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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4

Outline

1 Spin chains and co-derivative
T-operators for GL(K |M) spin chain
Co-derivatives
”Master Identity”

2 Explicit operatorial Bäcklund flow
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Heisenberg GL(2) Spin Chain

h1h2 · · · hN

Hilbert space H =
⊗

i hi =
(
C

2
)⊗N

permutationT (u) =
trace (u + 2P) ⊗ (u + 2P) ⊗ · · ·

︸ ︷︷ ︸

N times

H =
∑

i
~Sn · ~Sn+1 = d log T

du

∣
∣
∣
u→0

[T (u), T (v)] = 0

Solved by simultaneous diagonalization
of all T (u)’s

πλ(g)

h1h2 · · · hN

GL(K |M) Hilbert space H =
⊗

i hi =
(
C

K |M
)⊗N

twist g ∈ GL(K |M)

Tλ(u) = traceλ[RN(u) ⊗ RN−1(u)⊗
· · · ⊗ R1(u) πλ(g)

︸ ︷︷ ︸

action of g
on irrep λ

]
Rn(u) = (u − θn) + 2 Pn,λ

[Tλ(u), Tµ(v)] = 0
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Bäcklund flow
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Expression in terms of co-derivative

D̂ ⊗ f (g) =
∂

∂φ
⊗ f (eφg)

∣
∣
∣
∣
φ=0

φ ∈ GL(K )

If f (g) acts on H, then D̂ ⊗ f acts on H̃ = C
K ⊗H

D̂ ⊗ g = P (1 ⊗ g) and Leibnitz rule :

D̂ ⊗ (f · f̃ ) = [I ⊗ f ] ·
[

D̂ ⊗ f̃
]

+
[

D̂ ⊗ f
]

·
[

I ⊗ f̃
]

 compute any D̂ ⊗ f (g)

D̂ ⊗ πλ(g) =
∑

α,β

eβα ⊗ πλ(eαβ)

hence
RN(u)⊗RN−1(u)⊗· · ·⊗R1(u)πλ(g) =

⊗N
i=1(u−θi+2D̂)πλ(g)

and T {λ}(u) =
⊗N

i=1(u − θi + 2D̂)χλ(g)
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[arxiv:0711.2470 ; V.Kazakov & P.Vieira]

from these expressions, explicit proof that

JT {λ}(u), T {µ}(v)K = 0

for rectangular representations, (ie. rectangular young
diagram)

T (a,s)(u + 1)T (a,s)(u − 1) =
T (a+1,s)(u +1)T (a−1,s)(u−1)+T (a,s+1)(u−1)T (a,s−1)(u +1).
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Construction of other commuting charges

if for all g , h ∈ GL(K |M), f (g) = f (h−1gh) and
f̃ (g) = f̃ (h−1gh),
then J

⊗N
i=1(u − θi + 2D̂)f (g),

⊗N
i=1(v − θi + 2D̂)f̃ (g)K = 0

Remark : linear combinations of T -operators.

“Master Identity”

when Π =
∏

j w(tj),

(t − z)
[
⊗

(ui + 2 + 2D̂) w(z)w(t)Π
]

·
[
⊗

(ui + 2D̂) Π
]

= t
[
⊗

(ui + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2 + 2D̂) w(t)Π
]

− z
[
⊗

(ui + 2 + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2D̂) w(t)Π
]

where w(z) = det 1
1−zg

=
∑∞

s=0 zs χs(g)
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“Master identity”

(t − z)
[
⊗

(ui + 2 + 2D̂) w(z)w(t)Π
]

·
[
⊗

(ui + 2D̂) Π
]

= t
[
⊗

(ui + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2 + 2D̂) w(t)Π
]

− z
[
⊗

(ui + 2 + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2D̂) w(t)Π
]

(t − z)

w(z)w(t)Π

· · · u+2

Π

· · · u

= t

w(z)Π

· · · u

w(t)Π

· · · u+2

−z

w(z)Π

· · · u+2

w(t)Π

· · · u
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Example of consequence of Master identity : an
Hirota relation

If Π = 1, the coefficient of ts · zs′ is

(t − z)
[
⊗

(ui + 2 + 2D̂) w(z)w(t)
]

·
[
⊗

(ui + 2D̂) 1
]

= t
[
⊗

(ui + 2D̂) w(z)
]

·
[
⊗

(ui + 2 + 2D̂) w(t)
]

− z
[
⊗

(ui + 2 + 2D̂) w(z)
]

·
[
⊗

(ui + 2D̂) w(t)
]

Hirota relation

If s ′ = s + 1, χs′χs−1 − χs′−1χs = −χ(2,s), and we get

T (2,s)(u + 2) · T (0,s)(u) = − T (1,s+1)(u) · T (1,s−1)(u + 2)

+ T (1,s)(u + 2) · T (1,s)(u)

For Ta,s(u) = T (a,s)(u + a − s),
T

+
a,sT

−
a,s = Ta+1,sTa−1,s + Ta,s+1Ta,s−1
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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4

Example of consequence of Master identity : an
Hirota relation

If Π = 1, the coefficient of ts · zs′ is

(t − z)
[
⊗

(ui + 2 + 2D̂) w(z)w(t)
]

·
[
⊗

(ui + 2D̂) 1
]

= t/

[
⊗

(ui + 2D̂)
χs′
w(z)//////

]

·

[
⊗

(ui + 2 + 2D̂)
χs−1
w(t)//////

]

− z
[
⊗

(ui + 2 + 2D̂) w(z)
]

·
[
⊗

(ui + 2D̂) w(t)
]

Hirota relation

If s ′ = s + 1, χs′χs−1 − χs′−1χs = −χ(2,s), and we get

T (2,s)(u + 2) · T (0,s)(u) = − T (1,s+1)(u) · T (1,s−1)(u + 2)

+ T (1,s)(u + 2) · T (1,s)(u)

For Ta,s(u) = T (a,s)(u + a − s),
T

+
a,sT

−
a,s = Ta+1,sTa−1,s + Ta,s+1Ta,s−1



Hirota
Equation,

Bethe Ansatz,
and Baxter’s
Q-operators

S. Leurent

Introduction

T-operators

Co-derivatives

”Master
Identity”
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⊗
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For Ta,s(u) = T (a,s)(u + a − s),
T

+
a,sT

−
a,s = Ta+1,sTa−1,s + Ta,s+1Ta,s−1
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Outline

1 Spin chains and co-derivative
T-operators for GL(K |M) spin chain
Co-derivatives
”Master Identity”

2 Explicit operatorial Bäcklund flow
Bäcklund Flow
Explicit nested T and Q-operators
Hints of proof

3 Diagonalization of T-operators
Bethe Equations
Wronskian formulae

4 Sigma-models and Q-functions
SU(N) Principal Chiral Field [1007.1770]
AdS5/CFT4 Y-system [1010.2720]
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Bäcklund Transformations : linear system

Bäcklund Transformations

if T (a,s)(u) is a solution of Hirota equation and

T (a+1,s)(u)F (a,s)(u) − T (a,s)(u)F (a+1,s)(u)

= xjT
(a+1,s−1)(u + 2)F (a,s+1)(u − 2),

T (a,s+1)(u)F (a,s)(u) − T (a,s)(u)F (a,s+1)(u)

= xjT
(a+1,s)(u + 2)F (a−1,s+1)(u − 2).

Then F (a,s)(u) is a solution of Hirota equation.

Moreover, if T (a,s)(u) = 0,∀a > K , one can choose
F (a,s)(u) = 0,∀a > K − 1.
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Bäcklund Transformations

if T (a,s)(u) is a solution of Hirota equation and
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(a+1,s−1)(u + 2)F (a,s+1)(u − 2),

T (a,s+1)(u)F (a,s)(u) − T (a,s)(u)F (a,s+1)(u)

= xjT
(a+1,s)(u + 2)F (a−1,s+1)(u − 2).

Then F (a,s)(u) is a solution of Hirota equation.

Moreover, if T (a,s)(u) = 0,∀a > K , one can choose
F (a,s)(u) = 0,∀a > K − 1.
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GL(4) Bäcklund flow and lattices’ boundaries

a

s

T
(a,s)
1234
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s

T
(a,s)
123

a

s

T
(a,s)
23
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s

T
(a≥1,s≥1)
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a

s

T
(a,s)
2
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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4
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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4
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Explicit Bäcklund flow

Explicit solution of this linear system

T
{λ}
I (u) = lim

tj→
1
xj

j∈I

BI ·

[
N⊗

i=1

(ui + 2D̂ + 2|I |) χ
λ
(gI )ΠI

]

,

JT
{λ}
I (u), T

{µ}
J (v)K = 0

T s
I (u)QI ,j(u) = T s

I ,j(u)QI (u) − xjT
s−1
I ,j (u + 2)QI (u − 2).

(xi − xj)QI (u − 2)QI ,i ,j(u) =
xiQI ,j(u − 2)QI ,i (u) − xjQI ,j(u)QI ,i (u − 2).

+ Hirota equation  ”Master Identity”
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Explicit Bäcklund flow

Explicit solution of this linear system

T
{λ}
I (u) = lim

tj→
1
xj

j∈I

BI ·

[
N⊗

i=1

(ui + 2D̂ + 2|I |) χ
λ
(gI )ΠI

]

,

ΠI =
∏

j∈I

w(tj) BI =
∏

j∈I

(1 − xj tj) · (1 − g tj)
⊗N

QI = T
(a,0)
I g{j1,j2,··· ,jk} = diag(xj1 , xj2 , · · · , xjk )

JT
{λ}
I (u), T

{µ}
J (v)K = 0

T s
I (u)QI ,j(u) = T s
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Example of derivation :
QQ-relations ⇐ Master identity

Choose Π = ΠIij , t = tj and z = ti in the “master identity” :

(tj − ti )
[
⊗

(ui + 2 + 2D̂) w(ti )w(tj)ΠIij

]

·
[
⊗

(ui + 2D̂) ΠIij

]

= tj

[
⊗

(ui + 2D̂) w(ti )ΠIij

]

·
[
⊗

(ui + 2 + 2D̂) w(tj)ΠIij

]

− ti

[
⊗

(ui + 2 + 2D̂) w(ti )ΠIij

]

·
[
⊗

(ui + 2D̂) w(tj)ΠIij

]

In the limit tk → 1
xk

, we get
(xi − xj) QI (u − 2)QI ,i ,j(u) =

xiQI ,j(u − 2)QI ,i (u) − xjQI ,j(u)QI ,i (u − 2).
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Example of derivation :
QQ-relations ⇐ Master identity

Choose Π = ΠIij , t = tj and z = ti in the “master identity” :

(tj − ti )

[
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w(ti )w(tj)ΠIij///////////////////
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·
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Bäcklund flow
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Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]

D̂ w(x) =
gx

1 − gx
w(x)

b

b

=
gx

1 − gx b

b

=
1

1 − gx

D̂⊗D̂ w(x) =

(
gx

1 − gx
⊗

gx

1 − gx
+ P1,2(

1

1 − gx
⊗

gx

1 − gx
)

)

w(x)

D̂ w(x) =
b

b

w(x) D̂ ⊗ D̂ w(x) =
(

b

b

b

b

+
b

b

b

b )

w(x)
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b

b

b

b

b

b

+
b

b

b
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+
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+
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+
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=
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Bäcklund flow
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Identity [KV 0711.2470 ; V.Kazakov & P.Vieira]

[

(1 + D̂)⊗Nw(z1)
]

·
[

D̂⊗Nw(z2)
]

=
z2

z1

[

D̂⊗Nw(z1)
]

·
[

(1 + D̂)⊗Nw(z2)
]
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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4

Toward “Master identity” :
proof of a first identity [Kazakov, Vieira]

D̂ w(x) =
gx

1 − gx
w(x)

b

b

=
gx

1 − gx b

b

=
1

1 − gx

D̂⊗D̂ w(x) =

(
gx

1 − gx
⊗

gx

1 − gx
+ P1,2(

1

1 − gx
⊗

gx

1 − gx
)

)

w(x)

D̂ w(x) =
b

b

w(x) D̂ ⊗ D̂ w(x) =
(

b

b

b

b

+
b

b

b

b )

w(x)

D̂ ⊗ D̂ ⊗ D̂ w(x) =
(

b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b )

w(x)
(

1 + D̂
)⊗3

w(x) =
(

b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b )

w(x)
[(

1 + D̂
)⊗3

w(x)

]

· P
cyclic

=
(

b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b
)

w(x)

P−1
cyclic

· D̂⊗3 w(x) =
(

b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b

+
b

b

b

b

b

b )

w(x)
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(1 + D̂)⊗Nw(z1)
]
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[
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]

=
z2

z1

[

D̂⊗Nw(z1)
]

·
[

(1 + D̂)⊗Nw(z2)
]

[

D̂⊗Nw(z1)det(g)
]

·
[

D̂⊗Nw(z2)
]

=
z2

z1

[

D̂⊗Nw(z1)
]

·
[

D̂⊗Nw(z2)det(g)
]
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Toward “Master identity” :
Fundamental property for bilinear equations

Hypothesis

If (Aj(g))1≤j≤k and (Bj(g))1≤j≤k are class functions of
g ∈ GL(K |M), such that for all N ∈ Z≥0 and for all g

∑

j

[

D̂⊗NAj(g)
]

·
[

D̂⊗NBj(g)
]

= 0

then for any set (tm)m≤P ∈ C
n, for all N ∈ Z≥0 and g ∈ GL(K ):

∑

j

[
N⊗

i=1

(ui + D̂) Aj(g)Π(g)

]

·

[
N⊗

i=1

(ui + D̂) Bj(g)Π(g)

]

= 0

where Π(g) =
P∏

m=1

w(tm)
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⇒ “Master identity”

we have already, ∀N ≥ 1,

z
[

D̂⊗Nw(z)det(g)
]

·
[

D̂⊗Nw(t)
]

− t
[

D̂⊗Nw(z)
]

·
[

D̂⊗Nw(t)det(g)
]

= 0

3-terms consequence

(t − z)
[
⊗

(ui + 2 + 2D̂) w(z)w(t)Π
]

·
[
⊗

(ui + 2D̂) Π
]

= t
[
⊗

(ui + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2 + 2D̂) w(t)Π
]

− z
[
⊗

(ui + 2 + 2D̂) w(z)Π
]

·
[
⊗

(ui + 2D̂) w(t)Π
]
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GL(4) Bäcklund flow

a

s

T
(a,s)
1234

Q1234

BT

a

s

T
(a,s)
123

Q123

BT

BT

a

s

T
(a,s)
13

Q13

T
{λ}
I ∝ D̂⊗Nχλ(gI )Π

a

s

T
(a≥1,s≥1)
∅ = 0

Q∅

a

s

T
(a,s)
3

Q3
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Series representation for T-operators

TQ-rewriting

the TQ relation can be re-written as

QI ,j(u)

QI (u)
WI (u, z) =

(

1 − xj
QI (u − 2)

QI (u)
ze2∂u

)

WI ,j(u, z)

where e2∂u f (u) = f (u + 2) WI (u, z) ≡
∞∑

s=0

zsT s
I (u)

Hence for any “nesting path” IK ⊃ IK−1 ⊃ · · · ⊃ I0 = ∅,
Ik = {i1, i2, · · · , ik},

WIk (u, z) = Ok

QIk (u)

QIk−1
(u)

Ok−1

QIk−1
(u)

QIk−2
(u)

· · · O1
QI1(u)

QI0(u)
QI0(u)

where Ok =

(

1 − xik

QIk−1
(u − 2)

QIk−1
(u)

ze2∂u

)−1
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example

T 1
IK

(u) = QIK (u)
K∑

m=1

xim

QIm(u + 2)

QIm(u)

QIm−1(u − 2)

QIm−1(u)
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Bethe Equations

At the level of operators, the QQ-relations imply

QI ,i (u) | xiQI (u − 2)QI ,i ,j(u)QI ,i (u + 2)

+ xjQI (u)QI ,i ,j(u + 2)QI ,i (u − 2).

On a given eigen-state,

QI (u) = cI

KI∏

k=1

(u − u
(I )
k ),

−1 =
xi

xj

QI (u
(I ,i)
k − 2)QI ,i (u

(I ,i)
k + 2)QI ,i ,j(u

(I ,i)
k )

QI (u
(I ,i)
k )QI ,i (u

(I ,i)
k − 2)QI ,i ,j(u

(I ,i)
k + 2)
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Bäcklund Flow

Explicit nested T
and Q-operators

Hints of proof

Diagonalization

Bethe Equations

Wronskians

Sigma-models

PCF

AdS5/CFT4

Wronskian Formulae

from QQ-relations

QI (u) =

det
(

x
|I |−1−k

j Qj(u − 2k)
)

j∈I
0≤k≤|I |−1

Q∅(0)|I |−1 det
(

x
|I |−1−k

j

)

j∈I
0≤k≤|I |−1

.

From TQ-relations

T s
I (u) =

∣
∣
∣
∣
∣
∣
∣

(

x
|I |−1+s

k Qj(u + 2s)
)

j∈I(

x
|I |−1−k

j Qj(u − 2k)
)

j∈I
1≤k≤|I |−1

∣
∣
∣
∣
∣
∣
∣

Q∅(0)|I |−1 det
(

x
|I |−1−k

j

)

j∈I
0≤k≤|I |−1

.
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x
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j Qj(u − 2k)
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∣
∣
∣
∣
∣
∣

Q∅(0)|I |−1 det
(

x
|I |−1−k

j

)

j∈I
0≤k≤|I |−1

.

Wronskian determinant

T
(a,s)
I (u) =

det
(

x
|I |−1−k+sΘ
j Qj(u − 2k + 2sΘ)

)

j∈I
0≤k≤|I |−1

Q∅(0)|I |−1 det
(

x
|I |−1−k

j

)

j∈I
0≤k≤|I |−1

Θ =

{
1 if k < a

0 if k ≥ a
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SU(N) principal chiral field [1007.1770 ; V.
Kazakov & SL ]

The finite size PCF is described by a Y-system

0, 0

1, 0

2, 0

N − 1, 0

N, 0

a

s

The corresponding T-system is solved by

Ta,s =

∣
∣
∣
∣
∣
∣
∣

(

qj
[s+a+1+N

2
−2k]

)

1≤j≤N,1≤k≤a(

q
[−s+a+1+N

2
−2k]

j

)

1≤j≤N,a<k≤N

∣
∣
∣
∣
∣
∣
∣

There exists “analyticity strips”, consistent with
qi (u) = 〈polynomial〉i + 〈resolvant〉i

 FiNLIE
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AdS5/CFT4 Y-system [1010.2720 ; N. Gromov,
V.Kazakov, SL & Z.Tsuboi]

3,2

4,2

1,1

0,1

1,01,-11,-21,-31,-4

0,00,-10,-20,-30,-4

1,2

0,2

1,3

0,3

2,3

1,4

0,4

2,42,1 2,22,02,-12,-22,-32,-4

3,13,03,-13,-2

4,14,04,-14,-2

The corresponding T-system is solved by

T1,s |s≥1 = Q
[s]
1 Q

[−s]

1
− Q

[s]
2 Q

[−s]

2
,

T2,s |s≥2 = Q
[s]
12Q

[−s]

12
, Ta,+2|a≥2 = Q

[a]
12Q

[−a]

12
,

Ta,+1|a≥1 =

(−1)a+1
(

Q
[a]

121̂
Q

[−a]

121̂
− Q

[a]

122̂
Q

[−a]

122̂
+ Q

[a]

123̂
Q

[−a]

123̂
− Q

[a]

124̂
Q

[−a]

124̂

)

Ta,0|a≥0 = Q
[a]

121̂2̂
Q

[−a]

434̂3̂
− Q

[a]

121̂3̂
Q

[−a]

434̂2̂
+ Q

[a]

121̂4̂
Q

[−a]

433̂2̂
+

Q
[a]

122̂3̂
Q

[−a]

434̂1̂
− Q

[a]

122̂4̂
Q

[−a]

433̂1̂
+ Q

[a]

123̂4̂
Q

[−a]

432̂1̂
,

· · ·
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AdS5/CFT4 Y-system [1010.2720 ; N. Gromov,
V.Kazakov, SL & Z.Tsuboi]

3,2

4,2

1,1

0,1

1,01,-11,-21,-31,-4

0,00,-10,-20,-30,-4

1,2

0,2

1,3

0,3

2,3

1,4

0,4

2,42,1 2,22,02,-12,-22,-32,-4

3,13,03,-13,-2

4,14,04,-14,-2

The corresponding T-system is solved by

T1,s |s≥1 = Q
[s]
1 Q

[−s]

1
− Q

[s]
2 Q

[−s]

2
,

T2,s |s≥2 = Q
[s]
12Q

[−s]

12
, Ta,+2|a≥2 = Q

[a]
12Q

[−a]

12
,

Ta,+1|a≥1 =

(−1)a+1
(

Q
[a]

121̂
Q

[−a]

121̂
− Q

[a]

122̂
Q

[−a]

122̂
+ Q

[a]

123̂
Q

[−a]

123̂
− Q

[a]

124̂
Q

[−a]

124̂

)

Ta,0|a≥0 = Q
[a]

121̂2̂
Q

[−a]

434̂3̂
− Q

[a]

121̂3̂
Q

[−a]

434̂2̂
+ Q

[a]

121̂4̂
Q

[−a]

433̂2̂
+

Q
[a]

122̂3̂
Q

[−a]

434̂1̂
− Q

[a]

122̂4̂
Q

[−a]

433̂1̂
+ Q

[a]

123̂4̂
Q

[−a]

432̂1̂
,

· · ·
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Bäcklund flow
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