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Hirota equations

Hirota equations

@ T-operators for different Young
diagrams A = (A1, A2, -+, \;) where
a < K are expressed from T°
corresponding to A = () [Bazhanov,

Reshetikhin 90] [Cherednik 87] [Tsuboi 97]
[Kazakov Vieira 07]
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@ T-operators for different Young
diagrams A = (A1, A2, -+, \;) where
a < K are expressed from T°
corresponding to A = () [Bazhanov,
Reshetikhin 90] [Cherednik 87] [Tsuboi 97]
[Kazakov Vieira 07]

Hirota equation

2! Q(u — 2k) 1<ij<a

(Vv (u+2-20)).

for rectangular representations, (ie. rectangular Young
diagram), the Hirota equation holds:

TE) (u+1)TE)(u—1) =

TEHL) (y+ 1) TEL) (y — 1)+ TEs+H)(y — 1) TGS~ (u +1).
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Expression in terms of co-derivative

Hirota

il o D f(g) = - @f(e”g) ¢ € GL(K)
through 8¢ d):o
Qfoperat'ors / . K QN A .
Qeftnctons o If f(g) is an operator on ((C ) , then D ® f is an
Co operator on ((CK)®N+1
o Dam(g)= (D esa @maleap)| - T ma(eap)
Co-derivatives 7/8
hence
N N N
®1(u, +2P) mA(g) = ,®1(u,- +2D) 7(g)
= 1=
and

N A
T{A}(u) = ® (ui +2D) xx(g) [Kazakov Vieira 07]
i=1




Expression in terms of co-derivative
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if for all g, h € GL(K|M), f(g) = f(h™ lgh) and
f(g) = F(h™'gh),

N N o
e then |[ (u—6;+ 2D)f(g) ®(v—0;+ 2D)f(g)ﬂ =
; 1

i=1 =

Remark : L_/ linear combinations of T-operators. J
i=1 i=1
and

N a
T{)‘}(U) = ® (U,' + 2D) X)\(g) [Kazakov Vieira 07]
i=1
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= I w(z) where I =15

)
Sl Do D w(z)=Do (2 u(2) =
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~~ compute any @@f(g)

) W(Z) = det = zg — e—trace log(l—gz)
D W(Z) = 1_g;ZW(Z) = I W(Z) where I = l_g; ~

:<P,1’2<1—1gz 1fzg2> 1—gzgz
=(k+11)w<z>
beobebwe = ([[[+]X+X]+X+ \\+
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Diagrammatics and T-operators
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equation and
its solution
through
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Q-functions ° Generating series 02" T°(u) =

S. Leurent ~ N
2s>02° ® (ui +2D) xs(g) = & (ui +2D) w(2)
which has a dlagrammatlc expen5|on

@ where w(z) = det ;= zg =322 xs(g)

Co-derivatives

@ This diagrammatics can be used to prove relations
between T-operators.
= proof of Bazhanov-Reshetikhin formula
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——

eigenvalue of g

Bicklund Flow T(a,s+1) ( U) F(375)(u) _ T(avs)(u) F(a,s-l-l) (U)
= x; T(a+1,s)(u + 2)F(a—1,s+1)(u _ 2)

Then F(3%)(u) is a solution of Hirota equation.
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Moreover, if T(a’s)(u) =0,Va > K, one can choose
F@9)(y) =0,Va> K — 1.
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if T(2)(u) is a solution of Hirota equation and

S. Leurent
T(a+1,s)(u)F(a,s)(u) _ T(a,s)(u) F(a—l—l,s) (U)
= X T(a+1,s—1)(u + 2)F(a,s+1)(u . 2)’
~~
eigenvalue of g, which will be singled out
TEsTD () FEo) () — T@9) (y)F@st) ()
= Xj -,—(a-i-l,s)(u + 2)F(a—1,s+1)(u _ 2).

Then F(3%)(u) is a solution of Hirota equation.

Moreover, if T(a’s)(u) =0,Va > K, one can choose
F@9)(y) =0,Va> K — 1.
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GL(4) Backlund flow and lattices’ boundaries

Hirota
equation and
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through
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Q-functions .. |1 T(avs) .. ( ) .
} k 1.23. a,s
S. Leurent 1 - 1 - T23 -
Q1234 z - Q123 z (23 .

1234 ta ta
7\ : BT\ :

123 124 134 234

/W\ >1,5>1
Bickiund Flow [T P YA T‘D(a* s21) =0 N\ T(a,s)

\3}%44/ —Lq .3 ot L.
\\@ //

3



GL(4) Backlund flow and lattices’ boundaries

Hirota

equation and 5

its solution . BT

through

Q-operators /. 4. N

S T1<53i> T "N[O7eaL. “

, Tiss ras)

S. Leurent | | - 1 | h 23 "
Q1234 z - Q123 z - (023 .2

1234 ta ta
7\ i BT\\j

123 124 134 234

P 2a%4
Bickiund Flow [T P YA -,—(D(aZI,SZl) = OQ -,—(a S)_l_

\IWJ —Lq, z - Qz 3
\\ //
0
= "Q-operators’ [Baxter 72|, [Pasquier Gaudin 92], [Bazhanov

Lykyanov Zamolodchikov 96], [Derkachov, 99], [Bytsko Teschner 06],
[Bazhanov Frassek Lukowski Meneghelli Staudacher 10]
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Explicit Backlund flow
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Bi=[[t-x8)-0-gt)* Q=T
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Explicit Backlund flow

Hirota
equation and
its solution
through

Explicit solution of this linear system

& N
o T (u) = lim Bp- | @ (uj +2D +21]) x, (&) ,
S. Leurent tJ_)g =1
i€l
Bl i} = D806 X5, x5) My =[] det - g
jel !
1
N
Explict nested T BT = H(l =% t.i) ’ (1 — 8 tj)® det 1-tg B Z tSXs(g)

Jel s>0




Explicit Backlund flow

Hirota
equation and

Explicit solution of this linear system

i
Q-operators /
Q-functions {)\} . N ~ —
s T @) = i, By | 8 (wi-+ 2 +201) x, (&)
5 eurent tJ_)g I:].
jel
i1, ik} = diag(ijij, T ank) My = H det Itz
Jel J
 _ e £) (1 — o £)EN _ 70
Explicit nested T BI - H(l XJ tJ) (1 g tj) QI T[
and Q-operators _jel
One can algebraically check that
° [[TI{)\}(U)v Tju}(V)]] =0 combinatorics of
@ they solve the linear system «~ co-derivative

@ they satisfy TQ and QQ-relations “Master ldentity”



Explicit Backlund flow

Hirota
equation and
its solution
through

Explicit solution of this linear system

pved N 0.
< Lo Tl (u) = |Im1 &I ® (ui +2D + 2]1) XA(gI)I_IT ,
S eurent tJ—)g I:l
jel
: 1
g{.lllaj2,"',jk} = dlag(le?ij? co vXjk) n7 =S H det -1

T- and Q-operators are explicitly polynomials of the spectral

Explicit nested T

and Q-operators parameter u

One can algebraically check that
° [[T,{)‘}(u), Tj”}(v)]] =0 combinatorics of
@ they solve the linear system «~ co-derivative
@ they satisfy TQ and QQ-relations “Master ldentity”
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Bethe Equations

(~~ diagonalization of T-operators)

Hirota At the level of operators, the QQ-relations

equation and

Gl () Qulu—2) Qi) =

Q-operators / xiQrj(u—2)Qyi(u) — x;Qj(u)Qyi(u—2)

Q-functions )
imply

Qri(u) | xiQi(u—2)Qy,ij(u)Qy,i(u+2)
+ x; Qr(u) Qi j(u+2)Qyi(u —2).



Bethe Equations

(~~ diagonalization of T-operators)

Hirota At the level of operators, the QQ-relations

equation and

Sl (xi — ) Qi(u—2)@Qy () =

through

Q-operators / xiQrj(u—2)Qyi(u) — x;Qj(u)Qyi(u—2)

Q-functions

e imply
Qri(u) | xiQi(u—2)Qy,ij(u)Qy,i(u+2)
+ Qi (1) Qy,ij(u+2)Qyi(u—2).

On a given eigen-state,

Qs (u) —C[H u—uk ,

x Qe - 2)Q, -( U 4 2)Q ()

—-1= .
% Qu(ul"M)Qui(ul"” — 2)Qj(ul"? +2)
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From TQ-relations

(< Qu+29))

Wronskians <)<J|I|_1_kQ_/(u - 2k)> _/el
Ti(u) = T
— I|—1—k
Qp(0)I"1-1 det (XJ‘ | ) jel
0<k<|/|-1




Wronskian Formulae
(~~ diagonalization of T-operators)

Hirota

equation and from QQ—re|atiOnS

its solution

th: h B 5
Qoperators / I Wronskian determinant

Q-functions
S. Leurent
det (XJ!I|—1—k+s@ Qj(u —2k + 256)) jel
) 0<k<|I|-1
Tl(a 5)(u) — = . |/]
Qp(0)1=1 det (Xj ) jel
0<k<|l|~1
lifk<a
Y= { Oif k > a
Wronskians TIS(U) — | LA T |. .

_ I|—1-k
Qu(0)// =t det (1K) o,
0<k<|l]—1
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SHgie-mertl 9 Sigma-models and Q-functions
@ Principal chiral Field
@ AdSs/CFTy Y-system



Model definition

Hirota The principal chiral field (PCF) is a 1+1 D field theory on the

equation and .
its solution Cy||nder O S X < L, t e R
through
Q-operators /
Q-functions

S. Leurent

1
SpcE = —2/dt dx tr(h *0,h)?. (1)
2¢;

Where h € SU(N)
@ SU(N) x SU(N)g symmetry

@ Integrable theory with rational S matrix, of the form :

Xeon (1) - So(u) 3} @ So(u) 52}

u—i

[Zamolodchikov, Zamolodchikov 79]
[Berg, Marowski, Weisz, Kurak 78]
= = [Wiegmann 84]

Principal chiral
Field



Ground state energy : double Wick rotation

Hirota
equation and
its solution
through
Q-operators /

ijtm'onj [ Spatial periodicity L
] time-periodicity R — oo:

\ 1} Path integral dominated by Ground
state Z ~ e~ REo(L)

Spatial periodicity R — oo
prE——— time-periodicity L (finite
N

temperature)

free Energy : (L) = Eo(L)

Principal chiral
Field




Solution for large spatial period L

Hirota
equation and

i @ solutions described by particules having rapidities 6;:

through

Q-operators / _ . 2T N N o
Q-functions p_/ - m_jSlnh(Wej) ) E E — Z_]:]. mJCOSh(WGJ)
S. Leurent . sin 2%

@ bound states with mass m, = m_ %
N

@ periodicity condition
—imR sinh(70;) _ QR_1(6;+i/2) Qf_1(6;+i/2)
e sinh(70;) — —5(0; )QZ 1(9 ~73) Qz 1( 5172

5(0) = Hj 53(0 - HJ)XCDD(Q - 0])

Principal chiral

Field Qf_l(u _’/2) Qf (u

D 1NQE, (! —i/2)

~1)QF (u+i/2)

(x)

° 1= J

magnons QF (ut+i/2) QF (u™
(1<k<N-1)



String hypothesis

Hirota
equation and
its solution
through
Q-operators /
Q-functions

@ The Bethe equations imply that the large
number of magnons roots are organized as
strings.

S. Leurent

° “J(,Z) = u}n)+i%(n+1)—ia, a=1,...,n
@ Such strings scatter with a shifted product

of the original matrix

@ the right configuration (described by one
density for each type of string) is identified
by minimization of the free entropy.

Principal chiral
Field

()

j:nilo

o

J7n
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through
Q-operators /
Q-functions

S. Leurent

Y+ Y- — 1 + Ya,s+1 1 + Ya,s—l
a,s "a,s 1 4 (Ya+1,s)_1 1 + (Ya—l,s)_p

(a,s)€{1,2,--- N—1} xZ, ueC, fr=Ff(uti/2)
—Lpa(u)ds s 2r \sin(5R)
° Y, S e—LPa(u)ds0 v const, s , pa = cosh( 57 u )Sm(%)
Principal chira oYy s = YN s = 00
° E__N N 1 pa(u)log(l—i-Yao( )) du

@ A contour prescr|pt|on is necessary for excited states



Hirota
equation and

its solution
through
Q-operators /
Q-functions

S. Leurent

Hirota relation

. T. Tos—
If we define Y, = % then
v at+l,s fa—1,s

vyt y- — 1+ Ya,s+1 1+ Ya,s—l
a,s 'a,s 14+ (Ya—f—l,s)_l 1+ (Ya—l,s)_l

< T;,_s Ta_,s = Ta—f—l,s Ta—l,s + 7—a,s—I—l Ta,s—l

Principal chiral
Field

O E==y 2ua=1 J o Palt)10g (L + YaolU))du
@ A contour prescription is necessary for excited states




Solution of PCF in terms of g-functions

Hirota
equation and
its solution
through
Q-operators /
Q-functions

10

0.0

@ The corresponding T-system is solved by

<?[s+a+1+§—2k]>
J 1<j<N,1<k<a

Ta,s = [—s+a+1+g—2k]
9

>1§j§N,a<k§N

Principal chiral
Field
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@ The corresponding T-system is solved by

<?[s+a+1+%—2k]>
J 1<j<N,1<k<a

Ta,s = [—s+a+1+g—2k]
9

>1§j§N,a<k§N

v @ There exists “analyticity strips”, consistent with
gi(u) = (polynomial); + (resolvant);

Field



Solution of PCF in terms of g-functions

Hirota
equation and
its solution
through
Q-operators /
Q-functions

S. Leurent

@ The corresponding T-system is solved by

<F[s+a+1+%—2k]>

J 1<j<N,1<k<a

Ta,s = < [—s+a+1+g—2k]
q.

J >
1<j<N,a<k<N

v @ There exists “analyticity strips”, consistent with
Field

gi(u) = (polynomial); + (resolvant);
~~ FIiNLIE



AdSs/CFT, Y-system

Hirota
equation and
its solution

Ta
a throutgh y O Q‘ .m O O
Q-functions 00000
00000000
0.0.0.0.60 000 [Autyunov Frolov 09]

OROROROR SOROROR0

[Gromov Kazakov Kozak Vieira 09]
[Bombardelli Fioravanti Tateo 09]
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AdSs/CFT, Y-system

Hirota
equation and
its solution

Ta
a throutgh y O Q‘ .m O O
et 00800
S. Leurent O O Ql Q‘ .” Q Qz O O
000080000 [Autyunov Frolov 09]

OROROROR SOROROR0

@ The corresponding T-system is solved by

Tislesy = QTQET — QL

[Gromov Kazakov Kozak Vieira 09]
[Bombardelli Fioravanti Tateo 09]

T2,s|522 - [152]Q%S]y Ta,+2|322 = [182]Q[1%a],
_ +1 [a] Al—al [a] Al—al [a] Al—al [a]l Al—al
Ta,+1|321 = (=1 (Quinzi N Q12§lei t Q123(3123 N Q12‘3le?1 )
Ta»0|azo =
[a] [—a] [a] [—a] [a] [—a] [a] [—a] [a] [—a] [a] [—a]
Q171543 ~ Quais Qazs + V13 sz T Ruoss Usas — Q2aa Quasi + Qosa Qusi

AdSs / CFTy, .

[1010.2720 ; N. Gromov, V.Kazakov, SL & Z.Tsuboi]



AdSs/CFT, Y-system

Hirota
equation and
its solution
through
Q-operators /

Q-functions Analyticity

S. Leurent

The Y-functions have analyticity strips, acurately described by analyticity
half-planes for Q-functions

(IR AN
@ The corresponding T-system is solved by
Tiel,s, = QFQET — Q¥IQL,
Toslsr = QHQLT, Taal,2, = QEQL7,
Totlyoy = (1) (Q[13211Q[_a] _ Q.= 4l l=dl Q[aLQ[—a])

121 122 7123 123 7123 124 7123
Ta,0|320 -
[a] [—a] [a] [—a] [a] [—a] [a] [—a] [a] [—a] [a] [—a]
Q1215 Q335 — Q15 Quaan T Quaa Quazs T Qa3 Qi — Qi Qs T Qa3 Qs

1215 4343

AdSs / CFT,

[1010.2720 ; N. Gromov, V.Kazakov, SL & Z.Tsuboi]
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Outlook

Hirota
equation and
its solution

through . . . . .
@ The whole integrability of rational spin chains is encoded

Q-operators /

Q-functions . . . . . .
in combinatorial properties of coderivatives

Thank you !

~~ Non-compact representations in auxiliary space
~> Other representations in quantum space
o The proof of the “Master Identity” suggests that this
whole construction can be generalized as soon as the
Bazhanov-Reshetikhin formula is known...

@ Sigma-models motivation

~ 7
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