
G µ and ν coincide

Theorem 11.
µXv. P ≡ ¬νXv .¬(P{¬Xv})
νXv. P ≡ ¬µXv .¬(P{¬Xv})

Proof (Theorem 11). First we recall the definition of equivalence between for-
mulae P ≡ Q iff ∀ρ.([[P ]]ρ = [[Q]]ρ) ∨ ([[P ]]ρ and [[Q]]ρ) both do not exist.

In this proof, we write > for S × H , we sometime write Cc for > \ C.
Let B = [[νXv .P ]]ρ and A = [[µXv.¬(P{¬Xv/Xv})]]ρ, we want to prove that

(B exists ⇒ A exists and Bc = A) , and (A exists ⇒ B exists and Ac = B).
If B exists, then

• B = gfp⊆
∅ λX. [[P ]][ρ|Xv→X], so

• B is the biggest such that B = [[P ]][ρ|Xv→B], so
• Bc is the smallest such that > \ Bc = [[P ]][ρ|Xv→>\Bc], so
• Bc is the smallest such that Bc = > \ [[P ]][ρ|Xv→>\Bc], so

• Bc = lfp⊆
∅ λX. > \ [[P ]][ρ|Xv→>\X], then from Th. 10

• Bc = lfp⊆
∅ λX. > \ [[P{¬Xv/Xv}]][ρ|Xv→X], which is

• Bc = lfp⊆
∅ λX. [[¬P{¬Xv/Xv}]][ρ|Xv→X], so

• A exists and Bc = A
If A exists, then

• A = lfp⊆
∅ λX. [[¬P{¬Xv/Xv}]][ρ|Xv→X], so

• A = lfp⊆
∅ λX. > \ [[P{¬Xv/Xv}]][ρ|Xv→X], then from Th. 10

• A = lfp⊆
∅ λX. > \ [[P ]][ρ|Xv→>\X], which is

• A is the smallest such that A = > \ [[P ]][ρ|Xv→>\A], so
• A is the smallest such that > \ A = [[P ]][ρ|Xv→>\A], so
• Ac is the biggest such that Ac = [[P ]][ρ|Xv→Ac], so

• Ac = gfp⊆
∅ λX. [[P ]][ρ|Xv→X], so

• B exists and Ac = B
For the case µXv .P ≡ ¬ν.¬(P{¬Xv/Xv}), we proceed the same way. �
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