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Quantum Integrability

Very specific models (spin chains or
quantum field theories), which have :

@ 1+1 dimensions
@ local interactions
@ and many conserved charges

are integrable.
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Votivation Very specific models (spin chains or

cikimy o Quantum field theories), which have :

chains

S @ 1+1 dimensions = =
Backlund flow . -
Bl @ local interactions
@ and many conserved charges
el are integrable.
General rational
solution
Undressing

procedure

Then, they have the following properties

GL(k) spin chain

thegres © "ot Properties of integrable models

@ n-points interactions factorize into 2-points interactions

@ the exact diagonalization of the Hamiltonian reduces to
solving the Bethe Equation(s).
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One method of resolution
through a Backlund flow and Q-operators

Solving integrable models through Q-operators

@ Reduce the model to a simpler and simpler system
(Backlund flow~~ Q-operators)

@ Express the original Hamiltonian through Q-operators

@ The Bethe equations arise naturally as a consistency
constraint, required by Q-operators’ analyticity properties
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One method of resolution
through a Backlund flow and Q-operators

Solving integrable models through Q-operators

@ Reduce the model to a simpler and simpler system
(Backlund flow~~ Q-operators)

@ Express the original Hamiltonian through Q-operators

@ The Bethe equations arise naturally as a consistency
constraint, required by Q-operators’ analyticity properties

— A simple example is GL(K|M) spin chains.
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One method of resolution
through a Backlund flow and Q-operators

Solving integrable models through Q-operators

@ Reduce the model to a simpler and simpler system
(Backlund flow~~ Q-operators)

@ Express the original Hamiltonian through Q-operators

@ The Bethe equations arise naturally as a consistency
constraint, required by Q-operators’ analyticity properties

— A simple example is GL(K|M) spin chains.
@ This procedure proved fruitful for many models, including
the 3+1-dimensional A = 4 Super-Yang-Mills (of
AdS/CFT duality)
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@ Motivation
© Q-operators for the GL(K|M) spin chains
e @ T-operators
Eer @ Backlund flow

@ Explicit expression of Q-operators

T-functions

Sum @ Classical integrability of the MKP-hierarchy
Undressing .
procedure @ 7-functions
8 @ General rational solution
GL(k) spin chain

Integrable fild @ Undressing procedure

e Construction of Q-operators
@ GL(k) spin chain
@ Finite size effects in integrable field theories
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Heisenberg “XXX" spin chain

Construction of T-operators

T(u)=tra((ul+Pra) (ul+Pro15) - (ul+P1,))
operator on the Hilbert space (C?)

permutation operator : P2 | 1L AL ) = | Ll )
Pral P AL ) = [0 L)



Rational spin
chains, MKP-
hierarchy &
Q-operators

S. Leurent

T-operators
Backlund flow

Explicit
Q-operators

T-functions

General rational
solution

Undressing
procedure

GL(k) spin chain
Integrable field
theories

Heisenberg “XXX" spin chain

Construction of T-operators

T(u)=tra((ul+Pra) (ul+Pro15) - (ul+P1,))
operator on the Hilbert space (C?)

permutation operator :  Pyo| LTI - ) = | LML)
Pra| I ) =N )

o [T (u),T (v)]=0
(proved from relations like P; jPj x = Pj «Pi k)
o H=-36i-0if1= L—2%logT(u)|,_,
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GL(K) spin chains

Construction of T-operators

T(u) :tra((uﬂ—l—PLa)-(u]I—i—PL 13)"'(UH+P13))
operator on the Hilbert space ((CK)(X)L

permutation operator : Py | LL ML o) = [ LML )
Pra| It ) =[N )

0 [T (u), T (v)] =0

(proved from relations like P; jP; x = Pj «Pi k)
— A Nip1 = kL—2 4 log T(u M uzo
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GL(K) spin chains

Construction of T-operators

T(u) = tra (((v = €T+ Pra) -+ (v = &)+ Pra) - 8)
operator on the Hilbert space (CK)®L

twist g € GL(K)
permutation operator : Py | LL ML o) = [ WL )
Pra| I ) =[N )

° [T (u), T (v)] =0
(proved from relations like P; jP; x = Pj «Pi k)

o H= —Zﬂ?y?\ﬁrl =212 d%Iog T(u)‘u:0
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GL(K) spin chains

Construction of T-operators

TA(u) = tra (v = €T+ Pra) - ((u = &)L+ Pra) - ma(g))
operator on the Hilbert space (C ot

twist g € GL(K)

permutation operator : Py | LL ML o) = [ LML )
Pra| I ) =[N )

o [TH(u), TH(v)] =0
(proved from relations like P; jPj x = Pj «Pi k)

o H=—;N A1 =2L—-2 Llog T(u)] ,_,
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GL(K|M) spin chains

Construction of T-operators

TA(u) = tra (v = €I+ Pra) -+ ((u = )L+ Pra) - ma(g))
operator on the Hilbert space (CK‘A@@L

twist g € GL(K|M)

permutation operator :  Pyo| JL T ) = | LML)
Pral I ) = N )

0 [T)‘(u), T“(v)] =0
(proved from relations like P; jP; x = Pj «Pi k)

o H=—S A Aip1 = 2L-24Llog TD(u)’u:0
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T-operators «~» characters
+ Cherednik-Bazhanov-Reshetikhin formula

TA(u) = tra (((u = €I+ Pra) - ((u = &)+ Pra) - ma(g))

o At L =0, TMu) = xg) = tr m\(g)
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T-operators «~» characters
+ Cherednik-Bazhanov-Reshetikhin formula

TA(u) = tra (((u = €T+ Pra) -+ ((u = &)[+ Pra) - ma(g))

o At L=0, T*u) = x*g) = trma(g)
@ In general ui=u-—=5g
T u) = (u1+§) ® (u2+§) ® - ® <UL+§) x*(g)
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T-operators «~+ characters
+ Cherednik-Bazhanov-Reshetikhin formula

TA(u) = tra (((u = €T+ Pra) -+ ((u = &)[+ Pra) - ma(g))

o At L=0, T*u) = x*g) = trma(g)
@ In general ui=u-—=5g
T u) = (u1+§) ® (u2+§> ® - ® (uL+§) x*(g)

Rectangular representation : a,s <> A = } a

——
S
Determinant identity

X&) = det (X" (g)) 1 ;i

> T>‘(u) =

LAj+j—i —f
det( TN~/ (ut1-))), oy,
Al—1
[ T00(u—k)
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Hirota equation
from Jacobi-Trudi identity

Jacobi-Trudi identity : for an arbitrary determinant

L
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Jacobi-Trudi identity : for an arbitrary determinant

X X X

T-operators
Backlund flow

_ BRI B R ]

@ From the CBR determinant expression
Tavs(u) _ det(T1,s+J—'(u+1*j))1§i’j§a
I1;2) TO0(u—k) '

this identity gives the “Hirota equation”:

Explicit
Q-operators

T-functions

General rationa
solution

Undressing
procedure

GL(k) spin chain

therar'e e T2S(u+1)- T25(u) = T*55(u+ 1) - T2715(u)
+ T2 Y u+1) T2 ()
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Jacobi-Trudi identity : for an arbitrary determinant

X X X
T-operators
Backlund flow
Explicit
Q-operators

_ BRI B R ]

@ From the CBR determinant expression
det( TLsH =1 (u+1-}))

T-functions ..
General rational Ta’s(u) — . 1<i,j<a
solution Ha— TO’O(u—k) !
Undressing k=1

procedure

this identity gives the “Hirota equation”:

GL(k) spin chain

ToS(u+1)- T25(u) = T# 55w+ 1) - T2 15(u)
+ T2 Y u+1) T2 ()
@ Conversely, the Jacobi-Trudy identity allows to show that

this Hirota equation implies the CBR determinant
expression.
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Authorised Young diagrams for a given symmetry group

GL(K) symmetry GL(K|M) symmetry

Bécklund flow

Explicit K

Q-operators

T-functions

General rational
solution

Undressing M

procedure

cmsinchan  Hirota equation solved by gradually reducing the size of the
Integrable field “ ”
e fat hook

using inclusions like GL(2|1)D GL(1|1)D> GL(1|0)D {1}

| | -
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T-operators if T2°(u) is a solution of Hirota equation and
Backlund flow
Explicit
Q-operators TaJrl,S(u)Fa,S(u) . Ta,S(u)FaJrl,S(u)
S = x5 TN u+ )P (u - 1),
General rational \/
i;‘v‘c‘ltrfsy;mg eigenvalue of g
procedure
f Ta,s+l(u)Fa,5(u) o Ta,S(u)Fa,s+1(u)
g TSy + 1)FS (g — 1),

Then F2°(u) is a solution of Hirota equation.
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Backlund Transformations
T-operators if T2°(u) is a solution of Hirota equation and
Backlund flow
Explicit
Q-operators Ta+1,5(u)Fa,5(u) . Ta,S(u)FaJrl,S(u)
= x; TP Y u+1)F>* (u - 1),
General rational v
:fyi:liz;mg eigenvalue of g
procedure
f Ta,s+l(u)Fa,5(u) o Ta,S(u)Fa,s+1(u)
TS (g 1)FL (1),

theories

Then F2°(u) is a solution of Hirota equation.

Moreover, if T#*(u) = 0, outside the (K|M) “fat hook”, one
can choose F#*(u) = 0 outside the (K — 1|M) "“fat hook™.
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T-operators if T2°(u) is a solution of Hirota equation and
Bécklund flow
Explicit
Q-operators Ta+1,5(u)Fa,5(u) . Ta,S(u)FaJrl,S(u)
= x; TP Y u+1)F>* (u - 1),
General rational N~~~
:fyi:liz;mg eigenvalue of g, which will be singled out
A a,s+1 a,s a,s a,s+1

T2 () P22 (u) = T2 (u) F> (u)
i o — T3 (u 4+ 1)FF L5 — 1),

theories

Then F2°(u) is a solution of Hirota equation.

Moreover, if T#*(u) = 0, outside the (K|M) “fat hook”, one
can choose F#*(u) = 0 outside the (K — 1|M) "“fat hook™.
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123

example of GL(4) Backlund flow

~ Hasse Diagram

Aa [¥]
. BT
T‘L’S +- a,s
T 123
T 1 I
Q1234 I Q123 |
1234

VNN

124

134

234
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example of GL(4) Backlund flow

~ Hasse Diagram
Aa

U2

a,s —
T1234_

a,s

123

== Q1234 - -

12 13 14 23 24 34

I
Q123 |

BT

Q23
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example of GL(4) Backlund flow

~ Hasse Diagram
Aa

IESPEN

T1234__ .

a,s

123

== Q1234 - -

I
Q123 |

BT
2

IT23 T.
cx - Q23 cz
BT< ta

T(a s)

lur)
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example of GL(4) Backlund flow

~ Hasse Diagram
Aa

Aa ra
m . BT
Ta,S __'/\ T
1234 . 2,5 _|
& i
Q1234 z Q123
1234
AN ta
1237 124 134 234 :
/ \ as
12713714 23 24 34 Ty a1 =
s>1

VS

1 2 3 4
\\\\:§®4;////

BT

IT23 T.

(?23
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S. Leurent ra \a
. BT BT
‘la,sl 47N r— N

Ti53a as_| . .
T-operators | | 123 | T
Backlund flow 1 . I i . 23 —1 .
Explici
Q Elpr-rt.xmrs . 01234 . ? . Q123 . ? . Q23

1234
. /NN ta BT\ ¥
solution 123 124 134 234 . .
R / \
} a,s -0
12 13 14 23 24 34 0 }321 =

GL(K) spin chain \W/ s>1 PN T(a,s)

lv‘\'t:(;r';‘r;ll)\f field 1 2 3 4 I 2 .
\ . o - Qz"—'I .
\ 0 //

~ Defines 2* Q-operators, lying on the nodes of this Hasse
Diagram
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~ Hasse Diagram
[¥]

S. Leurent fa 'fa
T T BT BT
4 . SN
Ta,s /\ 'a,s' /\
‘“Upb'ml()r\ | ]i234__ . 123__ . | T .
Backlund flow — I i . 23 —1 .
Explici
QEI;)H{)MM . 01234 ? Q123 . ? . Q23
1234
S AN ta BT\ #
solution 123 124 134 234 . .
Undressing
procedure / \ as
12 1314 23 24 34 Ty }a>1 =0

L ABORSK SN s
theories 1 2 3 4 Q /\ IT2 )
\\ // . 0 @ :

0

~ Defines 2* Q-operators, lying on the nodes of this Hasse
Diagram
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QQ-relations and Bethe Equations

At the level of operators, the QQ-relations
(xi =) Qr(u —1)Qrij(u) =
xiQrj(u—1)Qr,i(u) — xQrj(u)Qr,i(u—1)

example : I ={23},i=1,j=4

(x1 — xa) Qo3(u — 2)Qr234(u) =
x1@234(u — 1) Q123(u) — x4 Q234(u) Qu23(u — 1)

123 124 134 234

/ \  The relation involves
12 13 _14 23 24 34 Q-operators lying on the same
\ | facet of the Hasse diagram

1 2 3 4
\\@//
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5 e At the level of operators, the QQ-relations

(xi —xj) Qe(u—1)Qq,ij(u) =
xiQrj(u—1)Qri(u) — x;Qrj(u)Qri(u —1)

S imply
Backlund flow
Explicit
Q-operators QI,I’(U) ‘ Xl QI(U _ 1) QLIJ(U) QI,i(u + 1)
+ X Qr(v)Quij(u +1)Qri(u — 1).
General rational
-
procedure
1234 for instance

GL(K) spin chain // \\

Integrable field

s 1237 124 134 234
\ Qu23(u) | x1Q23(u — 1) Q1234(u) Qu23(u + 1)

12\%74 + x4 Q23(u) Qr23a(u + 1) Qr23(uv — 1).

1 \2\ /3/ 4 The relation involves three consecutive
0 Q-operators lying on the same nesting path.
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S- Leurent At the level of operators, the QQ-relations
(xi —xj) Qe(u—1)Qq,ij(u) =
i Qr,j(u — 1) Qr,i(u) — X Qr,j(u) Qr,i(u — 1)
S imply
Backlund flow
Qui(u) | xiQr(u — 1)Qu,ij(u)Qui(u+1)

+ x;Qr(u)Qrij(u+1)Qri(u—1).

On a given eigenstate,

GL(k) spin chain \
ble field // \ K

Integrab
e

theories 1/2%{36 QI(U) = Cr H(u — U;((I))y
12713714 23 24 34 k=1
\ / we get the Bethe equation

1 2 3 4 (I,i) ) (L’-) 3 (I7i)

\\ // L Qr(uy " = 1)Qri(uy " +1)Qrij(uy ")
0 —1=— - ,' i

X QI(U,(}’ ))QL,-(UI((L = 1)Ql,i,j(ux(<l’ )+ 1)
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Expression of T &°

@ Relations similar to the Jacobi-Trudi ldentity give
[Krichever, Lipan, Wiegmann & Zabrodin 97]

1=kt A (10
T(u) = Qyu—K)- o <Xj it k+l+)\k)>1§/,k§K

A(X17 te aXK) HkK:1 Q@(U —k+ >‘k)

where A(xy, -+ ,xk) = det (x;_k>
J 1< k<K
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Expression of T:%°

@ Relations similar to the Jacobi-Trudi ldentity give
[Krichever, Lipan, Wiegmann & Zabrodin 97]

det (le"‘“k Qi(u—k+1+ /\k)>1<ff<l|l|
A({x}jer) THely Qo — k+ )

where A({x;};.;) = det (X}*k>

T (u) = Qp(u — |1]) -

JELK<|T]
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S- Leurent @ Relations similar to the Jacobi-Trudi ldentity give

det (le"‘“k Q(u—k+1+ )\k)) jet

1<k< 1]

st T (0) = Qplu— |I)) -

Explicit , ||
Qixpemmrs A({)(J }jEI) k=1 Qﬂ(u — k _|_ )\k)
1—k
where A({x;}..;) = det (x. )
Caneral rational 3 J}J er) I jer k<1
solution
Un(lchssmg
procedure
outcome
SRR @ T-operators expressed through Q-operators

theories

o Hamiltonian : H = 2& — 24 log T11(u)| _,

@ Q-operators constrained by the Bethe equation.
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Summary
@ Relations similar to the Jacobi-Trudi ldentity give
1—ktXAe A (0 ;
det (xj KQiu—k+1+ Ak))lgfkeglm
I
A({x}je) TIL Qolu =k + )

where A({x;};.;) = det (le*k>

T (u) = Qp(u — |1]) -

JELK<|T]

outcome

@ T-operators expressed through Q-operators

o Hamiltonian : H = 2& — 24 log T11(u)| _,

@ Q-operators constrained by the Bethe equation.

@ Requires the existence and polynomiality of the
Q-operators
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Explicit expression of nested
T and Q-operators

@ Generating series of T-operators :

let w(z) =) 50 x1$z° = det l_lgz,
then > g Thszs = ®f-‘:1(u,' + D) w(z)
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Explicit expression of nested
T and Q-operators

@ Generating series of T-operators :

let w(z) = Zs>oX15 s = det el
then >S5 TH°2° = ®i_y(ui + D) w(2)

Explicit solution of this linear system

L
T () = lim, Br- | @(wi+ D+ [T) x,(g)Ms |
7% i=1
jefj
N =] w() Bi=[[(1-1) (1-g )"
J€T JE€T

0, i
Q=T1"" gy = diag, s+ %)

xj=eigenvalue of g
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(Hints of) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities
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Explicit
Q-operators

(Hints of ) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(t—z) [@(u,- +1+ D) W(z)w(t)n} : [@(u,- + D) n}
= ¢ [®(ui + D) w(z)N| - | @(ui +1+ D) w(e)n|
— 2 [®(ui + 1+ D) w(2)N] - | @(u; + D) w(e)n|
where w(z) = det ﬁ = 02 xs(g)
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(Hints of ) combinatorial proof

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(t—z) [@(u,- +1+ D) W(z)w(t)n} : [@(u,- + D) n}
= ¢ [®(ui + D) w(z)N| - | @(ui +1+ D) w(e)n|
— 2 [®(ui + 1+ D) w(2)N] - | @(u; + D) w(e)n|

where w(z) = det ﬁ = e02° xs(g)

@ Master identity proven by combinatorial arguments
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Combinatorics of coderivatives

@ Determinant identities (similar to Jacobi-Trudi) reduce the
proofs to a few bilinear identities proven from the following

“Master ldentity” [Kazakov, S.L, Tsuboi 10]
when 1T = [T, w(t;),
(t—z) [@(u,- +1+ D) W(z)w(t)n} : [@(u,- + D) n}
= ¢ [®(ui + D) w(z)N| - | @(ui +1+ D) w(e)n|
2@ (v +1 -+ D) w(z)N| - |@(u; + D) w(e)n|
where w(z) = det — zg = o202 Xxs(g)

@ Master identity proven by combinatorial arguments

@ For instance,

Do Do b w(x) (HI I\ \I \I\ \\ \)
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© Classical integrability of the MKP-hierarchy
@ 7-functions
@ General rational solution
@ Undressing procedure
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S Lamer: @ A 7-function of the MKP hierarchy is a function of a

variable n and an infinite set t = (t1, tp,---) of “times”,
such that Vn > n’, Vt, t/

T-operators —— 5
S Definition of 7-functions.

Q-operators

7{ St 0= (6 [z (V) + [271])dz = 0
- o
bt where t £+ [z71] = (tl tz gk A, )
6100 s i &(t,z) = 2> tez¥, and C encircles the singularities of
e To(t — [z7]) 7w (Y + [271]) (typically finite), but not the

singularities of e€(t=t2)zn=n" (typically at infinity).
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& Lt @ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, vt t/

S Definition of 7-functions.

Backlund flow

S operators Y —f _ _
Q-operat j{eﬁ(t t 7z)zn n Tn(t . [Z 1])Tn/(t/ + [Z 1])dz -0
C

?J\":ff"f,"fm —1 -1 z2 z—3
e wheret £ [z7'] = (1 £z to+ 5~ t3 £ %5-,--- ], and
Undressing
procedure _ k

£(t,z) = >y te2".
) e @ An example of such 7-function is the expectation value

Integrable field
theories

7a(t) = (n] (VG |n)

over an infinite set of fermionic oscillators ({%;, 1/1JT} = dj),
where G = exp( %2, ey Ath] Uk ) and Jy = 30y tidk,
where Ji = Y cp U0l (and ¥, |n) = |n+ 1))
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& Lt @ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, vt t/

Definition of 7-functions.

T-operators
Bicklund flow

opeators j{ St 2) =" (b — [z ) (Y + [27Y])dz =
C
?:LT(\ where t + [z71] = (tl 7zt 5 Stk = )

Undressing
el Characteristic property

it T-functions are characterised by
o 271 (t— [z 1]) 7o (t— [z ])
— a1 (= [z 1]) 7 (= [251])
+ (21 — 22)Tra(t)7a (L — [z7Y] - [251]) =
(obtained from " =n—1and t' =t — [z} — [z17}])
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& Lt @ A 7-function is a function of a variable n and an infinite
set t = (ty, to,---) of “times”, such that Vn > n’, vt t/

Definition of 7-functions.

T-operators
Bicklund flow

opeators j{ St 2) =" (b — [z ) (Y + [27Y])dz =
C
?:LT(\ where t + [z71] = (tl 7zt 5 Stk = )

Undressing
el Characteristic property

it T-functions are characterised by
o 271 (t— [z 1]) 7o (t— [z ])
— a1 (= [z 1]) 7 (= [251])
+ (21 — 22)Tra(t)7a (L — [z7Y] - [251]) =
(obtained from " =n—1and t' =t — [z} — [z17}])
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If 7,(t) is polynomial in n, we substitute n ~» u, where u € C.
Polynomial 7-functions of this MKP hierarchy

Backlund flow

Explicit
Q-operators

7(u,t) = det (Ai(u —J,t))1<; j<n

d:
-functions g
S:I:fir:rI‘ rational WheI‘e Al(u’ t) — E a[,maén (Zuef(t,Z))
Undressin
procedursg m=0

z=p;

Lt parameterized by @ the integer N > 0, the numbers {p;} and
d;, and the coefficients {a; n}.

theories
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General rational 7-function

If 7,(t) is polynomial in n, we substitute n ~» u, where u € C.

Polynomial 7-functions of this MKP hierarchy

7(u,t) = det (Ai(u —J,t))1<; j<n

d;
where A;(u,t) = Z 3; mO” (Zueg(t,z))
m=0 z=p;

parameterized by : the integer N > 0, the numbers {p;} and
d;, and the coefficients {a; n}.

@ Analogous to the spin-chain’s “undressing procedure” :
restricting to smaller and smaller minors of the
determinant
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Undressing the rational 7-functions

o Ai(ut+[z7) = % 0 3i,mO7 (x et(tx) 7X/Z>

has a pole at z = p;.

X=Ppi

@ One can show that
A(u,t+ [271) = Ax(u, t) + 27 P A(u + L e+ [271]),
hence
Al(u—l,t—i—[z*l]) Ai(u=2t) ... Ai(u—N,t)
Ar(u—1t+[z71]) Ax(u—2,t) ... Ax(u—Nt
Tu(t-l-[Z_l]) _ 2( | [z71]) Ax( | ) 2( | )

An(u=1t+[z71]) An(u—2.t) o An(u=NY).
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o Ai(u,t+[z7H]) = > o aim xVe 7X/Z —

has a pole at z = p;. ’

S @ One can show that
Ej;ﬁ‘;:“ - Ar(u,t + [z71]) = Ar(u, t) + 2 A(u + 1, e + [271]),
o hence
o Al(u—l,t—i—[z*l]) Ai(u=2t) ... Ai(u—N,t)
S iy [ (e ) A2 A
Ur‘\dredssing 7-u(t + [Z 1]) =
procedure

An(u=1t+[z71) An(u=2t) ... An(u—Nt).
GL(k) spin chain

Integrable field
theories

Undressing procedure for rational 7-functions

o First step : Res,—p,7(u+ 1,t+[z71])
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i ,(U,t+[2 ])_ Zm 09i,m x“e fx/z —p,
has a pole at z = p;. ’

T-operators @ One can show that

. At + [271) = A t) + 27 Ao+ 1, e+ [271)),

o hence

S Ar(u=1t+[z7Y) Ar(u=2t) .. Ai(u—N)

S iy [ (e ) A2 A

Ur‘\dredssing Tu(t + [Z 1]) =

procedure

An(u=1t+[z71) An(u=2t) ... An(u—Nt).
GL(k) spin chain

Integrable field
theories

Undressing procedure for rational 7-functions
o First step : Res,—p,7(u+ 1,t+[z71])
@ Second step : Resz—pResz,—p7(u+2,t+ [z N4z

o Et cetera
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@ Construction of Q-operators
@ GL(k) spin chain
@ Finite size effects in integrable field theories
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@ Set of times t «~ representations A :

-operators T(u,t) = sy(t)t(u, A sy(t) = det (hy _j+i(t ..
s Ty =) st si() = det(hy-in(O)igap
QP perators 2 Schur polynomial

t,z) _ k
Sy where ef(t2) = Zkgo hi(t)z
General rational
solution
Undressing
procedure

GL(k) spin chain
Integrable field
theories
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Spin-chains «~» MKP hierarchy

T-operators are 7-functions

@ Set of times t «~ representations A :

T(u,t) = ;a@T(U’ A) sx(t) = det (hA;—i+j(t))1§iJ§|A

Schur polynomial

where é(t2) = > k>0 hi(t)z*

If T(u, \) = TMu) = @, (u + D) x*(g), we get

L
7(u,t) = R)(uj + D) eXr= (e

i=1
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Explicit
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ional

Spin-chains «~» MKP hierarchy

T-operators a

@ Set of times t «~ representations A :

ZS)\ t)T u, )\

bchul polynomial

re T-functions

sa(t) = det (Ax—itj(t))1<; <

where ef(t2) = > k>0 hi(t)z*

f 7(u, ) = T(u) = @, (ui+ D) X

L

(g), we get

7(u,t) = R)(uj + D) eXr= (e

@ Then 7(u,t+ [z~
where w(1/z) =

i=1

1) = ®,-L:1(u; +D) w
2520 Xl,s

=det——+

(1

1- g/z
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Spin-chains «~» MKP hierarchy

T-operators are 7-functions

@ The master identity coincides with the
characteristic property of the MKP hierarchy

= 7(u,t) = ®j_y(vi + D) ek tetr(g”)
is a 7-function of the MKP hierarchy.

[Alexandrov, Kazakov, S.L., Tsuboi, Zabrodin 11]
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@ The master identity coincides with the
‘ characteristic property of the MKP hierarchy
5 k
= 7(u,t) = @5 (ui + D) eXw=1 tirle)

Q-operators

is a 7-function of the MKP hierarchy.

@ The undressing procedure for T-functions (ie

T-functions

i Res,—p,7(u + 1,t + [z71])) explains the explicit expression
Undressing . . . .
procedure found from the combinatorics of coderivatives.

GL(k) spin chain
Integrable field
theories
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Spin-chains «~» MKP hierarchy

T-operators are 7-functions

@ The master identity coincides with the
characteristic property of the MKP hierarchy

= 7(u,t) = ®,’L:1(Ui +D) ez thtr(gh)
is a 7-function of the MKP hierarchy.

@ The undressing procedure for T-functions (ie
Res,—p,7(u + 1,t + [z71])) explains the explicit expression
found from the combinatorics of coderivatives.

@ Fermionic realisation of this 7-function :

m(t) = (n|e*Owy Wy n—N) |

where Wj =7 - aim 07 Y ez Yz

z=p;
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141 D integrable field theories

Wavefunction for a large volume

@ planar waves when particules are far from each other

@ an S-matrix describes 2-points interactions

= Bethe equations



Rational spin
chains, MKP-
hierarchy &
Q-operators

S. Leurent

T-operators
Bicklund flow

Explicit
Q-operators

T-functions

General rational
solution

Undressing
procedure

GL(k) spin chain

Integrable field
theories

141 D integrable field theories

Wavefunction for a large volume

@ planar waves when particules are far from each other

@ an S-matrix describes 2-points interactions

= Bethe equations

@ Finite size effects : “double Wick Rotation”
finite size «~ finite temperature
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S. Leurent Wavefunction for a large volume

@ planar waves when particules are far from each other

@ an S-matrix describes 2-points interactions

T-operators .
Biicklund flow = Bethe equations

Explicit
Q-operators

@ Finite size effects : “double Wick Rotation”
finite size «~ finite temperature

T-functions

General rational
solution

Undressing
procedure

GL(k) spin chain
Integrable field
theories

@ Thermodynamic Bethe Ansatz equations give rise to
T-functions which obey the same Hirota equation as spin
chains’ T-operators

= Some Q-functions must exist
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AdS/CFT from Q—functions [Gromov, Kazakov, SL, Volin 11]

@ The complicated (and infinite) set of TBA equations can
Toperstors be reduced to some analyticity properties (analyticity
st strips, continuation around branch points, ...) of the
Q-functions.

+-functions @ Q-functions (or Backlund flow) allow to reduce these
General rational . n o - - -
e equations to a finite set of nonlinear integral equations
procedure

see also

GL(k) spin chain

Integrable field
theories
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Example of AdS/CFT

AdS/CFT from Q—functions [Gromov, Kazakov, SL, Volin 11]

@ The complicated (and infinite) set of TBA equations can
be reduced to some analyticity properties (analyticity
strips, continuation around branch points, ...) of the
Q-functions.

@ Q-functions (or Backlund flow) allow to reduce these
equations to a finite set of nonlinear integral equations

see also

@ No construction of T-operators

@ No physical derivation of the above-mentioned analyticity
properties

@ Relation to the Hamiltonian not understood
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Conclusions

(4

Rational spin chains (very well understood)

o Backlund Flow to gradually simplify the system

@ Bethe Equations

o Expression of the Hamiltonian from T and Q-functions
@ For these rational spin chains, the classical integrability of
T-functions sheds light on the whole constriction
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o Backlund Flow to gradually simplify the system
@ Bethe Equations
L el @ Expression of the Hamiltonian from T and Q-functions
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Conclusions

@ Rational spin chains (very well understood)
o Backlund Flow to gradually simplify the system
@ Bethe Equations
o Expression of the Hamiltonian from T and Q-functions
@ For these rational spin chains, the classical integrability of
T-functions sheds light on the whole constriction

@ Generalizes to trigonometric spin chains

@ Can it also generalize to other, less-understood integrable
models ?
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@ Rational spin chains (very well understood)

o Backlund Flow to gradually simplify the system

@ Bethe Equations
L el o Expression of the Hamiltonian from T and Q-functions
Explicit . . . . . e
Qoperators @ For these rational spin chains, the classical integrability of

T-functions sheds light on the whole constriction

L @ Generalizes to trigonometric spin chains
solution
Undressing
procedure
Uil @ Can it also generalize to other, less-understood integrable
ntegrable field
theories models ?

Finally

Thank you !
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Disclaimer : The following slides are additional material, not
necessarily part of the presentation

© Commutation of T-operators

@ Co-derivatives
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Co-derivatives
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_ommutation A 8
;T T-operators [~ D ® f(g) = 87¢ ® f(€¢g) ¢ S GL(K)
$=0

Co-derivatives
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° D@f(g):%@)f(eqbg) ¢ € GL(K)
$=0

o If f(g) acts on H, then D ® f acts on H = CK @ H

Co-derivatives
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A 0
° D®f(g):8®f(e¢g)’ ¢ € GL(K)
Co-derivatives ¢ $=0

o If f(g) acts on H, then D ® f acts on H = CK @ H

e Do g="P(1®g)and Leibnitz rule :
Da(f-fy=[Ief]- [b@ﬂ + [D@f} : [H@F}
~» compute any D ® f(g)



Rational spin

chains, MKP-

hierarchy &
Q-operators

S. Leurent

Co-derivatives

(]

Dwflg)=

2o
d¢

Expression of T through
co-derivative

f(é%)’

¢=0
If f(g) acts on H, then D@ f acts on H = CK @ H
D®g=P(1®g) and Leibnitz rule :

¢ € GL(K)

ba(f-Fy=[lof. [D@f} + [ﬁ@f} . {H@f}
~> compute any ﬁ@f(g)

(]

hence

(v = &)1+ Pra)- -

and T (v) =

ﬁ@m\(g): |:

a?ﬂ

QP (u

— &+ D)x»

Y ea ®mi(eap)

g

I® 7T,\(ea5)

((u =&)L+ Pra) - ma(g)
(

Qs (v =&+ B)Wk(g)
)
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