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Heisenberg GL(2) Spin Chain

@ Hilbert space H = ), hi = (C2)®

Ecuation, o T(u)= (— permutation
ond Boters trace (u+2P) @ (u+2P) ® - -
Q-operators N ;;nes

= - dlog T
S. Leurent h ° H = Z’ Sn ’ Sn+1 = (oi%l uﬁo
Mhy o Vo T, T(v)] =0

T-operators

@ Solved by simultaneous diagonalization
of all T(u)'s
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hn

T-operators

Hilbert space H = Q); hi = (C2)®

o T(u)= — permutation
trace (u+2P) @ (u+2P)® - -

NV
N times

o H=3;S,-Spi1 = Hel
o [T(u), T(v)] =0

@ Solved by simultaneous diagonalization
of all T(u)'s

u—0

hn

o Hilbert space H = @), hi = (CK\M)®N
o twist g € GL(K|M)
° T’\(u) = tracey[Ry(u) @ Ry_1(u)®

@ Ri(u) (@)
O Ru(W) = (u=0:)42Ppr

action of g

[T)‘(u)7 T'u(v)] =0 on irrep A

(4



GL(K|M) Spin Chain
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Hilbert space H = Q); hi = (C2)®

o T(u)= — permutation
trace (u+2P) ® (u+2P) ®

-~

. _'N times
S Leurent h o H = Z’. Sn ’ Sn+1 = dlg%T u*}o
N o [T(u), T(v)]=0
i @ Solved by simultaneous diagonalization
of all T(u)'s N
) o Hilbert space H = @), hi = ((CKJM>Q9
o twist g € GL(KW)
o T*(u) = tracex[Ry(v) ® Ry_1(u)®
-~ © Ri(u) ma(g)]
o Rp(u)=(u—16,)+2Ppx —
h N ac Uf)‘“_ of g
N [T (U) T+ ( )] =0 on irrep A

©
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Expression in terms of co-derivative

Hirota

Equation, 8
i © Dof(e)= 550 f(%) é € GL(K)
Q-operators ¢:O

o If f(g) acts on H, then D ® f acts on H=CK @ H
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Q-operators $=0

o If f(g) acts on H, then D ® f actson H = CK @ H

o Do g="P(1®g)and Leibnitz rule :
Da(f-f=[lef] [b@?} + [ﬁ@f} - [H@?}
~~ compute any D ® f(g)
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Expression in terms of co-derivative

Hirota
Equation,

B o 0orlo— 0 n0) 6 € GLK)
Q-operators $=0
o If f(g) acts on H, then D ® f actson H = CK @ H
o Do g="P(1®g)and Leibnitz rule :
Da(f-f=[lef] [b@?} + [ﬁ@f} - [H@?}
~~ compute any D ® f(g)

o Dom(g) =) esn @m(eap)
o,

S. Leurent

Co-derivatives

hence
Ry (0)@Ry—1(0)@- - @R (u)ma(g) = @1 (u—0i+2D)mr(g)
and T (u) = Q1L (u — 0 + 2D)xa(g)



Expression in terms of co-derivative

[arxiv:0711.2470 ; V.Kazakov & P.Vieira]

Hirota
from these expressions, explicit proof that

Equation,
Bethe Ansatz,
Doperators o [T (u), TW(v)] =0
@ for rectangular representations, (ie. rectangular young
S. Leurent diagram)

TE) (u+1)TE)(u—1) =
TEHLS) (y 4 1) TE L) (y— 1) 4+ T@sHD(y — 1) TS (y 4 1).

Co-derivatives

Q.o

hence
Rn(u)@Ry—1(1)® - - @R (u)mA(g) = QN (u—0;i+2D)m(g)

and T{)‘}(u) = ®,{V:1(U - 0/ + 2b)X/\(g)



Hirota Construction of other commuting charges

Equation,

i  if for all g, h € GL(K|M), f(g) = f(h~"gh) and

RSl (g) = f(h~gh), A L
then [@N,(u— 0; +2D)f(g), QN ,(v — 0; + 2D)F(g)] = 0

S. Leurent

Remark : L_/ linear combinations of T-operators.



Combinatorial Identity

Hirota
Equation,

bl if for all g, he GL(KIM), f(g) = f(h~1gh) and
Q-operators f( ) _ f(h gh) )
then [QN (v — 0; +2D)f(g), @, (v — 0; + 2D)F(g)] = 0

Construction of other commuting charges

S. Leurent

Remark : L_/ linear combinations of T-operators.
Master Identity

when M = [T, w(t)),
(t—2) [@(u,+2+2D) w(z )W(t)l'l] [®(Ui+2b) ”]
=t [®(u, +2D) ] [®(u,+2+2D) w(t )”}
2 [@(u;+2+2D) w(@)N] - [®(ui +2D) w(e)n]
where w(z) = det 1— Zg =Y 02 xs(g)




“Master identity”

(¢ = 2) | @(u; +2+2D) w(z)w(t)N] - [@(u; +2D) M|
— ¢ [®(u,- +2D) W(z)n] : [®(u,- +2+2D) W(t)”}
—z [@(u; +2+2D) W(z)l_l] . [®(Ui +2D) W(t)n]

- .W(Z)W(t)n. Jw(z)N - {w(z)n |
u+2 w T+2
(t—2z) —¢ _,
—{Nj— A w(t)N - w(t)M




Example of consequence of Master identity : an

Hirota relation

Hirota If M = 1, the coefficient of t5- 25 is

Equation,

g () Q0 +2+20) w(z)wlo)] - [@(u +2D) 1]
il = t[®(us +2D) w(z)] - [®(ui +2 +2D) w(t)
—z [@(u,+2+2D) (2)| - [ (ui +2D) w(t)}



Example of consequence of Master identity : an

Hirota relation

Hirota If T =1, the coefficient of ¢° - 5 is

Equation,

e (-2 [@(u,- +2+2D) W(Z)W(t)] - [®(u,~ +2D) 1}
o .y [@(u; +2D) ;}W] : [@(u; +24 2/5)@7;})}
_z [@(u,- 24 2D) W(z)] : [@(u,- +2D) W(t)}



Example of consequence of Master identity : an

Hirota relation

Hirota If M =1, the coefficient of t5 - z% is
W (- 2) [®(u+2+2D) w(z)w(t)] - [@(u; +2D) 1]

and Baxter's

Q-operators _ ¢ [®(u’_ +2D) ;ﬁg)] . [@(u; +2+ 2@)%/7?})]
5. Leurent _ 4 [@(u,— +24 2b)XV7W])] : [@(Ui +2D) }A)/Cpf’)}



Example of consequence of Master identity : an

Hirota relation

If M =1, the coefficient of t°- z° is
() | @+ 2259 iiahh] " [@(us+20) 1]
_ ¢ [@ (ui +2D) %q)] : [ u,-+2+2b)>§/}7ﬁ)]
! [@ (uj +2 +2D) W)] [ ®(u; +2D) yﬁ/y)}

aaaaa



Example of consequence of Master identity : an

Hirota relation

- If =1, the coefficient of ti‘ 5 is

By 1 [0 D i (e a0 ]

e _ ¢ [@(u; +2D) ;;W] - [@(u,— Yo 2[7)%@]
— # [@(u; +2+ 2D)X;/@] : [@(u; +2D) fy‘}}y)}

Hirota relation

If ' = s+ 1, XoXs—1 — Xs'—1Xs = —x(**), and we get

T(2,5)(u + 2) . T(O,s)(u) _ T(I’S'H)(u) . T(l,s—l)(u + 2)
+ T(LS)(U +2)- T(l,S)(u)




Example of consequence of Master identity : an

Hirota relation

- If =1, the coefficient of ti‘ 5 is

By 1 [0 D i (e a0 ]

e _ ¢ [@(u; +2D) ;;W] - [@(u,— Yo 2[7)%@]
— # [@(u; +2+ 2D)X;/@] : [@(u; +2D) fy‘}}y)}

Hirota relation

If ' = s+ 1, XoXs—1 — Xs'—1Xs = —x(**), and we get

T(2,5)(u + 2) . T(O,s)(u) _ T(I’S'H)(u) . T(l,s—l)(u + 2)
+ T(LS)(U +2)- T(l,S)(u)

For Tos(u) = T (u+ a2 —s),
T T, = Tat1,sTa1,s + Tast1Tas—1

a,s*a,s
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@ Explicit nested T and Q-operators
@ Hints of proof

Backlund flow



Backlund Transformations : linear system

Hirota
Equation,

Backlund Transformations
Bethe Ansatz,

Pikostd  if T(2%)(u) is a solution of Hirota equation and

Q-operators

T(a—l—l,s)(u),_-(a,s) (u) . T(a,s)(u) F(a+1,s)(u)
_ Xj-,—(a-i—l,s—l)(u + 2)F(a,s+1)(u _ 2)’

S. Leurent

T(a,s+1)(u) F(a,s) (u) o T(a,s)(u) F(a,s+1)(u)
Biicklund Flow = X T(a+1,5) (U 4 2)F(3—1,5+1)(u _ 2)

Then F(@%)(u) is a solution of Hirota equation.




Backlund Transformations : linear system

Hirota
Equation,

Backlund Transformations
Bethe Ansatz,

POl if T(2%)(u) is a solution of Hirota equation and

Q-operators

T(a—l—l,s)(u),_-(a,s) (u) . T(a,s)(u) F(a+1,s)(u)
_ Xj-,—(a-i—l,s—l)(u + 2)F(a,s+1)(u _ 2)’

S. Leurent

T(a,s+1)(u) F(a,s) (u) o T(a,s)(u) F(a,s+1)(u)
Biicklund Flow = X T(a+1,5) (U 4 2)F(3—1,5+1)(u _ 2)

Then F(@%)(u) is a solution of Hirota equation.

Moreover, if T(2%)(u) = 0,Va > K, one can choose
F@9)(u) =0,Va> K — 1.
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Backlund Flow

GL(4) Backlund flow

and lattices’ boundaries
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Backlund Flow

GL(4) Backlund flow and lattices’ boundaries




GL(4) Backlund flow and lattices’ boundaries

Hirota ,ta ,ta ,ta

Equation,

o - BT | BT
-operators || i /\ . /\
7601 "N [Irea . 7 .
: L i T3 T }T(a’s) i}
S. Leurent 1 LI 23
Q1234 z - Q123 7 ——Qs3 "3
ta ta
. BT .
[ P I SO
] Q 3 _eru L L x




GL(4) Backlund flow and lattices’ boundaries

Hirota ,ta ,ta ,ta

Equation,

o —r BT | BT
-operators || 1. /\ . /\
(751 "N [ e Y .
: L i T3 T }T(a’s) i}
S. Leurent 1 1 23
Q1234 z - Q123 7 ——Qs3 "3

1234 ta ta
7\ ; BT\\;

123 124 134 234

Backlund!Flow / W\ >1c
12713714 23 24 34 Té 2hezl) 0 7-2(3’5) )
\W/ | QQ) = _er L -l— +

1 2 3 4
\\@//



Explicit Backlund flow

Hirota

Equation, a0 5 o o
Betre anotz, [ Explicit solution of this linear system
and Baxter's
Q-operators

N
i, (7 Q) (ui +2D +2[1)) x, (&) | ,

Xj i=1

S. Leurent TI{A}(U) = |

Explicit nested T
and Q-operators



Explicit Backlund flow

Explicit solution of this linear system

Hirota
Equation,
Bethe Ansatz,

and Baxter's N
Q-operators A i N =
T () = tim 87 |Q)(wi +2D +2[T)) x, ()7 -

. H=5% S
S. Leurent J

Jel

My =[] w(y) Bi=1[1—x1t) (1—gt)*"
i€l j€l

’0 g
Q= TI(EJ ) 8o, ikt = diag(xj,, X5, Xj, )

Explicit nested T

and Q-operators



Explicit Backlund flow

Hirota
Equation,

Explicit solution of this linear system
Bethe Ansatz,

and Baxter's N

Q-operators A i N =
T () = tim 87 |Q)(wi +2D +2[T)) x, ()7 -
S. Leurent tjag i=1
N jel
My = w(t) Br=]J(1—xt) (1—g t;)®"
jel Jjel

’0 g
Q= TI(EJ ) 8o, ikt = diag(xj,, X5, Xj, )

Explicit nested T

and Q-operators

o [T (u), T (v)] =0
o TP (u)Quj(u) = T7(u)Qi(u) = x T H(u +2)Qi(u - 2).
] (X,' — Xj) Q/(u — 2)Q/7;J'(U) =

xiQpj(u—2)Qi(u) — xQj(u)Qri(u—2).
@ + Hirota equation «~"Master ldentity”



Example of derivation :
QQ-relations <= Master identity

Hirota
Equation,
Bethe Ansatz,
and Baxter's

QeI Choose M = N5= i
B (1 — 1) [ (i +2+2D) wlt)w(t)yg| - [@(us +2D) My
=t |®(ui +2D) w(t)g] - |@(ui +2+2D) w(ty)Ngg|
— 4 [ @(ui +2+2D) w(t)N] - [@(ui +2D) w(t;)Ng

t = tj and z = t; in the “master identity”

Explicit nested T

and Q-operators



Example of derivation :
QQ-relations <= Master identity

Choose 1 = I'IFJ.,

(510 |8 +2-20) ity [0+ 20)
M g

_y [®<u,- +20) W/))?/Wl - [®<w +2+20) W/’W/ﬁi]
i sy o D

o[22 iy - @020 )

t = tj and z = t; in the "master identity” :




Example of derivation :
QQ-relations <= Master identity

Hirota
Equation,

Bethe Ansatz, —
and Baxter's Choose I_I I_IIU

iy [‘X’(“’””D) N {20 ”"J:
= 13, ®(u; +2D) W/-))?/WJB-[ ®(ui +2+2D) WW/W
16 @(0-+2+20) iy @00+ 20) iy

t=tiand z=t; in the “master identity” :

S. Leurent




Example of derivation :
QQ-relations <= Master identity

Hirota
Equation,

Bethe Ansatz, —
and Baxter's Choose I_I I_IIU

iy [‘X’(“’””D) N {20 ”"J:
= 13, ®(u; +2D) W/-))?/WJB-[ ®(ui +2+2D) WW/W
-15{@0+220) iyl | @0 +20) gy

In the limit tx — Xi we get

(xi — x;) Qi(u 2)(?/:,1(“)
xi Qrj(u—2)Qyi(u) — xQrj(u)Qyi(u—2).

t=tiand z=t; in the “master identity” :

S. Leurent




Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]
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Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]




Toward “Master identity” :

proof of a first identity [Kazakov, Vieira]

uuuuuuu A gx 8x . 1
w(x) 1—gx w(x) I 1—gx o 1—gx
Ao gx gx 1 gx
D®D =
@D w(x) <1—gx®1— +P12(1_ ®1_gx)>W(X)

D W(X):IW(X) DebD wkx)= <II \) w(x)

bbb we) = ([[]+ X+ X+ K+ X+ X) wix

Hints of proof



Toward “Master identity” :

proof of a first identity [Kazakov, Vieira]

L:::t)isn, . X I 8 + 1
he Ansatz, - ]_—gX . -_— ]_—gX

beb W(x)=< & g & +7>12(1_1 ®1fxgx)> w(x)
D W(X): w(x) DebD wkx)= <II \) w(x)

: = (15 KT K- X
(1+[)®3 (.,, \ \ 0 +\\+

S
®
®
o
§
| |

Hints of proof



Toward “Master identity” :

proof of a first identity [Kazakov, Vieira]

L:::t)isn, . X I 8 + 1
ensatYL _]_—gX 0_1—gX

beb W(x)=< & o & +7>12(1_1 ®1fxgx)>w(x)
b W(x): w(x) DD wx)= (H \) w(x)

)= (III+IX+ XTI+ \I\ N+ X
) (T

[(1 +D) P W) P
= (1Y) wi

S
®
o
®
o
§
| |

ints of proof



Toward “Master identity” :

proof of a first identity [Kazakov, Vieira]

L:::t)isn, . X I 8 + 1
ensatYL _]_—gX 0_1—gX

Dob W(x):< & o & +7)12(1_1 ® 1fxgx)> w(x)
D W(X): w(x) DebD wkx)= <II \) w(x)

= (1 X X X
(1+[)>®3 _ (.., \ \ + X +\\+”

ints of proof

*( S 1 X T ) s
P 5w = (K + X+ X+ X+ Y+W)



Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]

Identity [KV 0711.2470 ; V.Kazakov & P.Vieira]

[(1 n b)®’VW(zl)] : [D®N W(zz)] )

_ = [LA)®NW(21)} . [(1 - LA7)®NW(22)]

bobebwoa (15 X%+ W
(1+b)®3 = (XXX
. [(1+0)” W(x)] P
( C R T X T XD we
Pl b wi) = (N + X +iX+X]+ \(+"I)




Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]

Identity [KV 0711.2470 ; V.Kazakov & P.Vieira]

[\ —
= (AT X+ N v
P D wi = (N + X+ X+ X[+ X+ 1) wiw)



Toward “Master identity” :

Fundamental property for bilinear equations

Hirota 1
oo, Hypothesis
Bethe Ansatz,

il |f (Aj(g))1<j<k and (Bj(g))1i<j<k are class functions of
Bl g c GL(K|M), such that for all N € Z>q and for all g

o Leven > [D@’NAj(g)] : [D®N B,-(g)] =0

J




Toward “Master identity” :
Fundamental property for bilinear equations

Hirota
Equation,
Bethe Ansatz,

il |f (Aj(g))1<j<k and (Bj(g))1i<j<k are class functions of
Bl g c GL(K|M), such that for all N € Z>q and for all g

> [0 - [V58)] o

J

then for any set (tm)m<p € C, for all N € Z>g and g € GL(K):
N N

e > [®(u;+ D) Aj(g)l_l(g)] . [@(u;—{— D) Bj(g)l'l(g)] =0
i Li=1 i=1

p
where N(g) = H w(tm)

m=1



Generalization of the identity of [KV 0711.2470]
= “Master identity”

Hirota
Equation,
AP  we have already, VN > 1,
and Baxter's
Q-operators

z [[\)®Nw(z)det(g)] . [D@’Nw(t)]

¢ [D@Nw(z)} : [D®Nw(t)det(g)] =0



Generalization of the identity of [KV 0711.2470]

= “Master identity”

Hirota we haVe already, VN Z 19

Equation,
Bethe Ansatz,
and Baxter's

Q-operators Z[D@?Nw(z)det(g)} . [D@)Nw(t)}
[0t (ot
=(z—1t) [b®NW(Z)W(t)det(g)} ‘ [D@)N 1}



Generalization of the identity of [KV 0711.2470]

= “Master identity”

we have already, VN > 19

Z[D®Nw(z)det(g)} . [ﬁ@ww(t)}
. [D®NW(Z)] . [b@’vw(t)det(g)} i
=(z - 1) [ DV w(2)w(r)det(g)| - [D° 1]

(t — z) [@(u,- +2+2D) W(z)w(t)n] : [@(u,- +2D) n]
—¢ [@(u,- +2D) W(z)n] : [@(u,- +2+2D) W(t)n]
2z [@(u,- +2+2D) W(z)n] : [@(u,- +2D) W(t)n]
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© Diagonalization of T-operators
@ Bethe Equations
@ Wronskian formulae

Diagonalization



GL(4) Backlund flow
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Diagonalization




Hirota
Equation,
Bethe Ansatz,
and Baxter's
Q-operators

S. Leurent

Diagonalization

Series representation for T-operators

the TQ relation can be re-written as

Qrj(u) _(1_ X.Mzewu (u,z
Wan,(u,z)_ (1 00 (0) )QH/,J( 2)

where e2%f(u) = f(u+2) W(u,z) = ZZS 7 (v)
s=0




Series representation for T-operators

Hirota

TQ-rewriting
Equation,

Bethe Ansatz, the TQ relation can be re-written as

and Baxter's
Qi(u—2)

Q-operators Q[,J ( U)

g mwa = (1-59g 5" zau)m“(”’z)

where e2%f(u) = f(u+2) 2(u,z) Zz Ti(u

S. Leurent

Hence for any “nesting path” Ix D Ix_1 D -+ D Iy =0,

e ={i, i, -, ik}

Diagonalization

2, (u,z) = O @ (u) O Q/k_l(u;' Qll(u)

Q. (u) QL (u " Qu(u)

) -1
where Oy = (1 — x;k%zeza‘)
k—1

Q/o(u)



Series representation for T-operators

Hirota
Equation,

Wavyel  the TQ relation can be re-written as

Qrj(u) .., Qi(u—2) 29\ o

and Baxter's
Q-operators

: example
S. Leurent

K
1 . ) le(u + 2) Q/m_1(u - 2)
Ti (1) = Quc(u) mZZIX’m Q,(u) Q. (u)
he =i, i, ik}
Diagonalization . Q/k(U) Qlk_l(u) . Qh(u)
2, (u,z) = O Q, . () Ok-1 Qlk_g(u) QIO(U) Qpp(v)

_9 -1
where Oy = (1 — x;k%zeza‘)
k—1



Bethe Equations

Hirota At the level of operators, the QQ-relations imply

Equation,
Bethe Ansatz,

e Qri(u) | xiQ(u—2)Qyij(u)Qui(u+2)
+ x;Q(u) Qi j(u+2)Qyi(u —2).

S. Leurent

Bethe Equations



Bethe Equations

Hirota At the level of operators, the QQ-relations imply

Equation,
Bethe Ansatz,

e Qri(u) | xiQ(u—2)Qyij(u)Qui(u+2)
+ x;Q(u) Qi j(u+2)Qyi(u —2).
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On a given eigen-state,

Qs (u) —C[H u—uk ,

Bethe Equations _1 — Xi Ql(u[((l,l) - 2)Q ( (I l) + 2)QI ’,_/( )

% Q" ™)Qui(u™ —2)Qu i (uf" +2)
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From TQ-relations

(x,l(”_Hst(u + 25)) _
I|—1—k
(4 Qu=20) e
THw) = ==
0<k<|l]-1




Wronskian Formulae

Hirota from QQ-relations

Equation,
Bethe Ansatz, il \\/ronskian determinant
and Baxter's

Q-operators
S. Leurent det ()<_j|l|_1_k+se Q./(u - 2k + 25@)) J€l
_ I|—1—k
Qp(0)!/I=1 det <XJ| | ) jel
0<k<|l|-1
lifk<a
Y= { Oif k > a
TIS(U) — | LA T L I‘ ‘

-1 |/—1—k
Qo(0)V'-1 det el
Wronskians 0<k<|I]-1
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e Sigma-models and Q-functions
Sigma-models @ SU(N) Principal Chiral Field [1007.1770]
@ AdSs/CFT, Y-system [1010.2720]
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SU(N) principal chiral field [1007.1770 ; V.

Kazakov & SL |

@ The finite size PCF is described by a Y-system
Ia

@ The corresponding T-system is solved by
<q—j[s+a+1+%—2k]>

1<j<N,1<k<a
Tas = < [—s+a+1+Y—24]
q.

! >1§j§N,a<k§N
@ There exists “analyticity strips”, consistent with
gi(u) = (polynomial); + (resolvant);
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AdSs / CFT,

AdSs/ CFTy Y-system [1010.2720 ; N. Gromov,
V.Kazakov, SL & Z.Tsuboi]




AdSs/ CFTy Y-system [1010.2720 ; N. Gromov,
V.Kazakov, SL & Z.Tsuboi]

S 50800
selt e 00 0Q0
Q-operators O O O Q ‘ Q‘ ()22 O O
0.0.0.0.0.00.0.0
S e 0000 @000

@ The corresponding T-system is solved by
_ olslpl=sl [s]yl—s]
= Qlll™l — QllQL,
Q[S]Q[ s] T, +2’ 52 = Q[a]Q[ a

s>2
,+1|a>1
a+1 (qlal pl-al El [a] [a] A[—2] [a] Al-a]
(_1) ! <Q121Q121 Q122(:2122 Q123le3 Q124Q124>
[a] [-a [a] [-2] [a] a|
3°|a>0 Q1212Q4343 Q1213Q4342+Q1214Q4332+

[ ol gl gl-a 4l gl
Q Q Q Q Q1234Q4321

AdSs / CFTy 1223 4341 1224 4331
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@ The whole integrability of rational spin chains is encoded
in one “master identity”

S. Leurent

~> Does this identity have some deeper meaning and origin
that combinatorics ?

@ How much can this construction be generalized ?

~~ Non-compact representations in auxiliary space
~~ Other representations in quantum space

@ Sigma-models motivation

AdSs / CFT,
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