C Variable Renaming Theorem for BI*

- P s v-closed
Theorem 5. | If -z ¢ Var(P) then P= P{[z/y|} .
-y FV(P)

Lemma 1. [E{E'/z}]* = [E]sle~IETT if [E']* ewists
Proof. Lemma [

— [«{E'/z}]* = [F']* = gj]][s‘z‘}ﬂEﬂ]
"Bl = [ = e e
— [True{E'/x}]* = [True]® = true = [True] [slz—[E']"]
— [False{E’/x}]* = [False]® = false = [[False]][é‘x*[[Eﬂ ]
— [42{E'/z}]® = [42]° = 42 = [42]Fsl>—IET’]
= [(E1 op Ex){E'/x}]" = [EA{E'/x} op E2{E’/ﬂ?} = JIEl{E’/x}]] op [E2{E[z}]" =
[E =TT op [E,]5e=1EN) = [E, op By]lslo—1E

Lemma 2. [E{z/y}]* = [E]FIY=*G) if 2 € dom(s)
Proof. Lemma ] By Lemma [l O
Lemma 3. [E{E'/z}]* = [E]® if [E']® doesn’t exists but [E{E’/x}]* does

Proof. Lemma B [x{E"/x}]* = [E']*
So z & Var(E) and we directly have E{E'/z} = E

Lemma 4. [E{z/y}]® = [E]® if = €€ dom(s)
Proof. Lemma @l By Lemma B O

o s |[s]y— s(z)]if z € dom(s)
Let 5% = s if z & dom(s)
Let p® be VX, € dom(p). Xy — {s,h | s*, h € p(Xy)}]

Lemma 5. [E{z/y}]* = [E]*
Proof. Lemma B By Lemma B and @l O

Remember that in case Pis E = E’, E — FE;, Fy, false and emp we have
Vp.[P], = [P] since they are v-closed, see Lemma [l
Remember P = Q iff Vp. either ([P], and [Q], do not exist) either [P], = [Q],.

Proof (Th.T). By Th.B, [P{[z/]}],» = {5,k | 5, h € [P], } in case nodep(z, p)
and z € Var(P), then [P{[z/y]}] = {s,h | s*,h € [P]} if z & Var(P).

Which is if z & dom(s) then s, h € [P{[z/y]}]iffs, h € [P] and if z € dom(s) we
have s, h € [P{[z/y]}]iff[s | y — s(2)], h € [P].

Then since y ¢ FV (P) with the stack extension theorem El we have nodep(y, P)
and so s,h € so [s |y — s(2)],h € [P]ifls, h € [P].

We then have [P{[z/y]}] = [P] which is what we wanted since P is v-closed
(see Lemma [@). O
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Theorem 6. | If

- nodep(z, p) .
e Var(p) ten IP{/ulm = (5,0 | 5% 0 € [P],}

Proof (Th.[d). THE PROOF IS ONLY MADE IF ALL THE lfp and gpf are for
MONOTONIC FUNCTIONS. But this is the case for the wlp and sp formulas
and for the example in the paper.

I
=
—

We will prove by structural induction on P:
(recall that for E1 = E2, E — E4, Ey, false, emp Vp.[P], = [P])

= [(Bx = E2){[2/y]}]
= [(Er{z/y} = Ea{z/y}]
= {8 h [ [Ea{2/y}]” = [Ea{2/y}]"}
— {sn | [B] =[BT
{ h|8 he[[E1 EQ]]}
> E1,E2){[Z/y]}]]
[E{z/y} = Ei{z/y}, E2{z/y}]
{s,h [ dom(h) = {[E{z/y}]"} and h([E{2/y}]") = ([Ex{z/y}]", [E2{z/y}]")
{s,h] dom(h) =A{[E]* } and K([E]*) = ([Ex]* , [E=]* )}
{s,h|s* h €E— Ep, Es]}
Se{[z/y}}]]

al
[false]

’51

=
I—h

0
{s | s*,h € [false]
= @], exists then
QL)1
2/ul} = QUl=/ s},
[P{= /1) U LQL /]
{|8 hls® helPl,})U{s h|s*e[Ql} (indhyp.)
|

= =
—
w!=¢
f—A—~U

44"

s%h e (T\[P],) U[Ql,}

S.ah € [[P = Q]]ﬂ}
){[2/y]}] pe when z #y
[B. (P{[z/y]})],e
{s.h] 3ufs |2 — o). h € [P{[/y]}],}
{s,h|Jv.[s|z—v],he{s,h|s* he[P],}} (ind.)
{s,h|Fv.[s |z —v]* he[P],}
{s,h|Fv.[s* |z —v],h € [P],} (since = # y, 2)
={s,h|s* he[Fzx.P],}
Fy. P){[z/y]}] pe
= [Bz. (P{[z/y]})] o
={s,h|3vfs | z—v],h e [P{lz/y]}]p}
={s,h|Fv[s|z—v],he{s,h]|s* he[P],}} (ind.)

1 | R
P Ny i Y|

»w W»

N> >

Jz.

=
—

=3

={s,h|v[s]| z—v]*,he[P],}

:{s,h|3|v[|zev|yev]h€ [Pl,}
={s,h|[s|y—v]|z—0v],he[P],} (since z # y)
={s,h|Jv[s|y—v],he[P],} (from stack extension theorem)
={s;n|Jv.[s* [y — v],h € [P],}

={s,h|s* he[3y.Pl,}
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= [emp{[z/y]}]
= [emp]
={s;h|h=1}
= {s,h|s* h € [emp]}
= [(P = Q){[z/y] e
= [(P{[z/y]} * Q{[z/y]})] e
= {8, 1| 3ho, h1. hoh1, ho.h1 = h, s, ho € [P{[z/y]}],» and s,h1 € [Q{[z/y]} o}
= {S,h | Jhg, hy. hoﬂhl, ho.h1 = h,s*, hg € [[P]]p and s*, hy € [[Q]]p} (ind. hyp.)
={s,h|s*,he[PxQ],}
= [P Q){[+/5]}],
= [P{[ /) —Q{ (/5]
= {s,h | VW' if M'§h and s,h’ € [P{[z/y]}], then s, h.h" € [Q{[z/y]}] e}
= {s,h | VW'.if W'§h and s*,h’ € [P], then s*, h.h' € [Q],} (ind. hyp.)

{s,h|s* hep(X,)}
{s,h|s* he[X,],}
(E/z{[z/y]}pe fx#y
[(P{l=/yIDIE{=/y}/x]] pe
{s,h] [s |z — [E{[z/y]}]°], h € [P{[z/y]}] pe }
{s;h][s]|z—[E] ] h e [P{[z/y]}],}
{s,h|[s |2~ [E]"], hG{S h|5 h € [P],}} (ind.)
{s;h[([s|z—[E]* ])* he[P],}
{s,h|[s* |z — [E]° ],hG[[P]]p} (since = # y, 2)
{Svh | S.ah € [[P[E/‘TH]P}
[E/yl{[z/y]} pe
[(P{l=/v]DIE{=z/y}/2]]pe
s;h| [s | 2 = [E{[z/y]}]") h € [P{[z/y]}]e }
[s| 2= [E]° |,h € [P{[z/y]},~}
[s |z = [E]" ], € {s,h| s* h € [P],}} (ind)
(15| = — [E" )", h € [P],)
B |y = (B L h e [Pl,}
El* ,he[P],} (from stack extension th.)

e e e | |

={s,h

— If [uX.P], exists:
[(uX.P){[z/y]}]pe
= [pX-P{[z/y]}]p
= 1fpg AX[P{[z/y] 1o x. —x]
see proof below
= {S,h | s* h e lfp(% )‘X'[[P]][p\XUHX]}
th{s,h | s*,h € [uX.P],}
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F 2 XX [P{[2/y]}]pe1x,—x]
A2 1lps F
G 2 AX [P]jpx,—x]
B 2 1fp; G
C 2 {s,h|s* hc B}
We want then A = C.
We know that B exists.
Notice that ([p | X, — B])®* = [p* | X, — C].
First we prove that A C C, we prove it by proving that C' = F(C).
Since B = [uX.P],x,—x], by the stack extension theorem, we have nodep(z, B)
so nodep(z, [p | X, — B]) and we can use the induction.
By definition, B = G(B), so B = [P](,x,—5]
and then C' = {s,h | s*,h € [P],/x,—B]}
by induction we then have C' = [P{z/y}] (5| x,—B])*, Whichis C = [P{z/y}][pex,—c1s
we then have C' = F(C) and so A exists and A C C.
Now we want to prove that C' C A.
Let D be the biggest set such that nodep(z, D) and {s,h | s*,h € D} C A.
By the stack extension theorem, nodep(z, [P]i,|x,—p]) and we can use the
induction.
Since we said we are working with monotonic functions, we have F({s,h |
s*,h € D}) C F(A)
since A is a fix point we have then F({s,h | s*,h € D})C A
which is [P{[z/y]}](p*x, —(s,n|s*,heD}] € A
by induction we have then {s,h | s*,h € [P]j,x,—p]} € A
which is {s,h | s*,he G(D)} C A
Then by construction of D as the biggest set we have G(D) C D
and then D is a postfixpoint of G and then B C D and then {s,h | s*,h €
B} C{s,h|s* he€ D} whichis C C A.
If [vX.P], exists:
[(wX.P){[z/y]}] e
= [ X-P{[z/y]}],e
= gqu% )‘X'[[P{[Z/y]}ﬂ[p'lXU—»X]
see proof below
= {s,h| 5% h€gpg AX.[P]px,—x]}
={s,h|s* he[vX.P],}
Let
F £ XX [P{[2/y]}]pe1x,—x]
A= gqu%F
G = AX[P]pix,—x]
B4 gqu%G
C 2 {s,h|s* hc B}
We want then A = C.
We know that B exists.
Notice that ([p | X,B])® = [p* | X, — C].
First we prove that A D C, we prove it by proving that C' = F(C).
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Since B = [vX.P],x,-x], by the stack extension theorem, we have nodep(z, B)

so nodep(z, [p | X, — B]) and we can use the induction.

By definition, B = G(B), so B = [P],/x,—B]

and then C' = {s,h | 5*,h € [P],x,—B)}

by induction we then have C' = [P{z/y}](jp|x,—B))*» Whichis C = [P{z/y}][p*|x,—c,
we then have C' = F(C) and so A exists and A D C.

Now we want to prove that C' D A.

Let D be the smallest set such that nodep(z, D) and {s,h | s*,h € D} D A.
By the stack extension theorem, nodep(z, [P](,|x,—p)) and we can use the
induction.

Since we said we are working with monotonic functions, we have F({s,h |
s*,h € D}) D F(A)

since A is a fix point we have then F({s,h |s*,h€ D}) D A

which is [P{[z/y]}(ps|x, —(s,n|s*,heD}) 2 A

by induction we have then {s,h | s*,h € [P]},x,-p)} 2 A

which is {s,h | s*,he G(D)} D A

Then by construction of D as the smallest set we have G(D) 2 D

and then D is a prefixpoint of G and then B 2 D and then {s,h | s*,h €
B} D {s,h|s* he€ D} whichis C D A.

O

Lemma 6. If P is v-closed formula: Vp.[P], = [P].

Proof (Lemma [@). The simple case are direct from the definition of [-],, the
others come by induction. [J
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