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@ Bethe equation : Vj, €7 = ]y, Sk
For relativistic models, p, m,smhé),, pj = m,coshQ,
1
For AAS/CFT, p; = Iog [ Ei=a+2i—+5 [+a] Zlm
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short operators
‘ infinite time periodicity R — oo
Path integral Z ~ e~RFo(L)

Long operators
finite time-periodicity

ﬁ = finite temperature

- S-matrix, Bethe equation,

\,/ Bound states

“free Energy” :f(L) = Eo(L)
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x[-al

+6s0 L log S

[Gromov Kazakov Kozak Vieira 09]

[Bombardelli Fioravanti Tateo 09] [Autyunov Frolov 09]
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xEl = x(uxal) =1 5t 3 4—(—2)
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TBA equations

Understanding

pasiceT ~» Equations of the form
Yas(U) = Ta s K3 % log (14 Yas (u)*)

+0spo L log % + (Source Terms)

[Gromov Kazakov Kozak Vieira 09]

S. Leurent

[Bombardelli Fioravanti Tateo 09] [Autyunov Frolov 09]

i i\2
[ia] o L o lu:taz l _ uxasz;
xF =x(uxaz)=3—75%+34/4- |5

e Yss(u)isafunctionofa,seZanduinR

@ Extra assumption : Excited states obey the same
equations.
Each state correspond to a different solution of Y-system,
characterized by its zeroes and poles
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Y-system and Hirota equation

Understanding
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< Lewrent The TBA integral equation imply the ‘local’ relation
Y+ Y- — 1+Yasi1 1+Yas1
as " as 1+(Ya+1,s)_l :H‘(Ya—l,s)_1 .
[Gromov Kazakov Vieira 09] where Y;S = Yas(ux é)

Hirota equation

. T, Tas—
@ change of variable Y s = %

Hirota equation

T;:sT‘;s = Ta+1,s Ta—l,s + Ta,s+1Ta,s—1

Gauge freedom

Y-functions and Hirota equation are invariant under gauge

transformations T, s — gga“] géa_sl g:[;aﬁ] g‘[fa_sl Tas

ikl = f(u + ki/2)
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Hirota equation and characters of PSU(2, 2|4)

My

M|
My

Some irreps of PSU(My, Mz|N) can
be labeled by generalized young
diagrams, for which characters are

known
[Gromov Kazakov Tsuboi 10]

[Benichou 11]
@ For rectangular young diagrams,
2 _
Xa,s _/\/a,s+1/\/a,s—l +Xa+1,s)(a—l,s



Hirota equation and characters of PSU(2, 2|4)

Understanding Some irreps of PSU(M]_, M2|N) can

AdS/CFT ST .
VAL be labeled by generalized young

= Leurent = diagrams, for which characters are
Introduction * o - B known
My - I S [Gromov Kazakov Tsuboi 10]
. 2 - [Benichou 11]

. @ For rectangular young diagrams,
1 )(a,s2 = Xa,s+1/\/a,s—l + /\/a+1,s)(a—l,s

Seeelli=zs:

@ The Hirota equation
Ta,s+ Tas™ = Tast1Tas-1+ Tat1sTa-1sisa
generalization of this character identity with an extra
parameter u

[Benichou 11]



Resolution of AdS/CFT Spectral problem.

el TBA approach Y-system Hirota equation
VeREEEE equation
> Leurent T-system
Inroduction e infinite set of o Gauge
NLIEs Y+1YY‘ :)(1+Y )
_ - (1£r1+/Yii)(1+1/s?1a_1) e Finite
e complicated parameterization
kernels [Gromov Kazakov S.L.
(zhukovski cuts) Tsuboi 10]
a




Resolution of AdS/CFT Spectral problem.

Hirota equation

Undersanding TBA approach Y-system

VA equation

o teurent T-system
Inroduction e infinite set of o Gauge
NLIEs Y+1YY‘ =Ly
) = (1£r1J;Y2135111/S§2_1) e Finite o
e complicated parameterization
kernels + Analyticity [Gromov Kazakov S.L.
(zhukovski cuts) [Cavaglia Fioravanti Tsuboi 10]
Tateo 09] Aa
ON N©) + ?2?
oN NO
oN NO
®0Q9O®
(ORORONOR N N EONONONO)




Understanding
AdS/CFT
Y-system

S. Leurent

Introduction

Other Y-systems

@ for SU(N) Gross-Neuveu,




Understanding
AdS/CFT

Y-system

S. Leurent

Q-functions

9 Solving Hirota «+~ Q-functions
@ Wronskian solution of Hirota equation
@ Q-Q relations



Q-functions solve Hirota equation

Understanding
AdS/CFT
Y-system

Hirota equation is solved by determinants of Q-functions :

eg. for SU(4),
[+s+2] [+s+2] [+s+2] [+s+2]

_— i’—f—s] q[?+s] q?+s] q:[:+s] 3
3s = qf+s 2] f+s 2] f+s 2] [+s-2]

La f f—s] {s)
Py P, P, 4-3

[+K]

= qi(u+ k3 )

® g

[Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],
[Derkachov, 99], [Bytsko Teschner 06],

[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]

[

Kazakov S.L. Tsuboi 10]
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eg. for SU(4),
[+s+1] [+s+1]  [+s+1] _[+s+1]

f'—f—s—l] f+s—1] ?+s—1] A[1+s—1] 2
T2s = fs+11 fs+11 pletl s+l
ool fose] f—s 1 p‘[1—5—1] 4-2
PP P

qu] =qgi(u+ k% ) |

Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],

[
[Derkachov, 99], [Bytsko Teschner 06],
[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]
[

Kazakov S.L. Tsuboi 10]
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Hirota equation is solved by determinants of Q-functions :
eg. for SU(4),

[+s] [+s] [+5] [+s] 1
i’—s+2] f—s+2] f—3+2] ?—3+2]
Tis = pf s] pf s] 2 p%—s] PE_S] 4-1
2 2 —5-2
p£5 ] p£5 boped o
q[+k] = qi(u+ k%) X

[Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],
[Derkachov, 99], [Bytsko Teschner 06],

[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]

[

Kazakov S.L. Tsuboi 10]



Q-functions solve Hirota equation
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Hirota equation is solved by determinants of Q-functions :
eg. for SU(4),

S. Leurent

gtsl gl gl gl 1
bsta fsra T Lsi
T« = 1 2 p 3 p 4
LT st gl sl pls] 4-1
pi—s—Z] pE_S_Z] pz—s—z] pj[i—s—z]
o g™ = qi(u+ ki) X

g-functions are the building blocks of any Hirota solution.
They allow to parameterize the whole Y-system in terms of a
finite number of Q-functions.




Wronskian parameterization of AAS/CFT
T-functions.
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ﬁdsilsfeFmT [Gromov Kazakov
S. Leurent S.L. Tsuboi 10]
2X2 { }2 x 2 det
S
[+S] [+s]
@ eg T1*5|521 ][—3] T

b P



Wronskian parameterization of AAS/CFT
T-functions.

Understanding
AdS/CFT
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S.L. Tsuboi 10]

2X2{ }ZXZdet

S

S. Leurent

qg[—ks] q%-l-s] _ 1 ol+l
pl—S] pz—S] 1 pl-sl
up to a gauge transformation

® eg T1,5|S21 =




Wronskian parameterization of AAS/CFT
T-functions.

Understanding
AdS/CFT
Y-system [Gromov Kazakov

S.L. Tsuboi 10]

2><2{ }2><2det

S. Leurent

S
[+s] [+s] [+5] [+s]
g q 11 0 e
® eg T1,s|521 = pl—s] pz—s] - ’1 pl=sl| — |1 _é[—s]

up to a gauge transformation
under reality assumption
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@ rightband: Ty s = |




g-functions for upper band
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< Lewent @ rightband: Ty s = 1 plsl eER = P=-0Q
@ upper band :
[+a+2] [+a+2] [+a+2] [+a+2]
1 5 q 4
bral  fral lralfra
Ta1 = _ _ _ 4 ER = 7
a qil'—i—a 2] qz+a 2] qz+a 2] qL—f—a 2]

pg—a] pg—a] p:g—a] p4—a]
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< Leurent @ rightband: Ty s = 1 plsl eER = P=-0
@ upper band :

[+a+2] _[+a+2] _[+a+2] [+a+2]

1 s a 4

bral  fral lralfra

Ta1 = qfl’+a—2] qE—Fa—Z] qz+a—2] qj[I+a—2] €ER = 7
pg—a] pg—a] p:g—a] p4—a]
q£+2] q£+2] q£+2]

~ P1=] 0, a, q

3
q£—2] qg— 2] qg—Z]



g-functions for upper band
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< Leurent @ rightband: Ty s = 1 plsl eER = P=-0
@ upper band :

[+a+2] _[+a+2] _[+a+2] [+a+2]

1 5 q 4

bral  fral lralfra

Tax = qfl’+a—2] qE—Fa—Z] qz+a—2] qj[I+a—2] €ER = 7
pg—a] pg—a] p:g—a] p4—a]
q£+2] q£+2] q£+2]
~ p1 = q, a, a; = Q123

qg—z] qg— 2] qg—Z]
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Y-system . 1 Q [JFS] —
< Leurent @ rightband: Ty s = 1 plsl eER = P=-0
@ upper band :
[+a+2] [+a+2] [+a+2] [+a+2]
1 p) q 4
tra]  fra) Jlﬂ +al
Ta1 = qfl’+a—2] qz+a—2] Clz+a_2] qj[I+a—2] €ER = 7
pg—a] pg—a] p:g—a] p4—a]
) CIF_Z] q£+2] q£+2]
~ P1=] 0, q, q; = (123
[-2] [-2] [-2]
q; a, as

@ one defines this way 2* g-functions for the upper band,
only 4 of which are independent.



g-q relations

Understandi
e & g
Y-system i Ji k

S e The definition (eg | g; q; a, = gjik) implies as set

qi[—2] qj[—Z] ql[(—Z]

of relations such as : gjkq; = q,.;rq,.j< - qf;qij
there is one such relation at every facet of the hypercube

1234

AN

123 124 134 234
1 X SN
12 13 14 23 24 34

VA

1 2 3 4
\\0//
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S lamer The definition (eg | g; q; a, = gjik) implies as set
-2 -2 [-2]
q; q; ay

of relations such as : gjkq; = q,.;rqij< - qf;qij
there is one such relation at every facet of the hypercube

1234

/ \\ @ Choice of basis
124 134 234

12 13 14 23 24 34



g-q relations

Understanding [+2] [+2] [+2]
e G 9 %
2 -2 [
g~ a " q

of relations such as : gjkq; = q,.;rqij< - qf;qij
there is one such relation at every facet of the hypercube

1234

/ \\ @ Choice of basis
124 134 234

\ ~ reality, analyticity strip,

12 13 14 23 24 34 L/R symmetry etc.

/ get very natural in terms of these
g-functions
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Symmetries «~ Classical limit
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New symmetries



Symmetries «~ Classical limit

gl In the classical limit, g — oo, and Tas — Tas(u/g).
VeHEE = shifts by +3 in Hirota equation can be neglected.

S. Leurent = Ta,s(u) = Xa.s (Q(U)) where Q € U(2, 2|4)

characters in rectangular irreps [Gromov Kazakov Tsuboi 10]

@ Actually, the PSU(2,2|4) symmetry imposes more constraints :
o det=1
@ invariance under a Z, transformation

That gives extra symmetries of the characters (generalizing to
symmetries of T-functions at finite size).

New symmetries
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Symmetries «~ Classical limit

In the classical limit, g — oo, and Tas — Tas(u/g).
= shifts by +3 in Hirota equation can be neglected.
= Tas(U) = xyas (Q2(u)) where Q € U(2, 2|4).

characters in rectangular irreps [Gromov Kazakov Tsuboi 10]

@ Actually, the PSU(2,2|4) symmetry imposes more constraints :
o det=1
@ invariance under a Z, transformation

That gives extra symmetries of the characters (generalizing to
symmetries of T-functions at finite size).

Z4 symmetry of the classical limit

Q=CYQY)C (or {A;} = {1/4;} for 's eigenvaluep
[Bena Polchinksi Roiban]
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New symmetries

Symmetries «~ Classical limit

In the classical limit, g — oo, and Tas — Tas(u/g).
= shifts by +3 in Hirota equation can be neglected.
= Tas(U) = xyas (Q2(u)) where Q € U(2, 2|4).

characters in rectangular irreps [Gromov Kazakov Tsuboi 10]

@ Actually, the PSU(2,2|4) symmetry imposes more constraints :
o det=1
@ invariance under a Z, transformation

That gives extra symmetries of the characters (generalizing to
symmetries of T-functions at finite size).

Z4 symmetry of the classical limit

Q=CYQY)C (or {A;} = {1/4;} for 's eigenvaluep
[Bena Polchinksi Roiban]

Quantum case
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Tl,s — _:i-l,—s, I

where Ty s = —QIsI — Q[+l




<<quantum Ly> symmetry

Understanding
AdS/CFT
Y-system

S. Leurent

Tl,s — _Tl,—57

where T1s = -0l - Q[*slina

Riemann sheet where Zhukovski cuts ] ? ,
. _ —S +s
are on [-2g, 2g] up to a shift Tis|gyy =~ -Q
F20+iS/24 20— 2g+is/2+4-2i
New symmetries —2g-+is/2+io—02g+is/2+i
—2g+is/ 20— 02g+is/2
R T1s(u)

—-2g-is/2@—————02g-is/2
—2g-is/2—i@————e2g-+is/2+i
|-29—is/2—-2i &———® 2g—is/2-2i
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<<quantum Ly> symmetry

Tl,s — _Tl,—57

where T1s = -0l - Q[*slina
Riemann sheet where Zhukovski cuts
are on [-2g, 2g] up to a shift

Tio=0= Q=-Q

S
= —0l=sl — o+
Tl,S s>1 Q
F20+iS/24 20— 2g+is/2+4-2i
—2g+is/2+io————0 2g+is/2+i
—2g+is/20————02g-+is/2
R T1s(u)

—-2g-is/2@—————02g-is/2
—2g-is/2—i@————e2g-+is/2+i
|-29—is/2—-2i &———® 2g—is/2-2i
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Tl,s — _:i-l,—s, l

where T1s = -0l - Q[*slina

Riemann sheet where Zhukovski cuts : s
are on [-2g, 2g] up to a shift : 7'1,s|SZl = -l - Ql+sl
|
A - |
Tio=0= Q=-0 |
— | —2g-+is/2 2g+is/2
— | -
— o |= - =] o—e | _R____Il,_sgu_)____
*r— :
*———=0
: —2g-is/2e——— @ 2g-is/2
129 p(v) :
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and F(u), G(u) —— at least as a power law,

Iu:mp(v)_e(v) [ F(u) iflm(u)>0
N { G(u) iflm(u)<0

1
then 5= ) —vu

)
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o Levent If F(u) and G(u) are analytic when Im(u) > O (resp Im(u) < 0)
and F(u), G(u) —— at least as a power law,

Iu:mp(v)_e(v) [ F(u) iflm(u)>0
N { G(u) iflm(u)<0

1
then 5= ) —vu

Example : if Q = —Q is analytic except on
[-2g,2g] and Q T~ —iu,

u|—
. 29
@ Q(u) = —iu+ 5= o)

—-2g v-u

where p = QI 4 Q-0



Riemann-Hilbert Problem
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Y-system General statement

= Leuent If F(u) and G(u) are analytic when Im(u) > O (resp Im(u) < 0)
and F(u), G(u) —— at least as a power law,

lu:mp(v)_c;(v) [ F(u) iflm(u)>0
N { G(u) iflm(u)<0

1
then 5= ) —vu

FiNLIIg-equations

Appropriate choices of F and G allow to derive non-trivial
integral equations from analyticity constraints.

These equations can be shown to be equivalent to the
TBA-equations.




AdS/CFT FINLIE
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. 1 =g, g 4 g g g gl
Tao =015 055" + a5y a5, - ap ™l
- g g - agtas - g ta,
Qg =9, q; — g, q; » i HE
Qi i =0 G ~ Gy Gy -
R BO) T, [ Tig \M7F2( Q2 \2(@HK) (7 \#
LT TN RO RE Toy (ow-) (To,o) (7'_11) ‘

_ 3 _ #*2W
U? = N Too (Yl,l Yoo — 1) 22( T2,1T1,1 )

)?L -2 Yl,l Y2,2 T1,0 P/T—’_ 7\-1717-1,2 Y2,2



Numeric implementation of FINLIE
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e Numerical densities obtained for Konishi state by our

S. Leurent FINLIE algorithm: These three densities (black curves)
describe the finite size Konishi state, and are compared to their
asymptotic expression dashed gray curve
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@ Checked to reproduce previous Y-system



Numeric implementation of FINLIE

Understanding
e Numerical densities obtained for Konishi state by our

S. Leurent FINLIE algorithm: These three densities (black curves)
describe the finite size Konishi state, and are compared to their
asymptotic expression dashed gray curve

@ Checked to reproduce previous Y-system

@ In particular these Y-system results allow to obtain
non-trivial expansion coefficients for SYM or Stings.
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Thank you !
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