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Plan

1. In tro d u c tio n

2 . S e p a ra tio n lo g ic

3 . In tro d u c tio n to th e d o m a in : tra n sla tio n s lo g ic → th e d o m a in

4 . A b o u t th e d o m a in

5 . Tra n sla tio n o f ∗

6 . C o m p a riso n s
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✦ Goal: poin te r an aly sis: c h e c k d e re fe re n c in g e rrors, aliase s, ...

✦ BIµν a separation log ic wh ic h pe rm it easy d e sc ription s of th e m e m ory,
e .g .

– x poin ts to a list of [1 ;2 ;3 ]
∃x2, x3. (x ↪→ 1, x2) ∗ (x2 ↪→ 2, x3) ∗ (x3 ↪→ 3, nil)

– x an d y are aliase d poin te rs
x = y ∧ ∃x1, x2. (x ↪→ x1, x2)

– Partition n in g : x an d y be lon g to two d isjoin ts parts of th e h eap wh ic h
h av e n o poin te rs from on e to th e oth e r...
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Example o f a po in ter pro g ram w ith a b u g

x



























{(∃z1, z2. nil ↪→ z1, z2)≡ F A L S E}
x : = nil;

{∃z1, z2. x ↪→ z1, z2}
z : = x;

{∃z1, z2. z ↪→ z1, z2}
y : = z · 1 ;

{TRUE}
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Po in t-to a n a ly se s: S h a p e / a lia s a n a ly se s

– S h ape an aly ses: th e an aly sis bu ild a g raph wh ere

– th e n od es represen t location s in th e h eap
– th e ed g es represen t fi eld s between location s

T h e an aly sis u su ally d o approx im ation (represen t m ore or less n od es/ fi eld s
th an wh at is in th e h eap) an d com pu tes som e m ore in form ation s abou t
th e n od es or ed g es of th e g raph .

R ecen t exam ples : T V L A (S ag iv , R eps, W ilh elm ,...), S m allfoot (O ’H earn ,
Yan g , B erd in e, C alcag n o, D istefan o,...)

– A lias an aly ses: a poin t-to an aly sis wh ic h com pu tes sets of variables
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✦ Goal: poin te r an aly sis: c h e c k d e re fe re n c in g e rrors, aliase s, ...

✦ BIµν a separation log ic wh ic h pe rm it easy d e sc ription s of th e m e m ory,
e .g .

– x poin ts to a list of [1 ;2 ;3 ]
∃x2, x3. (x ↪→ 1, x2) ∗ (x2 ↪→ 2, x3) ∗ (x3 ↪→ 3, nil)

– x an d y are aliase d poin te rs
x = y ∧ ∃x1, x2. (x ↪→ x1, x2)

– Partition n in g : x an d y be lon g to two d isjoin ts parts of th e h eap wh ic h
h av e n o poin te rs from on e to th e oth e r...
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Example fo r a piece o f c o d e in sertin g a cell in a lin k ed list
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y

{(x 7→ 1, y) ∗ (y 7→ 3, nil)}

x y

1

s

h 3 nil

t : = cons(2, y);

{(x 7→ 1, y) ∗ (y 7→ 3, nil)∗(t 7→ 2, y)}

x y

1

s

h 3 nil 2

t

x · 2 : = t;

{(x 7→ 1, t) ∗ (t 7→ 2, y) ∗ (y 7→ 3, nil)}

x y

1

s

h 3 nil 2

t
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Loca l re a son in g
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y

{

(x 7→ 1, y) ∗ (y 7→ 3, nil)
∗(z 7→ 4, y)

}

x y

1

s

h 3 nil 4

z

t : = cons(2, y);

{

(x 7→ 1, y) ∗ (y 7→ 3, nil)∗(t 7→ 2, y)
∗(z 7→ 4, y)

}

x

1

y
s

h 3 nil 2

t z

4

x · 2 : = t;

{

(x 7→ 1, t) ∗ (t 7→ 2, y) ∗ (y 7→ 3, nil)
∗(z 7→ 4, y)

}

x

1

y
s

h 3 nil 2

t z

4
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➤ We wa n t to u se th is lo g ic a s a n in terfa ce la n g u a g e fo r m o d u la r a n a ly sis

C a ll

fu n c tio n
F

F
′

D

D
′

A n a ly sis 1 → BI
µν

→ A n a ly sis 2

P ro g ra m → BI
µν

→ A n a ly sis 3
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We h ave bu ild an in term ed iate d o m ain su c h th at:

➤ it is sim ilar to th e ex istin g sh ape/ alias an alysis d o m ain s to allow tran s-
latio n s fro m / to th o se d o m ain s

➤ it c o m es with a c o n c rete sem an tic s in term o f sets o f states
wh ic h is th e sam e d o m ain as fo r th e fo rm u lae’s sem an tic s

➤ we can tran slate th e fo rm u las in to o u r d o m ain

➤ it is a cartesian pro d u c t o f d iff eren t su bd o m ain s so th at we can c h eaply
tu n e th e prec isio n d epen d in g o n th e n eed s (fo r exam ple, th e d o m ain is
param etrised by a n u m erical d o m ain wh ic h can be fo rg o tten if we d o n o t
care abo u t n u m ericals)
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Plan
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Domaine of interp retation: State

We h ave a set o f v ariables V a r .

Va l = In t ∪ Bo o l ∪ A to m s ∪ L o c V a lu e s

S = Va r ⇀ Va l Sta ck s

H = L o c ⇀ Va l× Va l Hea p s

S ta te = S × H

R q : stac k s can be p artial fu n c tio n s
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The lo g ic : BI
µν

Classical co n n ectiv e s

E = E′ | false

| P ⇒ Q | ∃x.P

S p atial co n n ectiv e s

| emp Empty h eap | E 7→E1, E2 Po in ts to

| P∗Q S patial c o n j. | P→∗ Q S patial imp.

F ix p o in ts co n n ectiv e s

| Xv Variab le fo r fo rmu lae | P [E/x] Po spo n n e d su b stitu tio n

| νXv.P G reate st fi xpo in t | µXv.P L east fi xpo in t

Va rv = {Xv, Yv, ...} in fi n ite se t o f v ariab le s o f fo rmu lae
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Semantic o f ∗

P ∗ Q ρ =







s ,h0 · h1

∣

∣

∣

∣

∣

∣

• dom(h0) ∩ dom(h1) = ∅

• s ,h0 ∈ P ρ

• s ,h1 ∈ Q ρ
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Examples o f fo rmu lae

Ex. 1 Ex. 2 Ex. 3

s = [x → l1, y → l2]

h1 = [l1 → 〈3, l2〉]

s = [x → l1, y → l2]

h2 = [l2 → 〈4, l1〉]

s = [x → l1, y → l2]

h1 · h2 =
l1 → 〈3, l2〉,

l2 → 〈4, l1〉

x y

3h1

s

x y

4h2

s

x y

3 4h1·h2

s

|= (x 7→ 3, y) |= (y 7→ 4, x)
|= (x 7→ 3, y)∗(y 7→ 4, x)

6|= (x 7→ 3, y)∧(y 7→ 4, x)
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Ex1

Form u la e x = nil

S e m a n tic s {s, h | s(x) = nil},...

Tra n sla tion

(

x Nilt , , , , , ,

)

Form u la e (x = nil ∨ x = true)

Tra n sla tion



















x Nilt

T ru e t

, , , , , ,
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Ex2

Form u la A ∧ B

C on stra in ts c h e a p tra n sla tion of ∧

Tra n sla tion T (A ∧ B) , T ′(T ′(>, A), B)

> is th e e m p ty g ra p h , re p re se n tin g n o in form a tion
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Ex3, Ex4
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Form u la x = y

C on strain ts re fi n e th e in form ation for on e v ariab le s

wh ile also re fi n in g th e in form ation of th e se con d on e

in a c h eap way

A d d s in fi n ite se t of au x iliary variab le s TV a r

V A R , V a r ] TV a r

Tran slation













x α >

y

, , , , , ,













Form u la x = y ∧ x = nil

Tran slation













x α Nilt

y

, , , , , ,
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Ex5

Form u la x = y ∧ x = nil

Tra n sla tion













x α Nilt

y

, , , , , ,













Form u la (∃x. x = y ∧ x = nil) ≡ (y = nil)

Tra n sla tion













α Nilt

y

, , , , , ,
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Ex6

Form u la (x < y + 3)

Tra n sla tion











x α Nu m t

y β Nu m t

, , , , , , d











d ∈ D e n cod e s th a t α < β + 3
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Ex7

Form u la “ x is a location n ot allocate d ”

S e m an tic {s, h | s(x) ∈ L o c ∧ s(x) 6∈ d o m (h)}

Tran slation

(

x Da n g lin g L o c , , , , , ,

)
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Ex8

Form u la emp

S e m a n tic {s, h | d o m (h) = ∅}

A d d s HU , P(TV a r )

HO , P(TV a r ) ] full

Tra n sla tion (>, , ∅, , , , )
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Ex9

Form u la (x 7→ true, nil)
S e m a n tic {s, h|[s(x) → 〈Tru e , nil〉] = h}

Tra n sla tion











x α •
1

2

Tru e t

Nilt

, {α}, {α}, , , ,











Form u la (x ↪→ true, nil)
S e m a n tic {s, h|[s(x) → 〈Tru e , nil〉] ⊆ h}

Tra n sla tion











x α •
1

2

Tru e t

Nilt

, {α}, full, , , ,
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Ex10

Variables rep resen t at m ost on e valu e. To allow ap p rox im ation we

in trod u ce su m m ary n od es wh ic h can rep resen t sev eral valu es.

Form u la

ap p rox . of (x = true ∧ y = false)

by

(

x = true

∨x = false

)

∧

(

y = false

∨y = true

)

Tran slation



















x α Tru e t

y F a ls e t

, , , {α}, , ,
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Ex11: fi n ite a c y c lic list o f Tru e sta rtin g fro m x

Form u la µXv.

(

(x = nil) ∨ ∃x2.
x ↪→ (true, x2) ∗ Xv[x2/ x]

)

Tra n sla tion













x α •
1

∗2

Tru e t

Nilt

, , , {α}, ∅, ,













∅ is th e set of in fi n ite su m m a ry n od es, for in fi n ite list µ wou ld be rep la ced
by ν a n d ∅ by {α}).
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Ex12: in c re a se pre c isio n o f u n io n

Form u la

(

x = nil

∧y = true

)

∨

(

x = true

∧y = nil

)

Tra n sla tion α1

{†eq}

{†eq}

Nilt Nilt α3

{†eq}x y

α2

{†eq}

Tru e t T ru e t α4
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We wa n t x α Nu m t

y

4

= x α
4

∩ α Nu m t

y

4

.
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Semantic

V a l , Z ] Bo o l ] nil ] L o c V a l′ , V a l ∪ {ood}

S , V a r ⇀ V a l S′ , V a r
total
→ V a l′

H , L o c ⇀ (V a l× V a l) F , TV a r
total
→ P(V a l

′)

R , L o c ⇀ P(L o c)

Sta te , S × H MFR , P(S′ × H × F × R)
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· ∈ AR → P(Sta te )

ar , {s̄ , h | s , h, f, r ∈ ar
′

}

·
′

∈ AR → MFR

(ad, hu , ho , s n , s n ∞, t, d)
′

, ad 4 ∩ hu 1 ∩ ho 1
′

∩ s n 2 ∩ s n ∞ 2
′

∩ t 3 ∩ d 7 ∩ s e m ∗

· 4 ∈ AD → MFR

ad 4 ,
⋂

v∈V A R

v, ad(v) 5
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Ope ra tio n s

– u n io n , in te rse c tio n

– e x te n sio n (replac e [v → S] by [v → {v′ } |v′ → S] w ith a fre sh v
′ )

u se d to tu n e th e pre c isio n o f th e u n io n

– m e rg in g (replac e [v1 → S1 | v2 → S2] by [v2 → (S1 ∪ S2)])
u se d w ith th e w id e n in g

– tran slatio n s fro m fo rm u lae to th e d o m ain
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∗ for sim p le ty p e s (n o v a ria b le s)

When A,B ∈ {Nilt, T ru e t, F a ls e t, Oo d t, Nu m t}, A 6= B

∗ {A} {B} {Dgt} {L o ct} {L o c(...)} >

{A} {A} Ω Ω Ω Ω {A}
{Dgt} {Dgt} {L o ct} {L o c(...)} {Dgt, L o ct}
{L o ct} Ω Ω {L o ct}

{L o c(...)} Ω {L o c(...)}
> >

T he fu nc tio n so m etim es retu rn Ω a s the erro r v a lu e.
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The in itia l g ra p h o f a u x ilia ry v a ria b les















x G0

y only a u x . v a r.















∗















x G1

z only a u x . v a r.















(

x

y

∗ x

z

)

G0 ∪ G1

only a u x . v a r.

S inc e d o m (G0) ∩ d o m (G1) = ∅.

É lo d ie -J a n e S im s An a b stra c t d o m a in fo r se p a ra tio n lo g ic fo rm u la e - p . 37/ 4 4



Fro m g ra p h o f se ts to se ts o f g ra p h

v A

B

=

v A

⋃

v

B

For v v a ria b le s (a u x ilia ry or n ot) n ot su m m a ry n od e s.
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“Jumping” v a ria b le s (simplifi e d )

➤ α not su m m a ry nod e

( x α A )∗( x B )

= x α ( α A ∗ x B )

= x α A∗B

B ec a u se x α m ea ns s(x) = f(α) so th e ∗-inform a tion a bou t x c a n

be trea ted for α instea d

➤ α c y c les

( x α0 ... αn )∗( x B )

= ( x α0 ... αn > )∗( x B )

= ( x α0 ... αn >∗B )

s(x) = f(α0) = ... = f(αn) = f(α0) is s(x) = f(α0) = ... = f(αn)
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➤ α summary n od e




x α A

B



 6=
(

x α A

)

∪

(

x α

B

)

b ut





x α A

B



 ⊆











α A

B

x A











∪











α A

B

x B











B ecause s(x) ∈ f(α) ⊆ (A∪B) ⇒ (s(x) ∈ A ∧ f(α) ⊆ (A ∪ B))∨
(s(x) ∈ B ∧ f(α) ⊆ (A ∪ B))

For examp le, we g et
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x α •
1

∗2

Tru e t

Nilt

∗ x Dgt









=













x Nilt

α •
1

∗2

Tru e t

Nilt

∗ x Dgt













∪

















x •
1

∗2
Tru e t

α •
1

∗2

Tru e t

Nilt

∗ x Dgt

















=

















x •
1

∗2
Tru e t

α •
1

∗2

Tru e t

Nilt
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Comparison s

➤ the •
1

2

represen t n o d es in the u su al shape g raphs

➤ su m m ary n o d es as fo r o ther shape g raphs, seem s to g iv e m o re po ssibilities
than pred icate abstrac tio n (with each tim e a spec ifi c pred icate fo r list,
etc ...) bu t the techn ic s o f pred icate an d their alg o rithm / heu ristic s (lik e
fo ld in g / u n fo ld in g ) c o u ld pro bably also be u se o n o u r g raphs

➤ a lo n ely o u tg o in g ed g e can be seen as a “ m u st” arrow (o r v alu ed 1 ),
sev eral o u tg o in g ed g es fro m a variable can be seen as a “ m ay ” arrow
(o r v alu ed 1 / 2 , bu t it is a bit m o re prec ise becau se we k n ow that o n e o f
them sho u ld ex ist), an d an ed g e to ∅ can be seen as a “ m u st n o t” arrow
(o r v alu ed 0 )
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➤ we d eal with n u m erical (for wh at we k n ow, on ly Magill & al. also d o)

➤ we h ave a form al sem an tic of ou r d om ain , th e sem an tic s of au x iliary
v ariab les are form ally d efi n ed an d form ally u sed in th e proofs

➤ we d on ’t h av e to c h ec k for eq u alities of variab les

➤ th e d om ain is a cartesian prod u c t, we can ad d or rem ov e som e parts
d epen d in g on th e prec ision we wan t

➤ we d irec tly h av e in th e d om ain th e “ D an g lin g ” in form ation wh ic h is
su itab le for c lean in g c h ec k in g
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End
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