E sp’s proofs

El x:=F

spo(Y(P),x :=E) ={s',h | 3s,h. s,h | PA K =hA s =[s|z— [E]s]}
={s,h' |3s. s,k E PN s =[s|xz— [E]s]}

v(sp(P,x := E)) = {s',h"| s b E 32’ Plz'/z] A = E{z'/z}}
={s',1| . [ [ 2" = 1 Pl/a] A [ | 2" — v)(x) = [E{a’/x}][s" | 2’ — o]}
={s',h| Fo. [s|2' —v|z—v, EP A s@)=[E]s |2 —v|z— v}
={s',h| Fo. [s'|2' = v|z—v],h EP A §'(z)=[E][s |z — ]}
={s',h| Fo. [s|v]z—v],h EP A §(x)=[E]ls|x— v}

The last equality is because 2’ & Var(P).

We can prove the inclusion by taking v = s(z) if © € dom(s) and any value
otherwise.

We could also prove the inclusion in the other way by taking s = [s' | x — v].

So we have spo(v(P),x := E) = ~(sp(P,z := E)).

E2 x:=F.

spo(Y(P),x := E.i) = {s',h' | Is,h. s,h = PA h'=hA [E]s € Loc A (Ju.v=m;(h([E]s)) A s’ =[s |z — v])]
={s',h' |3s. s,k = PN Bv.v=m((h([E]s) A s =[s]|z— v])}

={s k' |3s. s,h'}E PA s =][s|z— m([E]s))]}

v(sp(P,x = E.i)) = {s',h| s’ h' =3 Pla'[x) Az = (B{z'/x}).i}
={s',h| Fu. [ | 2" = v, |E Plz'/z] A [s' |2 — v](z) = m(h([E{z'/z}][s' | =" -
={s',h | Fo. [s|2 —v|z—v,k EP A () =m(h(E]s |2 —v|z—v])]
={s',h| Fo. [ |2z = v|z—v],h EP A s'(z) =m(M([E][s |z — v]))}
={s',h| Fu. [ |z —=v],h EP A §(x)=m(h(E][s |z —v])}

The last equality is because @’ € Var(P).

We can prove the inclusion by taking v = s(x) if € dom(s) and any value
otherwise.

We could also prove the inclusion in the other way by taking s = [¢' | z — v].

So we have sp,(v(P),z := E.i) = ~(sp(P,z := E.i)).
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E.3 El’L = E2

spo(Y(P),E1.1:= E) ={s', 1/ | 3h. s’,h € ~v(P)A Jvi,va.h([E1]s’) = (v1,v2) AW = [k | [E1]s" — ([E2]s’,v2)]}
V(sp(P, By == Ep.i)) ={s",h'| 5", K € y(3x1,22. (E > E2,22) * ((E1 = x1,22) —P))}
={s',h| Jv1,v2. 3hG, By hoth].
AR = hb B,
A s | zi — vi], hy € y(E1 — Ea,x2)
Als | i vil, by € ¥((B1 v @1, 22) —P)}
={s', | Fv1,v2. 3hG, by hoth].
AW =hl b,
A[E1]s’ € Loc
Ay = [IE1]s’  ([Bals', )] (using o & Var(E2))
AVho If hoﬁh/l and hg = [[[E1]]S, — <1)1,’U2>]
then s', ho - b} € v(P)
={s', | Fv1,v2. 3hG, by .hoth].
AW =hl b,
A[E1]s’ € Loc
Ay = [IE1]s’ - ([Bals', )] (using o & Var(E2))
NIf [E1]s” & dom(h})
then s', [[E1]s’ — (v1,v2)] - b1 € v(P)
={s', | Fv1,v2. 3hG, By .hoth].
AW =hl- b,
A[E1]s’ € Loc
Ak = [IE1]S’  ([Ba]s', v2)] (using o & Var(E2))
A [[E1]s" — (v1,v2)] - b € v(P)

We can prove the inclusion by taking h] = h |dom(h)\[[E11]s'- We could also prove
the inclusion in the other way by taking h = [[E1]s’ — (v1,v2)] - h].

So we have spo(y(P), Eq := E2.i) = (sp(P, Ey := Es.1)).
E.4 x:= cons(FE1, E2)

Not typed yet.

E.5 dispose(E)

Not typed yet.

E.6 Cl; Cz

We prove that sp,(y(P), C1; Ca) = v(sp(P,Cy; C2)) by induction on the size of
the command.

5po(7(P), C1; C2) = 5po(spo(y(P), C1), C2) definition

= spo(Y(sp(P,C1)),C2) induction hypothesis
= v(sp((sp(P,C1)),C2)) induction hypothesis
= y(sp(P,C1;C2)) de finition
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E.7 if E then C; else Cs
C=if E then Cy else Cy

spo(y(P),C) = {s',1 | 3s, h. sshiEP  A(([E]ls =True A s',h' € spo({s, h},Ch))
V([E]s = False A s',h' € spo({s,h},C2)))}
= {s', | 3s, h. ((s,h E P AE =true A s',h € spo({s,h},C1))

V(s,h = P AE = false A s',h' € spo({s,h},C2)))}
s$po(v(P A E = true),Ci) U

~v(sp(P,C)) {s',h | s'h'=  (sp(PAE = true,C1)
Vsp(P A E = false, Cs2))}
= {s',h | s’ E  sp(PAE =true, C1)}
u{s’,hn’ | s',h'=  sp(PAE = false, ()}

= v(sp(P A E = true,C1)) U

We prove by induction in the size of the command.

E.8 skip
Po(V(P), skip) = v(P)
(5 (P, skip)) =~(P)
So we have sp,(v(P), skip) = 7(sp(P,skip)).
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E.9 while E do C,

We define F,, = AX. v(P) U spo(X Ny(E = true), Cy)
and F' = A\X. Ix,~x](sp(Xy A E = true,C1) V P).

Lemma 7. Vn > 0.F2(0) = F™(0)

Proof (Lemma []). We prove by recurrence that the F'(0)) = F"(0) and that
Y. F*(0) =~(Y) :
- C%se n=0:
FY(0)=~(P)up
= (P V false)
FO((D) = F[Xv,_,q)] (sp(Xy AN E = true,C1) V P)
= F[Xw—vy(false)] (Sp(XU AN E = true, Cl) V P)

= v(sp(false A E = true,C1)V P) (by Th. H)
= vy(falseV P)
— Case n+1. : (D) = F,(F(0))
= Fo(F™(0))

=7(P) U spo(F™(0) N y(E = true),C1)

by induction hyp 3Y. F*(0)) = v(Y)

50 = 1(P) U spo(x(¥) N (B = true), C1)

=v(P)U spo(y(Y V E = true),Cy)

=v(P)U~(sp(Y V E = true, C})), by the global ind. hyp

=v(sp(Y AN E = true,Cy)V P)

= Iix,y(v)(8p(Xy AE = true,Cy)V P), by Th. Bi- lemma - X, not free
in P

= Iix,~r(sp(Xy AN E = true,Cy) V P)

= (o)

O

Lemma 8. ‘ F' is upper-continuous. ‘

Proof (Lemmal8). The proof come directly from lemma [[3 and theorem Bl OJ

Spo(’Y(P),w Ed01) — (lqu%AX {S/,h/ | Els,h. S,h c XA ((HE]]S =True As 7h S Spo({S,h},Cl)))

V(s',h" €4(P))})
N{s',h' | [E]s = false}
e C {s',h | 3s,h. s,h € X A [E]s = True As',h' € spo({s,h},C1)}
= (5AX. )
N~(E = false)
= (lqu%)\X. U spo(X Ny(E = true),C1))
N y(E = false)
= (lqu%Fo)
N y(E = false)
(F5 u.c. + Tarski) = |J F(0)
n>0
N y(E = false)
(Lem@) = U F"(0)
n>0
N y(E = false)

)
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Y(sp(P,w E d C1)) = v(pXo. (P V sp(Xy A E = true,Ch))
A(E = false))
= y(pXy. (P V sp(Xy A E = true, C1)))
N ~y(E = false)
=I'(uXv. (PV sp(Xy A E = true, C1)))
N y(E = false)
= (pg AX. Iix,—x](sp(Xo A E = true,C1) V 1))
N ~(E = false)
= (Ifpg F)
N ~(E = false)
(LemB+ Tarski) = | F™(0)
n>0
N ~(E = false)
So we have that
spo(y(P),while E do C1)=~(sp(P,while E do C1)).
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