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“Integrability” and Bethe equations

The limit of “long operators” is integrable

=
•
•
•

=
•
•
•

Bethe equation : ∀j, e iLpj =
∏

k,j Sj,k

E =
∑

j Ej

For relativistic models, pj = mjsinhθj , pj = mjcoshθj .

For AdS/CFT, pj =
1
i log

xj
[+a]

xj
[−a] , Ej = a + 2i g

xj
[+a] − 2i g

xj
[−a] .



Understanding
AdS/CFT
Y-system

S. Leurent

Introduction
Thermodynamic
Bethe Ansatz

Y-system

Hirota equation

Q-functions
Wronskian solution of
Hirota equation

Q-Q relations

Symmetries
New symmetries

a Riemann-Hilbert
Problem

FiNLIE

“Integrability” and Bethe equations

The limit of “long operators” is integrable

=
•
•
•

=
•
•
•

Bethe equation : ∀j, e iLpj =
∏

k,j Sj,k

E =
∑

j Ej

For relativistic models, pj = mjsinhθj , pj = mjcoshθj .

For AdS/CFT, pj =
1
i log

xj
[+a]

xj
[−a] , Ej = a + 2i g

xj
[+a] − 2i g

xj
[−a] .



Understanding
AdS/CFT
Y-system

S. Leurent

Introduction
Thermodynamic
Bethe Ansatz

Y-system

Hirota equation

Q-functions
Wronskian solution of
Hirota equation

Q-Q relations

Symmetries
New symmetries

a Riemann-Hilbert
Problem

FiNLIE

“Integrability” and Bethe equations

The limit of “long operators” is integrable

=
•
•
•

=
•
•
•

Bethe equation : ∀j, e iLpj =
∏

k,j Sj,k

E =
∑

j Ej

For relativistic models, pj = mjsinhθj , pj = mjcoshθj .

For AdS/CFT, pj =
1
i log

xj
[+a]

xj
[−a] , Ej = a + 2i g

xj
[+a] − 2i g

xj
[−a] .



Understanding
AdS/CFT
Y-system

S. Leurent

Introduction
Thermodynamic
Bethe Ansatz

Y-system

Hirota equation

Q-functions
Wronskian solution of
Hirota equation

Q-Q relations

Symmetries
New symmetries

a Riemann-Hilbert
Problem

FiNLIE

Thermodynamic Bethe Ansatz

short operators
infinite time periodicity R → ∞
Path integral Z ∼ e−RE0(L)

Long operators
finite time-periodicity
⇒ finite temperature

S-matrix, Bethe equation,
Bound states

“free Energy” :f(L) = E0(L)
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TBA equations

{ Equations of the form

Ya,s(u) =
∑

a′,s′ K
(a′,s′)
a,s ⋆ log

(

1 + Ya′,s′(u)±1
)

+δs,0 L log x [−a]

x [+a] + 〈Source Terms〉
[Gromov Kazakov Kozak Vieira 09]

[Bombardelli Fioravanti Tateo 09] [Autyunov Frolov 09]

x [±a] = x(u ± a i
2) =

1
2

u±a i
2

g + i
2

√

4 −
(

u±a i
2

g

)2

• Ya,s(u) is a function of a, s ∈ Z and u in R

s

a
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TBA equations

{ Equations of the form

Ya,s(u) =
∑

a′,s′ K
(a′,s′)
a,s ⋆ log

(

1 + Ya′,s′(u)±1
)

+δs,0 L log x [−a]

x [+a] + 〈Source Terms〉
[Gromov Kazakov Kozak Vieira 09]

[Bombardelli Fioravanti Tateo 09] [Autyunov Frolov 09]

x [±a] = x(u ± a i
2) =

1
2

u±a i
2

g + i
2

√

4 −
(

u±a i
2

g

)2

• Ya,s(u) is a function of a, s ∈ Z and u in R

Extra assumption : Excited states obey the same
equations.
Each state correspond to a different solution of Y-system,
characterized by its zeroes and poles
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Resolution of AdS/CFT Spectral problem.

TBA approach

• infinite set of
NLIEs

• complicated
kernels
(zhukovski cuts)

Y-system
equation

⇒
Y+ Y− =

(1+Ys+1)(1+Ys−1)
(1+1/Ya+1)(1+1/Ya−1)

+ Analyticity
[Cavaglia Fioravanti

Tateo 09]

Hirota equation

⇔

T-system
Gauge

• Finite
parameterization
[Gromov Kazakov S.L.

Tsuboi 10]

+ ??

s
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Y-system and Hirota equation

Y-system Equation

The TBA integral equation imply the ‘local’ relation
Y+

a,s Y−a,s =
1+Ya,s+1

1+(Ya+1,s)−1
1+Ya,s−1

1+(Ya−1,s)−1

[Gromov Kazakov Vieira 09] where Y±a,s = Ya,s(u ± i
2)

change of variable Ya,s =
Ta,s+1Ta,s−1

Ta+1,sTa−1,s

Hirota equation

T+
a,sT−a,s = Ta+1,sTa−1,s + Ta,s+1Ta,s−1

Gauge freedom

Y-functions and Hirota equation are invariant under gauge

transformations Ta,s → g[a+s]
1 g[a−s]

2 g[−a+s]
3 g[−a−s]

4 Ta,s

f [±k ] ≡ f(u ± ki/2)
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Hirota equation and characters of PSU(2, 2|4)

Some irreps of PSU(M1,M2|N) can
be labeled by generalized young
diagrams, for which characters are
known

[Gromov Kazakov Tsuboi 10]

[Benichou 11]

For rectangular young diagrams,
χa,s

2 = χa,s+1χa,s−1 + χa+1,sχa−1,s

The Hirota equation
Ta,s

+Ta,s
− = Ta,s+1Ta,s−1 + Ta+1,sTa−1,s is a

generalization of this character identity with an extra
parameter u

[Benichou 11]
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Other Y-systems

for AdS5/CFT4,

s

a

}

22
{

4
︷       ︸︸       ︷

PSU(2, 2|4)

for SU(N) Gross-Neuveu,

s

a





N
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Q-functions solve Hirota equation

Hirota equation is solved by determinants of Q-functions :
eg. for SU(4),

T3,s =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

q[+s+2]
1 q[+s+2]

2 q[+s+2]
3 q[+s+2]

4

q[+s]
1 q[+s]

2 q[+s]
3 q[+s]

4

q[+s−2]
1 q[+s−2]

2 q[+s−2]
3 q[+s−2]

4

p[−s]
1 p[−s]

2 p[−s]
3 p[−s]

4

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣






3

}

4 − 3

q[+k ]
i = qi(u + k i

2)

s

b
a

[Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],
[Derkachov, 99], [Bytsko Teschner 06],
[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]

[Kazakov S.L. Tsuboi 10]
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Q-functions solve Hirota equation

Hirota equation is solved by determinants of Q-functions :
eg. for SU(4),

T2,s =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
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3 p[−s−1]

4

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣





2





4 − 2

q[+k ]
i = qi(u + k i

2)

s

b
a

[Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],
[Derkachov, 99], [Bytsko Teschner 06],
[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]

[Kazakov S.L. Tsuboi 10]
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4 − 1

q[+k ]
i = qi(u + k i

2)

s

b
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[Baxter 72], [Pasquier Gaudin 92], [Bazhanov Lykyanov Zamolodchikov 96],
[Derkachov, 99], [Bytsko Teschner 06],
[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]
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Q-functions solve Hirota equation

Hirota equation is solved by determinants of Q-functions :
eg. for SU(4),
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4 − 1

q[+k ]
i = qi(u + k i

2)

s

b
a

Finiteness

q-functions are the building blocks of any Hirota solution.
They allow to parameterize the whole Y-system in terms of a
finite number of Q-functions.
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Wronskian parameterization of AdS/CFT
T-functions.

s
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2 × 2 det

︷             ︸︸             ︷
4 × 4 det

2 × 2






[Gromov Kazakov
S.L. Tsuboi 10]
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up to a gauge transformation
under reality assumption

Skip QQ-relations{ FiNLIE
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q-functions for upper band

right band : T1,s =
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≡ q123

one defines this way 24 q-functions for the upper band,
only 4 of which are independent.
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q-q relations

The definition (eg

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

q[+2]
i q[+2]

j q[+2]
k

qi qj qk

q[−2]
i q[−2]

j q[−2]
k

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= qijk ) implies as set

of relations such as : qijk qi = q+
ij q−ik − q+

ik q−ij
there is one such relation at every facet of the hypercube

∅

1 2 3 4

12 13 14 23 24 34

123 124 134 234

1234

Choice of basis

{ reality, analyticity strip,
L/R symmetry etc.

get very natural in terms of these
q-functions
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Thermodynamic Bethe Ansatz
Y-system
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Symmetriesf Classical limit

In the classical limit, g → ∞, and Ta,s → Ta,s(u/g).
⇒ shifts by ± i

2 in Hirota equation can be neglected.
⇒ Ta,s(u) = χa,s (Ω(u)) where Ω ∈ U(2, 2|4).
characters in rectangular irreps [Gromov Kazakov Tsuboi 10]

Actually, the PSU(2, 2|4) symmetry imposes more constraints :

det = 1
invariance under a Z4 transformation

That gives extra symmetries of the characters (generalizing to
symmetries of T-functions at finite size).

Z4 symmetry of the classical limit

Ω = Ĉ−1(Ω−1)T Ĉ (or {λi} = {1/λi} for Ω’s eigenvalues)
[Bena Polchinksi Roiban]

Quantum case

T1,s = −T̂1,−s
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≪quantum Z4≫ symmetry

statement

T1,s = −T̂1,−s ,

where T̂1,s = −Q̄ [−s] − Q [+s] in a
Riemann sheet where Zhukovski cuts
are on [−2g, 2g] up to a shift

T̂1,0 = 0 ⇒ Q = −Q̄

= =

Q(u) = −iu + 1
2Iπ

∫ 2g
−2g

ρ(v)
v−u

s

a

T1,s

∣
∣
∣
s≥1

= −Q̄
[−s]
−Q [+s]
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FiNLIE-equations

Appropriate choices of F and G allow to derive non-trivial
integral equations from analyticity constraints.

These equations can be shown to be equivalent to the
TBA-equations.
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AdS/CFT FiNLIE

Ta,+1 =q[+a]
1 q̄[−a]

2 + q[+a]
2 q̄[−a]

1 + q[+a]
3 q̄[−a]

4 + q[+a]
4 q̄[−a]

3 ,

Ta,0 =q[+a]
12 q̄[−a]

12 + q[+a]
34 q̄[−a]

34 − q[+a]
14 q̄[−a]

14

− q[+a]
23 q̄[−a]

23 − q[+a]
13 q̄[−a]

24 − q[+a]
24 q̄[−a]

13 ,

q∅qij =q+
i q−j − q+

j q−i ,

qijk qi =q+
ij q−ik − q+

ik q−ij .

Y1,1 = −

√

R(+)

R(−)

B(−)

R(+)

T 1,2

T2,1

(

T1,0

Q+Q−

)1+∗̌Z (

Q2

T0,0

)∗ 1
2 (Z1+K1) ( T1,1

T 1,1

)∗/K1

.

U2 =
Λ2T−00

x̂L−2Y1,1Y2,2T1,0

(

Y1,1Y2,2 − 1

ρ/F +

) ∗̂ 2Z




T2,1T
−
1,1
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−

1,1T 1,2Y2,2
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Numeric implementation of FiNLIE

Numerical densities obtained for Konishi state by our
FiNLIE algorithm: These three densities (black curves)
describe the finite size Konishi state, and are compared to their
asymptotic expression dashed gray curve
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In particular these Y-system results allow to obtain
non-trivial expansion coefficients for SYM or Stings.
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Conclusion

A better understanding of Y-system
analytic properties
new symmetries
Finite set of NLIEs
∂ log T0,0

u→∞
−−−−→ 2E

u
Exact Bethe equations arise as absence of poles of
T-functions

to be continued
currently restricted to symmetric sl2 “sector” states
{

numeric efficiency
best FiNLIE formulation

are to be studied

application to other Y-systems ?
BFKL
strong coupling construction of T (? T = 〈traceΩ〉)
weak coupling interpretation of T
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Really

Thank you !
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