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Thermodynaamic Bethe Ansatz (TBA) and Y-system Ground state energy

Excited states

Model definition

The principal chiral field (PCF) is a 1+1 D field theory on the
cylinder 0 < x <L, teR

SpcF = 212/dtdx tr(h™10,h)?. (1)

Where h € SU(N)
@ SU(N), x SU(N)g symmetry
@ Integrable theory with rational S matrix, identified by
Zamolodchikov : x ., (0) - So(6 )R(G) ® So(0 )R(_el.)
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Thermodynaamic Bethe Ansatz (TBA) and Y-system G St cReEEy

Excited states

Ground state energy : double Wick rotation

/ \ Spatial periodicity L

r time-periodicity R — oo:

Path integral dominated by Ground
state Z ~ e~ REo(L)

Spatial periodicity R — oo
— time-periodicity L (finite
- temperature)

free Energy : f(L) = Eop(L)
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Thermodynaamic Bethe Ansatz (TBA) and Y-system G St cReEEy

Excited states

Solution for large spatial period L

@ solutions described by particules having rapidities 0;:

pj = msinh(%50;) , E=31, E =31, mjcosh(350;)
@ bound states with mass m, = mji”j
N

@ periodicity condition
—imRsinh(76;) _ _ Qn_1(0;+i/2) Qf_,(6;+i/2)
¢ S a 5(9 )QN 1(0;—i/2) QN 1(0—i/2)

S(0) =T1; S50 — 0))xcop (0 — 67)

B —i/2) QR(u)+)QF,, (ul)

QF (7 +i/2) QF(uf ) QF,, (u
(1<k<N-1)

—i/2)
+i/2)

@ magnons 1 =

(k)
J
(%)
J
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Thermodynaamic Bethe Ansatz (TBA) and Y-system G St cReEEy

Excited states

String hypothesis

@ due to . . Uit (n)
QF 1(u—i/2) QM+ Q. (' —i/2) _ | ° U

R (B oR (P ok (5o — 1 the ’ °

QF (b +i/2) QF (v =N Q1 (u " +i/2) °

large number of magnons roots are

organized as strings. 5 (n) D o(m)

ou};):uj(")—l—i%(n—i—l)—ia, a=1,...,n 1
@ Such strings scatter with a shifted product

of the original matrix

@ the right configuration (described by one
density for each type of string) is identified (m) J»n
by minimization of the free entropy. j,n—1
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Thermodynaamic Bethe Ansatz (TBA) and Y-system G St cReEEy

Excited states

Y-system

Y - _ 1 + Ya,s+1 1 + Ya,s—l
70 T T (Yarae) 14 (Y1) ¥

(a,s) €Z x{1,2,--- ,N—1},0€C, fE=Ff(0+i/2)
Lpa(6)6s, 207\ sin(%7)
° Yasegle Ba(0)0 0 X const,s pa = cosh( 5 )sm(%)
° Yo,s—YNs—OO
o E=—%> f 0)log (1 + Ya0(0)) do
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Thermodynaamic Bethe Ansatz (TBA) and Y-system Ground state energy

Excited states

Continuation to excited states

@ The Y-system equation is the same as for Vacuum, only the
analyticity is different
@ Vacuum : “most analytic state”, no pole on the physical strip
o Excited states characterized by the pole structure

° Once the Y- system is soIved, the energy is given by
= L3N 1 Jo pa(0) log (1 + Ya,0(6)) df where the right
contour of mtegratlon has to be identified.
~~ use the asymptotic limit (L — o0) as a guide-line.

Claim : the sigma model is completely recast into ssssrisse
_ 1+Ya s+1 1+Yas 1
oY Y s T (Vo) T T, )1onag|ven
domam in (a,s)
o Large 6 asymptotic
@ Contour of integration
TITTRTTI77
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Non linear integral equations (NLIEs) from Hirota equation

Outline
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n limit and Asy;ptotic Bethe ansatz (ABA)

Non linear integral equations (NLIEs) from Hirota equation

cal results and consistency ct

Hirota equation

: Toci1Tas
If we define Y, s = % then
at+l,s la—1,s

1+ Ya,s—f—l 1+ Ya,s—l

YIY . =
as a8 1+ (Ya+1,s)_1 1+ (Ya—l,s)_l
A T;,_s Ta_,s = latls 7—a—l,s + 7_a,s-i-l 7—a,s—l

T,s(0) is a function
of a€ {0,1,--- N},

seZ, 6eC
Ya,s is invariant w.r.t. the gauge transformation
Tos — xrh bl et lmamslr o ¢k = £ 4 kif2)
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Non linear integral equations (NLIEs) from Hirota equation

Hirota equation for integrable spin chains

For XXX Heisenberg spin chain, the transfer matrix T)(0) is a
family of commuting operators, defined as

T (6) =ty (RYE - 00) @ - 0 RAO - ) ma(g)) ()

Notation : T, s(u) when X is a rectular young tableau

Ia

Cror?  BHR

0
0

0,0

In this context, T, s satisfies the hirota equation, which describes
the fusion relations between representations.
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Spin in limit and Asy;ptotic Bethe ansatz (ABA)
Non linear integral equations (NLIEs) from Hirota equation Finit:
Num

Hirota equation for integrable spin chains

@ The general solution of Hirota is given by the
Bazhanov-Reshetikin determinant

detl i k<a Tls+k—j(9+(a+1_k §)i/2)

Ta7s - na_]_ (QO[ P N/Z]) (3)

k—1)/2 ..
where M[£](0) = [T\ /%)), F(0+1 )
@ For spins chains, there is a generating series for symmetric
representations :

oo T1:(0+(s—1)i/2)
Deco N

(1 o ma efae)_l (1 ~ Xoy_p)(0) efae)_l .. (1 — Xy (6) ei‘99>
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imit and Asy;ptotic Bethe ansatz (ABA)
on

Non linear integral equations (NLIEs) from Hirota equation

Hirota equation for integrable spin chains

@ For spins chains, there is a generating series for symmetric
representations :

o Tos04(s-1)i/2) o
Yoto gy € =

(1 — X(N)(H) eiag)_l (1 — X(N_l)(g) ei69>—1 . (1 B X(l)(0) e,-ag)_

o X, = Q2K @ N/2—k+2]
(k) = Q2RI N/ZH

o T and @ functions are polynomials. In particular
Ta0 ~ ol N2l where ¢ = [1;(60—9))

@ We will assume that for PCF in the L — oo limit, where
Yao~ Ta1Ts-1 < 1, there is a gauge where T, _; < 1 and
where T, s>¢ is described by such a spin chain solution of
hirota.
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Spin-chain limit and Asy;ptotic Bethe ansatz (ABA)

Non linear integral equations (NLIEs) from Hirota equation on
g ilts and consiste

Middle node equations

T Tan
° — a,s 'a,s
1 + Ya,s Ta+1,s Ta—l,s
YaJ,rsYaTs — 1+Ya,s+1 1+Ya,s—1
(YaJrl,s)176‘3’,\1_1(Yafl,s)liéa’1 (1+YaJrl,s):liéa’N_1 (]-‘Fyafl,s)liéa’1

Oa N— 6,
+ = JN—1 — al
T;,IA(T(L));,A—I % < TnoTwno ) ° ( TOJTOTO,O >

L

*A

AN Y pr—

a,0 *A <A T
’ Ta+1,0 a—1,0 TO,lTé,ll

where FX8 =

@ Inversion of A gives

L — 4 _ *KN
Y. 0= e—Lba(G) Tan Tas,ll |-|N Tofo To,o n TN,O TN,o
? Tat1,0Ta-10 2T 1T(L)_1 ? T Té,LL

)

@ Ky is inverse to My: Vf regular, (nN[f])*KN —f

(=) o+ 5)

2

OKN:
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in limit and Asy;ptotic Bethe ansatz (ABA)
Non linear integral equations (NLIEs) from Hirota equation olution
ts and consistenc

Asymptotic Bethe Ansatz

@ crossing relation for 5(¢) = [[; S0 — 0))xcpp (0 —0;) :

——iN=1 2
s~ (i)

o at L — oo, Tao ~ ¢l#=N/2 and S(0) appears
+ *KN
A .
eg in <T_> , giving
0,0

Tan T;Vll QI N/2=at1] [[-N/2-at1] 1
Tat1,0 Ta—1,0 o[~ N/2+a—1] H[-N/2+a+] na<[5[—m/21]2XlC—D/\EI)/2])

Ya,O(H) ~ e’Lf’a

@ 1+ Yi0(0; +iN/4) = 0 gives the asymptotic Bethe equation :

_1 = e iLsinh e, 1 QP (0-i/2) Q) (0,-i/2)
Yoo @SE) QP (6;+i/2) QY1 (6;+1/2)
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Non linear integral equations (NLIEs) from Hirota equation

General solution of Hirota equation

Any solution of hirota on the lattice a € {0,1,--- N}, s€ Zis
gauge equivalent to a wronskian determinant

(q—j[s+a+1+%—2k]>

T375 = [—s+a+1+%—2k]
9j

1<j<N,1<k<a

)1§j§N,a<k§N

It involves 2N functions (qj)j=1,.. n and (Gj)j=1,...n, that we will
now express through NLIE.

@ On this wronskian form, the solution has two gauge freedoms
left, writen as

qi(0) — g(0)-qi(9)
q(0) — g(0)-q(0)
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in limit and
Non linear integral equations (NLIEs) from Hirota equation i ze solution
al results an

Analyticity strips

o large Lcosh(0) : Yy s ~ e LtPa(9)dso pa = cosh(zeﬂ)s'.n(ﬁ)

o therefore, T, ~ cp[a_N/2] should hold on the following strips

N
Too ———— N/ when Im(6) < —
Lcosh(#)aoo 4
Tool e e im(e) < Y4 L
a,0lp<a<N Lcosh(%)—»oo 4 2
N
Tng ———— N2 when Im(0) > -7

Lcosh(#)—»oo

@ that is compatible with requiring that g;(6) is analytic for
Im(#) < 0, and g;() is analytic for Im(#) > 0
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Non linear integral equations (NLIEs) from Hirota equation

Introduction of the jump densities

Reality condition , and a choice of gauge (g1 = 1) leaves N — 1
unknown functions,

described as a known polynomial asymptotic at gj

large ¢ plus finite size corrections described by >

densities ;, < 1 fi
L+|9‘—>OO qJ

q;(0) = P;(0) + F;(0)

1 oo fw) o f Fi(0) if Im(6) <0
where 5z [ o gy dv = { Fi(0) if Im(0) > 0

Hence EJ-HO] — qJ[_O] = limeo qﬁ[ﬁ] _ qJ[—El = —f
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Non linear integral equations (NLIEs) from Hirota equation
Numerical results and consist

Closed equations on the densities

® T, _1 is small because in the determinant, there is a full
column of ;1% AND a full column of g;170l.
Column substraction and expension w.r.t. these columns give

N—2
T71<0—: a> de

TonTo
@ on the other hand Y, = ﬁ
a b a—1L,

inversion of the middle node equations.
Hence this system of N — 1 equations

52 daj(0)5(0) = et 0T T
1]

[ /v/2+1] T[N/Z 1/ pl=3n/2-a+1] *K,[V T[8N/24N=a+1]
X T[ N/2 1 T[N/2+1] (T[ 3N/24a— 1]> (T[3N/2 Nta— 1])
~ |terat|ve resolutlon
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Non linear integral equations (NLIEs) from Hirota equation
Numerical results and consist

Regularity conditions

@ One of the steps of this iterative solution is to invert the
matrix (d, ;). When its determinant is zero, that could induce
a pole ine the f;'s.
The requirement that the denominator cancels at the same
position (i.e. that f;'s don't have such poles) gives finite size
Bethe equations

@ this procedure gives simple poles to the Y-functions, and it
can be explicitely checked that it reproduces x,, at L — oo
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Asy;ptotic Bethe ansatz (ABA)
Non linear integral equations (NLIEs) from Hirota equation

Numerical results and consistency checks

Numerical results

[ E-L

0o : One particule at rest 2
01 : One particule, momentum=1 4r
(e?™ in the Bethe Equation) :
0> : One particule, momentum=2 3t
(e*™ in the Bethe Equation) ;
02 oL
/—/—(—//_/,
91 ,Li
. oo
fo0 - Two particules at rest

’ /_////Qm
ﬂ”r—,’T,/: 1

0.001 0.01 0.1 1 10 L

Energies of vacuum, of mass gap and of some excited states as functions
of L,at N=3
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n limit and /
Non linear integral equations (NLIEs) from Hirota equation olution
Numerical results and consistency checks

Checks for mass gap

@ The u term (Lischer correction) is reproduced from the

imaginary part of the Bethe root (green dotted line).
E-L
o
3,
L ! L]
L I
[ |
oL '! .
: I
i #
i /
1 ?
L ./
7
[ .//,/'
Of - e
-}krfafb—ﬂ‘*‘* - ‘
1 10 7,

0.001 0.61 0.1
@ The first logarithmic corrections, in the conformal limit (red

dashed line), are also reproduced.
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© Outlook
@ Principal Chiral Field
@ Other models
@ AdS/CFT Y-system
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Principal
Other mo
Outlook AdS/CFT

PCF is not over

@ The numerics still deserve to be improved
~+ better precision, study of N > 4, states outside the U(1)
sector

@ the choice of the contour isn't completely understood yet

@ It could be interesting to understand the UV limit in terms of
these densities

@ The N — oo limit also requires some investigations...
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Principal Chiral Field
Other models
Outlook dS/CFT Y

cosh(6)

—O0-O0-0O@O-0O-0O— 0®@) o-model
@ O—O—0O— SU(2) Chiral Gross-Neveu

O—%—Q—% 0(3) o-model
v

[ O Sine-Gordon with ’=8x(1-1/v)

v-1

OO Super-sine-Gordon
—k+1 -1

OO0 @O—0O-O— Current-current perturbation of SU,(2) WZW

-—O—@—O— Sausage models

1
2 m SU(N+1) Principal Chiral Field
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AdS/CFT Y-system
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Principal Chiral Field
Other models
Outlook AdS/CFT Y-system

AdS/CFT Y-system

e . . . . o 2ig  2ig
@ non relativistic dllsper5|on relation : e;(u) = a+ T — and
u __
where g =~ Xtx
@ the mapping u — x has zhukowski cuts

@ the hirota equation has a wronskian solution, which explains
quite well the analyticity strips

@ infinite number of “middle nodes”

o different reality conditions
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Conclusion
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Other n
Outlook AdS/CFT Y-system

Thanks !

Thank you
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