I Upper-continuous results

Definition 14. AX.[P], € P (S x H) — P (S x H) is upper-continuous iff
For any C-increasing chain x;, i € N:
[Plyix,/x) exists and:

[PLoiu x./x1 = JPlox,/x)
e i€N
Lemma 11. If AX.[P], is upper-continuous then AX.[P[z'/z]], is upper-continuous.
Proof (Lemma ). By definition [P[z’/x]], = {s,h | slx — s(z")],h € [P],}. The

lemma follows directly:

CX[P/all,)(U X)
= [Pl /2o y xi/x)
= (s | sl 5@ € [Pl xo/}
= {s.h | slo = s h e U[PLix,x) (b byp)
= ULs.h | sz s@)] b € [Plox,/x}

i€N
= EJN[[P[‘Z' /2]l pixi/x]
=.L€JN( X.[P[a’ /x]],)(X:)

Lemma 12. If AX.F is upper-continuous and AX.G does not depend on X then
AX.F NG is upper-continuous.

Proof (LemmalId).
AX.FNnG)(U Xi)

S Y RINGY X

= (ZgN(F(Xi))) NG( U Xi) (hyp. 1) -

= (ZGN( (X )))ﬁG( ) (hyp. 2)

= (ZLG_JN( (X5)NG(Xy)) (G(X;) does not depend on i)
(ZGN(/\X FNG)(Xs)

Lemma 13. ‘ AX.[X, A E = true]j, x, —x] i upper-continuous.

Proof (LemmalL3).
MX.[Xy A E = true]p, x, —x]
= AX. X N[E = true]
since X, can not occure in F = true.
The result then follows by lemma a

VP,C If AX.[P], is upper-continuous, then A\X.[sp(P,C)],

Theorem 12. | . :
18 upper-continuous.
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Proof (Theorem [[3). Proof by induction on the command C. Since we are working

with function from sets to sets the union is always defined. Notice that we use by hy-

pothesis [P],; y x,/x] = U [Plyx,/x] and want to prove that [sp(P,C)],(y x,/x] =
i€EN i€EN ieN

U [sp(P, O)] pix,/x1-
iEN

— Case C'is x := F then

AX.[sp(P, C)]]p(_LEJNXi)
= [3«". Plz'/a) Ax = E[x’/av]]]p[iLeJN X;/X]
={s,h| e Valls|z—v],he[Plz'/z] Nz = E[x'/x]]]p[igNXi/X]}

={s,h|Jv € Val.
[s ]z~ v],he[Pla'/z]],y x,/x] and
1€EN

[s|z— v],h €]z=Ez'/z]]}

={s,h | Fv € Val.
[s|x—v],h € iLGJNIIP[m//x]]]p[Xi/X] and
[s|z—],h €]z =E}x'/z]])} (lem. [+ hyp.)
={s,h | v e Val.[s|xz— v],h € _LEJN[[P[x’/m] Nz = Elx'[z]],x,/x1}
= VEJN{s,h | Jv e Val[s|z— v],h € [Plz'/x] Nx = Elz' /2] pix, /x1}
= L€JN[[E|3£'. Pla'/z] Az = Elz' /] pix, /x)
= LEJN(/\X-[[SP(R )] (X4))

— Case C'is x := FE.i then
AX.Lp(P. O X0

S
= [32". Pla’ /2] Az = (El2'/2])-d], y x,/x)
&N
= [3". Plz' /] A (a1, m2.(Ela’ /z] — @1, @2) Ao = x:)], U x,/x]
i€N

={s,h|Fv € Val.
[s ]2z~ v],h € [Plz’'/z] A (Bz1,22.(Elz /2] — z1,22) Az =20)],(y x,/x)}
€N
={s,h|Jv € Val.

[s ]z~ v],h € [Plz’/z]], Y, Xi/X] and
i€

[s|z+—v],h € [Fz1,z2.(E[z' /2] = T1,22) Az = 3])}
={s,h|Fv € Val.
[s|z—v],he U[Pls'/z]],x,,/x) and
iEN

[s| 2z v],h € [Bx1,72.(E[2' /2] = 21,22) A = 34]) } (lem. [+ hyp.)
={s,h|Jv € Val.

(s 1=l ke YIPL'/al A Gor, 2 (Ble' /2] = 21,22) Aw = @) loixy/x0)
= U{s,h|FveVal

iEN

[s|z—v],h € [Plz'/x] A (x1,z2.(Elr /2] — x1,22) AN = x4)]p1x,/x]}
= UBe" Pla'/a] A Goren (Bl fa] = 1,0) A = 2w,

= U X [sp(P.O)], (X))

i€EN
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— Case C'is E.1 := E’ then

AX Lsp(P,O)o (U X0)
1€
= [[ElxlElxg.(E — E/, 1’2) * ((E = X1, :Eg)**P)]]p[ U X;/X]
1€EN

= {s,h | Jvi,v2 € Val.[s| ;i — vi],h € [E — E’,xg]]p[ U xi/x] * (B = x1,22)—P))}
1€EN

= {S,h | 31}1,’02 S Val.EIho, hl hoﬁhl, h= ho.hl and
[S | XT; — ’Ui],ho S HE — E,,mg]]p[ U X;/X] and
1€EN

[S | €T; — ’Ui],hl S H(E — xl,wg)—*P]]p[ U X,,/X]}
1€EN

= {S,h | 31}1,’02 S Val.EIho, hl. hoﬁhl, h = ho.hl and
[s| zi — vi],ho € [E — E’,x3] and
, if hatho and [s | z; — vs], h € [E — z1,22]
VhO'then[s | €T; ’l}i],hé.’h € HPIIP[ UNXi/X]
i€

= {S,h | 31}1,’02 S Val.EIho, hl. hoﬁhl, h = ho.hl and
[s | zi — vi],ho € [E — E’,x2] and
) if hatho and [s | z; — vs], h € [E — z1, 2]
Vho- then(s | i — vil, ho.h1 € U [Popxi/x
S

here we have a Vh,, but for the if branch to be satifyied there is only one h{, that
could work: [[E]® + w1, v2] so we can delete it and we also know that this is dis-
joint from h; from the previous conditions.

= {S,h | 3111,112 € Val.ﬂho, h,l. hoﬁhh h = ho.h1 and
[s] @i — vi],ho € [E — E',z2] and
if [E]°® exists
then[s | ; — vi], [E]* — v1,v2]-hn € U [Ploix,/x1 )
i€N

= U {S,h | 31]1,112 € Val.ﬂho, h,l. hoﬁhl, h = ho.h1 and
1€EN
[s| zi — vi],ho € [E — E’,x2] and
if [E]° exists }
then[s | Ti — U»;], [[[EIIS — Ul,vg].’h € [[Pﬂp[Xi/X]
= U {S,h | 31]1,112 € Val.ﬂho, h,l. hoﬁhl, h = ho.h1 and
1€EN
[s| zi — vi],ho € [E — E’,x2] and
oy if hatho and [s |z — vi), h € [E — .T1,.T2]]}
O then[s | @i — vi], hi.h1 € [Plyx, /x)
= UBr1302.(F — B',22) * (( > o1, 22)—* P, /x1
1€EN
= U X [sp(P, O)],(Xi))

1€EN

— Case C'is E.2 := E’ then
almost the same as the previous one...

— Case C is z := cons(FE1, E2) then
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AX.[sp(P, C)]]p(vgNXi)
= [F2'.(P[x'/z] * (x — E1[z’ /], EQ[m//x]))]]p[igNXf,/X]
= {sh |3, € Valls | &' = vl h € (P /o] + (@ = Bale’ /), Bafe'fal) ] y o/}

= {s,h | v € Val.3ho, h1. hofth1, h = ho.h1 and
[s |2 — v],he IIP[x’/wH]p[ U x;/x] and
iEN

[z +— Erla’/a], E2[a’ /2]]}
= {S,h | 31}; c Val.EIho,hl. hoﬁhl, h = ho.hl and
[s| 2" — vz],he U[Pls'/=]],x,,/x) and

[0 — Exfa’/a], Bala /a]]} (lem. I hyp.)

= U {S, h | HU; S Val.EIho, hl. hoﬁhl, h = ho.hl and
iE€N
[s] 2" — v], h € [Plz’ /@] px,;/x) and
[z — Er[a’/a], E2[a’ /2]]}

= iLgJN[[aw/~(P[ﬂf'/ﬂf] * (z +— Erla’ /], Bolz' /2]))] pix,/x)

= U X [sp(P, O)],(Xi))

i€EN

— Case C is dispose(FE) then

NP, OL(U X)
= [3z1, z2. (B 1, 22)—P)],[y x,/x]

1€EN

= {S,h | 31}1,02.[8 | €Ti — Ui],h S II(E — xl,wg)—*P]]p[ U Xq‘,/X]}
iEN

if hﬁh/, and [S | XTi — ’Ui],h/ S HE — 1’1,:11’2]],)[ U X;/X]
— / i€N
- {S7h | EIUI’UQ'Vh “then [S | €T — ’Ui],h.hl S IIP]],,[ U X;/X]
i€N
if Rk, and [s | z; — vi], b € [E — z1, 22]
= {57}7' | Jv1,v2.VA . then [S | ZTq vi], h.h' € U [[Pﬂp[Xi/X] } (hyp.)
i€N

if [E]® exists and [E]® & dom(h)

= {s:| 301, 02-then [s | 2: — vi], R[[E]* — v1,v2) € U [Ploix,/x) )
i€EN

(same operation as in the case of E.i := E’)
if [E]° exists and [E]° & dom(h)

= iLEJN{S’h | 3Ul’UQ'then [s | zi — vi], h[[E]® +— v1,02] € IIP]]P[Xi/X]}
= .LEJN[[H.TL xr2. ((E — .T1,.T2)—*P)]]p[xi/x]
= O lsntp. N, 060)

— Case C is C1;C; then:

sp(P,C) = sp(sp(P,Ch),C2)
AX.[sp(P,C1)], is upper-continuous by induction hypothesis on C; for P and
Asp(P, C) is upper-continuous by induction hypothesis on Cs2 for sp(P,C1).

— Case Cisif E then C1 else Cy then
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AX.Ls(P,C)L(U X0
S
= [sp(P AN E = true,C1) V sp(P A E = false, C2)] LY, xi/x]

= [sp(P A E = true, C1)], LY, xi/X] Ulsp(PANE = false ,C2)] o1 LY, Xi/x]

= (U [sp(P A E = true, Cl)]]px /x1)U (U [sp(P AE = false, Cg)]]p[x ,x]) (by ind. hyp)
i€EN iEN

= U (([sp(P A E = true,C1)],1x,/x]) U ([sp(P A E = false, C2)],x,/x]))
€N

= U ([sp(P A E = true,C1) V sp(P A E = false, C2)],x,/x])
1EN

= U ([sp(P, O)]pix,/x1)

i€EN

— Case C'is skip then

sp(P,C) = P so AX.[sp(P,C)], is upper-continuous by hypothesis.

— Case C is while E do C; then

AX.[sp(P,C)], (U Xi)

= [(uYo.sp(Yy A Fe true C1)VP)A (E = talse)], y x,/x] (def. of sp. Y &p[U Xi/X] + Y, & P)
= ([(1Yy.sp(Yo A E = true,C1) V P,y x,/x)) N [[EliNfalse]] (since Y, not in EI)EN
= lfp§ AY. [sp(Ys A E = true,C1) V P] [;TLN X1/ X]|YorsY]

N[E = false] (def of )

[sp(Yo A E = true, C1)] U X;/X]|Yy—Y]
= lfp; (\Y-
U[P] Y, Xi/X)IYorY)

1€

N[E = false]
[sp(Yo A E = true, C1)] U X;/X]|Yy—Y]

=1fps(\Y.
Py ( FOIPTy xi/x
1€

N[E = false] (since Y, & P)

let G = AX.(AY. [sp(Yy A E = true, C1)]p|v,—v] U [Plp)

we have G( U XZ) = (\Y. [[Sp(Yv/\E = true, Cl)]][p‘yv,_,y][ U X,i/X]U[[P]]p[ u Xi/X])
1€EN ieN i€EN

and by chose of Y we can rewrite it as:

G(U X) ()\Y HSp(Y A E = true, Cl)]] U X,;/X]|Ypoy] U HP]]p[ U Xi/X])
i€EN i€EN

and G(XZ) = (/\Y [[Sp(yv ANE = true,Cl)]][p[Xi/X“vay] @] [[P]]p[qu/x])

we can rewrite the former formula as:
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= (1qu%(G(iEN X;))) N [E = false]
= (nLeJN(G(}eJN X;))"(0)) N [E = false] (G(iLEJNXi) u-c on Y + Tarski)
= (nLEJN(iENG(Xi))”((Z))) N [E = false] (G u-c on X)
= (iLeJNnLEJN((G(Xi))"(O))) N[E = false]
= U (fp5 G(X:)) N [E = false] (G(X;) u-c on Y + Tarski)
:@:(lfp@ Y. [sp(Yy A E = true,C1) V Pliyix, /x|y, —v]) N [E = false]
ZLEJN([[NY sp(Yo A E = true,C1) V Pl x,/x)) N [E = false] def of 1)
(

[(1Ys.sp(Yy A E = true,C1) V P) A (E = false)],x,,x])
i€EN
= U [sp(P, O)]pix,/x7)

1€EN
Complement:

e (G is upper-continuous on X:
recall G = AX.(\Y. [sp(Y, A E = true, C1)] v,y U [Ply)
by hypothesis: AX.[P], is upper-continuous,
by chose of ¥ not in p we have that [sp(Y, A E = true, C1)]y|y,—y] does not
depend on X so AX.[sp(Y, A E = true, C1)]p|v,—v] i upper-continuous on
X
and so G is upper-continuous on X.

e G(U X;) upper-continuous on Y:
1EN
recall: G( U X) (Y. [[Sp(Yv/\E = true,C1)]][p[ U Xi/X]|YU>—>Y]U|IP]]p[ U Xi/X])
1€EN i€EN 1eN
by lemma we have that A\Y.[Y, A E = true],[ y x,/x]vo—y] IS Upper-
i€EN

continuous
and by ind. hyp. we have that this current theorem holds for any subprogram
so it hold for Cy and so AY.[sp(Y, A E = true, C1)]}, LY Xi/X][¥orY] is upper-

continuous
by chose of Y [P], LY, Xe/X] does not depend on Y

so (AY. [sp(Ys A E= true, Cl)]][p[ U, Xi/X¥eY] U [Ploy x,/x]) is upper-
i€eN

continuous
e G(X;) upper-continuous on Y: Same proof as for G(|J X;)

iEN
a
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