
G Simplifications on [ / ]

Theorem 11. If
P is v-closed
z 6∈ V ar(P )

then P [z/y] ≡ P{[z/y]} ∧ is(z)

Proof (Th. 11). From the generalized variable renaming theorem Th. 6, [[P{[z/y]}]] =
{s, h | s•, h ∈ [[P ]]},
so [[P{[z/y]} ∧ is(z)]] = {s, h | [s | y → s(z)], h ∈ [[P ]]},
which is [[P [z/y]]]. �

Some more simplifications:
Remember that we have in Lemma 1 [[E{E′/x}]]s = [[E]][s|x→[[E′]]s] if [[E′]]s

exists.

– (E1 = E2)[E
′/x] ≡ (E1{E′/x} = E2{E′/x}) ∧ is(E′) :

[[(E1{E′/x} = E2{E′/x}) ∧ is(E′)]]
= {s, h | [[E1{E′/x}]]s = [[E2{E′/x}]]s and[[E′]]s exists}

= {s, h | [[E1]]
[s|x→[[E′]]s] = [[E2]]

[s|x→[[E′]]s]}

= {s, h | [[E1]]
[s|x→[[E′]]s] = [[E2]]

[s|x→[[E′]]s]}
= {s, h | [s | x → [[E′]]s], h ∈ [[E1 = E2]]}
= [[(E1 = E2)[E

′/x]]]

– (E 7→ E1, E2)[E
′/x] ≡ (E{E′/x} 7→ E1{E′/x}, E2{E′/x}) ∧ is(E′) :

[[(E{E′/x} 7→ E1{E′/x}, E2{E′/x}) ∧ is(E′)]]
= {s, h | dom(h) = {[[E{E ′/x}]]s} and h([[E{E′/x}]]s) = 〈[[E1{E

′/x}]]s, [[E2{E
′/x}]]s〉

and [[E′]]s exists}

= {s, h | dom(h) = {[[E]][s|x7→[[E′]]s]}

and h([[E]][s|x7→[[E′]]s]) = 〈[[E1]]
[s|x7→[[E′]]s], [[E2]]

[s|x7→[[E′]]s]〉}
= {s, h | [s | x 7→ [[E′]]s], h ∈ [[E 7→ E1, E2]]}
= [[(E 7→ E1, E2)[E

′/x]]]

– false[E′/x] ≡ false :

[[false[E′/x]]]
= {s, h | [s | x → [[E′]]s], h ∈ [[false]]}
= ∅
= [[false]]

– (P ⇒ Q)[E′/x] ≡ P [E′/x] ⇒ Q[E′/x] :

[[(P → Q)[E′/x]]]ρ
= {s, h | [s | x → [[E′]]s], h ∈ [[P ⇒ Q]]ρ}
= {s, h | [s | x → [[E′]]s], h ∈ ((> \ [[P ]]ρ) ∪ [[Q]]ρ)}
= ((> \ {s, h | [s | x → [[E′]]s], h ∈ [[P ]]ρ}) ∪ {s, h | [s | x → [[E′]]s], h ∈ [[Q]]ρ})
= ((> \ [[P [E′/x]]]ρ) ∪ [[Q[E′/x]]]ρ)
= [[P [E′/x] ⇒ Q[E′/x]]]ρ
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– (∃x.P )[E/x] ≡ (∃x.P ) ∧ is(E) :

[[(∃x.P )[E/x]]]ρ
= {s, h | [s | x → [[E]]s], h ∈ [[∃x.P ]]ρ}
= {s, h | ∃v.[s | x → [[E]]s | x → v], h ∈ [[P ]]ρ}
= {s, h | ∃v.[s | x → v], h ∈ [[P ]]ρ and [[E]]s exists}
= [[(∃x.P ) ∧ is(E)]]ρ

– If
y 6∈ V ar(E)
x 6= y

then (∃y.P )[E/x] ≡ ∃y.(P [E/x]) :

First, notice that if y 6∈ V ar(E), then [[E]]s = [[E]][s|y→v].

[[(∃y.P )[E/x]]]ρ
= {s, h | [s | x → [[E]]s], h ∈ [[∃x.P ]]ρ}
= {s, h | ∃v.[s | x → [[E]]s | y → v], h ∈ [[P ]]ρ}
= {s, h | ∃v.[s | y → v | x → [[E]]s], h ∈ [[P ]]ρ}
= {s, h | ∃v.[s | y → v | x → [[E]][s|y→v]], h ∈ [[P ]]ρ}
= {s, h | ∃v.[s | y → v], h ∈ [[P [E/x]]]ρ}
= [[∃y.(P [E/x])]]ρ

– emp[E′/x] ≡ emp ∧ is(E′) :

= [[emp ∧ is(E′)]]
= {s, h | h = [] and [[E′]]s exists}
= {s, h | [s | x 7→ [[E′]]s], h ∈ [[emp]]}
= [[emp[E′/x]]]

– (P ∗ Q)[E′/x] ≡ P [E′/x] ∗ Q[E′/x] :

= [[P [E′/x] ∗ Q[E′/x]]]ρ
= {s, h | ∃h0, h1. h0]h1, h0.h1 = h, s, h0 ∈ [[P [E′/x]]]ρ and s, h1 ∈ [[Q[E′/x]]]ρ}
= {s, h | ∃h0, h1. h0]h1, h0.h1 = h, [s | x 7→ [[E′]]s], h0 ∈ [[P ]]ρ and [s | x 7→ [[E′]]s], h1 ∈ [[Q]]ρ}
= {s, h | [s | x 7→ [[E′]]s], h ∈ [[P ∗ Q]]ρ}
= [[(P ∗ Q)[E′/x]]]ρ

– (P→∗Q)[E′/x] ≡ P [E′/x]→∗Q[E′/x] :

= [[P [E′/x]→∗Q[E′/x]]]ρ
= {s, h | ∀h′. if h′]h and s, h′ ∈ [[P [E′/x]]]ρ then s, h.h′ ∈ [[Q[E′/x]]]ρ}
= {s, h | ∀h′. if h′]h and [s | x 7→ [[E′]]s], h′ ∈ [[P ]]ρ then [s | x 7→ [[E′]]s], h.h′ ∈ [[Q]]ρ}
= {s, h | [s | x 7→ [[E′]]s], h ∈ [[P→∗Q]]ρ}
= [[(P→∗Q)[E′/x]]]ρ
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