
E sp’s proofs

E.1 x := E

spo(γ(P ), x := E) = {s′, h′ | ∃s, h. s, h |= P ∧ h′ = h ∧ s′ = [s | x → [[E]]s]}
= {s′, h′ | ∃s. s, h′ |= P ∧ s′ = [s | x → [[E]]s]}

γ(sp(P, x := E)) = {s′, h′ | s′, h′ |= ∃x′. P [x′/x] ∧ x = E{x′/x}}
= {s′, h′ | ∃v. [s′ | x′ → v], h′ |= P [x′/x] ∧ [s′ | x′ → v](x) = [[E{x′/x}]][s′ | x′ → v]}
= {s′, h′ | ∃v. [s | x′ → v | x → v], h′ |= P ∧ s′(x) = [[E]][s′ | x′ → v | x → v]}
= {s′, h′ | ∃v. [s′ | x′ → v | x → v], h′ |= P ∧ s′(x) = [[E]][s′ | x → v]}
= {s′, h′ | ∃v. [s′ | v | x → v], h′ |= P ∧ s′(x) = [[E]][s′ | x → v]}

The last equality is because x′ 6∈ V ar(P ).

We can prove the inclusion by taking v = s(x) if x ∈ dom(s) and any value
otherwise.

We could also prove the inclusion in the other way by taking s = [s′ | x → v].

So we have spo(γ(P ), x := E) = γ(sp(P, x := E)).

E.2 x := E.i

spo(γ(P ), x := E.i) = {s′, h′ | ∃s, h. s, h |= P ∧ h′ = h ∧ [[E]]s ∈ Loc ∧ (∃v. v = πi(h([[E]]s)) ∧ s′ = [s | x → v])}
= {s′, h′ | ∃s. s, h′ |= P ∧ (∃v. v = πi(h

′([[E]]s)) ∧ s′ = [s | x → v])}
= {s′, h′ | ∃s. s, h′ |= P ∧ s′ = [s | x → πi(h

′([[E]]s))])}
γ(sp(P, x := E.i)) = {s′, h′ | s′, h′ |= ∃x′. P [x′/x] ∧ x = (E{x′/x}).i}

= {s′, h′ | ∃v. [s′ | x′ → v], h′ |= P [x′/x] ∧ [s′ | x′ → v](x) = πi(h([[E{x′/x}]][s′ | x′ → v]))}
= {s′, h′ | ∃v. [s | x′ → v | x → v], h′ |= P ∧ s′(x) = πi(h([[E]][s′ | x′ → v | x → v]))}
= {s′, h′ | ∃v. [s′ | x′ → v | x → v], h′ |= P ∧ s′(x) = πi(h([[E]][s′ | x → v]))}
= {s′, h′ | ∃v. [s′ | x → v], h′ |= P ∧ s′(x) = πi(h([[E]][s′ | x → v]))}

The last equality is because x′ 6∈ V ar(P ).

We can prove the inclusion by taking v = s(x) if x ∈ dom(s) and any value
otherwise.

We could also prove the inclusion in the other way by taking s = [s′ | x → v].

So we have spo(γ(P ), x := E.i) = γ(sp(P, x := E.i)).
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E.3 E1.i := E2

spo(γ(P ), E1.1 := E2) = {s′, h′ | ∃h. s′, h ∈ γ(P ) ∧ ∃v1, v2.h([[E1]]s
′) = 〈v1, v2〉 ∧ h′ = [h | [[E1]]s

′ → 〈[[E2]]s
′, v2〉]}

γ(sp(P, E1 := E2.i)) = {s′, h′ | s′, h′ ∈ γ(∃x1, x2. (E 7→ E2, x2) ∗ ((E1 7→ x1, x2) →∗P ))}
= {s′, h′ | ∃v1, v2. ∃h′

0, h
′
1.h

′
0]h

′
1.

∧ h′ = h′
0 · h′

1

∧ [s | xi 7→ vi], h
′
0 ∈ γ(E1 7→ E2, x2)

∧ [s | xi 7→ vi], h
′
1 ∈ γ((E1 7→ x1, x2) →∗P )}

= {s′, h′ | ∃v1, v2. ∃h′
0, h

′
1.h

′
0]h

′
1.

∧ h′ = h′
0 · h′

1

∧[[E1]]s
′ ∈ Loc

∧h′
0 = [[[E1]]s

′ 7→ 〈[[E2]]s
′, v2〉] (using xi 6∈ V ar(E2))

∧∀h0.If h0]h
′
1 and h0 = [[[E1]]s

′ 7→ 〈v1, v2〉]
then s′, h0 · h′

1 ∈ γ(P )
= {s′, h′ | ∃v1, v2. ∃h′

0, h
′
1.h

′
0]h

′
1.

∧ h′ = h′
0 · h′

1

∧[[E1]]s
′ ∈ Loc

∧h′
0 = [[[E1]]s

′ 7→ 〈[[E2]]s
′, v2〉] (using xi 6∈ V ar(E2))

∧If [[E1]]s
′ 6∈ dom(h′

1)
then s′, [[[E1]]s

′ 7→ 〈v1, v2〉] · h
′
1 ∈ γ(P )

= {s′, h′ | ∃v1, v2. ∃h′
0, h

′
1.h

′
0]h

′
1.

∧ h′ = h′
0 · h′

1

∧[[E1]]s
′ ∈ Loc

∧h′
0 = [[[E1]]s

′ 7→ 〈[[E2]]s
′, v2〉] (using xi 6∈ V ar(E2))

∧s′, [[[E1]]s
′ 7→ 〈v1, v2〉] · h

′
1 ∈ γ(P )

We can prove the inclusion by taking h′
1 = h |dom(h)\[[E1]]s′ . We could also prove

the inclusion in the other way by taking h = [[[E1]]s
′ 7→ 〈v1, v2〉] · h

′
1.

So we have spo(γ(P ), E1 := E2.i) = γ(sp(P, E1 := E2.i)).

E.4 x := cons(E1, E2)

Not typed yet.

E.5 dispose(E)

Not typed yet.

E.6 C1; C2

We prove that spo(γ(P ), C1; C2) = γ(sp(P, C1; C2)) by induction on the size of
the command.

spo(γ(P ), C1; C2) = spo(spo(γ(P ), C1), C2) definition
= spo(γ(sp(P, C1)), C2) induction hypothesis
= γ(sp((sp(P, C1)), C2)) induction hypothesis
= γ(sp(P, C1; C2)) definition
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E.7 if E then C1 else C2

C = if E then C1 else C2

spo(γ(P ), C) = {s′, h′ | ∃s, h. s, h |= P ∧ (([[E]]s = True ∧ s′, h′ ∈ spo({s, h}, C1))
∨([[E]]s = False ∧ s′, h′ ∈ spo({s, h}, C2)))}

= {s′, h′ | ∃s, h. ((s, h |= P ∧E = true ∧ s′, h′ ∈ spo({s, h}, C1))
∨(s, h |= P ∧E = false ∧ s′, h′ ∈ spo({s, h}, C2)))}

= spo(γ(P ∧ E = true), C1) ∪ spo(γ(P ∧ E = false), C2)
γ(sp(P, C)) = {s′, h′ | s′, h′ |= (sp(P ∧ E = true, C1)

∨sp(P ∧ E = false, C2))}
= {s′, h′ | s′, h′ |= sp(P ∧ E = true, C1)}

∪{s′, h′ | s′, h′ |= sp(P ∧ E = false, C2)}
= γ(sp(P ∧ E = true, C1)) ∪ γ(sp(P ∧ E = false, C2))

We prove by induction in the size of the command.

E.8 skip

spo(γ(P ), skip) = γ(P )
γ(sp(P, skip)) = γ(P )

So we have spo(γ(P ), skip) = γ(sp(P, skip)).
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E.9 while E do C1

We define Fo = λX. γ(P ) ∪ spo(X ∩ γ(E = true), C1)
and F = λX. Γ[Xv 7→X](sp(Xv ∧ E = true, C1) ∨ P ).

Lemma 7. ∀n ≥ 0.F n
o (∅) = F n(∅)

Proof (Lemma 7). We prove by recurrence that the F n
o (∅) = F n(∅) and that

∃Y. F n(∅) = γ(Y ) :

– Case n=0 :
F 0

o (∅) = γ(P ) ∪ ∅
= γ(P ∨ false)

F 0(∅) = Γ[Xv 7→∅](sp(Xv ∧ E = true, C1) ∨ P )
= Γ[Xv 7→γ(false)](sp(Xv ∧ E = true, C1) ∨ P )
= γ(sp(false∧ E = true, C1) ∨ P ) (by Th. 4)
= γ(false∨ P )

– Case n+1. : F n+1
o (∅) = Fo(F

n
o (∅))

= Fo(F
n(∅))

= γ(P ) ∪ spo(F
n(∅) ∩ γ(E = true), C1)

by induction hyp ∃Y. F n(∅) = γ(Y )
so = γ(P ) ∪ spo(γ(Y ) ∩ γ(E = true), C1)
= γ(P ) ∪ spo(γ(Y ∨ E = true), C1)
= γ(P ) ∪ γ(sp(Y ∨ E = true, C1)), by the global ind. hyp
= γ(sp(Y ∧ E = true, C1) ∨ P )
= Γ[Xv 7→γ(Y )](sp(Xv ∧E = true, C1)∨P ), by Th. 4+ lemma 9+ Xv not free
in P
= Γ[Xv 7→F n](sp(Xv ∧ E = true, C1) ∨ P )
= F n+1(∅)

�

Lemma 8. F is upper-continuous.

Proof (Lemma 8). The proof come directly from lemma 13 and theorem 6 �

spo(γ(P ), w E d C1) = (lfp⊆
∅ λX. {s′, h′ | ∃s, h. s, h ∈ X ∧

�
([[E]]s = True ∧ s′, h′ ∈ spo({s, h}, C1))
∨(s′, h′ ∈ γ(P ))}) �

∩{s′, h′ | [[E]]s′ = false}

= (lfp⊆
∅ λX.

{s′, h′ | ∃s, h. s, h ∈ X ∧ [[E]]s = True ∧ s′, h′ ∈ spo({s, h}, C1)}
∪γ(P )

)

∩ γ(E = false)

= (lfp⊆
∅ λX. γ(P ) ∪ spo(X ∩ γ(E = true), C1))

∩ γ(E = false)

= (lfp⊆
∅ Fo)

∩ γ(E = false)
(Fo u.c. + Tarski) = �

n≥0

F n
o (∅)

∩ γ(E = false)
(Lem.7) = �

n≥0

F n(∅)

∩ γ(E = false)
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γ(sp(P,w E d C1)) = γ(µXv . (P ∨ sp(Xv ∧ E = true, C1))
∧(E = false))

= γ(µXv . (P ∨ sp(Xv ∧ E = true, C1)))
∩ γ(E = false)

= Γ(µXv . (P ∨ sp(Xv ∧ E = true, C1)))
∩ γ(E = false)

= (lfp⊆
∅ λX. Γ[Xv 7→X](sp(Xv ∧ E = true, C1) ∨ P ))

∩ γ(E = false)

= (lfp⊆
∅ F )

∩ γ(E = false)
(Lem.8 + Tarski) = �

n≥0

F n(∅)

∩ γ(E = false)

So we have that
spo(γ(P ), while E do C1) = γ(sp(P,while E do C1)).
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