Asymptotics of several-partition Hurwitz numbers
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Ramified cove rings Of the sphere We have obtained the following asymptotic estimate, which generalizes previous results of Kazarian [Kaz]:

Theorem (Main result)

Hurwitz numbers can be defined as numbers of connected ramified coverings (up to isomorphism) of the sphere

with prescribed ramification types (partitions). It leads to a very nice illustration, through constellations, of Hurwitz For any genus g > 0, their is a positive constant ¢, satisfying, for any partitions A%, ..., A, the asymptotics
numbers — they will be defined later by means of transitive factorisations in the symmetric group [LZ04]. We have 1E ()\1 Ak) .
drawn hereafter a constellation corresponding to a ramified covering with genus g = 2 and n = 7 sheets: T ~nyeo D1 Dyz- - Doy g 38" (L(AY)+--+L(AK)) €

(2n+2g’—r(7))! .
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The constants ¢g can be computed from the rational numbers a, 1 1= cz2 2 I"(ing) by the recursion

formula )
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Remarks. The recursion amounts to saying that the series
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| : | On the other hand, one has the identity ¢, = \@g_3 te, where tgy is the Bender-Gao-Richmond constant

g:. : : appearing in map asymptotics [BGR08]. Hence,
| 1 1 1 7
o W : ag=——F7— ,;, C1=—-—= ,; O

|
|

n—1 n
The algebra A =Q () -1 4" Y, >179"

. . . n—1 n
The exponential generating functions Y := 3} ; "-—q" and Z := } > ; 75 q" of one- and two-rooted Cayley trees

span an algebra of power series A = Q|Y,Z]/(YZ = Z — Y) — see [Zvon04]. This algebra has very nice
asymptotic properties:
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The genus of the ramified covering is given by the Riemann-Hurwitz formula: Vi>1 (/eading coefficient in T) ~C . 97 N 1 Wk > 1 (/eading coefficient in Zk) N Ck% \/ﬁk
k
o ) _ i gy — (21 k
2n+2g —2=2n+2g ; A= 0E) 8= i o000a ) where C_; := —— and C := ———. Moreover, any series in A = Q[Y] + Q[Z] is asymptotically determined by
=1 van 22T (4)
where |A| is the size of a partition A, and £(A) is its length. Conversely, given partitions AL AK of size less than  its leading coefficient in Z — if there is no Z, apply the differential operator D := qai_
n, one can prescribe the number n of sheets by completing the partitions, and the genus g by adding K
%
T=Tn:=2n+2g —r ( A ) Theorem (Kazarian, Zvonkine)

points with simple ramification (transpositions of two sheets). For instance, when n = 8and g = 2, if Al = (3,2,1), All Hurwitz series lie in the algebra A, except for /_/1(@, q) = D172 More precisely:
A2 = (6), A3 = (2,2,2) and A = (4,1,1), then the completion amounts to the following, with T = 4.

n = 8 sheets

» For any partition A, the series H8(A) belongs to A and has Z-degree 5g” + 2£(\) (Kazarian).

» For any partitions A, 1, the series H8 (A, 1) is a polynomial in the series H7(v) with v < g and
lv] < |A|+ || (Zvonkine):

HE (L) = Y A7 TTHE 0F) = HE(A L) + -+
j

v,
where one sums over pairs (7 Z) such that g/ = r(/\)+r(;§)—r(7) + Y g/!. The coefficients fA7V of

these polynomials can be interpreted as numbers of factorisations satisfying certain conditions.
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T transpositions Examples. In genus zero and in genus one, for partitions with 0, 1 or 2 parts, one has the identities
N a " 1 [ya yatl " y2
H'(a—bb)=— ; H%a) == = . 1) =Y -—
(2= b b) a | (2) a ( a a-+ 1) | (1) 2
- 3 (Y? 1 (Y3 y? 1({Y?2 Y3 -
H@)=y-—|+=[—|=Y-——|-=|——-—| =D A1
(@) 2<2>+2<3> ( 2) 2(2 3 (1)
When one lifts the star graph (with k branches) from the sphere to the covering, one obtains via monodromy k 24 HY (@) =D"1722 24HY (1) =2% 24HY(2) =2
permutations of the n sheets. The sphere being simply connected, the product of these permutations is the identity UH (d+1)=YIZ(Z+d)=22—Y?>—2v3 3y — ... —(d—1)Y".

permutation. The factorisation is moreover transitive because the covering is connected.

Now, Kazarian's result allows one to compute the asymptotics of Hurwitz numbers with one partition
hi (A)

Th!
while Zvonkine's result permits to reduce the number of partitions and hence use the latter asymptotics. Zvonkine
proved his formula by merging the first two permutations of a transitive factorisation. |t remains obviously a factorisa-
tion of the identity, but might be no longer transitive. Restraining oneself to the orbits yields transitive factorisations,

hence a product of series H7(v). When the merged permutations have disjoint support, the factorisation remains
transitive, hence a term Hg(/\ || ]/t). It so happens that the latter is the Z-leading term, hence the heuristic

Definition (Hurwitz numbers as numbers of transitive factorisations in symmetric groups)
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Let n,g > 0 be two integers and Al, e ,)\k be k partitions. Their Hurwitz number
hg()\l ..... )\k) is defined as the product of

1 (n— A+ my (/\’))

n! i=1 AL (/\i)

by the number of (k 4+ T)-uples (o7, ..., Ok, T - - - 77) € (&,) T satisfying

[ e < e — Tk b (AL A2, AK) b (ATUAZU - LK)
the subgroup (o1, ..., Ok, Ty - - s T7) Is transitive; _ T, (/\1’ A2 Ak)! n— 00 T (Al LIA2L]--- L /\k)!'
Y all the Tj's are transpositions and for any /, 0; has type A,
A. HURWITZ,
T:=2n+2g" —r (/\1 ..... Ak) 1859-1919
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If A = (A1, Ag, ..., Ar), we set D) := [Aut A Hle)\_',! and we define Hurwitz series by BGR08. E. A. Bender, Z. Gao and L. B. Richmond, The Map Asymptotics Constant tg, Electronic Journal of
Combinatorics, 2008.
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HE ( A,q) = Mo (A% AT and  H&( A ,q) := 1 HE(A,q). Kaz. M. Kazarian, On computations of Hurwitz numbers, unpublished (in Russian).
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Examples. Let A be a (non-empty) partition of size n with p parts. Then one has Zvon03. D. Zvonkine, Counting ramified coverings and intersection theory on Hurwitz spaces |l
hg (A) B hl (A) D B P . arxiv:math.AG/0304251, 2003.
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