160 + 5472 (3 — 3240 (3 G5 + 432 (3
— 2340 (5 — 1575 (7 + 10206 (o)
+ 48 g1*(—44480 4 108960 (3 + 8568 (3 (s
— 40320 (3 (7 — 8784 (3 + 2592 (3 — 4776 (s
— 20700 (2 — 26145 (7 — 17406 (o 4 152460 (11)
+ 48 g1°(1133504 + 263736 (> Co — 1739520 (3
— 90720 (3 (s — 129780 (3 (7 + 78408 (3 (g
+ 483840 (3 (g + 165312 (3 — 82080 (3 (s
+ 41472 (3 + 178200 (4 ¢7 — 409968 (s
+ 121176 5 (6 + 463680 (s (7 + 49680 (2
+ 455598 (7 4 194328 (o — 555291 (11
— 2208492 (13 — 14256 (1 28) + O(g™®)
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@ Rational spin chains (very well understood)

@ Backlund Flow to gradually simplify the system
o Bethe Equations
o Expression of the Hamiltonian from T and Q-functions

T-operators
Bicklund flow

Some results @ For these rational spin chains, the classical integrability of
T-functions sheds light on the whole constriction, and
i helps for generalizations.

Analyticity
properties of
Q-functions
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T-operators
Backlund flow
Some results

Y-systems
Analyticity

properties of
Q-functions

Conclusion

@ Rational spin chains (very well understood)

@ Backlund Flow to gradually simplify the system
o Bethe Equations
o Expression of the Hamiltonian from T and Q-functions

@ For these rational spin chains, the classical integrability of
T-functions sheds light on the whole constriction, and
helps for generalizations.

@ For finite-size effects in integrable field theories, gives a
guideline to write FiNLIE
@ Simple parameterization
o Clearer analyticity properties
@ New symmetries
~+ Perturbative expansion
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T-operators
Bicklund flow

Some results

Y-systems
Analyticity

properties of
Q-functions

Conclusion

Rational spin chains (very well understood)

@ Backlund Flow to gradually simplify the system

o Bethe Equations

o Expression of the Hamiltonian from T and Q-functions
For these rational spin chains, the classical integrability of
T-functions sheds light on the whole constriction, and
helps for generalizations.

For finite-size effects in integrable field theories, gives a
guideline to write FiNLIE

@ Simple parameterization

o Clearer analyticity properties

@ New symmetries

~+ Perturbative expansion

One big open question for these finite-size effects is :
Can we prove these analyticity properties ?
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Explicit
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T-functions

General rational
solution

Undressing
procedure

GL(k) spin chain

Appendices

Disclaimer : The following slides are additional material, not
necessarily part of the presentation
© Commutation of T-operators

@ Co-derivatives
@ Explicit expression of Q-operators

0 Classical integrability of the MKP-hierarchy
@ 7-functions
@ General rational solution
@ Undressing procedure

© Construction of Q-operators
@ GL(k) spin chain

© Thermodynamic Bethe Ansatz
@ Riemann-Hilbert
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Explicit
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hierarchy

7-functions

General rational
solution

Undressing
procedure
Q-operators
GL(k) spin chain

Thermodynamic
Bethe Ansatz

Riemann-
Hilbert

°o Daf(g)=

96

Expression of T through

® f(e g)’

co-derivative

¢ € GL(K)
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Commutation
of T-operators

Co-derivatives
Explicit
Q-operators

MKP-

hierarchy
T-functions

General rational
solution

Undressing
procedure
Q-operators
GL(k) spin chain

Thermodynamic
Bethe Ansatz

Riemann
Hilbert

]

D f(g)

Expression of T through

® f(e’g)

co-derivative

¢ € GL(K)

o If f(g) acts on H, then D ® f acts on H = CK @ H
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Co-derivatives

Explicit
Q-operators

Expression of T through
co-derivative
o Dofle) = o F(e’8) 6 € GLK)
96 o
o If f(g) acts on H, then D ® f acts on H = CK @ H
e Do g="P(1®g)and Leibnitz rule :
Da(f-fy=[Ief]- [b@ﬂ + [D@f} : [H@F}
~» compute any D ® f(g)
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Co-derivatives

Explicit
Q-operators

Expression of T through
co-derivative

e D® flg) = 9 ® f(e¢g)’

d¢

$=0

¢ € GL(K)

o If f(g) acts on H, then D ® f acts on H = CK @ H

e Do g="P(1®g)and Leibnitz rule :
Da(f-fy=[Ief]- [b@ﬂ + [D@f} : [H@F}
~» compute any D ® f(g)

oﬁ@m\(g): Z €Ba ®7T)\(eag) -H®7r>\(ea5)

a?ﬂ
hence
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apere Backlund Transformations

S. Leurent linear system

Backlund Transformations

Co-derivatives

o if T2°(u) is a solution of Hirota equation and

Q-operators

Ta+1,s(u)Fa,s(u) . Ta,s(u)Fa+1,s(u)
A = x5 TP (u 1)Fa iy - 1),
procedure e

eigenvalue of g

| T )P () - TR ()R ()

= XjTa‘H’s(u + 1)Fa_1’5+1(u —1).

Then F2°(u) is a solution of Hirota equation.
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Co-derivatives

Explicit
Q-operators

7-functions

General rational
solution

Undressing
procedure

GL(k) spin chain

Backlund Transformations

linear system

Backlund Transformations
if T?°(u) is a solution of Hirota equation and

Ta+1,s(u)l_-a,s(u) . Ta,s(u)Fa+1,s(u)
= X Ta+1,sfl(u_’_ 1)Fa,s+l(u_ 1)’
~~

eigenvalue of g

Ta,erl(u)Fa,S(u) . Ta,S(u)Fa,erl(u)
= x; T2 (0 + 1) P15 (u - 1),

Then F2°(u) is a solution of Hirota equation.

Moreover, if T#*(u) = 0, outside the (K|M) “fat hook”, one
can choose F#*(u) = 0 outside the (K — 1|M) “fat hook™.



Integrability:
analyticity of
conserved
charges

S. Leurent

Co-derivatives

Explicit
Q-operators

7-functions

General rational
solution

Undressing
procedure

GL(k) spin chain

Backlund Transformations

linear system

Backlund Transformations
if T?°(u) is a solution of Hirota equation and

Ta+1,s(u)Fa,s(u) . Ta,s(u)Fa+1,s(u)
= X Ta+1,sfl(u_’_ 1)Fa,s+l(u_ 1)’
~~

eigenvalue of g, which will be singled out

Ta,erl(u)Fa,S(u) . Ta,S(u)Fa,erl(u)
= x; T2 (0 + 1) P15 (u - 1),

Then F2°(u) is a solution of Hirota equation.

Moreover, if T#*(u) = 0, outside the (K|M) “fat hook”, one
can choose F#*(u) = 0 outside the (K — 1|M) “fat hook™.
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GL(k) spin chain

Explicit expression of nested
T and Q-operators

@ Generating series of T-operators:

let w(z) =) 50 x1$z° = det 1_1gz,
then > g Thszs = ®f-‘:1(u,' + D) w(z)
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GL(k) spin chain

Explicit expression of nested
T and Q-operators

@ Generating series of T-operators:

let w(z) = Zs>oX15 s = det el
then >S5 TH°2° = ®i_y(ui + D) w(2)

Explicit solution of this linear system

L
T () = lim, Br- | @(wi+ D+ [T) x,(g)Ms |
7% i=1
jefj
N =] w() Bi=[[(1-1) (1-g )"
J€T JE€T

0, i
Q=T1"" gy = diag, s+ %)

xj=eigenvalue of g
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(Hints of) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities
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Explicit
Q-operators

(Hints of ) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(t—z) [@(u,- +1+ D) W(z)w(t)n} : [@(u,- + D) n}
= ¢ [®(ui + D) w(z)N| - | @(ui +1+ D) w(e)n|
— 2 [®(ui + 1+ D) w(2)N] - | @(u; + D) w(e)n|
where w(z) = det ﬁ = 02 xs(g)
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Explicit
Q-operators

(Hints of ) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(t—z) [@(u,- +1+ D) W(z)w(t)n} : [@(u,- + D) n}
= ¢ [®(ui + D) w(z)N| - | @(ui +1+ D) w(e)n|
— 2 [®(ui + 1+ D) w(2)N] - | @(u; + D) w(e)n|
where w(z) = det ﬁ = 02 xs(g)

@ Master identity proven by combinatorial arguments
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Explicit
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Combinatorics of coderivatives

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(¢ = 2) | @(u; + 1+ D) w(z)w()N] - [@(u; + D) M|
— t|®(u; + D) w(z )n} : [@( i+ 1+ D) w()n|
—z[®(u,+1+D [ ®(ui + D) ()n}
where w(z) = det — zg Zs 02° xs(g)

@ Master identity proven by combinatorial arguments

@ For instance,

Do Do b w(x) (HI I\ \I \I\ \\ \)
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@ A 7-function of the MKP hierarchy is a function of a
variable n and an infinite set t = (t1, tp,---) of “times”,
such that Vn > n’, Vt, t/

Explicit
Q-operators

Definition of 7-functions.

e $ ST D e [ (¢ [ )z =0
solution C

Undressing
procedure

where t + [z71] = (tl +r 50 ?)
&(t,z) = 2> tez¥, and C encircles the singularities of
To(t — [27) 7 (Y + [27Y]) (typically finite), but not the
singularities of e€(t=t2)zn=n" (typically at infinity).

GL(k) spin chain
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T-functions of the MKP hierarchy

@ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, Vt, t/

Definition of 7-functions.

j[ St = (¢ — [z )y (Y + [27Y])dz = 0
C

where t + [z71] = (tl tz 5t 23;37) and

£(t,2) =D 41 tz".

@ An example of such 7-function is the expectation value
7a(t) = (n| e+ G |n)
over an infinite set of fermionic oscillators ({v;, 1/1}} =dj),
where G = exp (thez Aik¢,T¢k) and Jp =3 o trk,
where J =37 wsz)JTJrk- (and ¢p [n) = [n+1))
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@ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, Vt, t/

Definition of 7-functions

Jq{eé(t—t’,z)z”_"/ﬂ,(t — [z D7 (' + [271])dz =
c

Explicit
Q-operators

7-functions
General rational
solution

where t + [z71] = (tl T N )

procedure

PIAPORN (|aracteristic | property
T-functions are characterised by
271 (t— [z 1]) T (t— [z ])
— 211 (t= [z ) 7 (t=[21])
+ (21— 2)rn W) (t— [z - [z ]) =
(obtained from " =n—1and t' =t — [z} — [z17}])
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@ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, Vt, t/

Definition of 7-functions

Jq{eé(t—t’,z)z”_"/ﬂ,(t — [z D7 (' + [271])dz =
c

Explicit
Q-operators

7-functions
General rational
solution

where t + [z71] = (tl T N )

procedure

PIAPORN (|aracteristic | property
T-functions are characterised by
271 (t— [z 1]) T (t— [z ])
— 211 (t= [z ) 7 (t=[21])
+ (21— 2)rn W) (t— [z - [z ]) =
(obtained from " =n—1and t' =t — [z} — [z17}])
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If 7,(t) is polynomial in n, we substitute n ~» u, where u € C.

Polynomial 7-functions of this MKP hierarchy

Explicit
Q-operators

7(u,t) = det (Ai(u —J,t))1<; j<n

-functions
General rational
solution di
Undressing - o t.z
procedure Where A,’(U, t) — g ai,maz (Z e&( > )

m=0 —p:
GL(k) spin chain Z=pj

parameterized by : the integer N > 0, the numbers {p;} and
d;, and the coefficients {a; n}.
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S. Leurent

If 7,(t) is polynomial in n, we substitute n ~» u, where u € C.

Polynomial 7-functions of this MKP hierarchy

Explicit
Q-operators

7(u,t) = det (Ai(u —J,t))1<; j<n

7-functions

General rational
solution

d;

Undressing

procedure where A;(u,t) = E :ai’maén (Zueg(t,z))
m=0

z=pj
GL(k) spin chain Pi

parameterized by : the integer N > 0, the numbers {p;} and
d;, and the coefficients {a; n}.

@ Analogous to the spin-chain’s “undressing procedure” :
restricting to smaller and smaller minors of the
determinant
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Explicit
Q-operators

7-functions
General rational
solution
Undressing
procedure

GL(k) spin chain

Undressing the rational 7-functions

o Ai(u,t+[271) = Xih_g aimd (x0e0 L)
has a pole at z = p;.

X=Ppi

@ One can show that
A(u,t+ [271) = Ax(u, t) + 27 P A(u + L e+ [271]),
hence
Al(u—l,t—i—[z*l]) Ai(u=2t) ... Ai(u—N,t)
Ar(u—1t+[z71]) Ax(u—2,t) ... Ax(u—Nt
e 1] = | PO AR

An(u=1t+[z71]) An(u—2.t) o An(u=NY).
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Explicit
Q-operators

T-functions
General rational
solution
Undressing
procedure

GL(k) spin chain

Undressing the rational 7-functions

o Ail(ut+[z71]) = Zi 0 3i,mO7 (x eb(tx)
has a pole at z = p;.

@ One can show that

=7)

X=Ppi

Aot +[271) = Ax(u, t) + 27 T A(u + 1t + [271]),

hence
Al(u—l,t—i—[z*l]) Ai(u—2t) ..
Ar(u—1t+[z71]) Ax(u—2,t) ...
e

An(u=1t+[z71]) An(u—2.t)

Undressing procedure for rational 7-functions

o First step : Res,—p,7(u+ 1,t+[z71])

Al(u_Nvt)
A2(U_Nvt)

An(u—N,t).
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Explicit
Q-operators

T-functions
General rational
solution
Undressing
procedure

GL(k) spin chain

Undressing the rational 7-functions

o Ai(ut+[z7) = % 0 3i,mO7 (x et(tx) 7X/Z>

has a pole at z = p;.

X=Ppi

@ One can show that
A(u,t+ [271) = Ax(u, t) + 27 P A(u + L e+ [271]),
hence
Al(u—l,t—i—[z*l]) Ai(u=2t) ... Ai(u—N,t)
Ar(u—1t+[z71]) Ax(u—2,t) ... Ax(u—Nt
e 1] = | PO AR

An(u=1t+[z71]) An(u—2.t) o An(u=NY).

Undressing procedure for rational 7-functions
o First step : Res,—p,7(u+ 1,t+[z71])
@ Second step : Resz—pResz,—p7(u+2,t+ [z N4z

o Et cetera



Integrability:
analyticity of

Consorvad Spin-chains «~ MKP hierarchy

charges
S. Leurent T-operators are 7-functions
@ Set of times t «~ representations A :
L ) =Y ntw ) s () = det (i (O) e
A o .
Schur polynomial

7-functions
St sore where e€(42) = 37, . o hi(t)Z*
Undressing. -

procedure

GL(k) spin chain
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S. Leurent T-operators are 7-functions
@ Set of times t «~ representations A :
L @)= s () =det (hyi(t)es e
A

Schur polynomial

el where eé(t:2) — > k>0 hi(t)z*

Ol | (1, \) = T (u) = @, (u; + D) x*(g), we get

L
7(u,t) = R)(uj + D) eXr= (e

i=1
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conseved Spin-chains «~» MKP hierarchy
S. Leurent T-operators are 7-functions
@ Set of times t «~ representations A :
Geprsr Zs* t)r(u,A)  s(t) = det (hy—ivj(t)) 1o

bchul polynomial

fonal where ef(t:2) — Zkzo hi(t)z*

GL(k) spin chain If T(Uﬁ )\) = TA(U) = ®,-L:1(U,' + é) \)‘(g), we get
L K
T(u,t) = ®(Ui + D) e2ok>1 tktr(g”)
i=1
o Then 7(u,t+[z71]) = ®,-L:1(u; + D) w(1/z)ezw1 tir(g")
where w(1/z) =3, xHz7 = det L Iz
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conseved Spin-chains «~ MKP hierarchy
S, e T-operators are 7-functions
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is a 7-function of the MKP hierarchy.

T-functions

General rational
solution

Undressing
procedure

GL(k) spin chain
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Spin-chains «~» MKP hierarchy

T-operators are 7-functions

@ The master identity coincides with the
characteristic property of the MKP hierarchy

T(u,t) = ®,’L:1(Ui +D) ez thtr(gh)
is a 7-function of the MKP hierarchy.

)

@ The undressing procedure for T-functions (ie
Res,—p,7(u + 1,t + [z71])) explains the explicit expression
found from the combinatorics of coderivatives.
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Spin-chains «~» MKP hierarchy

T-operators are 7-functions

The master identity coincides with the
characteristic property of the MKP hierarchy

T(u,t) = ®,’L:1(Ui +D) ez thtr(gh)
is a 7-function of the MKP hierarchy.

The undressing procedure for 7-functions (ie
Res,—p,7(u + 1,t + [z71])) explains the explicit expression
found from the combinatorics of coderivatives.

Fermionic realisation of this 7-function :

m(t) = (n|e*Owy Wy n—N) |

where Wj =7 - aim 07 Y ez Yz

z=p;
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Thermodynamic
Bethe Ansatz

Riemann-
Hilbert

Thermodynamic Bethe Ansatz

~~ Equations of the form
Yas(u) = —L Ess(u)+3, o K2 xlog (14 Yo (u)*1)

@ Vacuum energy
Ey = —Za’sf E.s(u) log(1+ Yas(uw)) du
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analyticity of .
conserved Thermodynamic Bethe Ansatz
5 (e ~> Equations of the form

Yas(u) = —L Eas(u)+3 . K53 xlog (1 + Yy g (u)*?)
+(Source Terms)

G- @ Vacuum energy
E = _Za,sf E,s(u) log(1+ Yis(u)) du

7-functions

General rational

R @ Extra assumption : Excited states obey the same

e equations.

GL(K) spin chain Each state corresponds to a different solution of Y-system,
lherodviamic characterized by its zeroes and poles

Bethe Ansatz
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Thermodynamic
Bethe Ansatz

Thermodynamic Bethe Ansatz

Equations of the form
Yas(u) =—L Ea,s(u)+za/,5/ Ka(fas’S )*IOg (1 + Ya’,s’(u):tl)
+(Source Terms)

Vacuum energy
E = _Za,sf E,s(u) log(1+ Yis(u)) du

Extra assumption : Excited states obey the same
equations.

Each state corresponds to a different solution of Y-system,
characterized by its zeroes and poles

AdS/CFT case : both E,; and K3 have several
square-root

TBA-equations contain analyticity information
under a form which is hard to decode (infinite sums)
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Riemann-
Hilbert

Parameterzation of Q-functions

A simple Riemann-Hilbert Problem

Form the Cauchy theorem, we get

If Q(u) is an analytic function on the upper half plane (when
Im(u) > 0), and Q(uv) < 1/u in the vicinity of oo, then
2 1, 8z, _ [ 9 It > 0

2im J—o0 v—u M

Q(u) ifIm(u) <0
where Q(u) is the complex-conjugate of Q().

—

ﬁ fupwards S(V dv = Q(v) and

@ Indeed, if Im(u) > 0, then

—u
1 Q(v)

2im fdownwards v—u

L~

dv=0
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