Trigonometry test
for Thu 14 March 24
trans. from exercise notebook p. 75 (ex. 1, 3 & 4)

Suggested correction

Exercise 1. Let us define respectively

1. h Averell’s height ;

2. d the distance between the pistol and Averell;
3. a the pistol altitude in relation to the ground;

4. B (like "bottom" or "boot") the point where Averell touches the ground.

In triangle ACP, which is right-angled at A, the tangent of sought-after angle ZAPC is %7
hence ZAPC = arctan %. If we assume momentarily that numerator AC is difference h — a, one
can conclude:

h—
LAPC = arctan
ica 2.13m—-1m 1.13 calculator
numerical L otan 220 g etan ——— RN 10.66°
application 6m 6
~ 11° (rounded to the nearest degre).

Let us now prove the assumed equality, i. e. AC L BC - PS or yet PS + AC Z BC. For this we need
only establish equalities PS ~ BA and BA + AC ~ Be.

For the 1st, we need only prove that quadrilateral ABSP is a rectangle: opposite sides [PS] and [AB]
will then have same length. Now, the wording tells us on the one hand that « [t]riangle PAC is right-
angled at A », hence orthogonality (PA) L (AC), on the other hand that « both cow-boys are standing
perpendicular to the ground », hence on the one hand parallelism (AC) = (AB) (Averell stands "upright"),
on the other hand orthogonalities (AB) L (BS) L (SP). Quadrilateral ABSP has consequently three
right angles (in A, B and 5), therefore it is a rectangle as announced.

?
2d equality (BA + AC < BC) equates elementhood! A € [BC]. But points P, A and C are on the
same side on straight line (BS) (the pistol and Averell are above ground), hence points A and C are on
the same side of B on half straight line [BA) = [BC). The wanted elementhood therefore amounts to

? ? ?
comparison BA < BC, i. e. a < h, i. e. 1m < 2,13 m, which obtains?.

Exercise 4. The wording gives no unit whatsoever for the lengths, which is bad: a length cannot be a
dimensionless stark naked number! We will write O := 1—10M C for our length unit.

Since segments « [C'H| et [HM] are perpendicular to [HA] », triangles AEM and AHC are right-angled
resp. at £ and M. We deduce thereof on the one hand equality

CH = ACsinZCAH, on the other hand equalities
EM = AMsinZEAM = (169)sin30° = 16%@ =80.

Now, « points H, E and A are aligned » (that is a hypothesis) and are so in this order (not in the hypotheses

but assumed given the figure), as are points C, M and A (same reasoning), hence, on the one hand, equalit-

ies { AM + MO = AC and, on the other hand, equality ZCAH = ZMAE. We can thus simplify the 2d
AE+ FH = AH ’ ’ '

sought-after length:

1
HC = (AM + MO)sin ZMAE = (169 +109) sin 30° = 260 = 139.

I"e ¢ E" reads "e is an element of E" or "e belongs to E"
2in this context, to obtain means to be the case



Last, one has in right-angled triangle AEM equalities f—ﬁ = cos ZEAM = cos30° = @, hence AE =
?AM ; we would similarly get AH = @AC, hence

HE = AH — AE = ?Ac_ ?AM: ? (AC — AM) = ?CM = ?10@ = 5V3Q.

Conclusion: taking as length unit the tenth of length MC (where the chimney will come out of the roof),
the "tallest" side of the chimney will measure 13 units, the "smallest" 8, and its "roof" 5v/3 ~ 8.66.

Alternative solution (without trigonometry): given the 30° angle, triangle EAM is "half" of the equilateral
triangle whose [AF] is one height, so lengths EM and AFE equal resp. half and § times that of corresponding

. .. EM = %AM ) CH = %AC
side [AM], hence equalities AE — § AM We would get in the same way AH — @ AC and conclude
as in the 1st solution.
Exercise 3. According to the wording, the slope of a road is merely the tangent of the angle it makes

with the horizontal.

The 1st can be read straight on the sign: 24%.

The 3rd equals tan 12,4° AP ) 91986 ~ 22.0% (rounded to the thousandth): needless here to compute
lengths since we are directly given the angle 12.4° with the horizontal.

For the 2d slope, one can compute either the missing length by way of Pythagoras’ theorem (then compute
the tangent as a length ratio) or the angle with the horizontal thanks to its sine (then compute its tangent
directly). Let us present these two ways, followed by a third one that encompasses them both — and a fourth
way out of elegance.

Some notations. Define g, h, 7 and « to be resp. the elevation gain (here: 280m), the sought-after length
(= horizontal displacement), the road length (here: 1.5km) and the angle with the horizontal (whose tangent
is the sought-after slope). Thus, lengths g, h and r are resp. the opposite side, the adjacent side and the
hypotenuse relative to angle a.

. : g _ 2gom _ 140 14 .14 calculator .
1. Sine way. Angle a has a sine equalling ¢ = 55570 = By T hence equals arcsin 7= ~  10.75°,

calculator
~

so its tangent is® about tan10.75°  ~  0.19001 ~ 19.0% (rounded to the thousandth).
2. Pythagoras’ way. Pythagoras’ theorem yields equality g2 + h% = 72, hence equalities®
h? = 12— ¢ =(1.5km)’ — (0.28km)” = (1.5% — 0.28%) km?
= (22500 — 0.0784) km® = 2.1716 km®.

We deduce thereof® -
h=v21716 km? = v2.1716km ‘=" 1.4736 km ,

hence the sought-after slope

g 0.28 km  calculator .
tana=>~————— "~  (0.19001 (we get the same approximate value).
h 1.4736km (weg pproximate value)

These two ways share a problem — the successive use of approximate values: how can one make sure
of the final result precision if each computation increasingly modifies the previous approximation? Here is
indeed how the sought-after slope varies with lesser approximations of h:

h ~ 1.4736km 1.474km 1.48km 1.5km
tan o ~ 0.19001 0.18996 0.18919 0.18667

slope to the
thousandth 19.0% 19.0% 18.9%  18.7%

3To compare with the 1st and 3rd slopes, i. e. 24% (a supposedly exact value) and ~ 22.0% (which we computed), we need keep
a precision of the same order, we chose one digit after the percentage point, i. e. a thousandth precision.
4mental arithmetic training:

157 = (3-5)°=3%52=9.25=(10—-1)25=250—25=225 et
282 = (2-14)?=2%14=4-(15-1)>=4(15> —2-15+1%) = 4(225 — 30+ 1) = 900 — 120 + 4 = 784
S reminder: a length being always non-negative, the negative solution h = —4/~-- is to be ruled out



The result varies of some thousandths indeed — and this variation could escape us... One way out of
this problem is to handle all computations literally and, only at the end, replace the letters with their
corresponding numerical values. This is the...

literal (or formal) way. As above, Pythagoras’ theorem gives us equality h = /72 — g2, hence the
sought-after slope:

g >0 VG | ¢ dividebyg? 1 _ 1
h - \/m_ 7’2792 undert_heroot ;—271 N (£>271

g
T ]1,00[ - R
= f(\) where we defined X := p and f:= ; . o

Our slope, therefore, depends (by way of map f) only on ratio A = % = %, hence equality

0.19001 (the same approximate value again).
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The only approximation we do not have control over is that given by the calculator (when applying f

on %): we have thus solved our approximations issue.

. FElegant way. Let us remind (!) we wanted to put in order the three slopes: since the 1st and 3rd equal
resp. 24% and ~ 22% > 21.5% > 20%, we will be able to prove the ordering

?
1st slope > 3rd slope (> 20%) > 2d slope

if we manage to prove that the 2d slope £ is smaller than 20% = % Now, here is a (subtle) minoration:

h 1
L VRIT16> V2 >14=5-028=52 hence I < =, QED.
~1.414



