E Substitution theorems for BI*¥

If [Y] and [P]x, vy evist

[Plox,—pvn = [P{Y/ X},

Theorem 9.

Proof (Theorem[@). By induction on the formula P.

— Case P as the form EF = E', E — Fj,ey, false, emp
P{Y/X,} = P and Vp.[P], = [P] so
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s,ho € [P{Y/X,}], and s, b1 € [Q{Y/X,}],} (ind. hyp.)

[P{Y/ X0} Q{Y/ X},
[(P+Q{Y/Xu},
P=Qljpx -]
s,h | VR if W'h and s, b € [P]jp x,—[v]) then
8, h' € [Qlpix, -1y}
= {s,h | VW' . if K'§h and s,h’ € [P{Y/X,}], then
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s, h.h € [QUY/ X} o} (ind. hyp.)
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= [1Xo-Plipx, v
= 1fpa§ AZ[Pliioix, 1y X, 2)
= 1fpgg AZ[Plpx, 2]
= lfpa )\X[[P]] [p| Xy —X]
= [nX0.P],
= [(uXo.P{Y/ X0},
- [[MZU'P]][pleHHY]]] with X # Z
= 1fp@ AZ[Pliio1x, 1y 2.~ 2]
= 1fpo AZ.[Pliip1z,-2)1x, ~1¥T)
:1fp® AZ[P{Y/X pzoszy (ind. hyp.)
= [uZ,(P{Y/X.,})],
= [[(MZU-P){Y/Xv}]]p
~ X Plipix,mvy
= gfp@ AZ[P](jp)X )= [Y T X 2)
= gfp@ AZ. [[P]] (o] Xv+—2Z]
= gfpg AX.[Plipix,x)
[vX,.P],
= [(vXo.PHY/Xu}H,
vZ.P] [p\XvH[[Y]]] with X #£ Z
= gfp@ AZ. [P x, 1y 2~ 2]
= gfp@ AZ[Plipl 2, 211X, ~[YT)
= gfpy AZ.[P{Y/ X}y 2,2 (ind. hyp.)
[vZ.(P{Y/X.,})],
[(vZ.P){Y/X,}],
[E' /93]]] (o] Xo—YT]
{s;h][s|z = [E]],h € [Plix,~n}
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;i | [s | @~ [E']*],h € [P{Y/Xu}],} (ind. hyp.)
PAY/X)E /2],
(PIE"[2]{Y/ X0 }],

(T T H'ﬁll |

Lemma 7. If [Y] exists
sp(P,CY{Y/X,} = sp(P{Y/X,},C)
Proof (Lemmal[3). Proof by induction on C.

(s (P C){Y/X H

A2’ Pl [z]| Nz = E[x' [2]){Y/X,}
' (P{Y/X, D]z’ /2] Nz = Ela’/])
(P{Y/X 1O)

S Y%
=/ P ol A = (BI [a)) (Y%}

(P{Y/ X, })a'/z] A& = (Ela’ [z].0))
p(P{Y/X,}, C)
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— Case E.1:=F'
(sp(P,C){Y/Xu})
(Fz1,20.(E — E',x2) % (E — 1, 32)—P){Y/ X, }
(Fz1,20.(E — E',x2) * (E — o1, 32)—(P{Y/X,}))
= sp(P{Y/X,},C)
— Case E2:=F’
(sp(P,C){Y/Xu})
= (Fz1,22.(E — FE' x3) % (E v z1,29)—P){Y/ X, }
= (3z1,29.(E — 21, E') x ((E — 1, 12)—(P{Y/X,}))
= sp(P{Y/X,},C)
— Case x := cons(Fy, E»)
(sp(P, C){Y/X,})
= Ja’. (P2 /2] * (x — Er[2' /], Ep[2’ /2])){Y /X, }
= 32" ((P{Y/ X, })[2' /2] = (x — Er[2'/x], Eal2'/]))
= Sp(P{Y/Xv}a C)
— Case dispose(E)
(sp(P,C){Y/Xu})
= 3Jx1, 2. (E — 21,22)—=P){Y/X,}
=3z, 2. (E — 21,22)—(P{Y/X,}))
= sp(P{Y/X,},C)
— Case C7;Cy
(sp(P,C){Y/Xu})
= Sp(Sp(P, Cl)v CQ){Y/XU}
= Sp(Sp(P, Cl){Y/Xﬂ}a 02) (ind.hyp)
= sp(sp(P{Y/X,}, C1), C2) (ind.hyp)
= sp(P{Y/X,},C)
— Case if E then Cy else Cs
(sp(P,C){Y/Xu})
(sp(P AN E =true,C1)Vsp(P A E = false,C3)){Y/X,}
sp(PAE =true,C1){Y/X,} Vsp(PAE = false, Co){Y/X,}
= sp(P{Y/X,} N E = true,C1) V sp(P{Y/X,} A E = false, C5) (ind. hyp.)
- Sp(P{Y/Xv}a C)
— Case skip
(sp(P,C){Y/Xu})
= P{Y/X,}
= Sp(P{Y/Xv}a C)
— Case while E do Cy
Case X, not free in P
(sp(P, C){Y/X,})
= ((uXy.sp(Xy AN E = true,C1)V P) A (E =false)){Y/X,}
= ((uXy.sp(Xy A E = true,Cq)V P) A (E = false))
= ((uXy.sp(Xy A E = true,Cy)V P{Y/X,}) N (E = false))
— sp(P{Y/X,}.C)
Case X, free in P
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(sp(P,C){Y/X.})
= ((uZy.sp(Zy N E = true,C1) V P) A (E =false)){Y/X,}

((uZy.sp(Zy N E = true,C1) V P{Y/X,}) N (E = false))
((uWy.sp(Wyy AN E = true,Cq) V P{Y/X,}) A (E = false))
= sp(P(Y/X.}.C)
We have the egality between the case Z, and W, since [Y] exists so there
is no free formula variables in Y, so neither Z, or W, can become bounded

in some Y placed in P.
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