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Abstract. Theλµ-calculus is an extension of theλ-calculus introduced in 1992
by Parigot [Par92] in order to generalize the Curry-Howard isomorphism to clas-
sical logic. Two versions of the calculus are usually used in the literature and
considered as equivalent: Parigot’s original syntax and an alternative syntax used
by several authors. In 2001, David and Py [DP01] proved that the Separation
Property (also referred to as Böhm theorem) fails for Parigot’sλµ-calculus.
By analyzing David & Py’s result, we exhibit an extension of Parigot’sλµ-
calculus, theΛµ-calculus, for which the Separation Property actually holds and
which precisely corresponds to the alternative syntax. We prove the theorem
adapting a technique by Joly [Jol00] and describe howΛµ-calculus can be con-
sidered as a calculus of terms and streams (λ being the abstraction on terms while
µ abstracts on streams). We illustrate Separation in showing how inΛµ-calculus
it is possible to separate the counter-example used by David & Py.
Finally we argue thatλµ-calculus à la Parigot and the alternative presentation
(Λµ-calculus) are distinct calculi, theΛµ-calculus having better properties.

Keywords: Pureλµ-calculus, Böhm Theorem, Calculus of Streams.

1 Introduction

The Separation Property.In 1968, Corrado Böhm [Böh68] proved the Separation Prop-
erty, an essential syntactical property of the pureλ-calculus which states that for any
two βη-normal formsM andN of theλ-calculus that are syntactically different, there
exists a contextC[] that separates them,id est the termsC[M ] andC[N ] will reduce
to two different variables. This property has consequences on the semantical level as
well as on the syntactical one: on the one hand, it implies that a model of theλ-calculus
cannot identify two differentβη-normal forms without being trivial, on the other hand,
it means that there is a kind of adequation between the reduction rules and the syntacti-
cal constructions of the language: it is possible to explore normal terms completely by
means of the computational rules. Separation is thus desirable since it is related to the
question of whether the syntax and the reduction rules fit each other well.

Böhm’s original proof [Böh68,Bar84,Kri93] was achieved through the use of what
is called Böhm Transformations that are elementary transformations of the terms in
order to put the desired subterm in head position. In his PhD defended in 2000, Thierry
Joly [Jol00] gave a new elegant and particularly short proof of the Böhm theorem. The
proof that we will present in this paper is closely inspired by Joly’s proof.

? LIX, École Polytechnique, 91128 Palaiseau, FRANCE email: saurin@lix.polytechnique.fr



Theλµ-calculus. Theλµ-calculus is an extension of theλ-calculus introduced in 1992
by Michel Parigot in order to generalize the Curry-Howard isomorphism to classical
logic by developing a term assignment for a presentation of classical natural deduction.

The question of whether or not theλµ-calculus satisfies a kind of Separation Prop-
erty has been answered negatively by René David and Walter Py [DP01] by exhibiting
a pair of "normal forms" that are not equivalent but non-separable.

In this paper, we address the same question giving the opposite answer although
their result is perfectly valid: as a result of a careful analysis of David & Py’s result,
we exhibit a straightforward extension of Parigot’sλµ-calculus, theΛµ-calculus, for
which the Separation Property actually holds. This is done by liberalizing the syntactical
constructs of the calculus and by giving a new presentation of theλµ-calculus that
stresses the interpretation ofΛµ-calculus as a calculus of terms and streams of terms.

The extension obtained is not new in the sense that it is considered by several authors
as a definition forλµ-calculus but the relations between the Parigot’s syntax and the
alternative presentation are not made clear.

Outline of the paper.In section 2, we briefly review the syntactical theory of theλµ-
calculus: its origin and its definition, the reduction rules and the Curry-Howard cor-
respondence, plus the syntactical properties of the calculus. The following section is
dedicated to the study of David & Py’s result, its analysis and comments about non-
separation. The conclusions of section 3 lead us naturally in section 4 to consider an
extension of Parigot’sλµ-calculus for which we prove the Separation Theorem in sec-
tion 5 by adapting Joly’s proof technique. As an illustration of our result, we show how
in Λµ-calculus it is possible to separate the two terms of David & Py’s counter-example
to the Separation Property.

Remark on notations.In the following, we will as usual consider the application to be
left associative and we will consider two particularλ-terms (orλµ-terms orΛµ-terms
according to the context):1 = λx, y.x and0 = λx, y.y. Moreover, given an integerk,
1k will denote the sequence ofk terms all equal to1: (M)1k corresponds to the term
M applied tok arguments all equal to1.

2 λµ-calculus

Extending Curry-Howard to classical logic.Parigot’sλµ-calculus [Par92] arose from
aiming at extending the Curry-Howard isomorphism to classical logic by developing
a term assignment for a presentation of minimal classical natural deduction. Several
propositions preexisted (for instance Felleisen’sλC-calculus [FH92] designed to pro-
vide a syntactic theory of control and later linked with classical logic by Griffin’s anal-
ysis [Gri90], or Girard’sLC [Gir91] which gives a presentation of classical logic based
on the notion of polarities for which cut-elimination is confluent), but Parigot’s ap-
proach differs from both of the previously mentioned theories. Indeed it is really a
calculus (LC does not have a real syntax, it is still a logic), and the deductive power
of classical logic is not recovered by adding an axiom (¬¬A ⇒ A in the case of the
λC-calculus) but by extending the logical rules (in defining a classical version of natural



deduction). To each rule of the logic corresponds a syntactical construct on the com-
putational side of the isomorphism, thusλµ-calculus has more syntactical components
than theλ-calculus:µ-abstraction and naming of terms.

Since we want to analyse David & Py’s result, our presentation of theλµ-calculus
in this section closely follows the one given in their paper. Later in the paper we shall
take some distance from this presentation.

Definition 1 (λµ-calculus).LetV (denoted byx, y, . . . ) andVcont (denoted byα, β, . . . )
be two disjoint infinite sets of term variables and of continuation variables respectively.
λµ-terms are inductively defined by the following syntax:
M ::= x | λx.M | µα.[β]M | (M)M
We callnamed termsthe expressions of the form[β]M (which are notλµ-terms).

Two versions of the calculus are usually used in the literature: Parigot’s original syn-
tax and an alternative syntax1 which is used by several authors (De Groote [dG94,dG98],
Laurent [Lau03a], Ong and Stewart [OS97]...) even if Parigot’s presentation seems to
be a little more common. Those two versions are generally considered as equivalent
and their relation is never made really clear. Actually, on the logical point of view their
relation is clear since one corresponds to minimal classical logic while the other is for
classical logic with falsity, but computationally, their relation is not clear.

We give below the type system for the simply typedλµ-calculus. Erasing the proof
terms, we get a presentation of minimal classical natural deduction. We do not enter into
more details about the Curry-Howard isomorphism forλµ-calculus: this paper is only
concerned with the untyped calculus. If interested, one can read Ariola & Herbelin’s
paper [AH03] which gives an interesting analysis of the links between minimal classical
logic, λµ-calculus and Felleisen’sλC.

Γ, x : T ` x : T |∆ V ar
Γ ` M : B|∆, β : B

Γ ` µα.[β]M : A|(∆ ∪ {β : B}) \ {α : A}
µ

Γ, x : T ` M : U |∆
Γ ` λx.M : T → U |∆ Abs

Γ ` M : T → U |∆ Γ ` N : T |∆
Γ ` (M)N : U |∆

App

λµ-calculus reduction rules.Being interested in the Separation Property, it is necessary
to look carefully at the reduction rules of the calculus.

Definition 2 (λµ-calculus reduction rules).We consider six reduction rules (β, η, µ,
ν, ρ andθ) for λµ-calculus2:
(λx.M)N −→β M [N/x] λx.(Mx) −→η M if x 6∈ FV (M)
[β]µα.M −→ρ M [β/α] µα.[α]M −→θ M if α 6∈ FV (M)
(µα.M)N −→µ µα.M [[α](u)N/[α]u]
µα.M −→ν λx.µα.M [[α](u)x/[α]u] if x 6∈ FV (M)

1 Alternative syntax: M ::= x | λx.M | (M)M | µα.M | [α]M .
2 The substitution writtenM [[α](u)N/[α]u] must be read as "all the subtermsu of M named

with α are replaced by(u)N "; the substitution involved in theρ-rule is just continuation
variable renaming. Besides note that theρ-reduction rule, as stated in definition 2, is not a
proper rule ofλµ-calculus since it does not involve terms of the calculus. To be precise, theρ
rule should be stated as:µα[β]µγ.[δ]M −→ρ µα.([δ]M)[β/γ].



When designing theλµ-calculus, Parigot only considered the rulesβ, µ, ρ andθ.
Having in mind the Separation Property, it is essential to haveη-rule: without this rule
the property is immediately false. Addingη to the four rules considered by Parigot is
a bit problematic because it makes confluence fail3. Hence the need for introducing an
additional rule calledν which corresponds to anη-expansion followed by aµ-reduction.
Even in this case, confluence holds only forµ-closed terms4. At this point theν-rule
already deserves some comments. First, note that it makes theµ-reduction superfluous
since it can be simulated by aν-reduction followed by aβ-reduction. Second, note that
with this rule we loose any hope of getting normal forms: as soon as a term contains a
µ-abstraction it is possible to apply an arbitrarily large number ofν-rules to it.

We will come back later to the study of reduction rules when presentingΛµ-calculus.

Syntactical theorems.Before going further in the analysis of Separation, we review the
main syntactical theorems ofλµ-calculus.

Parigot only looked on the reduction rulesβ, µ, θ andρ and proved confluence of the
calculus and strong normalization in the polymorphic typed setting [Par92,Par97]. As
mentioned previously theη-rule generates some confluence problems studied by Walter
Py in his PhD [Py98]: the introduction of theν-reduction solves this forµ-closed terms.

The syntactical theory of theλµ-calculus is not much more developed than this
and in a sense the last result obtained was a negative one: the failure of the Separation
Property proved by David & Py in 2001. We shall study their result in the following
section.

3 The failure of Separation for theλµ-calculus

The result of David and Py [DP01].David & Py’s result consists of two parts: they
first develop tools to state the Separation Property in theλµ-calculus and then prove it
is false.

To state Separation, David & Py introduce the reduction rules we presented in the
previous section in order to have extensionality rules and confluence. After this, they
introduce a notion ofcanonical normal forms which are theβηµρθ-normalλµ-terms
of the form:M = λx1 . . . xn.((y)N1 . . . Nk) or M = λx1 . . . xn.µα[β]((y)N1 . . . Nk)
with N1, . . . , Nk in canonical normal form5.

Given confluence and a notion of normal form, they can state the Separation Property
for λµ-calculus that they show to be false by exhibiting a counter-example, namely the
λµ-term6 W = λx.µα.[α]((x) µβ.[α]((x) U0 y) U0) with U0 = µδ.[α]0.

3 There is a critical pair involvingµ andη from the termλx.(µα.[β]M)x, with x 6∈ FV (M),
see David & Py’s paper [DP01] or Py’s PhD thesis [Py98] for more details.

4 Theµ-closed terms are the terms with no free continuation variable.
5 They are not strictly speaking normal forms since a term with aµ-abstraction has always an

infinite computation because of theν-rule. They are theβηµρθ-normal forms for which no
ν-reduction creates a redex forβ, η, µ, ρ, or θ.

6 Actually, the termW in David & Py’s paper needs twoν-reductions applied to theµ-
abstractionµα and then someβ-reductions in order to reduce to the term in canonical normal
forumW ′ = λx1, x2, x3.µα.[α](x1)(µβ.[α]((x1)(µδ.[α]x3)yx2x3)(µδ.[α]x3)x2x3) .



Theorem 1 (Failure of Separation in λµ (David & Py)). Let us considerW0 =
W [0/y] and W1 = W [1/y]. W0 and W1 are closed, in canonical normal form and
are notβηµνρθ-equivalentbut they are operationally equivalent7.

In other words, the Separation Property fails onW0 andW1.

Analysis of the result.Let us now give briefly an intuitive idea of the reasons whyW0

andW1 cannot be separated. For additional details we refer the reader to David & Py’s
paper [DP01].

Thanks to a context lemma [DP01] it is possible to consider only applicative con-
texts. As a consequence, the result is equivalent to the fact that for no context[]A

−→
B ,

(W )A
−→
B reduces to a head normal form for whichy is the head variable. The reason

for this can be summarized as follows:
WA

−→
B →?

µα.[α]((A) µβ.[α]((A) (µδ.[α](0)
−→
B ) y

−→
B ) (µδ.[α](0)

−→
B )

−→
B )

The first occurrence ofA has then to select its first argument and put it in head
position while the second occurrence of this term has to select its second argument. Up
to this point, it is the same thing as in theλ-calculus case. What differs fromλ-calculus
and makes the property fail is that those two behaviours of the termA have to be realized
in the same context

−→
B . The failure comes from this very point which is much different

from the case of theλ-calculus where the arguments are consumed so that it would be
possible to put the termA in two different contexts to make it compute different things.
But in theλµ-calculus, in addition toβ-reduction, we haveµ-reduction which gives all
the arguments directly to the subterms labelled with the correctµ-variables and this is
what makes the difference.

What can we expect now?Once the failure of Separation inλµ is proved, we can try to
fix the problem and get the property back.

The failure of Separation can be generally stated as follows: there exists two normal
formsM andN that are not equivalent for the reduction rules but that no context sep-
arates. Clearly, two parts of this proposition are of interest: on the one hand the terms
arenot equivalentand on the other hand there isno separating context.

Let us illustrate these points by two very simple examples taken from theλ-calculus:
• Consideringλ-calculus with onlyβ as a reduction rule, Separation fails, but adding
η makes us get the property back: we have enlarged the equivalence and the result now
becomes true.The terms that were not separable are made equivalent.
• Considering simply typedλ-calculus, Separation does not hold8 : we do not have
enough contexts to explore all parts of the term. But simply by allowing non-typable
terms, that is allowing more contexts (in particular the untypable ones), one gets the
Separation Property back.The terms that were not equivalent are made separable.

7 In the usual sense that for all contextC[], C[W0] is solvable iffC[W1] is solvable.
8 Other versions of the Separation Property can be proved in the typed setting. Joly gave a

intermediate result in his PhD thesis [Jol00]: given two closed simply typedλ-termst1 andt2
with same type that are notβη-equivalent, then by instantiating their type variables to the type
of Church numerals(o → o) → (o → o) then one can find an applicative context in which
the terms reduce to different Church numerals. These typed results are very different from the
untyped Separation theorems we are interested in here.



Those two directions suggest radically different methods to get the property back. In
the conclusion of their paper, David & Py suggest that it might be possible to get the
Separation Property back by adding new reduction rules, that is by making more terms
equivalent (particularly a family of terms related toW ). Here instead, we explore the
second direction which consists in trying to allow more contexts in order to get a more
powerful exploration of the terms and get the Separation Property back.

To put things short, the failure of Separation is due to the fact that theµ-abstraction
consumes all its arguments and that it is not really possible to make aµ-abstraction dis-
appear9. The reason is thatµ-abstraction and naming are a single syntactical construc-
tion in Parigot’sλµ-calculus. In the following section, we will get rid of this constraint
in order to recover Separation.

4 An extension ofλµ-calculus:Λµ-calculus

Λµ: more liberal syntactical rules and a new syntax.We now extend our language
by liberalizing the syntax in allowing aµ-abstraction on the one hand and a naming
construct on the other. We will take the opportunity of this definition of a new language
to change also the way naming is written: this simple change will have great impact on
the writing of the proofs that will constitute the rest of the paper.

Definition 3 (Λµ-calculus).Given two infinite disjoint setsVt (denoted byx, y, z, . . . )
andVs (denoted byα, β, γ, . . . ) of variables, the set ofΛµ-terms is inductively defined
as follows:M ::= x | λx.M | µα.M | (M)α | (M)M

We will refer to the elements ofVt andVs as term variables (orλ-variables) and
stream variables (orµ-variables) respectively. The terminology will be justified below.

Notice that we use the same notation for the application of a term and of a stream
variable, this is for pure notational convenience and because it does not make anything
ambiguous, but of course those two applications are of different kinds.

Definition 4 (Λµ-calculus reduction rules and typing system).
(λx.M)N −→β M [N/x] λx.(Mx) −→η M if x 6∈ FV (M)
(µα.M)β −→βs M [β/α] µα.(Mα) −→ηs M if α 6∈ FVs(M)

µα.M −→fst λx.µα.M [(u)xα/(u)α] if x 6∈ FV (M)

Γ, x : T ` x : T |∆ V ar
Γ, x : T ` M : U |∆

Γ ` λx.M : T → U |∆ Abs
Γ ` M : ⊥|∆, α : A

Γ ` µα.M : A|∆
µAbs

Γ ` M : T → U |∆ Γ ` N : T |∆
Γ ` (M)N : U |∆

App
Γ ` M : A|∆, α : A

Γ ` (M)α : ⊥|∆, α : A
µApp

Remark: The only "novelty" is the change of notation for naming and the use of
the fst-rule which is a direct translation of theν-rule defined by David & Py [DP01].

9 Indeed the only rule that makes aµ disappear is theρ rule, but in fact the term stays encapsu-
lated inside aµ: µα[β]µγ.W −→ρ µα.W [β/γ] (theθ rule is a little particular since it is an
extensionality rule...).



Moreover notice that we dropped theµ-rule since as we mentioned previously it is no
more necessarily and it has no particular meaning with the stream interpretation that we
develop in the following.

Definition 5 (Canonical normal forms for Λµ(CNFΛ)). The canonical normal forms
are theββsηηs-normalΛµ-terms of the form:
λ−→x1.µα1 . . . λ−→xk.µαk.λ−−→xk+1.(y)(M i

1)i∈I1β1 . . . (M i
l )i∈Il

βl(M i
l+1)i∈Il+1

with theM j
i ’s in canonical normal form10.

Definition 6 (Head reduction and head normal form).The head reduction is the re-
duction strategy consisting of the head reduction for rulesβ, η, βs andηs, applying the
fst-rule only when no other rule applies and only when it creates a head redex for one
of the above mentioned rules. This reduction will be written→h.
The head normal forms (hnf) are the terms of the form:
λ−→x1.µα1 . . . λ−→xk.µαk.λ−−→xk+1.(y)(M i

1)i∈I1β1 . . . (M i
l )i∈Il

βl(M i
l+1)i∈Il+1 with arbitrary

applications of stream variable and arbitrary termsMi’s (but such that noη nor ηs rule
can be applied).

More terms, more space toη-expand. With the new languageΛµ, we can build new
terms (that have no equivalent in Parigot’sλµ-calculus) such asµα.µβ.(M) or (M)αxβ.
Indeed, intuitively,η-expansion (not to mentionθ-expansion) was forbidden after aµ-
abstraction inλµ-calculus. WithΛµ-calculus, we get the freedom toη-expand (withη
or ηs) everywhere in the term:µα.µβ.(M)β or µα.λx.(M)x are now perfectly legal
terms while neitherµα.µβ.[β]M norµα.λx.(M)x were allowed inλµ.

This change is extremely important for Separation: during the Separation process,
η-expansion is critical (or to say it differently, the fact to saturate a term with arguments
is essential to satisfy Separation).

Interpretation as a stream calculus.Let us now draw some comments about the links
betweenΛµ-calculus and a calculus of streams in analyzing its reduction rules.

The reduction rules forΛµ-calculus are just the ones forλµ-calculus up to a change
in the names (ρ becomesβs, θ becomesηs andν becomesfst), the fact thatµ disappears
(as it is superfluous and has no particular meaning with the stream interpretation), and
the fact thatβs is now a well-formed rule (ρ was not well formulated as mentioned in
Footnote 2).

Let us now give some intuitive interpretation of these rules. Clearly,ηs is an ex-
tensional rule whileβs has more computational content in a sense (even if it is a very
weak form ofβ-reduction since it only involves variable renaming...). Moreover, the
fst-rule relates term variables with stream variables and this is what makes the calculus
interesting: it is a way to access the first term of the stream. In order to make this point

10 Notice that these are not all theββsηηs-normal forms since for exampleµα.(λx.x)α is not
in canonical normal form, but is inββsηηs-normal form.
Notice also that these canonical normal forms directly extend the ones forλµ-calculus: inλµ-
calculus we always hadk = l = 0 or k = l = 1 and the abstractionλflechex2 as well as the
sequence(M i

2)i∈I2 are empty in this case.



clear, let us now look atfst-derivations from a termµα.M :

µα.M →
?

fst λx1 . . . λxn.µα.M [(u)x1 . . . xnα/(u)α]

Those derivations can be arbitrarily long so that theµα can be viewed as a kind
of infinite λ-abstraction but not exactly, it is closer to an abstraction over streams of
terms (or lazy stacks). This had already been noticed by Parigot in his original paper
aboutλµ-calculus [Par92]: "The operatorµ looks like aλ having potentially infinite
number of arguments". This analogy is already valid withλµ-calculus but only takes
its strength withΛµ-calculus in which Stream Abstraction and Stream Application are
two well identified and totally independent constructions (See definition 7 below).

Looking at the shape of the canonical normal form, we notice that the structure of
λ−→x .µα.M or of (M)

−→
Nα are frequent inΛµ-calculus. We formalize this in the follow-

ing definition.

Definition 7 (Stream notation). To shorten the writing ofΛµ-terms, we shall adopt
the following writing convention: when it is not ambiguous we abbreviate a sequence of
abstractions of the form:λx1 . . . λxn.µα.M asΛS.M and a sequence of applications
of the form(M)M1 . . .Mmα as(M)S. For instance the canonical normal form of the
previous definition will be written:ΛS1 . . . ΛSk.λ−−→xk+1.(y)S ′1 . . .S ′l(M i

l+1)i∈Il+1 .
In the rest of the paper, we refer to these notations asStream abstractionandStream
application respectively.

With this notation the stream interpretation becomes clearer and clearer, in particu-
lar it would be interesting to study reductions on streams like:(µα.M)S → M [S/α]
with this we have a reduction that is more interesting than the pure variable renaming
of theβs rule and that looks better than the strange substitution of theµ-reduction.
In addition, it is possible to make even more uniform this notation: the last layer of term
applications in the canonical normal forms which is not very uniform can be encapsu-
lated in a stream just by aηs-expansion after all the abstractions:
ΛS1 . . . ΛSk.λ−−→xk+1.(y)S ′1 . . .S ′l(M i

l+1)i∈Il+1 →ηsexp ΛS1 . . . ΛSk+1.(y)S ′1 . . .S ′l+1

5 Recovering the Separation Property

5.1 Scheme of the proof forΛµ

Before going to the technical details of the proof of Separation, we present the idea of
the proof informally and its scheme.

Given two closed termsM andN that we want to separate, we must consider the open
case and reason by induction on the size of the terms and by case on their structure.

The main case of the proof is forM , N of the form:(x)M1 . . .MmM1
m+1 . . .Mk

m+1

and(y)N1 . . .NnN1
n+1 . . . N l

n+1.
When eitherx 6= y or (m, k) 6= (n, l), it is easy to separate the terms. Separation

becomes more intricate in the case whenx = y andm = n andk = l.



In this case, we need to find two subtermsM ′ andN ′ at the same position in the
trees ofM andN that are not equivalent. In theλ-calculus case, it is evident but with
Λµ, things are getting more complicated. Indeed it could happen that the terms are of
the form(x)α and(x)yβ (or even of the form(x)α and(x)β). In this case, there is no
position satisfying the condition even if the terms are not equivalent. We should have
done aν-reduction on theµα andµβ when the terms were still closed and we would
have got the terms(x)vαα and(x)yvββ for which there is no problem. This will be
formalized in the Subterm Lemma (Lemma 4) which provides a way to prevent this
problem from occurring. Then we select the subterms and finally separate them thanks
to the induction hypothesis. This selection is done by assigning some termP to the
head variablex.

Nevertheless, it is not so easy to separateM andN since in addition to the selection
of the subtermsM ′ andN ′ by the termP assigned to the head variablex, we also need
then to separateM ′ and N ′ and there is no reason forx not to appear also in the
subtermsM ′ andN ′ and thusP must be chosen to be compatible with the separation
process of those terms.

In order to allow the termP assigned tox to play both roles (selection of the par-
ticular subtermsM ′ andN ′ and separation ofΛµ-termsM ′ andN ′, respectively), we
will need an auxiliary lemma which is the Parametric Pairs Lemma (Lemma 3). The
aim of this lemma is to guarantee that it is possible to assign a more structured term to
the variablex (a kind of pair of terms)without disturbing the Separation process.

For the terms that do not conform to the shape(z)P1 . . .PmQ1 . . . Qk, we need a way
to reduce them to the previous case that is compatible with the induction. To achieve
that, the size that we shall define on the canonical normal forms of theΛµ-calculus
must take into account this reduction in order not to have terms for which the size is
growing during this step. The key point here is the stratification of the canonical normal
forms between a layer of abstractions and a layer of applications (of streams and terms
in both cases).

5.2 Definitions and lemmas

In this section we introduce some structures, definitions and lemmas that will be useful
in the proof of the Separation theorem. Firstly we give elements that will deal with the
structure of the proof: size of terms to reason by induction as well as a way to relate
terms with abstraction at top-level and terms without.

Definition 8 (size ofΛµ-terms).We define inductively a sizeT onΛµ-calculus canon-
ical normal forms:
• T (x) = 0
• T (ΛS1 . . . ΛSk.λx1 . . . λxl.M) = 1+T (M) if M is not an abstraction andk+l > 0
• T ((x)S1 . . .SmN1 . . . Nn) = 1 +

∑m
i=1 T ′(Si) +

∑n
i=1 T (Ni) if (m,n) 6= (0, 0)

where the sizeT ′(S) of a stream applicationS = M1 . . .Mmα is
∑m

i=1 T (Mi)

Additionally to the size of a term we will need to talk about the subterms of certain
terms (since separation is essentially an exploration of the terms). For this purpose,



the size of a stream, positions of subterms and minimal applicative contexts will be
important notions:

Definition 9 (Size of a Stream, Position of a subterm).The size of a streamS =
M1 . . .Mnα is defined as]S = n.
Given a termM of the formΛS1 . . . ΛSk.λx1 . . . λxk′ .(x) S ′1 . . .S ′lM1 . . .Ml′ its set
of positionsP(M) is defined to be{(i, j), i ≤ l, 1 ≤ j ≤ ]S ′i}∪{(l+1, j), 1 ≤ j ≤ l′}
and the subterm ofM at position(i, j) ∈ P(M) is thejth element ofS ′i if i ≤ l or is
Mj if i = l + 1.

Definition 10 (Minimal Applicative Context). Given twoΛµ-canonical normal forms
M andN , a Minimal Applicative Context (MAC) is a contextC of the form[]x11 . . . x1k1

α1 . . . αnx(n+1)1 . . . x(n+1)kn+1 of minimal length such thatC[M ] andC[N ] reduce to
terms of the form(x)S1 . . .SsP1 . . . Pp and such that the variables inC do not interfere
with the free variables ofM andN11.

Lemma 1. Consider twoΛµ-termsM andN in canonical normal forms,C a MAC for
this pair of terms andM ′ andN ′ the reduced forms ofC(M) andC(N) respectively.
ThenT (M ′) + T (N ′) ≤ T (M) + T (N)12.

Definition 11 (Sub-term selectorΦP(i,j)). The sub-term selectorΦP(i,j) intended to se-
lect the sub-term at position(i, j) in a termM = (x)S1 . . .SsM1 . . .Mm is:
ΦP(i,j) = µα1 . . . µαi−1.λx(i,1) . . . λx(i,j).µαi . . . µαs.λx(s+1,1) . . . λx(s+1,m).x(i,j)

when(i, j) is in the set of positionsP of the termM13.

In the key part of the proof we shall need to replace a term by another one that
carries more information: we need to store two programs. The usual way to do so in
λ-calculus is to use pairs, but we need our information no to be retrieved immediately,
we need the pair to accept several arguments before choosing what component it will
restore, for this a structure of parametric pairs is needed:

Definition 12 (Parametric pairs: 〈_, _〉k). We define inductively〈u, v〉k as follows:
• 〈u, v〉0 = λz.(z)uv z /∈ FVt((u)v)
• 〈u, v〉k+1 = µα.〈(u)α, (v)α〉k α /∈ FVs((u)v)
This may be rephrased as:〈u, v〉k = µα1 . . . µαk.λz.(z)((u)α1 . . . αk)((v)α1 . . . αk)

It is simply a parametric version of the usual encoding of the pair inλ-calculus,
adapted to theΛµ-calculus. Moreover these parametric pairs are adapted from the pairs

11 More formally, if M = ΛS1 . . . ΛSp.λx1 . . . λxp′ .(x) S ′1 . . .S ′qM1 . . . Mq′ and
N = ΛP1 . . . ΛPr.λy1 . . . λyr′ .(y)P ′

1 . . .P ′
s N1 . . . Ns′ , the MAC is of the form:

[]x11 . . . x1k1α1 . . . αn x(n+1)1 . . . x(n+1)kn+1 and such thatn = max(p, r). In the case
p = r = n, for all i ≤ n we haveki = max(]Si, ]Pi) andkn+1 = max(p′, r′) and in the
casep 
 r we have for alli ≤ r, ki = max(]Si, ]Pi), kr+1 = max(]Sr+1, r

′) and for all
r + 1 � i ≤ n, ki = ]Si andkn+1 = p′.

12 Notice that in general the inequality is not strict even if the MAC in non-trivial. For example
the termsM = λx.y andN = z admit as a MAC the contextC = []x which leads to terms
M ′ = y andN ′ = (z)x and the sum of the sizes has not decreased.

13 Of course, ifi = s + 1, thenΦP
(i,j) = µα1 . . . µαs.λx(s+1,1) . . . λx(s+1,m).x(s+1,j).



defined by Joly for theλ-calculus:λx1 . . . λxn.λz.(z)((u)x1 . . . xn)((v)x1 . . . xn). In
a previous version of this work, we had pairs that were indexed twice:〈u, v〉(m,n) =
µα1 . . . µαm.λx1 . . . λxn.λz.(z)((u)α1 . . . αmx1 . . . xn)((v)α1 . . . αmx1 . . . xn).

These pairs really extend the one by Joly and as a conclusion our proof using these
pairs had the advantage to extend the proof for theλ-calculus in the sense that to sepa-
rateΛµ-terms that were alsoλ-terms, the proof did exactly what is done inλ-calculus
and build the same context as Joly’s proof. The version of the pair we use here makes
the proofs shorter but we loose this property

Proposition 1. We notice immediately that the following relations hold:
〈u, v〉01 →

?

h u and 〈u, v〉k+1M →?

h 〈(u)M, (v)M〉k+1

〈u, v〉00 →
?

h v and 〈u, v〉k+1α →?

h 〈(u)α, (v)α〉k
More globally, using the Stream Notation, we get:
〈u, v〉kS1 . . .Sk1 →?

h (u)S1 . . .Sk and 〈u, v〉kS1 . . .Sk0 →?

h (v)S1 . . .Sk

At this point let us notice that the term〈u, v〉k is typical of theΛµ-calculus: we
cannot build it inλµ-calculus as soon ask ≥ 1 since it is essentially a succession of
Stream Abstractions on the one hand and a succession of Stream Applications on the
other hand14. This construction will have a key role in our proof.

Notation 2 (The1k Stream) In the following, we write1k for the stream(1k, α). Such
a stream will be used intensively.

Lemma 3 (Parametric Pairs Lemma (PPL)) Let τ, u be Λµ-terms andx, y ∈ Vt

with x 6∈ FV (u). If τ [u/x] →?

h y, then we have:
∃K ∈ IN such that∀k ≥ K,∀v ∈ Λµ,
∃n0 such that∀(n1, . . . , nk+1) all greater or equal ton0,
∃(l1, . . . , lk+1) ∈ INk+1 such that:τ [〈u, v〉k/x]1n1 . . .1nk+1 →?

h (y)1l1 . . .1lk+1 .

The lemma asserts that ifτ [u/x] reduces to the variabley, then for any integerk
big enough and for any termv, the parametric pair〈u, v〉k will behave the same way
asu does in the termτ as long as we feed it with enough streams1

n big enough. The
intuitive idea is that one can replace the termu by a term carrying more information but
that still behaves the same way.

Definition 13 (Subterm Condition). TwoΛµ-termsM andN are said to satisfy the
Subterm Condition if applied to a MAC, they reduce toM ′ = (x)S1 . . .SsM1 . . .Mm

andN ′ = (y)P1 . . .PpN1 . . . Nn which are such that:
• x 6= y or s 6= p or m 6= n
• or there is a pair(i, j) both inP(M ′) and inP(N ′) such that the subterms ofM ′

andN ′ at position(i, j) satisfy the Subterm Condition.

14 In particular, those terms will not be typable (a term of the formµα.λx.M is never typable),
and it is worth being noticed that the constructionµα[β] is in some sense edicted by typing
consideration: theλµ-calculus has been at first designed as a typed calculus...
The non-typability of the terms〈u, v〉k is not problematic for us since we are working in the
untyped setting in which the separation theorems have to be looked for.



Notice that the Subterm condition implies that the terms are not equivalent, the
converse being false: usually non-equivalent terms in CNFΛ do not satisfy the Subterm
condition as shown by the terms(x)yα and(x)α. Theν-transformation deals with this.

Definition 14 (ν-transformation). Given a closedΛµ-term M we definedMeν as the
result of the application of aν-rule to eachµ-abstraction ofM :
dxeν = x with (α 7→ vα) : Vs → Vt \ Vt(M)
dλx.Meν = λx.dMeν d(M)Neν = (dMeν)dNeν
d(M)αeν = (dMeν)vαα dµα.Meν = λvα.µα.dMeν

Lemma 4 (Subterm Lemma) Given two closed canonical normal forms that are not
βηβsηsfst-equivalent, theirν-transforms satisfy the Subterm Condition.

Proof sketch: The basic idea of the proof is that in the cases mentioned in section 5.1:
(x)M1 . . .Mmα and(x)N1 . . . Nnβ with eitherm 6= n or α 6= β then since the terms
we consider areν-transformed we haveMm = vα andNn = vβ so that ifm 
 n
thenNn = vβ 6= Mn and if m = n thenNn = vβ 6= vα = Mm. Notice that in the
lemma, the hypothesis of closed terms is only used to allow theν-transformation of the
terms. ut

5.3 The main result

Theorem 5 (Separation Theorem for theΛµ-calculus).LetM andN be closedΛµ-
terms in canonical normal form which are notβηβsηsfst-equivalent. There exists an
applicative contextC = []S1 . . .SkP1 . . . Pl such thatC[M ] →?

h 1 whileC[N ] →?

h 0.

Proof. We will in fact separate theν-transformsdMeν anddNeν of M andN respec-
tively which will be easier since by lemma 4 they satisfy the Subterm Condition. It is
easily checked that an applicative separating context for those terms is also a separating
context forM andN .

We prove the result by induction on the sum of the sizes of the terms that we con-
sider and by case on their structure. We reason on the open case on terms satisfying the

Subterm Condition. The shape of the contexts we will build is:C = []
[−→
U /−→x

]−→
S
−→
P .

First case: Both termsM andN are of the form(x)P1 . . .PpQ1 . . . Qq.
Let M = (x)M1 . . .MmM1 . . .Mm′ andN = (y)N1 . . .NnN1 . . . Nn′ .

The only interesting case15 is whenx = y = s and(m,m′) = (n, n′). In that case,
since the pair(M,N) satisfies the Subterm condition, we have a pair of integers(i, j)
such thatMij 6=βηβsηsfst Nij and such thatMij andNij satisfy the Subterm Con-

dition. By induction hypothesis on(Mij , Nij), there are(Ux)x∈FV (MijNij) and
−→
V =

V1 . . .VvV1 . . . Vv′ such thatMij

[−→
U /−→x

]−→
V →?

h 1 andNij

[−→
U /−→x

]−→
V →?

h 0 so that for

all variablesz1, z2 we haveMij

[−→
U /−→x

]−→
V z1z2 →

?

h z1 andNij

[−→
U /−→x

]−→
V z1z2 →

?

h z2.

15 in the other cases, separation is direct by choosing an appropriate context



If we writeM ′ andN ′ for Mij

[−→
U /−→x , x 6= s

]−→
V z1z2 andNij

[−→
U /−→x , x 6= s

]−→
V z1z2

and providedz1, z2 6= s, we getM ′[Us/s] →?

h z1 andN ′[Us/s] →?

h z2.
At this point, we need to use the Parametric Pairs Lemma in order to pass two terms

to the head variables at once: on the one hand, we need a termΦ whose role will be
to select the subterms located in position(i, j) in M andN16 and on the other hand a
term whose role will be to separate the termsMij andNij .

By the PPL applied toM ′ and toN ′ with Us ands, we getK such that for allk ≥ K
and for all(k1, . . . , kk+1) big enough, there are(l1, . . . , lk+1) and(l′1, . . . , l

′
k+1) such

that :
M ′[〈Us, Φ〉k/s]1k1 . . .1kk+1 →?

h (z1)1l1 . . .1lk+1

N ′[〈Us, Φ〉k/s]1k1 . . .1kk+1 →?

h (z2)1l′1 . . .1l′k+1

This can be also written (withU ′
x equal toUx except in the case ofU ′

s where it is equal
to 〈Us, Φ〉k):

Mij

[−→
U ′/−→x

]−→
V z1z21

k1 . . .1kk+1 →?

h (z1)1l1 . . .1lk+1 and

Nij

[−→
U ′/−→x

]−→
V z1z21

k1 . . .1kk+1 →?

h (z2)1l′1 . . .1l′k+1

Let us now definew1 = µα1 . . . µαk+1.1 andw2 = µα1 . . . µαk+1.0 and consider:

M
[−→
U ′/−→x

]−→
V w1w21

k1 . . . 01kk−m−v+1 . . .1kk+1

= 〈Us, Φ〉kM′
1 . . .M′

mM ′
1 . . .M ′

m′
−→
V w1w21

k1 . . . 01kk−m−v+1 . . .1kk+1

and the corresponding term forN .
We can now display a derivation fromC(M) to 1 in this case: this is done below17.

The derivation fromC(N) to 0 is similar.

M
[−→
U ′/−→x

]−→
V w1w21

k1 . . .1kk−m−v01kk−m−v+1 . . .1kk+1

→?

h 〈?, (Φ)M′
1 . . .M′

mM ′ 1
m+1 . . .M ′ m′

m+1

−→
V w1w21

k1 . . .1kk−m−v 〉001kk−m−v+1 . . .1kk+1

→?

h (Φ)M′
1 . . .M′

mM ′ 1
m+1 . . .M ′ m′

m+1

−→
V w1w21

k1 . . .1kk+1

→?

h (M ′
ij)
−→
V w1w21

k1 . . .1kk−m−v+1 . . .1kk+1 →?

h (w1)1l1 . . .1lk+1 →?

h 1

Second case:At least one ofM andN is not of the form(x)P1 . . .PpQ1 . . . Qq.
By putting the terms in a Minimal Applicative Context, they reduce to termsM ′

andN ′ of the expected form that satisfy the Subterm Condition andT (M) + T (N) ≥
T (M ′) + T (N ′), so that it is possible to apply the induction hypothesis. ut

5.4 Separating David & Py’s counter-example

As an illustration of our result, we briefly exhibit a separating context for the termsW0

andW1 that induced failure of the Separation Property in David & Py’s paper. We will
show how it is possible to make the termW = λx.µα.((x)µγ.((x)U0yα)U0α) reduce
to the variabley in a contextC, so thatW0 would reduce to0 andW1 to1 in this context.

16 That will beΦ
P(M)

(i,j) . Note that by hypothesis we haveP(M) = P(N).
17 The left component of the pair is not shown.



Writing P for the parametric pair:〈λz0, z1.µα.µβ.z1, λx.µα.x〉1, the separating
context18 is C = []Px0x1α01k01

k1 with k0 andk1 both greater than1.
The separation process is described in the following derivation:

C(W ) = (W )Px0x1α 01k0 1
k1 →?

h (P) µγ.((P) Ux1yx0x1α) Ux1x0x1α 01k0 1
k1

→?

h 〈?, (λx.µα.x) µγ.((P) Ux1yx0x1α) Ux1x0x1α〉0 01k0 1
k1

→?

h (λx.µα.x) µγ.((P) Ux1yx0x1α) Ux1x0x1α 1
k0 1

k1

→?

h (µγ.(P) Ux1yx0x1α) 1k0 1
k1 →?

h (P) Ux1yx0x1α 1
k1

→?

h 〈(λz0, z1.µα.µβ.z1) Ux1yx0x1α, ?〉0 11k1−1

→?

h (λz0, z1.µα.µβ.z1) Ux1yx0x1α 1
k1−1

→?

h y

6 Conclusion

Separation is an important property dealing both with syntax and semantics of lan-
guages. The way we went through to recover Separation means that the reductions are
not responsible for the failure of Separation, the cause of the failure being that the syn-
tax does not allow enough contexts to interact with the terms.

Moreover this result stresses the difference betweenλµ-calculus à la Parigot and
the alternative syntax,Λµ-calculus: although these two calculi were considered by most
authors to be essentially the same (some authors work with Parigot’s presentation, some
with the alternative one, all call thisλµ-calculus but the relation between them is never
made clear). We showed here that the difference betweenλµ-calculus andΛµ-calculus
lies in an intrinsic lack of extensionality inλµ-calculus à la Parigot because of the
µα.[β] construction. This fact is easily explained when one considers thatλµ-calculus
has been designed as a typed calculus at the beginning and that theµα.[β] construction
can be seen as a typing constraint made syntactical: under aµ-abstraction the named
term will always have type⊥ (if looking at classical logic with falsity).

Furthermore we exhibited a strong connection betweenΛµ-calculus and the structure
of stream: theλ-abstraction abstracts over terms while theµ-abstraction abstracts over
streams of terms. This presentation as a stream calculus is interesting for several rea-
sons: first of all it gives a very clear computational interpretation toΛµ-calculus, in
addition this structure is deeply rooted in the shape ofΛµ-terms (and this fact is con-
firmed by the form the abstract machines forλµ-calculus [Lau03a,Bie98,dG98] usually
take) as mentioned when discussing thefst-rule. Moreover it makes rules nicer than the
ones of theλµ-calculus especially suggesting a rule of the form(µα.M)S → M [S/α]
and in this case the notion of substitution is much more uniform than the one ofλµ-
calculus.

This work suggests several future developments: the study ofΛµ as a stream cal-
culus with streams as first-class citizens (in the present paper we staid close to the
usual presentation ofλµ introducing streams only as a convenient notation). Another
direction of study is about confluence: confluence properties ofλµ-calculus are highly
non-trivial especially when introducing theη-reduction. This is solved by adding the

18 This context is a simplified version of the context the can be extracted from the proof but it has
the same shape.k0 could be set to 0.



ν-rule which contain ... anη-expansion! It would be interesting to studyΛµ-calculus
with expansion rules instead of reduction rules for the extensionality rules.
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7 Appendix

In this Appendix, we give the proofs of some Lemmas that we have not proved in the
paper and we give a proof of the Separation theorem which includes some cases non-
addressed in the main part of the paper.

7.1 Proof of the Parametric Pairs Lemma

Here is a proof of the PPL:

Proof. We prove the lemma by induction on the length of the head reductionτ [u/x] →?

h

y and by case onτ .

First case:τ is not in head normal form.
In this case we haveτ →h τ ′ for someτ ′ ∈ Λµ, and subsequentlyτ [u/x] →h

τ ′[u/x] →?

h y sinceτ is not inhnf. By induction hypothesis onτ ′, we have the result.

Second case:τ is in head normal form.
τ = (z)S1 . . .SpN1 . . . Nq and we have 3 sub-cases:
• z = y, the result is immediately true sinceτ = y.
• z = x andτ = x, then we haveu →?

h y and for any(n1, . . . , nk+1) all greater than
1:
〈u, v〉k1n1 . . .1nk+1 →?

h 〈(u)1n1 . . .1nk , (v)1n1 . . .1nk〉011nk+1−1 →?

h

(u)1n1 . . .1nk+1−1 →?

h (y)1n1 . . .1nk+1−1

• z = x andτ = (x)S1 . . .SpN1 . . . Nq, with (p, q) 6= (0, 0), and thusτ [u/x] →+
h y.

In the following, we will abbreviateM [u/x] asM ′ and we extend straightforwardly
this notation to stream applications so thatτ [u/x] is (u)S ′1 . . .S ′pN ′

1 . . . N ′
q.

Notice thatτ [u/x] cannot be in head normal form and let us noteτ ′ theΛµ-term
(u)S1 . . .SpN1 . . . Nq. Sincex is not among the free variables ofu, the following
equality holds:τ ′[u/x] = τ [u/x].
The lengths of the reductions associated toτ andτ ′ are the same (the reductions are the
same...) butτ ′ is not in head normal form so thatτ ′ corresponds to the first case and it
is possible to apply the induction hypothesis toτ ′.
Let us now considerK satisfying the condition forτ ′ and let us defineK ′ asmax(K, p+
1). Takek ≥ K ′ andv ∈ Λµ. Let k0 be as required in the statement onτ ′ and define
k′0 ask0 + 1. Consider now(n1, . . . , nk+1) all greater thank′0. We have a derivation
from τ [〈u, v〉k/x]1n1 . . .1nk+1 to (y)1l1 . . .1lk+1 for some(l1, . . . , lk+1):

τ [〈u, v〉k/x]1n1 . . .1nk+1 = (〈u, v〉k)S ′′1 . . .S ′′p N ′′
1 . . . N ′′

q 1
n1 . . .1nk+1

→?

h (〈(u)S ′′1 . . .S ′′p N ′′
1 . . . N ′′

q , ?〉k−p)1n1 . . .1nk+1

→?

h (〈(u)S ′′1 . . .S ′′p N ′′
1 . . . N ′′

q 1
n1 . . .1nk−p , ?〉0)11nk−p+1−1 . . .1nk+1

→?

h (u)S ′′1 . . .S ′′p N ′′
1 . . . N ′′

q 1
n1 . . .1nk−p+1−1 . . .1nk+1

= τ ′[〈u, v〉k/x]1n1 . . .1nk−p+1−1 . . .1nk+1

→?

h (y)1l1 . . .1lk+1



The right component of the pair is not made explicit since it has no effect on the
derivation. The last step is justified by the validity of the PPL onτ ′ and the fact that:
k ≥ K and(n1, . . . , nk−p+1−1, . . . , nk+1) are all greater thank0. The double primed
terms denote the fact that the substitution is now[〈u, v〉k/x] instead of[u/x]. ut

7.2 Complete proof of the Separation theorem

We give here the complete proof of the Separation Theorem, including the cases ex-
cluded from the presentation of the proof in the paper.

Proof. We will in fact separate theν-transformsdMeν anddNeν of M andN respec-
tively which will be easier since by lemma 4 they satisfy the Subterm Condition. It is
easily checked that an applicative separating context for those terms is also a separating
context forM andN .

We prove the result by induction on the sum of the sizes of the terms that we con-
sider and by case on their structure. We reason on the open case on terms satisfying the

Subterm Condition. The shape of the contexts we will build is:C = []
[−→
U /−→x

]−→
S
−→
P .

First case: Both termsM andN are of the form(x)P1 . . .PpQ1 . . . Qq.
Let M = (x)M1 . . .MmM1 . . .Mm′ andN = (y)N1 . . .NnN1 . . . Nn′ .

We reason by case analysis onM andN :
Case 1:x 6= y
Then, withUx = µα1 . . . µαm.λy1. . . . λym′ .1 andUy = µα1 . . . µαn.λy1. . . . λyn′ .0,
we haveM [Ux/x;Uy/y] →?

h 1 while N [Ux/x;Uy/y] →?

h 0.
Case 2:x = y = s but (m,m′) 6= (n, n′)
We must distinguish two sub-cases:
• m = n andm′ 6= n′. Let us consider the casem′ � n′.
With Us = µα1 . . . µαm.λz1. . . . λzn′+1.zn′+1 and

−→
V the applicative context

{λz1. . . . λzn′−m′ .1, 0n′−m′}, we haveM [Us/s]
−→
V →?

h (λz1 . . . λzn′−m′ .1)0n′−m′ →?

h

1 while N [Us/s]
−→
V →?

h 0 and we get the expected result.
• m 6= n, for instancem � n.
With Us = µγ1 . . . µγn.λz1 . . . λzn′+1.zn′+1 and

−→
V = {µγ1 . . . µγn−m.λz1 . . . λzn′+1.0,

γ1, . . . , γn−m, 1n′+1} we get the following reduction :

M [Us/s]
−→
V = (Us)M′

1 . . .M′
mM ′

1 . . .M ′
m′

(µγ1 . . . µγn−m.λz1 . . . λzn′+1.0)γ1 . . . γn−m1n′+1

→?

h (µγm+1 . . . µγn.λz1 . . . λzn′+1.zn′+1)M ′
1 . . .M ′

m′

(µγ1 . . . µγn−m.λz1 . . . λzn′+1.0)γ1 . . . γn−m1n′+1

→?

h (λz1. . . . λzn′+1.zn′+1)1n′+1 →?

h 1
and on the other hand we haveN [Us/s]

−→
V →?

h 0.
Case 3:x = y = s and (m,m′) = (n, n′)
In that case, since the pair(M,N) satisfies the Subterm condition, we have a pair of
integers(i, j) such thatMij 6=βηβsηsfst Nij and such thatMij andNij satisfy the Sub-
term Condition. By induction hypothesis on(Mij , Nij), there are(Ux)x∈FV (MijNij)

and
−→
V = V1 . . .VvV1 . . . Vv′ such thatMij

[−→
U /−→x

]−→
V →?

h 1 andNij

[−→
U /−→x

]−→
V →?

h 0



so that for all variablesz1, z2 we haveMij

[−→
U /−→x

]−→
V z1z2 →

?

h z1 andNij

[−→
U /−→x

]−→
V z1z2 →

?

h

z2.

If we writeM ′ andN ′ for Mij

[−→
U /−→x , x 6= s

]−→
V z1z2 andNij

[−→
U /−→x , x 6= s

]−→
V z1z2

and providedz1, z2 6= s, we getM ′[Us/s] →?

h z1 andN ′[Us/s] →?

h z2.
At this point, we need to use the Parametric Pairs Lemma in order to pass two terms

to the head variables at once: on the one hand, we need a term whose role will be to
select the subterms located in position(i, j) in M andN19 and on the other hand a term
whose role will be to separate the termsMij andNij .

By the PPL applied toM ′ and toN ′ with Us ands, we getK such that for allk ≥ K
and for all(k1, . . . , kk+1) big enough, there are(l1, . . . , lk+1) and(l′1, . . . , l

′
k+1) such

that :
M ′[〈Us, Φ〉k/s]1k1 . . .1kk+1 →?

h (z1)1l1 . . .1lk+1

N ′[〈Us, Φ〉k/s]1k1 . . .1kk+1 →?

h (z2)1l′1 . . .1l′k+1

This can be also written (withU ′
x equal toUx except in the case ofU ′

s where it is equal
to 〈Us, Φ〉k):

Mij

[−→
U ′/−→x

]−→
V z1z21

k1 . . .1kk+1 →?

h (z1)1l1 . . .1lk+1 and

Nij

[−→
U ′/−→x

]−→
V z1z21

k1 . . .1kk+1 →?

h (z2)1l′1 . . .1l′k+1

Let us now definew1 = µα1 . . . µαk+1.1 andw2 = µα1 . . . µαk+1.0 and consider:

M
[−→
U ′/−→x

]−→
V w1w21

k1 . . . 01kk−m−v+1 . . .1kk+1

= 〈Us, Φ〉kM′
1 . . .M′

mM ′
1 . . .M ′

m′
−→
V w1w21

k1 . . . 01kk−m−v+1 . . .1kk+1

and the corresponding term forN .
We can now display a derivation fromC(M) to 1 in this case: this is done below20.

The derivation fromC(N) to 0 is similar.

M
[−→
U ′/−→x

]−→
V w1w21

k1 . . .1kk−m−v01kk−m−v+1 . . .1kk+1

→?

h 〈?, (Φ)M′
1 . . .M′

mM ′ 1
m+1 . . .M ′ m′

m+1

−→
V w1w21

k1 . . .1kk−m−v 〉001kk−m−v+1 . . .1kk+1

→?

h (Φ)M′
1 . . .M′

mM ′ 1
m+1 . . .M ′ m′

m+1

−→
V w1w21

k1 . . .1kk+1

→?

h (M ′
ij)
−→
V w1w21

k1 . . .1kk−m−v+1 . . .1kk+1 →?

h (w1)1l1 . . .1lk+1 →?

h 1

Second case:At least one ofM andN is not of the form(x)P1 . . .PpQ1 . . . Qq.
By putting the terms in a Minimal Applicative Context, they reduce to termsM ′

andN ′ of the expected form that satisfy the Subterm Condition andT (M) + T (N) ≥
T (M ′) + T (N ′), so that it is possible to apply the induction hypothesis. ut

19 That will beΦ
P(M)

(i,j) . Note that by hypothesis we haveP(M) = P(N).
20 The left component of the pair is not shown.


