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Abstract

The p-mixing coefficient (or “maximal correlation”) between two random variables X
and Y, denoted by p(X;Y), is defined as the maximal Pearson correlation coefficient
between real variables of the form resp. f(X) and g(Y); it is a way of quantifying
to which extent X and Y are correlated or not. It is a classical result that, for (X,
Yy) and (X, Y;) two independent couples of random variables, one has p((XO, X1
(Yp, Yl)) < max( p(Xo: Yy), p(Xy; Yl)). This monograph investigates how tensorization
results of this kind can be obtained in the case where independence between (X, Y;)
and (X, Y}) is only partial, in the sense that we have bounds on quantities like p(X;
Y)) and p(X; ¥p).



How to read this monograph

Chapter 1 is the introduction. In § 1.1 we recall the definition and some classical
properties of the concept of p-mixing, which is at the core of the monograph; then
in §§ 1.2 and 1.3 we expose two different sources of motivation for looking for a
generalized tensorization property for p-mixing. In all this introductory chapter, no
results are new.

Chapter 2 is devoted to the abstract generalized tensorization theorems, which
are the main achievement of the monograph. After gathering a few technical lemmas
in § 2.1, from § 2.2 to § 2.5 I state and prove my new tensorization results, by
increasing order of technicality. The most important result is Theorem 39 in § 2.4;
but it is strongly advised to first read § 2.2 (where I give an alternative proof of
the classical “strict” tensorization theorem) and 2.3 (devoted to so-called “simple
tensorization” results) to get acquainted with the techniques of the proofs of later
Theorems 39 and 47; also, it is in § 2.3.1 that the concept of “p*-mixing”, which
is crucial in the statement of all the main results, is introduced. In § 2.4 I state
and prove Theorem 39, which is the centrepiece of the monograph. § 2.5 is devoted
to Theorem 47 and Corollary 56, which refine Theorem 39 in the specific case of
“parallel tensorization”.—Note that the results of § 2.5 will not be actually needed
for the applications of Chapter 3. I conclude Chapter 2 with § 2.6, where some
refinements and variants of the generalized tensorization theorems are presented,
and (in § 2.6.3) optimality of these theorems is discussed.

Chapter 3 is then devoted to applying the results of Chapter 2 to “real-life” models
of statistical physics: a general machinery for such applications is first exposed in
§ 3.1; and then §§ 3.2, 3.3 and 3.4 each deal with one different type of model that
our results can be applied to. (§ 3.4 is more specifically devoted to a peculiar kind of
application, namely, using the generalized tensorization of p-mixing to prove results
of hypocoercivity type).

In Chapter 4 I make a step to the side, turning my attention towards two topics
not directly pertaining to tensorization, but which nevertheless keep the flavour of
Chapter 2:

e In § 4.1, I tackle the question: “Do models that have “asymptotic indepen-
dence” in the p-mixing sense satisfy spatial central limit theorems (like when
one has actual independence)?”. Actually this question is by no means new:
the answer, known for long, is essentially: “Yes; but you have to require just a
little extra to the p-mixing assumption”. In my work I will look at a new de-
clension of that question, viz.: “For models that satisfy the conditions to ensure
p-mixing by the way of generalized tensorization, like the ones of Chapter 3,
does spatial CLT hold?”. The answer will turn out to be positive.

o In § 4.2, I tackle the question: “For models that satisfy the conditions to ensure
p-mixing by the way of generalized tensorization, does one have spectral gap
for the Glauber dynamics?”. (Note that, here again, this is nothing more than
a new declension of and old topic). Here too, the answer will turn out to be
positive; however, this time, I will not use directly the tensorization results of
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Chapter 2, but rather the ideas and techniques underlying the proofs of these
results.

The interest of Chapter 4 should however not be overhyped: indeed, as regards the
actual models of particle systems being studied by mathematicians, the results given
by that chapter were already known for long, via different techniques... So, it is surely
interesting to have an alternative (and somehow more general) frame for establishing
spatial CLT and/or spectral gap; but it does not bring that much in practice.

Finally in Chapter 5 I sum up the achievements of the monograph and expose
some open questions.
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Notation

Below is some notation used throughout this paper.

Probability

We shall always work on an implicit measurable space (2, %) endowed with
a probability measure IP; all along the text, the symbol ‘P’ can be thought
as meaning merely “probability”. Sub-oc-algebras of & will be simply called
“o-algebras”; I will also often write “variable” for “random variable”. Unless
explicitly specified, variables on €2 may be valued in any set.

When we need to refer to another probability measure for a few lines, this will be
indicated by a superscript above the symbol ‘P’ (or ‘E’; ‘Var’, etc.), in which
we tell which variables are assumed to follow which distribution under that
measure, in such a way that it totally determines the expression considered.
For instance, the formula

Var¥~F(x) = LEXPT (v - x)2) (AA)

is to be read in the following way: “the variance of a random variable X follow-
ing the probability distribution P is equal to half the expectation of (Y — X)?
when X and Y are two variables following independently the distribution P

For X a variable on Q, the o-algebra generated by X (that is, the smallest
o-algebra w.r.t. which X is measurable) is denoted by o(X). For & and &
o-algebras, the o-algebra generated by # and & (that is, the smallest c-algebra
containing both & and €) is denoted by & v &; and for an arbitrary number
of o-algebras this notation extends into the co-ary operator \/.

An event A € & is said to be trivial when P(A) € {0,1}. We denote by /4 the
o-algebra of all the trivial events. Two o-algebras &% and & will be said to be
almost-equal, which we denote by “F = &”, when they coincide up to trivial
events, i.e. when & v A =& v N. The c-algebra {@, 2}, which we denote by
0, will be called the trivial c-algebra; and more generally, a c-algebra & will

be said to be trivial when all its events are trivial, i.e. when F= 0.

For T a totally ordered set endowed with a compatible topology, a filtration
(F)er Will be said to be almost-right-continuous when, for all + € T that is not
right-isolated (i.e., that belongs to the adherence of {t' € T | t' > t}), one has
;‘_} o+ T = #,. (Note that the limit of a decreasing sequence of o-algebras
is merely their intersection, when seen as sets of events). In more compact
terms, this is equivalent to requiring that the completed filtration (%, V N),er

is right-continuous.

lim

For f a real random variable, for & a c-algebra, the conditional expectation
of f w.rt. ¥ may be denoted in two ways: either by the classical notation
“E(f | ©)7”, or by the alternative form “«f97 In practice I will use “E(f |
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%)” when seeing conditional expectation as the expectation of f knowing the
information of €, while “f%” will be used when I see conditional expectation
like the &-measurable function best approximating f: so, both conventions may
be used inside the same formula.*!

For C a positive-semidefinite matrix (possibly of dimension 1, in which case it
will be identified with 6> € R +); MC) denotes the law of the centred Gaussian
vector with covariance matrix C. I shall write m + M C) to denote the non-
centred Gaussian vector with mean m and variance C.

Hilbertian and functional analysis

All the functional spaces considered in this monograph shall be real, unless
explicitly stated otherwise.

When Fis a o-algebra, [2(F) denotes the space of #measurable real variables
(up to a.s. equality) which are square-integrable w.r.t. P. If X is a random
variable, I2(X) is a shorthand for [?(c(X)). If I is a countable set, £>(I) denotes
the set of functions f: I — R such that Zie[f(i)z < o0. All these spaces
are equipped with their natural Hilbertian product (e, e);2 and the associated
norm ||e||;2.

For & a o-algebra, in [2(F) the set of constant variables makes a line, which can
be identified with R; then, I?(%) denotes the quotient [2(%)/R, equipped with
its natural Hilbert structure: in other words, if f € I?(%) is the projection of
f € IX(F), one has | Fllzz := inf{|lf —all;z | @ € R} = Var(f). Alternatively,
12(97 ) can also be seen as the subspace of centred functions of L2(97 ), i.e. as
(f el2(F) | (f,1);2 =0}: throughout the paper we will implicitly switch
between both interpretations.

For L: E — F a linear operator between two Hilbert spaces with respec-
tive norms ||e||z and ||e]|z, the operator norm of f (defined as sup{||Lx||p |

x|l = 1}) is denoted by [Ilflll g -

For L1 E O a bounded linear operator on a Hilbert space, py,(L) denotes the

spectral radius of L, defined as 1imk_)oo|||Lk |17 (this limit always exists). It is
well known that one also has pg,(L) = sup{ | A| | AE Spec(L)}, where Spec(L)
denotes the spectrum of L.

For L: H, - H, a linear operator between two Hilbert spaces, L*: H, - H,
denotes the adjoint operator of L, characterized by the property that (L*y,

X a, =¥, LX) g, -

A column vector (g;);c; will automatically be identified with the corresponding
element of £2(I); likewise, a matrix A = (a; )i jerxs Will be identified with the
corresponding linear operator from #*(J) to £2(I).

[*]By the way, one must not confuse Var(f | &), which is the variance of f under the law P(e |
©), with Var(f¥), which is the (unconditioned) variance of the random variable f¥.
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e In our computations we will often use the Cauchy—Schwarz inequality and its
variants!’: when using such an inequality, we shall indicate it by writing “CS”
under the inequality sign concerned.

Miscellaneous
e For a, b real numbers, a A b denotes min(a, b), resp. a vV b denotes max(a, b).

o For a < b integers, [a, b], la, b[, [a, b[, ]a, b] refer resp. to [a,b]NZ, (a,b)NZ,
la,b)NZ, (a,b] N Z.

o For A a matrix, A" refers to the transpose of A. Also, I n refers to the identity
matrix in dimension N.

o For A a set, 1, denotes the indicator function of A; for B another set, AL B
means the same as AU B, but it stresses that A and B are disjoint in this case.

e If O is a set endowed with a metric dist, then for I,J C O, dist(I,J) denotes
the distance between I and J, that is, dist(1, J) := inf{dist(i,j) | i € I,j € J}.
For i € ©,J C O, one denotes likewise dist(i, J) = dist({i}, J).

o The d-dimensional Lebesgue measure is denoted by vol,(e).
« Whenever I is a set and X a symbol, X ; will be a shorthand for (X));c;.
o As is customary in physical literature, o« means “proportional to”.

o [ will sometimes write “X = Y” to stress that such an equality comes from the

very definition of X (or of % This should not be confused with the notation
“X :=Y", which means that X is being defined as equal to Y (nor with “X =:Y”,
which means that the shorthand Y is being introduced as a substitute for X).
Likewise, when I write “I?{”, this means “equal to by induction hypothesis”.

[flFor example, the discrete form (Zfi] aibi) < ( fi] a,.z)]/z( fi] biz)l/z, the probabilistic form
|Cov(f, &)l < Var'”(f) Var'?(g), etc.



Chapter 1

Introduction

1.1 p-mixing
To start, let us recall the topic all this monograph is about, namely p-mixing.

Definition 1 (p-mixing coefficient, [1, § 1]). For & & o-algebras, the p-mizing coef-
ficient (or mazimal correlation) between & and € is defined as

p(F; %) = sup{Corr(f, g) | f € X(F)\(0},g € 2(¥)\{0}}, (AB)

where Corr(f, g) :== Cov(f, g) / Var'2(f) Var’?(g) is the classical Pearson correlation
coefficient. In the case the supremum in (AB) is taken on an empty set (that is, when
F or & is trivial), it is considered as being 0.

For X, Y random variables, p(X;Y’) will implicitly mean p(c(X);c(Y)). Q

We now recall and state a couple of elementary properties of p-mixing:
Proposition 2 (Immediate properties). For all o-algebras F, & and &',

1. p(&;F)=p(F:;9);

2.8CE8 =>p(F; 0L p(F; &),

3. p(F;9)e€[0,1];

4. p(F:;%) =0 if and only if F and & are independent;

5. If F is not trivial, then p(F;F) = 1. A

Proposition 3 (p-mixing coefficient in the complex setting). For f and g resp. F-
and Z-measurable complex-valued square-integrable variables, denoting in this context

Var(f) == E(|f — E(f)|%), (AC)

resp. (provided neither f nor g is constant)

E((f - E(f)*(g - E@g)) ] (AD)
Varl2(f) Varl2(g) '

Corr(f, g) =
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one has, just like in the real case,
|Corr(f, &)l < p(F:9). (AE)
&

Proof. First, up to multiplying g by an appropriate unitary constant, we can always
assume that Corr(f, g) = |Corr(f, g)|. Now, denote by resp. fER and 3 the real and
imaginary parts of f, and likewise for g. Then one has Var(f) = Var(f Ry + Var( 3,
and likewise Var(g) = Var(g®) + Var(g®); also, one has (using that we assumed
Corr(f, g) to be real)

E((f - E(/)(g — E(®) = Cov(/ ™, &™) + Cov(f®, &%) (AF)
Therefore, by the very definition of the p-mixing coefficient, we get that
|E((f - E)'(g - E@))| <

p(F: ) Var' (/%) Var(g™) + p(F: ©) Var'? (/%) Var'*(g%)
NG Z)(Var(f?) + Var(f )2 (Var(g®) + Var(g®)) "2

= p(F; ©) Var?(f) Var(g), (AG)
which is what we wanted. &)

Proposition 4 (p-mixing as an operator norm). Let F, & be o-algebras. Obuviously
the application
reg: 2(F) - 12(%)

[ f7

actorizest! into an application Tgg: LH(F) - 12(€). Then, the present proposition
GF
claims that

(AH)

p(F; %) = |I7g allliz o -12(2)- (AT)

Moreover, defining wgg, etc. in the same way as wyg, etc., it is immediate to see
that wg« is the adjoint operator of ne g, S0 that Tgeg = Tgg e Tgyg s self-adjoint
(and positive-semidefinite); then, (AI) can be restated into saying that

p(g, g) = psp(ﬁggg)l/z' (AJ)
<&

Proof. Conditioning a random variable f w.r.t. & is tantamount to projecting it
orthogonally onto Lz(?), SO Ty g is nothing but (the restriction to Lz(y ) of the Lz(%)—
defined) orthogonal projection onto &; and since R belongs both to Lz(?/T ) and Lz(?)7
by factorizing, Zyg is nothing but the orthogonal projection from I*(%) onto 13(%)

n this formula, e* denotes complex conjugation.
[ilf you prefer to see I2(F) and 12(¥) as subspaces of [2(%) and [2(%) rather than as quotients,
then just replace “factorizes into” by “restricts onto” in the sentence above.

10
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(for the Hilbert structure of 12(93)). Thus, its operator norm is the cosine of the
angle between the subspaces I2(%) and I2(%), i.ec.

cosinf{2(f,g) | f € X(F)~{0},g € (%) (0}}

<f7g>12 72 72 }
= —_— L(F 0 (¢ 0
7o itel | £ SEE@ Ohs L@ o
_ Cov(/.) 20 2
2] e S | £ eBE 0L r e B@ 01

=sup{Corr(f,g) | f €T(F)\{0},g €@\ (O} = p(f50). & (AK)

Corollary 5 (Sub-multiplicativity of p-mixing for Markov chains). If X - Y —» Z
is a (not necessarily homogeneous) Markov chain, then

p(X: Z) < p(X;Y) p(Y; Z). (AL)
(Note that Equation (AL) implies in particular that p(X; Z) < p(X;Y)). o

Proof. Denote resp. 6(X) =2 # o(Y) = &,06(Z) = Z. It is a classical property (but
we will justify it below anyway) that the Markov property for the chain X - Y - Z
actually translates into the following equality between linear operators from 12(%)
to LX(F):

Tgg = Tgg° Tyg (AM)
That equality factorizes into “ZTg g = Tg¢ o Te g : hence, by sub-multiplicativity of
operator norms, |7z gllliz 7 )-120%) < 1Tz 2lliz ) -i2@)17¢ #llli2()-12(5); and finally
(AL) appears as a direct consequence of Proposition 4.

To check Equation (AM), consider an [? #-measurable variable h =: n(Z); and
denote g == h? = y(Y), f == h” = @(X), f' = g7 = ¢'(X). We have to check that
f = f', ie that o(x) = ¢'(x) for (Law(X)-almost-)all x.

By definition of conditional expectation, y(y) = Em(Z) | Y =y) for (almost-)
all y; likewise, @(x) = E@(Z) | X =x) and ¢'(x) = E(y(Y) | X =x) for all x.
But, since the Markov property states that Law(Z | X = x and Y = y) = Law(Z |
Y = y), we have the following chain of equalities:

o(x) = En(Z) | X=x>=/IE(n(Z> | X=xand Y = ) P(Y edy | X =x)
y

=/E(71(Z) | Y=nP¥ edy | X =x)
y

= / YOOPY edy | X=0)=E¢() | X=x)=¢'(x). © (aN)
y

Proposition 6 (p-mixing in the finite-range case). Let X and Y be random variables
with finite ranges resp. [0, N[ and [0, M[, and for all x € [0, N[,y € [0, M[, denote
py=P(X =x),p = P(Y =y),pt=PX =xand Y = y). Then p(X;Y) = [|RIl,
where R is the N X M matrix with general entry

y_ y
t,, = M (AD)
(. p")12 5

11
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Remark 7. In particular, if both X and Y have range {0, 1}, then, using the same
notation as before, one has:

. |px — PP’
p(X’Y) - (poplpopl)l/zv (AP>

where the right-hand side of (AP) does not depend on the choice of (x, y) € {0, 1}2. &

Proof of Proposition 6. By Proposition 4, p(X;Y) is the norm of the operator
7Z'XY 2 Y) - LZ(X ). Here it will be more convenient to work in 12 spaces than
in I? spaces, so we rather compute the norm of

71 12(Y) - LA&(X)

A
g g% —E(g), (AQ)

which is obviously the same as |||z x]l|-

A function g € I2(Y) can be identified with a M-dimensional vector also denoted
by g, and similarly 7g € [?(X) can be identified with a N-dimensional vector. Denote
resp. P = (p)y, € RVM Ay = Brepp )i € RVN Ay = By p?), €
RM*M T .= 1[0N € RN Applying Bayes’ formula yields that

fg= A7 Pe—1\1L PE. (AR)
Now, llgllzer = I14y2Z ], resp. llZgllax = 1Ay 7gll, so:

(A% P - A“ZlNlegn

p(X;Y) =sup (AS)
g0 14y2gll
Performing the change of variables i = A;/z g, (AS) becomes
| RA|
p(X;Y) = sup —— = [|R]l, (AT)
h#0
with

— A=12pA=112 _ 127 7T pp-122
Ri=A72PASY? - A2T 1T PAS2, (AV)
which is Equation (AQ0) indeed. o

Lemma 8. Let X,Y be two random wvariables with respective ranges X, Y both of
cardinality 2. Then, there exist x € X',y € Y such that:

p(X;Y)<1-4P(X =xand Y =y). (AV)
<&

Proof. Let us use again the notation of Proposition 6. Since the difference p} — p p”
gets its sign changed whenever x, resp. y, changes, there are some x and y for which

12
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this value is nonp081tlve moreover, denoting by {x,x’} and {y,y’} the respective

ranges of X and Y, p , = Dyt py is also nonpositive. Now one has

!
D’ PP’

X = (AW)
(PP PP )2 (pypyr pPp¥ V2

so that either p,.p” or p,,p¥ " s < (oo’ P’ ,)1/2. Up to changing notation we can

assume that it is p,p¥, and then we get that

y _ y Yy _ Y
lPx—pep’l PP P Py <l—4p (%)

p(X, Y) = 7 = A
PP P2 (pep a2 (peppp? )2 o

Proposition 9 (p-mixing in the Gaussian case, [2, Theorem 1]). For (X,Y) a (N +
M)-dimensional Gaussian vector whose covariance matriz writes blockwise

- S I C
Var((X,Y)) = <C1¥ IM), (AY)

one has p()?; f’) = ICJll. In particular, if (X,Y) is a 2-dimensional Gaussian vector,
p(X;Y) = |Corr(X,Y)]|. e

1.2 First motivation: On Ising’s model

My initial motivation for this monograph was about models of statistical physics, like
the celebrated Ising one. Ising’s model represents a ferromagnetic material:

Definition 10 (Ising model, [3, § 1.3]). For d an integer, consider the lattice Z“
endowed with its usual graph structure (where each vertex has 2d neighbours) and

with the graph distance. Define X = {il}Zd, and for ¢ € X, set formally:
o 1
H (o) = -3 Z ;0. (AZ)
dist(i,j)=1

Then, for f > 0, the (zero-field) Ising model on Z% at reciprocal temperature B is,
formally, a probability measure I on X such that P(¢) e exp(—p# (c)). In rigorous
terms, saying that P is an equilibrium measure for Ising’s model means that for all

ieZ? for all Ezd\{i} € {il}Zd\{i},
P(o; = s5; | Ggavyiy = Sza(i)) & exp(ﬂ Z Sl-Sj>. (BA)
dist(i,j)=1
The variables o; of Ising’s model will be called spins. v

Ising’s model and the phase transition it exhibits have been the subject of dozens
of works; see [3] for an overview. Here we will be interested in the subcritical regime:

13
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Definition 11 (Subcritical regime). It has been shown [4] that there is a f. > 0 (the
“Curie reciprocal temperature”) such that the solution of (BA) is unique as soon as
f < .. Then, one says that they are in the subcritical regime. Q

An interesting feature of the subcritical regime is that for distant small subsets I
and J, the random variables 6; and 6 are “almost independent”, with exponential
decay of correlations. That phenomenon, called weak mizing property, is stated by
the following proposition:

Proposition 12 (Weak mixing property, [5, Theorem 2-(i)]). For (zero-field) Ising’s
model on Z% at some reciprocal temperature in the subcritical regime, there exist y > 0
and C < oo such that for all disjoint I,J C Z9:

ILaw(c;,,;) — Law(6;) @ Law(c )|y < C Z exp(—ydist(i, j)), (BB)
(i,))elxJ

where ||o||Ty denotes the total variation norm. o0

Nonetheless that phenomenon of exponential decay of correlations is not powerful
enough to get decay of correlation between distant infinite bunches of spins, at least
in the sense of “f-mixing”:

Definition 13 (p-mixing coefficient). For X and Y random variables valued in any
sets, the f-mixing coefficient between X and Yis the total variation distance between
the joint law Law(X,Y) and the product law Law(X) ® Law(Y). (That distance
actually only depends on o(X) and o(Y), so that one may rather speak of f-mixing
between o-algebras). The minimum possible value for this coefficient is 0, meaning
that X and Y are independent, while the maximum possible value is 1, meaning that
Law(X,Y) is singular to Law(X) ® Law(Y). For more on f-mixing, see [1, § 1]. ©

Proposition 14 (Absence of f-mixing). Let d > 1 and consider the (zero-field) Ising
model on Z%. Then, for all0 < p < P, for all x > 0, denoting I := {0} X Z4" and
J = {x} x Z97 the joint law of 67 and 6 is singular to their product law. In other
words, there is no f-mixing between hyperplanes for Ising’s model. o

Proof. Our goal is to show that Law(s;,6,) and Law(c;) ® Law(c;) are mutually
singular, i.e. that ||Law(c}, 6 5)—Law(c;)®@Law(c )|y = 2. Since obviously ||Law(c,
6 ) —Law(e,)QLaw(G )|ty = ||[Law(c;/,65)—Law(e;)@Law(o /)|ty forall I' C I,
J' C J, we are looking for relevant I’ and J' to bound their f-mixing coefficient from
below. In the sequel, we will take I’ and J' of the respective forms I ](5) and J](\f), for
very large values of N and &, where

o .(6 .(6 =

19 = (9 | nelo, NI, i = (0,043, n6): (8C)
o .(6 .(6 2

IO = 1% | ne o, ND, i = (.05, n6): (BD)

so, informally, iﬁf) and j,(lé) are points of the respective hyperplanes facing each other,

and all the pairs (iﬁ,‘”, j,(f)) are very distant from each other.

14
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First, let us look at what happens at points l.gs) and j(()(s): as these points do
not actually depend on 6, we will denote them by merely resp. iy and j,. Since
in the subcritical regime the equilibrium measure is unique, by symmetry one has
]P’(ai0 =-1)= ]P’(ai0 =+41)= ]P’(Gj0 =-1)= ]P’(aj0 =+4+1)=1/2. Let p:= ]P’(aio = Ujo)l
interpretation of Ising’s model as a random-cluster model (cf. [3, § 1.4]) ensures that
p > 1/2. Let us also denote P, := Law(o; ,0j,); seen as a distribution on {+1}2.

By translation invariance, for each n, Law(aigla), O'jflé)) = P,. But now, considering
N to be fixed, let 6 = oo: then, because of the weak mixing property of Ising’s model
(Proposition 12), the couples (Giﬁ,‘”’ ijf)) tend to become all independent, so that

L W I 7 = L W - P N (BE)
( EV)’ 1(\/)) def ( lf) " J((J " l(l & Ji & ’ l(N)—l’ jl(\f)—l) p ’

where the probability distributions in the above equations are considered as laws on
{+1}?N, the latter being identified with either {132 or ({£1}HN depending on
the context.
Another consequence of (BE) is that Law((_f[](\?)) tends to Unif({+1})®N as § —» oo;
therefore, Law(&las)) ® Law(c ;) = Unif({+1}H)®?N = P%N.
N N
But the law of ¥ Yo', _

o, is different depending on whether one lives under
the law PI? N or pEN. indeed,

172
-1
Law(”in"’jn)nNPz;@N< Z 161_”:%) = Bin®(N, p), (BF)
k=0
while
N-1
Law("inﬁjn)nNPl%N( Z lo_inzo—jn> = Bin?/(N, 1/2). (BG)
n=0

As, for measures on a given finite set, the total variation distance is continuous w.r.t.
the convergence of measures, it follows that

lim || Law (3,0, 3 ,0) — Law(5 ) ® Law(3 )|l 7y > IBin™(N, p) = Bin™(N, 1/2)]| 1,
6—00 N N N N

(BH)
hence

|ILaw (3, ) — Law(3)) ® Law(3 )|l py > [IBin*((N, p) — Bin*((N, 1/2) ||y~ (BI)
But, fixing p’ € (1/2, p) independently from N,
IBin®!(N, p) — Bin®(N, 172)||lpy > 2|P(Bin/(N, p) > p') — P(Bin'*'(N, 1/2) > p’)],

(BJ)
which tends to 2 as N — oo by the law of large numbers; so finally one has necessarily
that the left-hand side of (BI) is equal to 2, QED. &

So, Proposition 14 shows that there is no f-mixing at all between parallel hy-
perplanes for the subcritical Ising model. But on the other hand, if we measure
decorrelation by the means of p-mixing, then we do get exponential decay of correla-
tion between hyperplanes:

15
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Proposition 15 (p-mixing for hyperplanes). Letd > 1. For (zero-field) Ising’s model
on Z% in the subcritical regime, defining as before I == {0}xZ4™" and J = {x}x Z?"!
for some x > 0, one has:

p(er;0.) <e™, (BK)

where y is the same as in Proposition 12. o

Proof. Define the operator . )
P: 123, - 12(5)) o
S o0 .

Then by Proposition 4, proving (BK) is equivalent to proving that || P||| < e™"*. Now
for all # € {0, ..., x}, denote 6, := 6;}xz4-1, and for all # € {1, ..., x}, define

ﬂ't . LZ(O'(I_D) = LZ(O'(I))

s o000, (BM)

Due to the fact that the interactions in Ising’s model have only range 1, o) = o) —
“+ = 0(y) is a Markov chain, and therefore:

P=gx o omom. (BN)

Now, by horizontal translation all the Lz(a(,)) can be identified with a common Hilbert
space H. Then all the z,’s are identified with operators on H, and by the translation
invariance of the model all these operators are equal. P is also identified with an
operator on H, and (BN) becomes:

P=r" (BO)

But # is self-adjoint because, as the model is also invariant by reflection, the station-
ary Markov chain o) — -+ = 0(y is reversible. In particular z is a normal operator,
and thus |||P]ll = Iz|lI*. So, proving that |||P]|| < e™"” is equivalent to proving that
Izl < e, which will be our new goal.

So, take C < oo as in Proposition 12. For £ an integer, denote I, and J, to be
resp. {0} x {=2,.... 2}V and {x} x {=2,...,2}%"!. Let f be a bounded function
of 12(5,f) and denote M := || f||j». By translation, f can also be identified with a
function of I2(G 7,); which is bounded by M too. Now, since

Cov(f(31,), f(B,,) = / F@1)f @) ALaw(3y,,,;,) — Law(3;,) ® Law(3,), (BP)

we can apply (BB) to I, and J, to obtain:
|Cov(f(5},), f(B;, ) € M?-2CQ2¢ + 1~ De™7™, (BQ)
In terms of operators, (BQ) means that

I(f, Pf)yl <27+ D)X=V p2ce 7>, (BR)
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As the value of x played no particular role in establishing (BR), that formula can
be generalized into:

I(f, 7' fY gl <202 + 12D p2ce™! (BS)
for all t € N*. Letting t — oo, we thus obtain that for all Z, for all f € LZ(E'IK) NL>,

lim [(f, 2" /)" < e (BT)

But UKGN(Lz(@Z) N L*) is a dense subset of H, so, since x is a normal operator,
according to Lemma 161 in appendix this is enough to conclude that ||z|||y; < e77,
which is what we wanted. @

So, we have seen that for the subcritical Ising model, there is some p-mixing
between distant hyperplanes; we have also seen that this p-mixing property is all the
more important that f-mixing does not hold. Then a natural question is, what is the
level of generality of Proposition 157 In other words, which of its assumptions can
be relaxed and which cannot?

To carry the above proof, actually we needed at least the following properties:

e To identify all the spaces 12(0(,)), we used that I and J had the same shape

and that one could tile Z¢ (at least partly) with a sequence of tiles having that
shape (namely, here, tiles of the form I, := {} X Zd_l).

+ To introduce the Markov chain o) — -+ = 0, we used that the interactions
of our model had finite range, so that it was not possible get from one side of
the tile I, to the other side by a chain of interactions without crossing the tile
1, itself.

» To say that all the 7, were the same modulo identification, we used the trans-
lation invariance of the model.

+ To state that the stationary Markov chain 6 — -+ = o, was reversible, we
used the reflection invariance of the model.

« To get a bound on ||z]|| from the asymptotics of (f,#'f), we used that the
decay of correlations was exponential.

All these points would make the proof we gave of Proposition 15 quite difficult to
generalize. What, for instance, if we take I and J with arbitrary shapes, just requiring
that dist(1, J) > x? What if we consider statistical physics models with infinite-range
interactions? Etc. The above arguments would not work any more... Yet, we do not
have the impression that the presence of p-mixing fundamentally relies on the peculiar
symmetries of the case we have been treating!

So, my first motivation for this work was to establish p-mixing estimates by the
means of general methods. Thanks to this approach, I will indeed be able to obtain
fairly new decorrelation results in statistical physics: Theorem 105 will be a quite
general concrete example of such a result. As you will see, I have achieved my goal
by focusing on the properties of p-mixing “for itself”, rather than on its links with
other forms of decorrelation.

17
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1.3 Second motivation: Tensorization of p-mixing

The following “tensorization property” of p-mixing, a proof of which we will recall,
is well known:

Proposition 16 (“Strict” tensorization of p-mixing, [6, Theorem 6.2]). Let I be a
set and let ((X,-, Y,-))IEI be independent couples of random variables.¥ Then:

p(X ;3 Y)) = sup p(X;; Yy). (BU)
iel .

Remark 17. The strength of Proposition 16 is that the right-hand side of (BU) is a
supremum: so, we get a result of decorrelation between X; and Y; which does not
depend on the cardinality of 1. &

Proof of Proposition 16. This proposition is quite immediate to prove. Indeed, con-
sider the projection operators z; : 2(X D)= Lz(Yi) defined as in Proposition 4. Then,
independence between the X;’s implies that the space Lz()_f ;) may be seen as the ten-
sor product );<; 2(X i), resp. independence between the Y;’s implies that LZ(Y’I) =
X L2(Y,-); and independence between the couples (X}, ¥;) means that the global opera-
tor ;1 L2(X ;) — 12(Y;) is equal to the tensor product ), 7;, so that 777y = Q, 7/’ 7;.
Therefore, considering spectra as multisets, Spec(z;z;) = []; Spec(x;7;). But the
Spec(zix,)’s are included in [0, 1], and Spec(7;7,) = Spec(ziz,) \ {1} (where eigen-
value 1 is removed with multiplicity one), so that

psp(ﬁ}kﬁ-l) = SuII) psp(ﬁ;kﬁi)> (BV)
e

which yields the desired result by (AJ). o

Proposition 16 gives us a clue about why we have got p-mixing between hyper-
planes for the Ising model. Indeed, facing hyperplanes may be considered as a set
of facing pairs of spins. For each of these pairs correlation is weak, and two pairs of
spins are asymptotically independent when the distance between them becomes large;
therefore by Proposition 16, it is sensible that the correlation between hyperplanes
remains about as weak as the correlation between individual spins. (Actually this is
essentially the same reasoning as the argument to prove Proposition 14, except that
in the previous case it was used to prove the absence of f-mixing, due to the fact
that that form of mixing has bad tensorization properties).

Of course, the previous argument does not make a proof: first, because asymptotic
independence is not independence sensu stricto; and above all, the problem is that
to prove presence of mixing, we have to consider all the spins in hyperplanes I and
J, and not only a subset of spins distant from each other...

Anyway, could one generalize Proposition 16 in a way which would allow us to
handle this case? The proof we gave above leaves little hope for a simple general-
ization, as using tensor products strongly requires strict independence between the

FBut x ; and Y; are not supposed to be independent.

18
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(X;,Y;)’s.. However, in the sequel we will introduce another proof of Proposition 16
(see § 2.2), and that proof will turn out to be more suitable for our goal. In the end,
we will get generalized tensorization results which will also handle the case where
“independence between the pairs is not complete”: see in particular Theorem 39.
Thanks to Theorem 39 and it siblings, we will be able to prove decorrelation results
for statistical physics models by the mean of (generalized) tensorization.
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Chapter 2

Tensorization results

Now let us turn to the core of this work, namely the tensorization results. Each
section of this chapter will be devoted to a different tensorization theorem, those
being more or less arranged in increasing order of technicality; the climax being
Theorem 47 in § 2.5. Though our different sections are essentially independent, it
might be wise for the reader not to skip directly to the most advanced results, but
rather to read first a few simpler cases (e.g. Theorems 36 and 37 in § 2.3), in order
to get acquainted with the notation and techniques involved in the proofs.

2.1 Toolbox on variance and covariance
The proofs of this chapter will make heavy use of a couple of elementary computa-
tional results about variance and covariance, which we state and prove in this section.

Definition 18 (Variable centred w.r.t. a c-algebra). Let f be a L' variable and &
be a c-algebra; we will say that f is centred w.r.t. # to mean that E(f | %) =0. ©

Remark 19. Obviously if ' C %, then any variable centred w.r.t. & is also centred

w.r.t. F'. &
Lemma 20. For & a o-algebra, for all f € 12(F), g € IX(B):
Cov(f, g) = Cov(f,g7). (BW)
In particular, if g is centred w.r.t. F,
Cov(f,g) =0. (BX)
&

Proof. For f € IX(F), g € 12(RB),

Cov(f,g) = E(fg) — E(f) E(g)
=E((f2)”) - E(f) E(g”) = E(fg7) - E(f) E(g”) = Cov(f.g7). & (BY)

Lemma 21. Let f be a I? variable and F be a o-algebra; then:

|Cov(f, 8)|

2cq
Var(g) gGL(./')\{O}}. (BZ)

Var1/2(f‘o;) = sup{
&
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Proof. For g € 12(%), Equation (BW) of Lemma 20 applied with ‘f « g, ‘g’ « f,
‘F « F yields that Cov(f,g) = Cov(f7,g); therefore, by the Cauchy—Schwarz
inequality,

|Cov(/, &I < Var'”(f%) Var'(g), CA)
proving the ‘>’ sense of (BZ). For the reverse inequality, take g = 77 (If =0,

there is nothing to prove). Then, applying Equation (BW) of Lemma 20 with ‘ f* « f7,
‘g« f,‘F « Fyields that Cov(f, f7) = Var(f7), so that

—~

|Cov(f, f7) 2,

— ' 7 =Var , CB

Varl/Z(f%) (f ) ( )
proving the ‘<’ sense of (BZ). A
Remark 22. Actually only the ‘<’ sense of (BZ) will be used in the sequel. &

Lemma 23. Let & be a o-algebra, let f be a 1?2 variable centred w.r.t. F and let
g € 12(RB); then:

Cov(f,g) = E(Cov(f,g | P). (cC)

In particular:
Var(f) = E(Var(f | 9)). (CD)
&

Proof. Since f is centred conditionally to &%, one has Cov(f,g | %) = E(fg | %).
Also, f being centred w.r.t. & implies it being centred w.r.t. 98, so one has also
Cov(f, g) = E(fg). So, by the law of total expectation,

Cov(f,8) = E(fg) = E((f&)”) = E(Cov(f,g | P). (CE)
o
Lemma 24. Let f,, f1 € L2(RB) and let F be a o-algebra; then:
Cov(fy, f1) = Cov(fy, f7) + E(Cov(fy, fi | P). (CF)
In particular, for f € 12(B):
Var(f) = Var(f%) + E(Var(f | %)). (CG)
&

Proof. For i € {0,1}, denote f; := f; — ]E(fig), so that f; = fi9+ f;. Obviously the

fl.‘%s are F-measurable while the f;’s are centred w.r.t. % thus by Equation (BX) of

Lemma 20, one has Cov(fog, 1), Cov(fy, fl‘ci) = 0. Therefore:

Cov(fo, f1) = Cov(f, f7) + Cov(fy, f1). (CH)
Now f, and f; are centred w.r.t. &, so by Equation (CC) of Lemma 23:
Cov(fy, f1) = E(Cov(fy, /1 | D). (c1)
But, conditionally to &, f, only differs from f; by the “constant” E(f; | %); so:
Cov(fo, i | ) = Cov(fo, f1 | . (CJ)
Combining (CH), (CI) and (CJ) finally yields (CF). A
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Lemma 25. For f € 12(®B) and F a o-algebra:

E(Var(f | 9) < Var(f). (CK)
&
Proof. This is a straightforward corollary of Equation (CG) of Lemma 24. -~

Lemma 26 (Chain rule for covariance). Let fo, f; € I2(B) be random variables and
let Fy C F| C -+ C© Fy be o-algebras; then:

N-1
Cov(fy ™ = 0 N = 17 =Y, Cov(s ™ = £ 17 = 7. (eL)
i=0
In particular, for f € 12(RB):
N-1
Var(f7n — f70) = Y Var(f 71 — 7). (cm)
i=0 &

Proof. By induction it is enough to prove the case N = 2. Then, we observe that,
fori € (0,1}, £72= 70 = (7 = £7 + (f7 = £71). But the (f7 = £70)s are
Fi-measurable while the ( flf% — figl)’s are centred w.r.t. %; so by Equation (BX)
of Lemma 20, one has Cov(f(;c/71 — O%’fl% - flgl) = 0, resp. Cov(ff/71 — fi%,ffz —

fog?l) = 0. Therefore,

Cov(fy =10 172 =170 = Cov(fy = 10, 17 = 170+ Cov(f 2 = £ 172 = 1,

(CN)

QED. o
Lemma 27. For & C F' o-algebras, for all f € I2(B):

Var(f%) < Var(f 7). (co)

<&

Proof. Applying the chain rule for variance [Equation (CM) of Lemma 26] with ‘f «
i ' N «2 F) « 0, 'F «F ‘F «F yields that

o

Var(f7') = Var(f %) + Var(f% - %) > Var(f ). (cP)
o

2.2 Strict tensorization revisited

We state here again the classical theorem on “strict” (i.e., independent) tensorization
of p-mixing (Proposition 16 in § 1.3):

Theorem 28. Let I be a set and let ((X,-, Y,-))IEI be independent couples of random
variables. Then:

p(X ;3 Y)) = sup p(X;; Yy). (cQ)
iel .
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Our goal in this section is to present a way to prove that theorem which is different
from the proof given in § 1.3, and which will be suitable for generalization.

Proof of Theorem 28. To alleviate notation, in this proof ‘x;” will implicitly stand for
an element in the range of X;, resp. ‘y;” for an element in the range of Y;; and P(e |
x;), resp. E(e | x;), etc., will stand for P(e | X; = x;), etc. We will also shorthand
P(X3 Y) = p;.

First, observe that the ‘>’ inequality of (CQ) is trivial, so that we only have to
prove the ‘<’ inequality. Also, by a classical approximation argument we may assume
that I is finite, say I = {0,..., N — 1} for some N € N. So, let f and g be resp. )?I—
measurable and Y;-measurable centred I? real variables; our goal is to bound above
|Cov(f, &)| by (supses p;) Var'(f) Var'?(g).

Fori € {0, ..., N}, define the c-algebra %; = 6(X, Yy, X1, Y7, ..., X;_;,Y;_;). For
i€ {0,...,N—1}, we define

fi= [T = E(f | F); (CR)
g =g"" -E(@g | F). (cs)
Then obviously one has f = )., f;, resp. g = )., &- Moreover, as 7= (f T,
the chain rule for variance [Equation (CM)] yields that Var(f;) = Var(f Fir)y—Var(f7),
so that (noticing that f7¥ = fand f7 = 0)
Var(f) = )’ Var(f), (cT)
iel
and similarly Var(g) = »,c;Var(g;). Also, when one expands Cov(f,g) =
Z(i,j)elxl Cov(f;, &), all the Cov(f;,g;)’s for i # j are zero: indeed, if, say, i < j,
then f; is f Zi+l-measurable while g; is centred w.r.t. F; 2 F;y, which implies zero
covariance by Equation (BX) of Lemma 20. Thus,

Cov(f,g) = ) Cov(f;, g). (cv)
iel

Now, remembering that f; and g; are centred and remain centred w.r.t. %;, we

use the law of total expectation to see that

Cov(f;,8) = E(f;8) = / E(fig | x0: Y05 -+ > Xi—15 Yi—1) AP (xg, Yo, -+ » Xj—1, Yiz1)

:/Cov(fiagi | x07y07~--7xi—17yi—1)dp(x0:y07-~->xi—17yi—1)' (CV)

The point now is that, under the law P(e | x, g, ..., X;_1, ¥i—1), the variable f;,
which a priori depends on (X}, Y;), actually only depends on X; (and similarly, g; only

1)
depends on Y;). To see that point, first observe that f” only depends on (X, ...,
X,_;) (and not on (Y, ..., Y;_;)), since one can write
fdvi(x()) yO7 7xi—]7yi—1)

:/f(xO,...,xi_bxi,...,xN_l)d]P(xl-,...,xN_l | xO,yo,...,xi_l,yi_l)

:/f(xo,...,xi_l,xi,...,xN_l)d]P’(x,-,...,xN_l), (CW)
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where the last equality comes from the fact that all the (X;,Y;)’s are independent.
From (CW) we get in a first time that f; is actually a function of (X, ..., X;); then, by
the very same argument, we see that conditioning f; w.r.t. &; yields a variable only
depending on (X, ..., X;_;). Combining the two previous observations, the claimed
point follows. So, under P(e | xq,¥p,...,X;_1,¥i—1), f; only depends on X; and g;
only depends on Y;. But under that law, (X;,Y;) has the same distribution as under
the original law (because of the independence between the (X;,Y;)’s), so that, under
the conditioned law, one still has p(X;;Y;) < p;; and thus, (recalling that f; and g;
remain centred under the conditioned law),

|Cov(fi, &)l = ‘/ Cov(fi & | %0, Y05 -+ Xi—1, ¥i—1) AP (x0, Yo, -+ ’xi_l’yi_l)‘
< Pi / Var1/2(fi | X0, Y05 --- 5 Xi—1, yi—l)varl/Q(gi | Zdem) d]ID(X(), Yoo -5 X1 yi_l)
172
C<S pl</ Var(f,- | X0, Y0y -+ 5 Xi—15 yi—l)d]P)(x07 Yos - Xi—1; yi—1)> X (Same fOT’ g)
S pVar g Vart ) (e

Summing over i,

|Cov(f, g2)| < Z pi Varl/Q(f,-) Varm(g,-) < (sup p;) Z Varm(f,-) Varm(g,-)

iel

iel iel
172 172
< Gupp)( X Var(f)) (X Vare)) = up p) Var'(H) Var(g), (c)
CS el iel iel iel
which is the desired bound. [

2.3 Simple tensorization

This section is devoted to understand what we can say about the p-mixing coefficient
between a “vectorial” variable X ;7 and a “scalar” variable Y, when we have bounds
on the p(X;;Y)’s for all the i € I iUl Actually to prove our theorems we will need
a bit stronger assumption (which is fortunately satisfied in many natural situations,
confer Chapter 3): introducing this assumption and the notation for it will be the
purpose of § 2.3.1. Then, for pedagogical purposes, we will present two versions of
our tensorization theorem: first (in § 2.3.2) a slightly suboptimal one, whose proof
goes along the same lines as for Theorem 28; then (in § 2.3.3) a sharper one, for
which we will actually give two different proofs, as each of these proofs involves some
new ideas that will turn useful for proving later theorems.

2.3.1 p*-mixing

Definition 29 (p'-mixing). Let X, Y and Z be random variables. We define the
p'-mizing coefficient between X and Y w.r.t. Z, which we denote by pTZ(X; Y), as the

I The last inequality is actually an equality here, because f; and g; are centred w.r.t. &,.
[lWe call such a situation “simple tensorization” because only one of the variables is vectorial.
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smallest p such that, for Law(Z)-almost-all z, one has p(X;Y) < p under the law
P(e | Z = 2z2). Q

Remark 30. The previous definition can also be stated in terms of the o-algebras
spanned by the variables: if we denote & := o6(X), & := o(Y), Z := o(Z), one has

Cov(f, g) {feLz(gv%)\{O},E(ﬂ y/)so}
Varl2(f)Varl2(g) | | g€ (@ Vv#)N{0},E@g | #) =0 |
(Cz)
&b
Remark 31. For # C ' o-algebras, is it not true in general that p;{(g; Z) < p;/,(g;
Z), nor is the converse inequality true; in particular, there is no general inequality
between p;/(%'; g)and p(F;9) = pT@(g; g): see e.g. Examples 32 and 33 below. &
Ezample 32 (Case where p = 0 but pJr = 1). Let X and Y be independent variables
(so one shall have p(X;Y) = 0), both with uniform law on R/Z; and let Z := X +Y.
Then pTZ(X;Y) = 1: indeed, for all z € R/Z, under P(e | Z=12), Y =z— X, so
that Y is X-measurable (and nonconstant). (Note that getting p;(X ;Y) =1 did not

actually require to have a strong correlation between X and Y under P(e | Z = z2)
for all z € R/ Z: only a nonzero-measure set of such z’s would have sufficed). &

p}(X Y) = Sup{

Ezample 33 (Case where p =1 but pl = 0). Let a, B,y be three independent random
variables, all uniform on {0, 1}; define X := (y,a),Y := (y,f) and Z := y. Then,
conditionally to {Z = 0}, X and Y are independent (with common law 8§, ® Unif({0,
1})), and similarly X and Y are independent conditionally to {Z = 1}; so pTZ(X ;
Y) = 0. (Here note that it was necessary to check independence of X and Y both
under P(e | Z =0) and under P(e | Z =1)). Yet X and Y are not independent
at all, since for instance the events {X € {(0,0), (0, 1)}} and {Y € {(0,0), (0, 1)}}
(which are non-trivial under ) are equivalent (both being equivalent to {Z = 0}),
so that p(X;Y) = 1. &

Definition 34 (p*-mixing). Let X and Y be random variables, K be a set, and
(Z)rek be a family of random variables. We define the pt-mizing coefficient between

X and Y w.r.t. (Z)rek, denoted by p?zk)k(X; Y), as the supremum of the pTZ (X;
K’
Y)'s for K' C K. Q

Remark 35. In practice, the family (Z}),cx will always be clear from the context: for
instance, if we are looking at tensorization between the (X;);e;’s and the (Y));¢,’s,
then we will take K = I U J and Z;c; == X;, resp. Z;c; == Y;. So, in the sequel
we will merely speak of “p*-mixing”, without specifying the family of variables of
reference. &

2.3.2 Simple tensorization theorem, rough version

Theorem 36 (Rough simple tensorization). Let I be a set and let (X;);cr, Y be random
variables. Then:

p(X 1Y) < (Z p*(Xi;Y)2>U2. (DA)
iel <&
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Proof. Like in the proof of Theorem 28, ‘x;” will implicitly stand for an element in
the range of X;; P(e | x;), resp. E(e | X;), etc., will stand for P(e | X; = Xx;), etc.;
and we will shorthand pi(Xi;Y) =: p;; we also shorthand (zieil’,’z)llz =: p. Like
in the previous proof again, by some approximation argument we may assume that
I ={0,...,N —1}; we will shorthand )?{l-femlq-} into )?<,-, etc. So, let f and g be
resp. X ;-measurable and Y-measurable centred I? real variables; our goal is to bound
|Cov(f, g)| by 5 Var(f) Var'™(g).

Fori € {0,..., N}, define the c-algebra &; := c()?<l.); fori € {1,..., N}, we define

fi= 7" —E(f | F). (DB)

Then f = )., fi; and by the chain rule for variance [Equation (CM)],

Var(f) = Var(f7¥) — Var(f70) = )’ Var(f)). (DC)

iel

By expanding, Cov(f,g) = X;c; Cov(f;, g); so we will try and bound the |Cov(f;,
g)|’s. Recalling that f; is centred w.r.t. %;, the law of total expectation gives:

Cov(f,-,g)z E(fig):/E(fig | 3_5<i)dp(>_5<i):/COV(fiag | yc<i)d]P)(7C<i)- (DD)

But under P(e | X_)), f;is X i—measurable[ﬂ while g is Y-measurable; and under this
law one has p(X;;Y) < p; (because of the pF-mixing hypothesis); thus,

|Cov(fi, g | X)| < p; Varl(f; | ) Var(g | X)) (DE)

It follows that
|Cov(f;, &)| < p; / Var2(f, | X)) Vart?(g | ¥)dP(X,,)

_ L oAIR . RN
<ol [ Va1 3 0apG) x ([ Varte | 52 dpG))
CS

< p; Var?(f) Vart?(g); (DF)
(CK)

and then, summing (DF) for all i

|Cov(f, @)l < ), p; Var(f;) Var'(g)

iel

S (; p?>1/2<g; Var( ﬁ))”2 Var'”(g) = p Var'?(f) Var'?(g), (D)

which is the announced bound. QO

[t] Contrary to the previous proof where we had to use independence between the (X;,Y;) to see
that f; was X,-measurable under the conditioned law, here no specific argument is needed, as there
is no question of possible dependence w.r.t. the “Y;"’s.
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2.3.3 Simple tensorization, sharp version

Obviously Theorem 36 is not optimal, as the right-hand-side of (DA) may be larger
than 1. The optimal result is actually the following one:

Theorem 37 (Sharp simple tensorization). Under the same hypotheses as in Theo-
rem 36, one has:

- 12
Xy < (1-TJ0-pxav?)) (H)
iel &
Proof. We re-use the notation of the previous proof; in particular, I = {0,..., N —1}

and &, = 6()?<l-); the only difference being that this time p denotes (I—Hi(l —pl.z)) 2

Our goal is to prove that p()?,; Y) < p. By Equation (AI) of Proposition 4, this
is tantamount to showing that, for any Y-measurable function g, one has

Varl2(g°¥) < pVarl(g). (DI)
For i € {0,..., N}, we define
g=g-E@g| F). (DJ)

By the chain rule for variance, one has Var(g") = Var(g) — Var(g”); so, applying this
with i = N, (DI) is equivalent to proving that

Var(g™) > (1 - 5% Var(g) = [ [ - p?) x Var(g?). (DK)

Let us fix i € I for a while. Under the law P(e | X_;), g' is Y-measurable, and
p(X;;Y) < p; (because of the p*-mixing hypothesis), so that one has: (still under the
conditioned law),

Varl2((g°X0) < o; Varl2(g). (DL)
But what we called “(gi)G(Xi)” under the conditioned law corresponds to (g’ )G(X<i X =
(g")71 under the reference law; and

(gi)ff”m — g?m _ (gg‘})gm — g%+1 _ g% =(g— gi+1) —(g-gh=g- g”f'_ (DM)

So, reasoning again under P(e | X_;), (DM) means that g™' = ¢/ — E(g' | X));
therefore, by the chain rule for variance, (still under the conditioned law),

Var(g'*!) = Var(g') — Var((g)°™?) (>) (1 - p?) Var(g). (DN)
DL

Re-stated under the reference law, (DN) means that for all X;,
Var(g™! | X)) > (1-p}) Var(g' | X)) (D0)

Now, g' and g'*! are centred w.r.t. F;, so by the law of total variance (Equation (CG)
of Lemma 24),

Var(g') = /Var(gi | X0, -5 X)) dP(xg, -, X;-1); (DP)

Var(g't!) = /Var(g"'k1 | X0, -5 X)) AP(xg, .., X;_1)- (DQ)
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Thus, integrating (DN) against dP(xy, ..., x;_;) still yields
Var(g™h) > (1 - p}) Var(gh, (DR)

but this time to be understood under the reference law. Finally, combining (DR) for
allie {N—-1,N—=2,...,0}, we get Equation (DK), which is what we wanted. o

Actually it is also possible to get Theorem 37 from a refinement of the proof of
Theorem 36. We also give that proof here, as the lines of its reasoning will be used
again later in the proof of Theorem 47 (see in particular Lemmas 52—in which the
role of index ‘i’ below is actually played by j—and 53).

Alternative proof of Theorem 37. Like in the previous proof, shorthand pi(X Y)=
p;; assume I = {0,...,N —1}; let f and g be centred L2 X—measurable, resp. Y-
measurable, variables; and denote %, := G()Z' <i), resp. g ==g—-E(g | F;). Also, like
in the proof of Theorem 36, denote f; := f7 —E(f | F).

As in the proof of Theorem 36, one has Var(f) = ). Var(f,) and E(fg) =
Y. E(f;g). Now observe that fi is centred w.r.t. % while g — g'is F-measurable, so
by Lemma 20 E(f;g) = E(f;g'). But, conditionally to &%;, f; and g' are both centred
and resp. X;- and Y-measurable, so

IE(fig)] < pir (X3 Y) Var2(f;) Var2(g') < p; Var2(f;) Var'(g').  (DS)
Now, for i € {0,..., N — 1}, denote
g = (g7, (DT)

Since g’ = g; + gt where g; is F,;-measurable while g’ is centred w.r.t. %, one

has by the chain rule for variance:
Var(g;) = Var(g') — Var(g'*h). (DU)

Then, the key point consists in making the following observation: for Var(g'*!) to be
large (that is, close to Var(g')), Var(g;) has to be small. But in that case |E(f;g)|
shall be small: one has indeed, since f; is %; ;-measurable:

IE(f:2)] = |E(f;g)] = |E(fi(g") ’+1)|—IIE(flg,)| Var”2<f>Var”2<g,) (DV)

Let us sum up the relations obtained. One has, for all i € {0,..., N —1}:

IE(f;8)] < Var'2(f;) Var'’(g,); (DW)
Var(g'™) = Var(g') — Var(g)); (DX)
IE(f;2)| < p; Var'(f;) Varl?(g"). (DY)

Now define 3, := |E(f;g)| / Var'2(f;) Var’?(g') (or 5, := 0 if the right-hand side
is 0/0). Then (DW) means that Varm(gi) > p; Var'”(g), so that (DX) yields
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Var?(g"*t!) < 1—pvl.2 Var?(g). Since g° = g, one has therefore by induc-

tion Var?(g') < ;,_210 7/ 1 —ﬁl.z, Var'?(g), so that the decomposition “E(fg) =
Y E(fig)” gives:

N-1 i—1
Bl < X (5 [T V1 -2) vart; var ). (Dz)
i=0

i'=0
By the Cauchy—Schwarz inequality, it follows that:

VN—l i—1 N-1
HE(fg)l < J Z ﬁlz H(l — pvlzl) \J Z Var(fi)Varl/Q(g)
i=0

=0 i'=0 i=0

N-1
= Q 1- H (1=p57) Var'(f) Var'?(g). (EA)

0=1

Since (DY) forces to have p; < p; Vi, obviously the maximal value for the right-hand
side of (EA) is when p; = p; for all i, then yielding (DH). A

2.4 Double tensorization

Theorem 36 (or Theorem 37), interesting as it may be, is however not powerful
enough to yield Theorem 28 as a corollary. To bound the maximal correlation p()? I8
?J) between two “vectorial” variables from bounds on the correlations between the
“scalar” variables constituting them, the result is the following:

Theorem 39 (Double tensorization). Let I and J be sets, and let (X;);e; and (Y)) ey
be random variables. Then,

p(X ;Y < I((p* (X5 Yj)))ieI,jeJ”lfz(J)—»fz(I)' (EB)
o

To prove Theorem 39, we will need the following

Lemma 40. Let J := {0,..., M —1}; let X and (Y));e; be random variables, and
assume that for all j € J,

pH(X:Y) < p;. (EC)

For all j € JU{MY}, denote
?j = G(Yo, ,Yj_l),' (ED)
gl =9;Vo(X). (EE)

Let g be an 12(17]) function; for j € J, define

g =g"" —E(g | %), (EF)
g
gi=g ™ -E@gl| g, (EG)
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and denote W; == Var(g,), resp. VVj’ 1= Var(gj’.). Then, for all j € J:

W) > (=W =20 W2 3 oy WP, (EH)
Jj'>j &

Proof of Lemma 40. For j € J, define

g =g-E@g |9 (EI)
g =g-E@g| 9, (E3)

and denote I/T/j = Var(g;), resp. VT/j’ = Var(gj’.). Then, by the chain rule for vari-
ance (CM),

W= W (EK)
j'=j

=X W (EL)

/>J

consequently,

W= W/ =W, = W)) = Wy,

j (EM)

W
But one has

g R g g g Y

g =g-g  =g-g7+g—g" =§+EN" —g" =§,-(e—g")" = §-§’, (EN)
so that by the chain rule for variance (applied with ‘f « gj,‘N’ « 2,'Fy « O,
49']7 P ?j/’cgfza - %>’

- - ¢!

W, =W/ =Var(g;’), (E0)

~ g/

and likewise W, — W Var(g flr ). That suggests to try to bound Var(g ) by

an expression involving Var(g )
/

To bound Var(g,’ ), we will use the characterization (BZ) given by Lemma 21.
So, let f be any ?j’ -measurable function. Let us reason conditionally to &; for a few

lines. Under this conditioning, f is X-measurable, g; is Y-measurable and centred,
and

gj:gj+gj+17 (EP)
where g; is Y;-measurable, and both g; and g;,, are centred. Since p(X;Y;) < p; (due
to the assumption that, under the reference law, pi(X Y)<p j), one has

|Cov(f, &) < |Cov(f, g)| + |Cov(f, &4 1)l
< p; Var'?(f) Var'”(g) + Var'?(f) Var'(g;,1), (EQ)

which means that under the reference law (remember that (EQ) is stated under the
law P(e | ©))),

|Cov(f,&; | ©)| < Var'?(f | €)(p; Var'(g; | €+ Var'?(g;1; | €)). (ER)
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Integrating over the possible values for 17< j» and using that f and g; are centred:

Contr )1 < / Cov(/.2, | %)|dPG.,)
< / Var'2(f | 3.)(p; Var'®(g; | §.)+ Var'®g;,, | ¥))) dPG))

<( / Var(/ | %)dPGLp)
cs J <

(Pj(/ Var(g; | ?j)dp(§<j)>l/2+ (/ Var(g;,; | ?j)d]P’(?q))l/z)

5 Var?(f)(p; Var'®(g)) + Var'”(g;,.)) = Var2(f)(p; W + Var'?(g;, ). (ES)

Since this is valid for all f € Lz(?j'), by Lemma 21 we conclude that

!
arl/Q(gj J ) W1/2 + Var1/2(~ J‘i’l) (ET)

Then, passing to squares,

W= W/ < Wy - I/le+1 t 0 Wi+ 2/’JW1/2 Varl/Q(gjflrl) (EV)

On the other hand, iterating successively (ET) for ‘j’ « j+1,j+2,...,M — 1, and
using that g,, = 0, we have that

Var 1/2(~J—ij_‘;1) < Z pJ W1/2 (EV)
i'>i
Combining (EU) with (EV) finally yields the announced formula (EH). o

Now equipped with Lemma 40, we can move on to proving Theorem 39:

Proof of Theorem 39. First, thanks to a by now classical approximation argument,
we may assume that I = {0, . —1}and J = {0 — 1}; let us also denote
I:=TU{N},resp. J := JU{M} We denote pij=p (Xl, ]) and p := (pij)i; € R/

Our goal is to prove that p(XI, YJ) < lllplll- By Equation (AI) of Proposition 4,

this is tantamount to showing that, for all g € Lz(l_}), one has Varm(g"(x)) <
llplll Var'”2(g); and since by the chain rule (CM) for variance (applied with ‘f « g,

‘N’f_ 2, Fy « O0,'F « 6()?)7 ‘F, «— B) one has Var(g®X)) = Var(g) — Var(g —
g%, this is equivalent to proving that

Var(g — g% > (1 - [lpllP) Var(g). (EW)

So, let us introduce an arbitrary g € Lz(ff), and let us begin with introducing
some notation. We define:

Fi=0(Xy,..., X;_;) foriel (EX)
g =0(Yy,...,Y;_) forjed (EY)
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and
g=g-E@g|F) foriel (E2)
g; i= g7V — E(g | FNVE) forie I,jelJ. (FA)
We also denote
Var(g) == W' foriel; (FB)
Var(gj.) = Wj." foriel,jel. (FC)

By the chain rule for variance (CM), one has, for all i € I,

i_ i
wi= Y w (FD)
jed
Moreover, obviously g = g° and g — g°® = g/, so the formula (EW) that we want to
prove can be re-written as:

DwN=a—lelH Y, w). (FE)

jeJ jeJ
Now, Lemma 40 will give us the central relations between the I/Vji 's. Applying
that lemma conditionally to &; with ‘X" « X;, 'Y < Y;, ‘g’ < g' and ‘P < pij, we

have that ‘g;" = g;. and ‘gJ’.’ = git!

i so

Var(glt' | #) > (1 - ph) Var(g) | F) =20, Var'(g} | F) Y\ py Var'(gl, | F).

J'>J
(FF)

Now we can integrate that formula w.r.t. )?<i, which yields, using the Cau-
chy—Schwarz inequality:

/ Var(g! | %) dPG.) > (1 - o) / Var(g! | %) dP(R.,) -
Do Lo\IR DL IR
zpj< / Var(g) | x<l~)d]P’(x<l-)> > pj,( / Var(g!, | x<,~)d]P’(x<i)> . (FQ)
J'>j

which, as all the functions involved are centred w.r.t. &;, means by Equation (CD) of
Lemma 23 that
Wi > (= o)W =20, W) Y pijr W), (FH)
i'>j

It will be more convenient to introduce a linearized version of Equation (FH),
which we derive from it by the Cauchy—Schwarz inequality:

Corollary 41. With the notation of this proof, for (a;);c; arbitrary positive coeffi-
cients, one has for alli € I,j € J:

i+1 2 j -1 i -1 i
J'>J J'>j 0o
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Remark 42. (FI) is devised so that it coincides with (FH) if (and only if) I/Vji x ajz. &

Thanks to all that work, our new goal will be to prove (EW) thanks to the relations
(FI). This is a problem about linear operators in an L' setting. To handle it, let us
first introduce a little notation:

Notation 43. For (x;); =: X € R’, we denote
EEEEDNEAE (FJ)
jeJ
and we call “£1(J)” the space R’ endowed with that norm.
The dual of £1(J) may also be identified with R’ , via:
<(§j)j7 (xj)j> = Z fjxjé (FK)
jeJ
then, the dual norm of (&;); = g?is
suplé;| =t [|E]| s, (FL)
jeJ

and we call “£*°(J)” the space R’ endowed with that norm.

We also denote “X > 0”7 to mean that all the x;’s are nonnegative, resp. “E > 07 to
mean that all the £;’s are nonnegative, the latter being actually equivalent to saying

that (X >0 = (&,%)>0). 0
Now I claim the following lemma, whose proof is postponed:

Lemma 44. Let (ﬂ;j/)(i,j,j’)EIxeJ be nonnegative coefficients and let (W/ji)(i,j)el_x-’ be
quantities such that, for alli € I,j € J:

" . . .
Vle+ > I’le . Z ﬂ]l'j/Vle/' (FM)
jleJ
Define & € £°(J) by .
Li= Y X (FN)
iel
Ji'ed
then:
DW= 1Zl) YW (FO)
jeJ jeJ &

Here one can apply Lemma 44 with the actual I, J and I/I/ji’s, and with
i -1 -1 .
ﬂ;], = ].J/:]aj plj Z aj//pij// + 1,],>,]aja‘]’ pijpij,’ (FP)
i"zi
then, one has
Zjy = Z ﬂ;j/ = Z aj_llpij’aj”pij” + Z ajaj_llpijpij’ = Z ajaj_llpijpij’v (FQ)

iel iel iel iel

jed iz’ j<i' jeJ
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so that || Z||, is equal to
sup Z aj_laj,p,-jp,-j,. (FR)
JEJ er
jleJ
So, we have got a formula alike to the wished one (FE), except that instead of
“llplI>” we have (FR). To get the wished expression, the last step will just consist in
optimizing (FR) over all the possible values for a;. But (denoting “@ > 0” to mean
that all the a;’s are strictly positive):

@0 jel icl >0 il
jleJ jles

= infinf(4>0 | p"pd < 4&) =inf{A>0 | 33 >0 p*pi < Ad)
a>
= psp(P*p) = llpll*, (FS)

where the last but one equality comes from Lemma 46 at the end of the section
(applied to matrix p*p), while the last equality comes from the fact that p*p is a
positive normal operator, so that py,(p*p) = sup)?#a()_c’-rp*p)_c’/ %1% = sup)-c»#a(llp)_c’ll /
I1XID% = lllplll>. This ends the proof. o

Proof of Lemma 44. We will prove the lemma by induction on N. The case N =0
is trivial. Now, suppose N > 1 and assume the result is true for N — 1. Assume that
<]l ;0 < 1, otherwise there is nothing to prove. We generalize the notation & by
denoting, for e € {,, 1,c}: .
POY = Z Bhoxs (FT)

iel®

Jji'ed
with I' == {0}, resp. I¢ = INT! so that & = £ + Z°. Note that || Z°|| s« < 1 since
|Z]| s < 1. By the induction hypothesis, we have:

LW 2 YW= 2 e, (Fv)
jeJ JjEJ
Now define, for all j € J,
1. o _ 0 w0
W' =w ZJﬂjj,Wj,, (FV)
Jj'e

which is the value that Vle would take if there were equality in (FM) for i = 0. With
that notation, (FM) writes:
W =Wes 2 0. (F)
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Therefore, we have the following chain of inequalities:

ZWN ZWI LW e

jeJ jEJ

Z W Il W) =W eillp = LW e - 2 (W) = W)
jEJ

(

22 DWW e =D W =L ep) = LW Nep

JEJ jeJ
X W= LN = LAV e = W) = L(W)jep). (FX)
w! <W ies jes
Z°20
o (F0) is true for N, whence the lemma by induction. A

Remark 45. Our proof of Theorem 39 handled the X;’s and the Y}’s in a fully non-
symmetric way, since we began with putting orders on I and J, which orders played
a crucial role in the decomposition of g. Yet the obtained bound (EB) is obviously
symmetric by re-labelling the basic variables—and this is not due to having pro-
ceeded to any “re-symmetrization” step.. To date I have no simple explanation for
this “coincidence”. &

To close this section, it just remains to state and prove the lemma that I invoked
to get Equation (FS):

Lemma 46. Denote 0 > 0, resp. U > 0, etc., to mean that the entries of a vector 0
are all nonnegative, resp. all strictly positive, etc.; also, in the context of this lemma,
denote A = 0 to mean that all the entries of a matrix A are nonnegative.[§] With
that notation, the present lemma claims that, for A a square matriz with A > 0:

inf{4 >0 | (3 > 0) Al < i} = pyy(A). (FY)
&

Proof. The lemma is actually a corollary of the Perron—Frobenius theorem [7, The-
orem 8.3.1], which asserts the existence of a pg,(A)-eigenvector iy of A such that
Uy = 0. In the sequel we assume such a ¥ to be fixed.

We will prove separately the ‘<’ and ‘>’ senses of the equality. Let us begin with
sense ‘<. In the case Uy > 0, the value 4 < pg,(A) is obviously admissible for the
infimum in (FY) and then we are done. Otherwise if 7, # 0, up to a permutation of
indices, 0, has the form (6m; U,) for some m € ]0, n[, where n stands for the dimension
of 0y, 6,,, stands for the null vector of R™, and 0, is a strictly positive vector of R"™".
Then, all first m entries of Aty = py,(A)0, must be zero; and since v, > 0 and A > 0,
this forces A to write blockwise

) (72

8lOn the other hand, in § 3.4 notation “A > 0” will mean that A is the matrix of a positive
semidefinite quadratic form.
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for some nonnegative matrix A; € R™". Using the fact that, for #; a vector in R™,
one has ||(#;;0,_,)|l = |l#;]| and

1A% i3 0,0l = ICAYG ;01 > 1AK%, 1, (GA)

it is clear that py,(A;) < pgp(A). Now let € > 0. Reasoning by induction, assume
that we have already established the ‘<’ sense of the lemma in dimension m: then
there exists some 0; > 0 in R™ such that A;7; < (pg,(A) +€)v;. Thus for # > 0, the
n-vector (nUy; U,) is strictly positive, and in the asymptotics 7 \ 0:

A(nby; U,) = (nA,0y; g, (A0, + O1))
- - 77\0 - -
< ((pp(A)) + b pp(A)i, +O() < (pep(A) + )y 5 (GB)

80 A < pg,(A) + € is admissible for the infimum in (FY), which ends the proof of the
sense ‘<’.

For the sense ‘>’, let 4 < py,(A) and & > 0; we want to prove that Au & Al
Considering again the vector g, given by the Perron—Frobenius theorem, there exists
a (unique) g > 0 such that pv, < u but pv, £ u: for this B, one of the entries of
pU, and u, say entry #i, has to be identical for both vectors. Then, denoting [7]; for
entry #i of a vector U:

Midl; < pp(A)Nidl; = pg,(A)BLT,); = [A(BDY)]; < [A(BU)];+[A(—By)]; = [Aul;, (GC)

so that Au £ Au. O

2.5 Parallel tensorization

Theorem 39 that we have been proving in the previous section is rather sharp: ac-
tually, as one will see later [Theorem 62 in § 2.6.3], it is even optimal at first order.
However the bound (EB) is certainly not ezactly optimal, for several steps in our proof
let some space for improvements: in particular,

o In deriving (EQ), we neglected the fact that, because g ;and g, are orthogonal

in I7, it is not possible to have simultaneously nonzero correlation between f
and g; and full correlation between fand g;,,. This is actually the same kind of
observation that the rough simple tensorization theorem (Theorem 36) missed
compared to the sharp simple tensorization theorem (Theorem 37).

« When linearizing (FH) into (FI), we did not allow the a;’s to depend on i.
According to Remark 42, this will necessarily lead to some loss of optimality as
soon as the sequences (VVji );’s are not all proportional to each other for different
values of i—which has no reason to be the case!

[(M]Note that in the last inequality we used that U, > 0 to ensure that O(y) < €0, for  small enough.
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However, given the look of the proof of Theorem 39, it seems unlikely that one
could derive the strictly optimal bound in the general case. Nevertheless, it turns
out that such an optimal bound can be computed when we introduce some extra
symmetries in the problem. The corresponding result, which is the subject of this
section, is the following:

Theorem 47 (Parallel tensorization). Let I and J be sets isomorphic to Z, and let
(Xier and (Y));ey be random variables such that, for alli,j € Z:

pi(Xi; YJ) < Pj—i (GD)
for some function p: Z — [0,1]. Then:
p(X 1Y) < B, (GE)

where p € [0, 1] is characterized by

arcsin p := <Z arcsin pz> A g (GF)
ZEZ

&

Remark 48. Applying Theorem 39 in this situation would yield “p()? 1;17J) <
(ZzeZ pz) A 17, which is indeed always > p, with strict inequality in general: so,
when applicable, Theorem 47 is strictly stronger than Theorem 39. &

Proof of Theorem 47. Let f and g be resp. X ;- and I?J—measurable [? variables; our
goal is obviously to bound Cov(f, g) by p Var?(f) Var'”?(g).

Before all, in order to avoid issues with infinite summations, we will assume by
a harmless perturbation argument that there exist finite subsets I cc I,J cc J
such that f is X j-mmeasurable, resp. g is f’j—measurable. Then, we also assume that
for all i & I, resp. j & J, one has X i»Y; = 0, where 0 is a cemetery value, so that
conditioning by X;gj or by Yy will never have any effect: note that this modification
of our problem keeps all the assumptions valid. We will denote by i_,i,j_, j, indices
such that I C li_,i[, resp. JC Li_.j. I

For i € Z, resp. j € Z, we denote as usual &; := \/
\/j,<j o(Y;:); for (i,j) € Z X Z, we define

i’<i

o(Xys), resp. g, :=

fl=fTm - BT | FVG) (ac)
andll
gh=g”Vm —E(g | FVE). (GH)
We finally denote
v/ = Var(f)); (e1)
W} = Var(g)); (GJ)
Cij= COV(f,-j7 g;.). (GK)

The quantities Vl.j , I/Vji, C;; are linked to our essential quantities in the follow-
ing way:

MBeware: the definition of g; is not analogous to the definition of fij !
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Proposition 49.

(i)

/ .
— ; J .
Var(f) = ijr_noo V=V (GL)
(i)
/ .
Var(g) = lim 2 W/ =Ww. (GM)
J
(iii)
Cov(f,8)= ), C;; = C. (GN)
i, &

Remark 50. Due to the finiteness hypotheses that we have added at the beginning of
the proof, one has Vl.l =0Vi¢l, resp. I/Vj’ =0V,) ¢ J, resp. C;=0V(@,j) & I xJ,
and Vl.j does not depend on j for j < j_ nor for j > j,, nor does VV; depend on i for

i <i_orfori>i,_. Asa consequence, all the sums above are actually finite, and all
the limits are actually stationary. &

Proof of Proposition 49-(i). First, by the chain rule for variance (CM) applied with
e [T N < 2, Fy « 0, F < F VG and 'F < P, one has Vl.j =
Var(fg'm) - Var((f‘%ﬂ)‘%vgf). Since the c-algebras &; v S?j are increasing in j,
Var((f ‘%“)‘%ng) decreases as j decreases (cf. Lemma 27); thus Vl.j increases as j
decreases. When j — —oo, the c-algebra & Vv &, converges (and stationates) to %,
SO fl.j converges to f7i+l — E(f7i+1 | F) = f7i — E(f | F;) = f;; and so Vl.j
converges to Var(f;).

But we can apply the chain rule for variance with ‘f" « f, ‘N’ « i, —i_,

Fy = F L F < Fi g1, FN o F to get that
i—1
Var(f) = Var(f 7+ — f7-) = Y Var(f,) = )| Var(f), (G0)

i=i_ i€Z

where the first equality used that f Fiv = fand f Fio = 0, and the last equality used
that f; = 0 as soon as i ¢ I. This proves (GL). o

Proof of Proposition 49-(ii). First, similarly to the second part of the proof of Propo-
sition 49-(i), we apply the chain rule for variance (CM) with ‘f" < g, ‘N’ « j, —j_,
Fo — FNG, TN e %v?jJr, getting that ZjeZ I/Vji = Var(g—g”7) =: Var(g').
In a second time, similarly to the first part of the proof of Proposition 49-(i), we find
that Var(g') = Var(g) — Var(g”/), and we observe that Var(g”') decreases when i
decreases and is zero for i < i_; which proves (GM). >

Proof of Proposition 49-(iii). The first step of the proof consists in expanding Cov(f,
g) as a sum indexed by i. Re-introduce the notation f; := f7 — E(f | F;) and
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g == g—E(g | %) from the proofs of Items (i) and (ii). Since F = Fi,and 0 = F;_,
one has the telescopic decomposition:

ip—1
f=EWN) =Y fi (GP)
whence
V=) Cov(f;, 8 (6Q)

i€Z
But f; is centred w.r.t. %;, so by Equation (BW) of Lemma 20, Cov(f;, g7 = 0; and
therefore, for all i:

Cov(f;, g) = Cov(f;, g — g71) = Cov(f;, ). (GR)

Combining (GQ) and (GR) yields:

V=) Cov(f; g (Gs)

i€Z

The second step of the proof consists in expanding Cov(f;, g") as a sum indexed

by j. We start with observing that g’ = g‘%vgf+ — g‘%vgf—, so that one has the
telescopic decomposition: _ .
g=) g, (GT)
JEZ
whence
Cov(f; ") = ), Cov(f;, &) (GU)
JEZ

But gj. is centred w.r.t. %v?j, so by Lemma 20, Cov((fl.)*cftV?j7 g;.) = 0, and therefore,
for all j:

Cov(f;. g)) = Cov(f; = (/)7 g)) = Cov(f} g)) = Cy;. (Gv)
Combining (GS) with (GU) and (GV) finally yields (GN). >

Now we are going to set certain relations between the Vl.j ’s, the I/Vji 's and the
C;;’s: these correspond to the three lemmas below.

Lemma 51. Foralliel,j e J:
|Cij| <P V I/ijI’I/ji . (GW)
&

Proof of Lemma 51. Conditionally to & Vv g, fl.j is X;-measurable and g; is
Y;-measurable, while p(X;;Y;) < p;_; because of the p*-mixing hypothesis; so, condi-
tionally to & v @,

|Cov(f], gDl < p,; Var'(f]) Var'(gh), (GX)
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which means in non-conditioned terms that
|Cov(f g’ | Z, V?)| < pj- ,Varl/Q(fj | & V?)Varl/z(g’ | FVE). (GY)

But, when integrating over all the possible values of (X <is 17< ;); one has on the one
hand that, as f; / and g are centred w.r.t. & V &;, by Equation (CC) of Lemma 23:

Cov(f], g} = / Cov(f]. g} | 3.5 APGo;. Yo )); (62)

and on the other hand that:
/Varlm(fij | X< f<j) Varm(g} | X, J_")<j) dP(£<i7}<]‘) C<S

; 12 S R 1)
([ Vartr! 1 505 paPGa5) ([ Varte) | 5o ARG T)

< Var(f)) Var'(gh). (HA)
(cK)

So, integrating (GY) and using (GZ) and (HA), we get that

|Cov(f], gDl < p,; Var(f]) Var(gh), (HB)

i.e. (GW). &
Lemma 52. Foralli€ I,j € J: (provided VV; >0),
J+l J 2 j

V<V -2 W (k)

<&

Proof of Lemma 52. Sinc.e g;. is (& V g 41)-measurable, by Equation (BW) of
Lemma 20, C;; o Cov(fij, gj-) = COV((f,-J)‘%V?j“, gj-), so by Cauchy—Schwarz:
€

|C;

ljl Varl/Q((‘f )gv? +1)var1/2(g ) _ Varl/Q((f )9V? +1) I/I/ji ) (HD)

But one has (fl.j)‘o}ivgf’rl = (f‘o’jl*l)g'ivgf+l — E(f%+ | F;V ¥)); so we can apply the
chain rule for variance (CG) with ‘N’ « 2, ‘f" « fFi, Fo - FNVG,F <
FiV G, " Fy — B to get that

var((fij).%vgj+l) < I/lJ _ I/lj+1 (HE)
Combining (HD) with (HE) yields (HC). S
Lemma 53. Foralli € I,j € J: (provided Vl.j >0),

QW< YW - (Z c,.j,)z/V,.f'. (HF)

i'zj i'zi J'Zij &
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Proof of Lemma 53. For j' > j, first observe that C;; = Cov(f '8 Py = Cov(f ,

,) indeed, since f f is (#;V ¥;r)-measurable Whlle g ., 1s centred w.r.t. FV I,

one has Cov( f L= 1! ; ,gj,) = 0 by Equation (BX) of Lemma 20. Therefore:

Z C’J COV( i Z g /) = COV(fl-j,g - g‘%vyf). (HG)

/>J />J

But fj is (Fi41 V &;)-measurable, so Cov(fj,g g7V = Cov( l.j, (g—g7V¥)Tm Ve )
by Lemma 20; and then Cauchy—-Schwarz yields:

‘ Z C,J ‘ \ /I/IJ Varl/2((g _ g%V?j)%+1V?j)‘ (HH)

,ZJ
But (g — g7V Tim1V9 = gFs1V¥ — g7iVE 5o by chain rule for variance (CM) applied
with ‘f « g ‘N «2,'F) « FVE, 'F « Fp VG, 'F — B:
Var((g — g7")7mV¥) = Var(g — g7"%) = Var(g — g7+1V%). (HI)
Finally7 applying the chain rule for variance with *f* « g, ‘N’ « j, —j, ‘"Fy < FVG,,
,FN — F VG, we get that
i Ji
Var(g — g% = ) W/, (HI)
/>J
and likewise
FiaVeiN _ i+1
Var(g — g7#+1¥ ) = ) Wit (HK)
i'=j

Combining (HH) with (HI) and using (HJ) and (HK), we get the announced result. o

So, we have transformed our initial probabilistic problem into the following ana-
lytic one. Let A be an array indexed by Z X Z, each entry (i, j) of which contains
three numbers Vl.j >0, VVj’ 2 0 and C;; € R, satistying the following conditions:

Compactness: There exist indices i_ <i,, j_ < j, such that:

. VI.J is zero as soon as i & [i_,i [, and does not depend on j for j < j_, nor
for j > Js

. VVji is zero as soon as j € [j_,j,.[, and does not depend on i for i < i_,
nor for i > i_;

o C;; is zero as soon as (i,j) & [i_,i [ X [j_, ji[.

Correctness: For all (i, j) € Z X Z, Equations (GW), (HC) and (HF) are satisfied.
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Define resp. V, W and C from the Vl.j’s, the I/I/ji’s and the C;;’s, like in resp. (GL),

(GM) and (GN); then our goal is to show that one has |C| < g \/V W, j being defined
by (GF).

To tackle that issue, we will first summarize our two-indices arrays into one-index
objects, thanks to the translational symmetries of the problem. Here of how this is
done. For z € Z, we define the shift operator ¢* on arrays indexed by Z X Z in the
following way: if the entries of A at (i, j) are resp. VI.J, I/Vj’, C;;, the entries of c*A at
(i,jb) shall be resp. Viﬁz, VV;:;, Clitz)j+z)- Next, for k € N, we define the operator
T, by:

k—1
T, A = Z c*A, (HL)
z=—k
where summation of arrays is to be understood entry-wise. It turns out that 7, A
inherits the properties of A:

Lemma 54. If the (compact) array A is correct, then 7, A is (compact and) correct
too. <

Proof of Lemma 54. To prove Lemma 54, we will prove that correctness is preserved
both by translation operators and by summation. The first point is immediate. For
the second point, consider A and A two correct (compact) arrays (whose entries are

denoted by I7ij, I/f/ji, C’ij for A, resp. by I7ij, I/T/ji, Cl-j for A); we want to prove that the
(compact) array A + A is correct too, i.e. that for all (i, j) € Z2, one has:

ICij + Cifl Spji VWV + V)W + W) (HM)
. N i il NN Py <
Gy + Gyl < \/(V/ =V 0 =V W (HN)

All these inequalities follow straightforwardly from Lemma 55, that we state and
prove just below. o

Lemma 55. Let ay,ay, by, by = 0 and consider ¢y, ¢y € R such that |cy| < a(l)/zb(l)/z,
resp. |cy| < a}/zb}/z; then:

leo + ¢;| < (ag + a) by + b (HP)

&

Proof of Lemma 55. Obviously it is enough to show that a(l)/zb(l)/2 + a}/zbi/z < (ag +

al)” 2(b0 + bl)l/ 2. This inequality (which is actually a Brunn-Minkowski inequality)
. 2

can be proved by observing that ((ao + al)l/z(bo + b1)1/2) - (a(])/zb(])/2 + ayzbin)z =

(a(1)/2b}/2 _ a}/Zb(l)/Z)Z > 0. o
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Now, the idea is to let k tend to infinity to make 7, A converge to some object
needing only one index to describe its contents. Indeed, provided the array A is
compact, when k — oo, the array 7, A converges entry-wise to an array that we

denote by TA, whose entries, denoted by V/, I/T/ji, C

ij, are respectively

V=YWl - =gy, (HQ)
W=D W1 =i =ik (HR)
Cy= 2 (Coyr |}/ =1"=j=1). (k)

(Note that all these sums are actually finite, because of the compactness assumption).
So the entries of the array 7A at (i, j) only depend on j —i; in other words, 7A is a
Toeplitz array. (So we could call 7 the Toeplitzation operator). We denote 17/ = 17[ il
resp. I/T/ji = Wi}, Cij =t Cj;_;7- The array 7A too satisfies a compactness condition,
adapted for Toeplitz arrays: namely, there exist indices z_ = j_—i, and z, = j —i_
such that:

. 17[2] does not depend on z for z < z_+ 1, nor for z > z;
. I/T/[z] does not depend on z for z < z_, nor for z > z, — 1;
. C’[Z] is zero as soon as z & Jz_, z_[.

Moreover, one can still get the values of V, Wand C from the entries of TA: indeed,
one sees easily that:

V= I7[z<z_+1]; (HT>
W= I/V[z>z+—l]; (HU>
ZEZ

Now, assume that A was correct. Then, what will be the consequences of the
correctness constraints (GW), (HC) and (HF) on the entries of TA? As regards the
first two constraints, the answer is straightforward: since the 7, A’s are correct by
Lemma 54, one gets by passing to the limit entry-wise in (GW) and (HC) that, for

z = j —i taking any value:
IC[Z]' < Pz \/ I7[z]vT/[z] ) (HW)

_ o,
Vieen) S Vizp = iy Wiz (HX)

resp.

Getting the constraint on TA corresponding to (HF) is a bit trickier, because when
one applies that formula to 7, A, the sums of VVj”s diverge as k — oo. However, we
can re-write (HF) as:

; . . 2 ;
Y =Wy -wit s (X 6y ) 17, ()

J'zj J'zj
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which applied to 7; A yields:

Y Wik~ Wi — @ W) > (Z(rkS)U ) I (V). (HZ)
j'=j i'=j
But for k > i — i_ one will always have W’ k = W,‘x;c, while for k > j, — j one will
always have Wl, x = 0580 for k large enough, things simplify into:
k itk \ _ o kZi-i- —c0 _
Wik —wity = Y WS =T Y Wt =W, (14)
J'Zi J'Zj J'EZ

One can therefore pass to the limit in (HY) to finally get that, for z = j —i taking any
value:
- _ 2 _
Wi sW - (2 C[z’]) IV (IB)
z'>2z
this is the formula that we will take as counterpart to the correctness constraint (HF)
when dealing with Toeplitz arrays.

So, now our goal is to prove that for a Compact[**] Toeplitz array A satisfying
the correctness conditions (HW), (HX) and (IB), defining V,W,S by (HT)-(HV), one
necessarily has |S| < pVVW.

First, because of the compactness condition, we can safely assume that p, = 0
for z & Jz_, z [, which will avoid issues with infinite summations in the sequel. We
also observe that, if A is a correct (compact) Toeplitz array, we can safely replace
the V;)’s by new values 17[;] defined by induction by

_/ @ — .
{V[Z] =V o oz<z Al (10

’ ’ ~2
V[z+1]_V[z] Co/ Wi z+1>z_+1,

so that there will always be equality in (HX): indeed, when modifying A this way,
the value of V' (as defined by (HT)) remains unchanged, while 17[;] >V, for all z, so

that the correctness constraints (HW) and (IB) also remain valid. So in the sequel we
assume that (HX) is actually an equality for all z.

Now, we define
0, = arcsin(Cp, / m% (D)

noting that the constraint (HW) implies that |6,| < arcsin p,. This way, Equation (HX)
(with the ‘<’ sign replaced by ‘=") becomes

_ 5 _
V[z+l] = Cos 0z X V[z]> (IE)
so that, for all z € Z,
Vi = H cos? 0, XV (IF)
z'<z

*IHere “compact” is to be understood in the sense for Toeplitz arrays, cf. p. 43.
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and then Equation (IB) becomes:

I/T/[z—l]/VV< 1 _Fzza (IG>
where
r,:= Z (sin 0,/ H cos O,n X/ Wi/ W) (1H)
z'>z z<z" <z’

The I',’s satisfy the (downgoing) recursion equation

FZ—I = sin 92—1 \/ I/T/[Z—l] / W+ COS BZ_IFZ; (II)

|T, | < |sin@,_;|\/1—-T?+cos0, {|T,|, (1J)

so by (IG),

i.e., denoting y, := arcsin|I|:
siny,_; < |sinf,_;| cosy, + cos@,_;siny, =sin(|0,_,| +7,). (IK)
We deduce by induction (observing that I, = 0 for z > z) that, for all z:
T
v, < <Z|9Z/|>/\§, (IL)
z'>z

so in particular |I,| < p.
But, by construction of the I,’s,

C= ZZ: Ciy = VVW, (IM)

so we get that |C| < pV VW, quod erat demonstrandum. The proof of Theorem 47
is finally complete. o

Theorem 47 dealt specifically with structures indexed by Z, but it can easily be
generalized to the case where structures are indexed by Z¢:

Corollary 56 (Metaparallel tensorization). Letd € N; let I and J be sets isomorphic
to Z%, and let (Xpier and (Y));ey be random variables such that, for alli,j € Z°:

PH(XiY) < (IN)
for some function p: Z% - [0,1]. Then:
p(X1Y) < p, (10)

where p € [0, 1] is characterized by

arcsin p = ( Z arcsin pu> A g (IP)
ueZzd &
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Proof. To alleviate notation, let us introduce the “arcsin-sum” as the binary operation
F:[0,1]% - [0, 1] defined by:

a ¥ b := sin((arcsin a + arcsin b) A g) (IQ)

The operation + is associative, commutative and nondecreasing in each variable, so
it can be extended into an co-ary operator Y ; with this notation, (IP) merely means

that p == ZuEZd Py-
Let (eg, ..., e,_;) be a Z-basis of Z. For 0 < r < d, we identify Z" with Ze,_, ®
@ Ze,_,; we also denote Z; = Zey® - ® Zed _r—1- What we will prove is actually
the following

Proposition 57. For allr € {0,...,d}, for all x,y € Zﬂ‘,

P (X ypzrs 17erzr) < Z{pu | uey—x+z.If (IR)
o

The statement of the corollary then corresponds to the proposition for r = d.

We prove Proposition 57 by induction on r. The case r = 0 holds by assumption.
Now for r > 0 assume that Proposition 57 holds for r — 1; and take x,y € Z,l. We
notice that

Xypzr = (Xx+ied_,+Z’—1)i€Z7 (I8)

which we shorthand into “ qx +7r = (X)iez”; similarly we write, with obvious nota-
tion, Yy, 7 = (Y});ez. By induction hypothesis one has for all i, j € Z that

pH(X;1Y) < Z{pu luey—x+(—iey,+ 2} (IT)

Since the right-hand side of (IT) only depends on j —i, we can apply Theorem 47H]
to the X;’s and the ¥}’s, which yields:

P Xz Vyuz) < ), Doy lu€y—x+ze, ,+ 27"

zEZ
=Y ip lucy-x+27), (1)
e. (IR). A

2.6 Discussion on the tensorization theorems

In the previous sections we have established three main tensorization theorems,
namely Theorems 37, 39 and 47 (plus Corollary 56). In this section we will dis-
cuss these results, by seeing what are actually the minimal assumptions required for
them (in § 2.6.1), what happens if there are other variables involved than the X;’s
and Y;’s (§ 2.6.2), and what can be said about optimality of our results (§ 2.6.3).

()10 Equatlon (IR), the family of random variables w.r.t. which p*-mixing is considered is made
ofXx+Z - Yy+Z - and all the X;’s and Y;’s for i € x + Z", resp. j € y+ Z'.
(FIMore precisely, here we use the version of Theorem 47 with third-party variables, cf. § 2.6.2.
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2.6.1 Minimal assumptions

In our theorems we assumed pi—mixing hypotheses. But a closer look at our proofs
shows that only p'-mixing assumptions were actually needed. This is the following

Theorem 58 (Minimal assumptions for the tensorization theorems).

(i) In Theorem 37, if the set I is well-ordered,®) “p*(X;; Y) ”in the bound (DH)
can be replaced by “p}_(, (X;;Y)”  (Remember that X<,-’ is a shorthand for

X{i’e]|i’<i})-

(i) In Theorem 39, if the sets I and J are well-ordered, “p*(X; Y;)” in the bound
(EB) can be replaced by “pTﬁ 7.5 (Xi3Y)"

<17 <j
(7ii) In Theorem 47, provided the filtrations (0()?<,)),e{ —cojuz and (0(?<j))je{—oo}UZ
= a.s.
Y. = 0,
is possible to replace “pi(Xl, Y;) 7 in the assumption (GD) by “pTﬂ (X,, Y)”

XY,

are almost-right-continuous, i.e. that lim.\" 6(X<,) hmj_) o Ol

(iv) In Corollary 56, denote Z = 7 U {—oo}, and endow Z% with the lexico-
gmphzc ordering and the corresponding topology. Then, provided the filtrations
(G(X<l))lezd and (G( Njezd are almost-right-continuous, J:(X )” in the
assumption (IN) can be replaced by “pt )(X,, Y)”" &

X </
Remark 59. The “minimal” hypotheses for Theorem 47 and Corollary 56 are not
technically weaker than the “standard”, original ones, as there are extra assumptions
of filtration continuity.. However, Theorem 47 can nevertheless be deduced from
Theorem 58-(iii) by the following argument. Assume X and Y satisfy the standard
hypotheses of Theorem 47; and, for arbitrarily large N, modify X and Yinto respective
versions X’ and Y’ which coincide with resp. X and ¥ on [-N, oo, but are such X s

Yj’ := 0 for all i,j < —N (0 denoting some cemetery value). Then X' and Y’
do satisfy the assumptions of Theorem 58-(iii): so the “minimal” theorem suffices
to obtain that p()?’;?') < |||(( X J)))lj”l Therefore, as p(X’ Y') is arbitrarily

close to p()? ; 17) provided N was taken large enough, we recover the conclusion of
Theorem 47. A similar trick holds to deduce Corollary 56 from Theorem 58-(iv). &

Let us prove successively all four items of Theorem 58. As regards Theorem 58-(i),
like in § 2.3, we will provide two proofs: first, one that mimics the first proof of
Theorem (37) (i.e., the one starting on page 27), and then one that mimics the
“alternative proof” starting on page 28. Like in § 2.3, the reason for giving two
different proofs is that, later, the proofs of Theorems 58-(ii) and 58-(iii) shall involve
reasonings coming from both proofs of Theorem 58-(i).

IThis includes in particular the cases where [ is finite and totally ordered, or isomorphic to N,
or isomorphic to some N endowed with lexicographic ordering.

47



Generalized tensorization of p-mixing Rémi Peyre

First proof of Theorem 58-(7). In the case I is finite, the result just comes from a
careful look at the (first) proof of Theorem 37. By, the way, note that the “finite I”
case includes in particular the case |I| = 2.

In the case I is infinite, however, some technicalities do occur. What we will
do is to prove the result by induction on the initial segments of I. what I mean by
“initial segment of I” being a subset of the form I; :={i€ [l | i <i,} for some
i, € IU{co}. (Here ‘o0’ stands for an extra element being strictly larger than any
value of I, so that I = I__: thus, I can be considered as an initial segment of itself).
Let us use notation ‘I’ to generically denote an initial segment of I. As the set of
the I"’s is well-ordered (for inclusion), a reasoning by induction can be carried:

o The initialization case (corresponding to I' = @) is trivial.

o The successor case, i.e. the case where I’ is of the form I"” U {i;} for i; the
successor of initial segment I'"”, is obtained by applying the “|I| = 2” version
of the result to ‘I’ « {0, 1}, ‘X" « )?1,,, ‘X« X, and ‘Y « Y. assumptions
of Theorem 58-(i) for this case being ensured by induction hypothesis.

o Finally, let us check the limit case, i.e. the case where I’ appears as a union
of different initial segments of I (all being strictly smaller than I" itself), for
each of which the induction hypothesis has been checked. In this case, we just
observe that, for I’ any set, a variable f € Lz()? 7+) can always approximated as
close as one wants by a variable £ € [2(X jr) for some finite I’ C I': therefore,

p(X;:Y)= sup p(Xp:Y). (1v)
jlgll
I’ finite

Because of that, in the limit case, p()? 13 Y) is at most equal to (and hence equal
to) the supremum of the p(X;»;Y)’s for I" initial segments of I being strictly
shorter than I': but that supremum is, by induction hypothesis, equal to

sup (1 -T1C _pi(Xi;Y)2)>1/21 (IW)

"ot
I1"<1 ier”

and, since the I'"’s are totally ordered for inclusion and that their union is equal
to I', this is actually equal to (1 o | P (1 —pH( X} Y)Z))]/z, as we wanted. &

Alternative Proof of Theorem 58-(i). The principle of this proof consists in following
exactly the structure of the alternative proof of Theorem 37, except that I will no
longer be of the form {0,..., N — 1}. In this new context, note that the c-algebra
‘Fiy1 has to be re-interpreted as o(X <i)- Apart from that detail, the definitions of
the f;’s, g’s and g;’s remain unchanged, and the relations (DW)—(DY) remain perfectly
valid—mnote in passing that here ‘p;,” should be interpreted as pg (X;;Y), as we are
working under minimal assumptions: but this does not cause anly issues, since the
proof does not require anything more that that version of ‘p,’.
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What is not straightforward now is to ensure that one still has the relations
Var(f) = ¥, Var(f,), resp. Var'?(g") < [Ty /1 -5, Var'?(g), resp. E(fg) =
Zi E(fig)[ﬂ-

o As regards the claim on Var(f), we can get it by proving by induction that
for any i € I U {0}, one has Var(f %) = Yir<i Var(fy): it is the same kind
of inductive reasoning as we did in the previous proof. By the way, note that
a corollary of that fact is that only a countable number of the f;’s can be
nonzero in 12(%): hence there are only a countable number of E( fi&)’s which
are nonzero, and also only a countable number of p;’s which are nonzero.

« A similar induction works for the claim on the g'’s, except that this time is it not
completely obvious that, for i a limit ordinal, Var(g') is actually the decreasing
limit of the Var(gi,)’s for i’ < i: the reason why this is true is that Var(g”7) is
the increasing limit of the Var(g”')’s (by the same approximation argument as
in the previous proof), and that one has, by orthogonality, Var(g') = Var(g) —

Var(g'%), resp. Var(gil) = Var(g) — Var(g!%/)'

« Then one proves by induction that E(f%ig) = Qi< E(firg) foralli e I'u{oo}.
Only the limit cases of the induction are new compared to the proof of page 28.
But for these, you observe that f Fif converges to f Zi in 12(%), and that
Y <i|E(firg)l is actually absolutely convergent by the Cauchy-Schwarz in-
equality (using the fact that Y, _; Var(f;,) = Var(f 1), which we proved above):
so one can pass the property to the limit.

Having ensured that all the summations remain meaningful and valid in this well-
ordered context, we can then conclude in the same way as for the proof of page 28. &

Proof of Theorem 58-(ii). Again the idea is to try to follow the original proof of
Theorem 39, but taking care of the technicalities due to I and J not being finite.
First of all, thanks to the well-ordered structure of I and J, by induction the chain
rule for variance remains valid in its infinite-size version: therefore, the core formulas
stated in the proof of Theorem 39—in particular Equations (FD) and (FH)—remain
valid here.
Another important point is that, for i a limit ordinal, one has W' = limi\,N i Wil,

and also limi\,‘/i Var(g — g7"V%) = Var(g — g7V, hence I/Vji = limy I/Vjﬂ for all
J: checking these properties being done along the same lines as we did regarding the
g"’s in the second proof of Theorem 58-(i). Thanks to these regularity properties, the
use of Lemma 44 remains valid in the context where I is infinite (as well as J).

Now it remains to show that the use of Lemma 46 can be adapted to the case
where I and J are infinite: this is the most technical point of the present proof.

A first step consists in observing that it is always possible to restrict I and J
to (finite or) countable subsets. As regards the operator norm of “matrix” p, such

[T]Actually, at this point nothing guarantees that this sum is even meaningful, as it might lack
convergence!
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a restriction is harmless: indeed, denoting by p;/y ;s the restriction of p to indices
in I'' x J', one has always that |[|[p;/s;/ll < llpll (confer canonical embedding of
L2(I N® LZ(J ") in L2(I )® L2(J )), while a classical density argument conversely shows
that [||plll is not larger than the supremum of the |[|pyx;|lI’s for I" and J' finite:
therefore,

llpll = sup{lllpg: sl 1 17, J7 finite} = sup{lllpy oIl 1 "], 1771 < Ro}. (IX)

Moreover, for whichever variables f € L2()? )and g € Lz(l?) that we are considering,
only a countable number of indices i and j will play a role in the (generalized) proof
of Theorem 39! Indeed, as regards the set I, there can only be a countable numbers
of i’s for which Var(g”l)[ﬂ is strictly less than Var(g'); and for indices i such that
Var(g™™!) = Var(g'), one has actually g"*! = g (in I2(%)) and then everything for
that i becomes trivial: so we can discard these i’s and only consider a countable
subset of I. But also, for any i, there can only be a countable number of j’s such
that Var(ggivgf'“) is strictly larger than Var(ggivgf): for all the other j’s, one will
have g; # 0 in I2(#). And, since what happens for the j’s such that gj. =0 for all i
is trivial, we can finally restrict J to the set of j’s such that g;. Z 0 for at least one i,
which set is (at most) countable (once having made I countable).

Now that we have ensured that I and J may always be taken countable, the very
final step of the proof will consist in checking that Lemma 46 can be extended to the
case of “square matrices” of size 8: this is done by Lemma 162 in appendix. Actually
in Lemma 162 I had to add the assumptions that the matrix “A” is symmetric and
bounded, but these extra assumptions are satisfied in our case: indeed, Lemma 162
is to be applied to the symmetric “matrix” p*p, which can harmlessly be assumed to
be bounded by 1, since [|[p*plll = |lpllI* and that the conclusion of Theorem 58-(ii) is
automatic unless one has |||p||| < 1. &)

Proof of Theorem 58-(iii). Again, the idea will be to follow the proof of Theorem 47,
but without the initial approximation step. Because we cannot limit ourselves any
more to the case where only a finite number of indices i and j are involved, many
parts of the proof shall be adapted in a more technical way: for instance, the com-
pactness condition on (Z X Z)-indexed arrays will have to be replaced by summability
and convergence conditions (which are indeed satisfied in the situation that we are
considering), which are somehow trickier to handle.. But, fundamentally, nothing of
that changes the proof.

On the other hand, it is important to stress is that, if we had not imposed the
regularity condition on o-algebras, then the summation formulas used in the proof
of Theorem 47 would not have remained valid! For instance, look at Equation (GO).
In absence of any regularity condition for c-algebras, it would still remain true that,

for indices i_, i, satisfying i_ < i, one would have Var(f‘%+ — 7y = Zi;_ Var(f;).
Then, it would seem natural to let i, tend to +oo, resp. i_ tend to —oo, to get that

“Var(f) = X,cz Var(f;)”. But that would not be correct.. Though it is true indeed
that f‘o‘;"+ - 7= fas i, = oo, when i_ — —oo however, despite the fact that the

[{lWhere, in this context, “g'*!” actually has to be understood as g — E(g | c(fsi)).
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set of indices {i | i < i_} shrinks down to @, there is no reason why f Fi_ would tend
to 1€ dEf E(f e Instead, what we would actually get by passing to the limit is just
that ‘
Var(f) = Var(/'m— %) + Y Var(f,), (1Y)
i€Z
with a spurious term (in comparison with Equation (GO)) which is very annoying,
since it somehow does not depend on any i: so, how would we control it...7!

A similar phenomenon would hold for Equation (GT): then, one would only get
that N
g = (g _ g Ty 4 N o (12)
JEZ
with likewise exhibits a spurious term involving no j in particular. This is the reason
why I had to add regularity assumptions in the statement of Theorem 58-(iii): with

these assumptions indeed, the spurious terms become zero, and then everything gets
fine! @

Proof of Theorem 58-(iv). Theorem 58-(iv) gets deduced from Theorem 58-(iii) ex-
actly the same way as we deduced Corollary 56 from Theorem 47. The only subtlety
is that, in practice, Theorem 58- (111) will have to be applied under some conditional
probablhtles P(e | X(<x)+Zr = §(<x)+zr,Y(<y)+Zr = W(<y)+zr); Where “(< x)” denotes
the set of x" € Zﬂ‘ preceding x for the lexicographic ordering, and likewise for “(< y)”.
But the “minimal assumptions” that we required when stating Theorem 58-(iv) pre-
cisely ensure that the assumptions of Theorem 58-(iii) will be satisfied under these
conditional laws! o

2.6.2 Third-party variables

In practice, besides the variables X;c; and Y;¢; one often has “third-party” variables
Zickx- Then we would like to get a pF-mizing result (w.r.t. the Z,’s) between )?1
and 17] rather than just a p-mixing result. It is easy to check that this can indeed
be done, provided the pi—mixing assumptions between the X;’s and the Y;’s also take
the Z,’s into account:

Theorem 60 (Tensorization theorems with third-party variables). In Theorems 37,
39, 47 and 50, assume that besides the variables X;ey and Y;e; one also has vari-

ables Zycg, and that p*-mizing coefficients between X; and Y; are considered w.r.t.
the family of random variables (Z,)rcg, where one sets K == KUIUJ and Z; == X;
fori €I, resp. Z; =Y, for j € J. Then p()?l; ?J) in the respective bounds (DH), (EB)
and (GE) can be replaced by pi()_fl;?J), where the family of random variables w.r.t.
which p*-mizing is considered is again (Zk)keK-H” o

S1A very simple counterexample would consist in considering a nonconstant random variable
X € I2(%), and then to take X, := X for all i, resp. f = X.

(In th1s context, the most natural family of random variables w.r.t. which p*-mixing between
X ; and YJ would be considered should rather be (Z;),cx; however, stating the result w.r.t. the full
family (Z,),cx is obviously stronger and can also be useful.
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Proof. We only write down the proof in the case of Theorem 39, the cases of The-
orems 37, 47 and 56 being exactly alike. Denote by p;; the mixing coefficient

p(Zk)k K(X,, Y;) under the reference law P. Proving that p (XI, YJ) ol = lCo; )i

means that for all K’ C K, for P-almost-all Zg/, the p-mixing coefficient between X I
and 171 under the law P(e | ZK; = Zg) is bounded by |||pll|. But, according to Theo-
rem 39 itself, this will be the case provided that one has for all i, j that pg:Zk)keIuJ(X
Y)) < p;; under the law P(e | ZK/ =Zgr).

So, consider K’ C K and a K'-uple of values Zg/, for the K'-uple of variables
Z k', and let us reason under the conditional law P(e | Z k' = Zgr). What does
it mean then that pfz) ( I J) p;;7 Well, it means that for all K" C I'uJ,

i

for P(e | ZK, = Zgr)- almost all CK” one has p(X;; Y) < pij under the law P(e |
Z K= C ). Note that, since we are reasoning conditionally to the fact that 7 K=
zK, the law “]P’(o | ZK// = CK”) is actually, in unconditioned terms, the law P(e |
ZK, = Zgs and ZK” = CK”) But P(e | ZK/ = zK,) almost- every CK” will be such
that CK’nK” = zK;nK” therefore the condition ZK; = Zgs and ZK// = CK” can be
simplified into “Z g, xn = Zgruxr”, Where one sets z, = & for k € K" ~K'. And
the fact that p(X;;Y;) < p;; under the law P(e | ZK, xr = Zgrukr) for P-almost-all

Zgrykr brecisely comes from the definition of p; jasa pF-mixing coefficient w.r.t. the
variables (Z;)rek- (&

Remark 61. Obviously the improvements of this subsection can also be combined with
those of the previous subsection on minimal assumptions: then, one gets results to
bound a given p-mixing coefficient between X; and ¥, w.r.t. some variables (Z Wkek
by using only certain p'-mixing coefficients between the X i's and the Y;’s. For the
sake of lightness, we will not write down these results here, as their wordings are
hopefully obvious to the reader. &

2.6.3 Optimality results

In this subsection we are going to show that the bounds given by our tensorization
theorems are morally the best that one could expect. Let us begin with the following
result, which states that the bound of Theorem 39 is essentially optimal at first order:

Theorem 62 (First-order optimality of Theorem 39). Let I and J be finite sets. For
all p=(p;;);j € R denote

Opt¥(p) = sup{p(X;;Y)) | Vi,j p*(X;;Y)) < p;;}, ! (JB)

where the supremum is taken over all the possible sets of variables X; andY; on all

the possible probability spaces. This theorem claims that Optd/S(O) is equivalent to
llelll when p — 0 := 0y, at least as long as p is no too close to the boundary of

IThe superscript ‘d/s’ is for “double tensorization / standard assumptions”.
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Rixj: more precisely, equipping Rixj with its usual topology, we claim that for every
closed cone € C ]Rixj such that €~ {0} C (Ri)bd, one has on € that

-0
Opt¥*(p) *=" llpll, (JC)

so that it this regime the bound of Theorem 39 cannot be improved at first order. <

Remark 63. The fact that we need a restriction to € comes from the fact that it
may have deep consequences to impose that some, but not all, of the p*-mixing
coefficients are extremely low: in particular, it is not possible in general to build a
Gaussian example in which only one given p*-mixing coefficient would be zero while
all the other ones would be nonzero... On the other hand, we do not have this problem
if we consider just p'-mixing coefficients: as a consequence, as Theorem 65 will show
a few pages below, the optimal bound for minimal assumptions (cf. Theorem 58-(ii))

Opt¥™(e) is such that Opt¥™(p) o~ llplll on the whole ]Rf(]. It is worth noticing in
passing that comparison of Theorem 62 with Theorem 65 implies that, apart from the
case where a few mixing coefficients are extremely low compared to the other ones,
the optimal bound is the same, at first order, whether one considers the standard
assumptions or the minimal assumptions: this suggests that in practice, using the
standard assumptions instead of the minimal ones might be of little importance. &

Remark 64. Tn the case where J is a singleton, resp. where I, J = Z (or Z?) and that
the bound on pi(X i»Y;) does only depend on j —i, the bound given by Theorem 39 is
equivalent at first order to the bound given by Theorem 37, resp. to the bound given
by Theorem 47 (or Corollary 56). Therefore, one has first-order optimality a fortiori
for these theorems too. But actually in these cases there is even exact optimality, cf.
Theorems 66 and 67 below. &

Proof of Theorem 62. On the space of matrices R’*/, let us denote the #* norm by
llpll = sup; jlp;;|. Fix € > 0 small enough (in a sense to be made precise later) and

consider p € R such that ||p|| < e. Let (X,);c; and (Y;) e be real random variables
such that ()? I 17]) is a (|I|+]J|)-dimensional Gaussian vector whose covariance matrix
is given by
COV(XI-, Xi,) = 6”'/ 7[**]
Cov(X;, Y)) = pyj, (JD)
COVY(YJ7 le) - 6],],

this defines indeed a covariance matrix provided € was chosen < 1/(|I| Vv |J]) =: ¢;.
(Along this proof, we will denote by ‘c,” or ‘C,’ explicit constants only depending on
|I] and |J|, but whose exact expression we do not want to bother with. We will use
notation ‘c,’” for constants which have to be strictly positive, resp. ‘C,’ for constants
which have to be finite).

Now we would like to compute pi(X 3 Y;). Let us denote K := I U J, and for

1

ke K,set Z, ==X, if k€l resp. Z, =Y, if k € J; then pi(Xl-;Yj) is by definition
the supremum of the values p(X;;Y;) under the laws P(e | ZK/ = Zgs), when K’

I Here 8’ is Kronecker’s delta.
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describes all the possible subsets of K and Zgs describes (almost-)all the possible
values of Z k- We can restrict ourselves to the case where i, j € K', since otherwise
the conditional correlation is obviously 0. So, consider K" C K\{i,j} and Zgs € RX'.
Since Z x is a Gaussian random vector, we know that under the conditional law
P(e | 7z K = Zg1), Z x shall still be a (non-centred in general) Gaussian vector. The
conditional covariance matrix of Z x can be computed in the following way: denoting
K, = K', K; == K\ K’ and re-ordering K as K, followed by K,, say that the
(unconditioned) covariance matrix of Zy writes blockwise

(5% 7): (7E)

then, the conditional covariance matrix of Z k, sVi—T TVO_IT , regardless of the value
of Zgs. (Here we assume that Vj is invertible, which is indeed the case provided & was
chosen < ¢;). So, by Proposition 9 on Gaussian variables, the p-mixing coefficient
between X; and Y; under the conditional law is given by the absolute value of their
Pearson correlation coefficient under that law, which can be read on the (conditional)
covariance matrix of Z K,

Provided € was chosen < ¢y := ¢y /2, one has ||VO_1|| KA —-c/ cl)_l = Cj.
Since moreover one has || I'|| < €, it follows that ||TTVO_1T|| < Cue? (with €y :=
I+ ] —2)2(73)7 and thus the covariance matrix of ZKI under P(e | ZK, =Zgs)is
within C,e? of the covariance matrix of Z k, under the unconditioned law. Therefore,

under the conditional law, and provided € was chosen < ¢5 = %C;l/ 2 the Pearson
correlation coefficient between X; and Y; is at most, in absolute value,

pl'j + C4Ez
V1= Cue2 /1 = Cye?

(with Cg == (1 — C4c§)_1(1 + ¢5)Cy). Since all of that is valid independently from the
choice of K, we deduce that

pi(Xl-;Yj) < p,-j+C652. (JG)

On the other hand, let us find a lower bound on p(X;Y;). Let @ = (q;);, €
R’ {0}, resp. b=:(b)); € R/~ {0,}; we define

which are resp. X -measurable and ?J—measurable real random variables. Using the
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covariance matrix of (X I 17]), one computes that

Var(f) = Ia% = all2, (39)
e
_ 2 _ 1zn2 .
Var(g) = ,-ez}b’ = 118112, (JK)
Cov(f,g) = Z a;b;p;; = a'pb, (JL)

LJ

so that .
@' pb

p(X 3 17J) > (JM)

lall .2y 181l 22
where the supremum over a and b of the right-hand side is by definition |[|pll o2 sy z2(1)-

So, at this point, we have proved that for ||p|| < ¢; :== ¢; A ¢5, denoting by J the
| I|-by-|J| matrix with all entries equal to 1, one has

Opt¥*(p + GgllplI2T) = llpll- (IN)

Now let € be a cone such as in the statement of the proposition. Then it is an
easy geometric reasoning to show that there exists 6 > 0 such that, for all p € €,
one has p;; > 6||p|| for all i,j. Therefore, for ||pll < ¢z A 6C6_1, if we define p’ =

(1 —6_1C6||p||)p, we have that p’ +C6||p’||2J is bounded entry-wise by p, and hence:

Opt(p) > o'l = (1 = 5~ CqllIllell *=* ol (30)

Since on the other hand Optdls(p) < llelll by Theorem 39 itself, this shows that
Optd/s(p) is indeed equivalent to |||p||| when p — 0 on 6. @

Now we are going to show that, provided we are considering the statements with
minimal assumptions (cf. § 2.6.1), the bound of Theorem 39 is optimal at first order
on the whole Rf(] , and more importantly, the bounds of Theorems 37 and 47 are
perfectly optimal:

Theorem 65 (First-order optimality of the minimal-assumption version of Theo-
rem 39). Let I and J be finite (totally ordered) sets. For all p = (p;;);; € ]Rf(],
denote

Optd/m(p) = Sup{p()?l; )_}J) | Vl,] p(r)_(,< }_}< A)(Xi; Yj) < p[j}y (JP)
17 J

where the supremum is taken over all the possible sets of variables X; and Y; on all

the possible probability spaces. This theorem claims that OptY™(e) is equivalent to
lle|ll when p — 0 (without any cone restriction like in Theorem 62!), so that the bound
of the minimal-assumption version of Theorem 39 cannot be improved (at all) at first
order. o
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Proof. Like in the proof of Theorem 62, we will consider a case where all the X;’s
and Y;’s are real and (X I 17]) is Gaussian. Like in that proof too, ||p|| will stand for
the £*° norm of p.

Here our construction is the following: let (&;);c; and W)jes be independent (1)

variables; and for (c;;); ; deterministic real coefficients, let
X; =&+ ) Viel, (IQ)
JjeJ
Y, =y, VjeJ (JR)

this implies in particular that, denoting by C the matrix of the ¢;;’s, the covariance

matrix of ()? , 17) writes blockwise

I,+cc’ c>
=V (J9)
(e

and is positive definite, since the construction of our Gaussian vector ()? , 17) ensures
it being nondegenerate.

Observe that for given i and j, due to the general properties of Gaussian vectors,
the conditional joint law Law(X,Y; | X_ =% and f’<j =J.,) is a (uncentred)
normal distribution on R? whose covariance matrix does not depend on ¥_; nor on
Ve ;- as a consequence, the conditional correlation coefficient Corr(X;,Y; | & VvV &) is
constant and therefore can identified with a real number, which we will denote by r; ;;
moreover, because of Proposition 9 giving the p-mixing coefficient in the Gaussian

.{. . . .
case, p()_(.qiq)(X i»Y;) is nothing but |r;;|.

So, let us investigate further the r;;’s—the matrix of which we will denote by R.
The way r;; is obtained from V¥ is a classical result (see also the previous proof):
invert V; extract its 2 X 2 submatrix corresponding to rows and columns i and j;
invert that submatrix: this yields a positive definite symmetric 2 X 2 matrix, from
which you obtain r;; by dividing the (common) value of the non-diagonal entries
by the geometric mean of the diagonal entries. This implies in particular that the
function C + R from R to itself has C! regularity; moreover, first-order expansion
of the procedure shows that, around the point C = 0, one has

(3ri,j/
dc

- [C=0 = 6”/6”/2 (JT)
ij
in other words, at first order around 0, the map C +— R coincides with identity. Hence
C — R is a diffeomorphism from a open neighbourhood U of 0 in R™ to another
neighbourhood U of 0: let us denote that diffeomorphism by ¢. To bound Opt¥™(p)
from below, our choice of parameters will be, for p € U, to take C := ¢~ '(p). Then
one has R = p, so that our variables X and ?satisfy indeed the conditions in the
supremum defining Opt?¥™(p) (cf. Equation (JP)). Also, for p — 0 one will have
C = p+o(lplD), so in particular [|IC]| = [llplll — odll ol

Now we want to find a lower bound for p(X;Y). By definition of the operator
norm, there exist @ € RY, b € RY with ||| 27y, I1bll 2y = 1 such that @' Cb = lpll:
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so let us fix such @ and Z; and consider
f = Z a; X; (JU)
g= Y by, (3V)

Since f and g are resp. X- and }_}—measurable, Corr(f, g) shall be a lower bound for
p(X;Y). But one computes that, for p — 0 (hence also C — 0):

Var(f) =a' (I; + CCHa = ||l; + OICII») = 1+ Ol pll*); (3W)
Var(g) = b1 = |BII3 = 1; (%)
Cov(f,g) = a'Cb = |CIll > lllplll — o(llplD), (JY)

so that
Opt¥™(p) > Corr(£, &) > lllpll = o(llplD. (Jz)
Since on the other hand Theorem 58-(ii) ensures that Opt¥™(p) < |llplll for all p, this
proves Theorem 65. @

Theorem 66 (Exact optimality of Theorem 37). Let I be a well-ordered set; and for
p:=(p;); € Ri, denote

where the supremum is taken over all the possible sets of variables X; and Y on all
the possible probability spaces.
Then, for all g € [0, 1],

. 12
opt3) = (1-Ja-m) " (KB)
iel
in other words, the bound (DH) of Theorem 37 is optimal (for the version with minimal
assumptions). o

Proof. Before all, observe that it is enough to prove Theorem 66 in the case where
I is finite: indeed, for infinite I, you can always find some finite I cc I such that
(1-Tlies(1 - p?))l/2 is arbitrarily close to the right-hand side of (KB); then, taking
X and Y satisfying the assumptions of Theorem 58-(i) (stated for I) such that p(X;
Y) is arbitrarily close to the optimum, you can extend X to the whole I by setting
X; =0 for all i € I'xT (0 denoting some constant cemetery value): the X; and Y
obtained this way will satisfy the assumptions of Theorem 58-(i) (stated for I) and
be such that p()? nY) = p()? 1Y), thus being arbitrarily close to the wanted value.
So in the sequel we assume that [ is finite: without loss of generality we can take
I1={0,...,N—1}.

Our proof will be divided into two steps: first, we will show that (KB) holds
whenever (p;);c; are the pT—miXing coefficients of a Gaussian vector ()_f 1, Y); then,
we will check that any value of 7 in [0, 1)! can indeed be obtained from a Gaussian
vector.
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First step: Equality in the Gaussian case Suppose that the X;’s and Y are real
random variables such that (X, ..., Xn_;,Y) is a non-degenerate Gaussian vector.
Then, for i € I,%_; € R', under the law P(e | X_, =%_), (X, ..., Xy_,Y) is a
non-degenerate Gaussian random vector whose covariance matrix does not depend
on X_;; therefore the Pearson correlation coefficient between X; and Y under that law
does not depend on X_; either: in the sequel, we will denote that constant conditional
coefficient by Corr(X;,Y | %I-).Hﬂ Under the law P(e | )?<l- =X,), (X;,Y)is a 2-
dimensional Gaussian vector, so by Proposition 9 we have that, under that law, p(X;;
Y)= |Corr(Xl~, Y | %)l; and since this is true for all X_;, we deduce that

p’;&.(x,.; Y) = |Corr(X,, Y | %) (KC)

Now define g := Yzand take the notation of the proof of Theorem 37. We are going
to prove that Var(g®™1) = (1 - Hiel(l - p} (Xl-;Y)Z)) Var(g), which by Proposi-

tion 4 will prove the ‘>’ sense of (KB) in the case where g = (p} (X ,-;Y))l.E ;—the
sense ‘<’ being given by Theorem 37 itself, in its minimal version, Basically, what
we will do is just to follow step by step the proof of Theorem 37 and to check that all
the bounds of that proof are actually equalities when one handles Gaussian vectors.
Let us see in particular how one derives the link between Var(g') and Var(g™!). As
g’ is centred w.r.t. F;, by Lemma 23 one has Var(g') = IE(Var(gi | F/Tl)) = IE(Var(g |

97-)) = IE(Var(Y | .9‘7,-)); and as Var(Y | &%,) is actually constant since (X, ..., X;_q,

1

Y) is a Gaussian vector, we can interpret Var(gi) as a (constant) conditional variance:
Var(g') = Var(Y | &). (XD)

Likewise one has _
Var(g™*!) = Var(Y | F,). (KE)
Now let us reason conditionally to P(e | X_, = ¥_;) for an arbitrary ¥_, € R'.
The variance decomposition formula (CG) tells us that, under that law:

Var(Y) = Var(Y°*?) + E(Var(Y | o(X)))). (KF)

In unconditional terms, the left-hand side of (KF) corresponds to Var(Y | &%;), while
in the right-hand side “Law(Y | o(X;))” corresponds to Law(Y | G()? <) Vo(X))) =
Law(Y | %), so that the second term of the right-hand side is just Var(Y | F,;).
As regards Y°X) under the conditional law (X;,Y) is a 2-dimensional Gaussian
vector, so (under the conditional law)

Cov(X;,Y)

yo&Xo = .
Var(X;) "

(KG)
and therefore Var(Y°X?) = (Cov(X;,Y)/ Var(X,))* Var(X;) = Corr(X, Y;)? Var(Y),
which in unconditional terms is equal to Corr(X,Y; | %)?Var(Y | %). So (KF)
yields:

Var(Y | &) = Corr(X,Y; | F)* Var(Y | &)+ Var(Y | Fipy), (KH)

[t]So here Corr(X,,Y | %) has to be understood as a mere number, not as a %-measurable random
variable.
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which means by (KC), (KD) and (KE) that Var(g'*!) = (1 - p; .(Xi;Y)z) Var(g');

combining that result fori =0, ..., N—1, we get that Var(g"(xl)) = (I_Hiel(l_piz)) X
Var(g), as wanted. So we have proved that the equality (KB) holds whenever p
corresponds to a non-degenerate Gaussian vector.

Second step: Any p can be got from a Gaussian case Now we have to prove
that any g € [0, 1)! can be got from a Gaussian vector. Note that it is not necessary
to deal with the case where some of the p;’s are equal to 1, since then (KB) is trivial;
which is why we are assuming that p; < 1 Vi. Consider N + 1 independent standard
Gaussian random variables &y, ..., En_;, w; We are going to show that, for all possible
(r;); € (-1, l)N, it is possible to find coefficients (c;); € RY such that the variables
defined by

X; =& +c;
{ 1 él lu/ (KI)
Y := W
satisfy, for all i,
Corr(X,,Y | &) =rg (KJ)
then, as we noticed in the first step of the proof, one will have p; (X;;Y) = || Vi,

<

so that (KB) will be proved for p = (|r;]);er-

In order to ensure the condition (KJ), we first observe that Corr(X;,Y | %) only
depends on the choice of (¢, ..., c;). Hence, our strategy will be, first to choose ¢,
ensuring that Corr(X,,Y | %,) = ro; then, that value of ¢y being fixed, to choose
¢ ensuring that Corr(X,,Y | %) = r;; and so on. But, for fixed values of (¢, ...,
¢;_1), conditionally to &;, y is a Gaussian vector with some given non-zero variance
Var(y | %) (depending on the choice of ¢_;, but independent of the value of X_;),#
while ¢&; is still a standard normal variable independent of y; thus,

¢ Var(y | F)

Corr(X;,Y | #) = 2 '
Varl2(y | F)(1 +c? Varl2(y | &)

(KK)

From Equation (KK), we see that the function ¢; » Corr(X;,Y | %;) is continuous
and (strictly) increasing from R to (=1, 1), with Corr(X;,Y | &) —» %1 as ¢; &> *o0;
therefore, there exists indeed a (unique) choice of ¢; such that Corr(X,;,Y | &) =r;:
this is what we wanted. (&

Theorem 67 (Exact optimality of Theorem 47). For p = (p,), € R%, denote

r ( \4 - .S. )
lim o(X_) = 6;
I——00

Lo N L as
Opt*"™(7) = supq p(Xz: ¥z) | § lim o(¥.)) "2 0; g (KL)
j—o—o0
N .
L \Vl?j p)?<i7?<j(Xi’},j) < pj_i‘

(] Actually one could compute that Var(y | Fy=0+Y,, cl.z,)_l.
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where the supremum is taken over all the possible sets of variables X; and Y; on all
the possible probability spaces. Then, for all p € [0,1]%,

OptP™(p) = sin(( Z arcsin pz) A 5): (KM)

zEZ

a

in other words, the bound (GE) of Theorem 47 is optimal (for the version with minimal
assumptions). o

Proof. Like the proof of Theorem 66, the proof of Theorem 67 will consist in showing
that (essentially) any set of correlation coefficients can be realized by a Gaussian
model, for which one will (essentially) have equality all along the proof of Theorem 47.

Before all, let us observe that it is enough to prove the theorem when only a finite
number of p,’s are nonzero: indeed, the error made on the right-hand side of (KM)
when replacing (p,).ez by (1;j<nP2)zez tends to zero as N tends to infinity. So in
the sequel we assume that (p,), has finite support, and denote by N a number such
that p, = 0 as soon as |z| > N. We can also assume safely that all the p,’s are < 1,
since the result is trivial otherwise.

Let (0_n,0_n11s---,0N) € (—g,g)ZNH and set 0, := 0 for |z| > N; introduce
Yy = Zz’;z 0, for z € Z, resp. y_y, = ¥,<n- The following technical lemma will be

the key to build the set of random variables that we are looking for:

Lemma 68. Take N, the 0,’s and the y,’s as above; let v,w € Ri;[*] and let j_,
j+ € Z with jy 2 j_+2N, and i € [j_+ N,j; — N]. Consider (Y;_ ,Y; 4y,...,
Yj+_1) =Y an arbitrary non-degenerate centred Gaussian vector of dimension j,. —j_.

In the sequel, for S a centred Gaussian vector, we will say that a real random
variable is §—linearly Gaussian when it is a linear combination of the entries of S [l

In the first part of this lemma, we are going to build a real random wvariable
g satisfying certain properties. Before that, we introduce some notation: we set
g = G(?[[j_7j+[[), g = 0()7<j), and g; = ggf“ —E(g | &). I claim that it is possible
to find g such that:

(i) g is Y-linearly Gaussian (and hence €-measurable);
(ii) For all j € [j_,j,[, Var(g)) = cos? Yj—ip1 X W.

For the second part of this lemma, we assume that i < j, — N. We suppose that
some g has been built according to the first part of the lemma, and we let & be a A1)
variable independent of l_/: in this context, we are going to build a real random variable
f satisfying certain properties. Introducing the notation f/ = f —E(f | g, I claim
that it is possible to find f such that:

(iii) f is (&, ?)—linearly Gaussian;

(i) For all j € [j_,j,.]1, Var(f/) = Hz<j_l. cos® 0, X v;

I The quantities v and w are actually “homogeneity constants”: we could have taken them equal
to 1; but allowing for arbitrary values will give a better match with the proof of Theorem 47.
(IS0 note that linearly Gaussian variables shall always be centred.
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(v) Forall je[j_,j.l, Cov(fj,gj) = HKJ._I. cos 0, Xsinb;_;cosy;_;y1 X \/ow;
(vi) Forall j € [j_,j.l, P;i,(j(f;Yj) = [sin@;_;|.

In the third part of this lemma, still for i < j,. — N, we state certain further
properties of the f and g that we have been building. Before that, we introduce
some notation: set F =o(f), € =F Vv & g =g—-—E(@g | P, ?j’ =F VG,

gj/. = ggj’ﬂ — E(g | ?j’). We have that:

(vit) Y - IE(Y’ | F) = Y' isa nondegenerate centred Gaussian vector, independent
of F;

(viii) g’ is Y'-linearly Gaussian;
(ix) For all j € [j_,j.l, Var(gj’.) = cos® Yj—i X w. &

Proof of the first part of Lemma 68. Since the covariance matrix of the Y;’s is non-
degenerate, there exists a (unique) lower triangular matrix L with strictly positive
i ) Gaus-
sian vector. (This is a classical application of the well-known Cholesky decompo-
sition theorem). As L has been taken lower triangular, one has moreover that
<. = G(fQj) = o(y.;). Then, writing g as a linear combination Zj bjy; of the

diagonal coefficients (and hence invertible) such that L~ 'Y = §isa MI,

J

w;’s rather than of the Y;’s, we observe that g; = b;y;; and therefore we can build

the wanted variable g by choosing b; = £ cosy;_;; X \/Eq/j for all j. (So there are
exactly 2/+7/= ways to find such a g). o

Proof of the second part of Lemma 68. We are looking for f under the form f = a&+
ZJ c¢;w;. Then one will have fl=at+Y, jrs; €jrwjr, and hence Var(f7/) = Var(f/*) =

¢ 2 which implies we have to choose ;== I1.< j—i €08 0,xsind;_;x+/v. Now, remem-

bering that g; = £ cosy;_;4; X \/El,l/j, one will have Cov(f/, gj) = £¢;COSYj_ip X\ w:
therefore, Ttem (v) will be satisfied by choosing the correct sign for ¢ ;- To satisty
Item (iv), given that our choice for the ¢;’s has already ensured the wished value for

Var(fjH) — Var(f/), it only remains to ensure that Var(f/+) = HzeZ cos? 0, Xv.
But f/+ = a& hence we have two possibilities to ensure that, viz. by choosing
a=x][],cpco80, x \/E (So there are exactly two ways to build an f satisfying
the wished properties, as the ¢;’s are imposed and a is determined up to a free sign).

Asregards Item (vi), we are going to show that it is actually automatically implied
by the previous points. First observe that, conditionally to &, g; is Y;-measurable;

since everything is Gaussian, this implies that g; is of the form aY; + b(f/< ), where

a does not depend on f’< ;- Assume for the sake of simplicity that a # 0.l Then,
conditionally to &}, ¥; and g; are in bijection and hence generate the same c-algebra,

HIf ¢ = 0, one has to use that p (f Y)= pr (f’ w;) and go back to the way f was constructed

from & and the y;’s: this works Just fine, but these computations are much less enlightening in my
opinion.
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so that p; (f;Y) = p; (f:8)= p;i, (f; g) (where the last equality comes from the
<j <j <J

fact that f and f/ only'differ by a constant under the conditional law). But (under
the conditional law) (f/, g;) is a 2-dimensional Gaussian vector, so by Proposition 9
one has

ol (f1Y) = [Covts”. 5 1 %)) § (k)
Yol T Varl2(fi | @) Varl2(g; | &)

(where the Corr(e, e | g;) and Var(e | &;)’s are actually constants, since everything
is Gaussian). Since by construction f7 and g; are centred w.r.t. &;, Lemma 23
gives that Cov(f’,g; | &;) = Cov(f’,g)), resp. Var(f’ | &) = Var(f’), Var(g; |
g;) = Var(g,); so, combining Items (v), (iv) and (ii), we get the announced value of

il .
p)-}<j(f’ Y) @

Proof of the third part of Lemma 68. Item (vii) is a standard property of Gaussian
vectors. Item (viii) comes from the fact that g was a linear combination of the Y}’s
and that conditional expectation is linear. Finally, Item (ix) will be proved along
the same lines as how we derived (HF), except that here we will have equality since
everything is Gaussian. Viz.:

o First, denoting §; :== g—E(g | &;), we note that Zj,%. Cov(fj’,gj;) = zj’;j Cov(f/,
!

: . g
gjr) = Cov(f”, g)= Cov(f, gj ), by using successively (BX) applied to ?jl, telescopic
decomposition, and (BW) applied to ?j'.

; g/
+ Next we observe that, conditionally to &;, both f Jand g | / are F-measurable; since
everything is Gaussian and that & is spanned by a unique real Gaussian variable,

this implies that (still conditionally to &;) there is an affine relation between f7/ and
! / !

gj’, and therefore that Cov(f/,gj’ | ‘51.)2 = Var(f/ | ©) Var(gj’ | ©), where

Cov(fj,gj’ | @), Var(f/ | &) and Var(gj’ | &) are actually constants since

!’
everything is Gaussian. Observing that f/ and gj’ are centred w.r.t. ¥;, Lemma 23

. gl . z!
simplifies that relation into “Cov(f”, g 7y = Var(f/) Var(g; Ty

¢’ ’
o Then we note that, denoting g; =g—E(g | ?j'), one has that Var(g; 7y = Var(g®/ —
ggf) = Var(g;) — Var(gj’.), the last equality coming from Lemma 26.

« Fourth, using the chain rule for variance, we compute that Var(g;) = > P> Var(g;r)
and Var(g)) = ¥ /5 ; Var(gj’_,).

o Putting all the previous points together, we get that

Y5 Cov(/ g;n)?
Z Var(g;/) — Z Var(gj’.,) = ( ! >JVar(f/) ! ) . (KO)

J'zi J'Zj

[8INote that both f/ and g; are non-constant conditionally to &}, so this formula is well-defined.
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In (KO), we compute that

Z Cov(fj,,gj,) = Z( H cos 0, Xsinb;,_; Cosyj/_l-H) X\ ow

J'Zj J'zj z<j =i
= H cos@, X siny;_; X \/vw, (KP)

z<j—i
as one checks easily by downgoing induction on j.

o Therefore we finally get that

Var(g)) = Var(g;) — (Var(g)) — Var(g}))
= Var(g;) — (Z Var(g;) — Z Var(gj’.,)) + ( Z Var(g;) — Z Var(g},))

J'zi i’z J'zj+1 J'zj+l1
) 2 ) 2
vwsin®y;_; [1,<;_; cos™ 0, s vwsin®y;_iy [T« cO5™ 0,
2 2
UHZ<J-_[-COS 6, UHKJ._[Jrl cos? 0,

2 ) ) ) 2
= (cos”y;_jp1 —sin®y;_; +sin’y;_)w = (1 —sin’y;,_pw =cos’y;_; X w. o (KQ)

2
= W COS yj—H'l —

Thanks to Lemma 68, for any range of indices [j_, j, [ such that j, —j_ > 2N,
denoting i_ == j_+ N, resp. i, = j, — N, one can build sets of random variables
(XDi_<i<i, and (Y));_¢j<;, » and resp. X-measurable and Y-measurable real variables
f and g, such that, taking the notation of the proof of Theorem 47, one has for all
i,J:

Pz 7., ) = Isin€ (KR)
v/ = H cos? 0, X v; (KS)
z<j—i
I/Vji = cos? Yj—im1 X W; (KT)
Cl.j = H cos 6, X sin 9j_l- coSyj_ji—1 X m (KU)
z<j—i

How do we do this? We start from an arbitrary non-degenerate Gaussian random
vector Yp;_ il = Y; and we pick a Y-linearly Gaussian variable g such that, for all

J, Var(g;) = Var(g;‘) = cos? Yj—i_4+1 X w: this is possible thanks to the first step of
. _

Lemma 68. Next, we introduce a /(1) variable & independent of ¥; and we pick

a (fi_,l?)—linearly Gaussian variable f; such that Var( fl.J_) = [1, <ji

. + v o

Ci_j=1Il.<j_; cosO,Xsin;_; cosy;_; ;4 X+/vw, and p?q(fi_, Y,) =I[sin6,_; |: this

is possible thanks to the second step of the lemma. We set X; := f; . Now to get
X; 1, we reason conditionally to & ,: under this conditioning, the third step of

cos? 0, X v,

the lemma states that ¥ has become a new non-degenerate Gaussian vector (possibly
non-centred), and that g’—Jrl is a linear combination the Y; - IE'(Yj))’s7 such that
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Var(gi._H) = cos’y,_; X w. Then, still conditionally to %, ., we introduce a J{1)
Jj J—i_ y i_+1

variable & ;; and then the second step of the lemma allows us to find a (§; .y, Y -

]E(f’))—linearly Gaussian variable f; ,; such that Var(fl.j )= Hz<j_l.__1 cos? 0, xuv,

- T : —
Ci_+1yj = Ilocjoi —1 080, X sind;_; _jcosy;_; X +/vw, and p(X,- ,1?<j)(fi—+1’YJ') =
|sin®;_; _i|. We set X; ,; = f; ;1. In the next step we reason conditionally to

i_+2

Fi 4, Where g satisfies the wanted assumptions; we introduce an independent

M) variable & ., independent of 17, we find a (& ,,, Y - ]E(l?))—linearly Gaussian
fi 4o satisfying the wanted assumptions; we set X; ,, == f; ,»; and we continue
alternating the use of the third and second steps of Lemma 68, until we have built
all the f;’s. Then we define f := ). f;, and check that this re-gives indeed the fij ’s
that we have been Computing.Hﬂ

Now, also define X; := 9 for i & [i_,i.[, resp. Y; := 0 for j & [j_,j;[. Then
(Xiez and (Y)) ez satisfy the minimal version of the assumptions of Theorem 47,
with p, = [sinf,]|. One computes that

il
Var(f)= ) V==Y v=_(, —i)v; (KV)
i i=i_
. ']+_1
1_ . .
Var(g) = ) W, = Y (cos? 7y 41 X W) < (jy — j)w; (Kw)
J J=i-
and lastly
ip=1j,—1
Cov(f,g) = 2 C,= Z Z ( H cos 0, Xsinb;_;cosy;_;, 1 X \/Uw>
ij i=i_ j=j_ z<j—i

= (i, —i_)siny_, X Vow, (KX)

where in (KX) we used the identity “X .y N]](H
siny_,” that we had established in (KP).
From that we deduce that

o S o |Cov(f, &)l
OptP™(p) > p(X;Y) > Varl2(f) Varl2(g)

. . 12 172

1, —1_

><.+ . ) |siny_oo|=<1— 2N ) siny_ol; (KY)
J+ —J- J+ —J=

;<7 COSO, X sind, cosyz+1) =

(M'Here some subtle point has to be made clear. When we introduced the “f;”’s during our proof,
the ‘i’ in “f,” was just an ordinary index with no particular signification, and “ f[j ” just meant (f),
with “e/” having its meaning from Lemma 68. Then we built a function f, for which one could
define “f;”’s and “f,.j”’s with “e,” and “0{ 7 having their meanings from the proof of Theorem 47.
When I say “this re-gives the fl.j ’s that we have been computing”, what I mean is that both ways

of interpreting “ f,.j ” (and “f;”) do define the same variables indeed—which, in retrospect, justifies
these notational choices! &
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and since j, — j_ can be chosen arbitrarily large, we deduce by passing to the limit
that OptP™(5) > |siny__|.

Now, for given 7 € [0,1)% (with finitely many nonzero entries), if we take 6, :=
arcsin p,, one has indeed that p, = |siné,|; and, provided that y, < g, [siny_ |
is exactly the right-hand side of (KM): this proves the ‘>’ sense of (KM) in the case
where ) _arcsinp, < g In the case where ) arcsinp, > g, we use that OptP™(7) is
trivially increasing in each of the p,’s to get the ‘>’ sense of (KM) from the previous

case. And the ‘<’ sense is just (the minimal version of) Theorem 47 itself. (&

Theorem 69 (Exact optimality of Corollary 56). For d € N, for p:=(p,), € ]R%d,
denote

(G()?<i))ie({_w}uz)d s almost-right-continuous;

Opt™™(5) := sup P()?Zd; ?Zd) (0(Y<))je((—cojuzyd 1S almost-right-continuous;
N
Vl,] P)? % (Xi;Yj)gpj—i

<i t<j
(KZ)
where the supremum is taken over all the possible sets of variables X; andY; on all

the possible probability spaces. Then, for all p € [0, I]Zd,

Opt™m(p) = sin(( Z arcsin pu> A g) (LA)

ueZd &

Proof. In essence, the proof of Theorem 69 is the same as the proof of Theorem 67,
except that the order structure to be considered is now the lexicographic ordering
on Z% However, as that ordering is more subtle than the ordering on Z, I chose
to present this proof from a different angle: namely, here I will give directly explicit
formulae for the variables involved, the rationale for these formulae coming from the
previous proof. Also, due to the order structure on Z¢, the way inductive reasoning
is carried here shall be slightly different. On a less essential level, note that here
there will not be any more “v”’s and “w”’s, as I took these quantities equal to 1 for
the sake of simplicity.

First note that it is enough to prove the case where p has finite support: indeed,
if we replace (p,),ezd by (1), <nPuueze (Where |u| stands for the £%° norm of u), then
the replaced right-hand side of (LA) will tend to the original one as N — oo0. So in
the sequel we assume that p is finitely supported, and we let N be large enough so
that p, = 0 as soon as |u| > N. For u € Z% we denote 0, = arcsinp,. Since it is
clearly sufficient to prove the theorem in the case ) .40, < g, we will make that
assumption in the sequel.

We pick j_,j, € Z with j, —j_ > 2N and set i_ == j_+ N, resp. i, == j, — N.
Let I:=[i_,i [% resp. J :=[j_,j [% alsolet T :=[i_,i, [*"' x[i_,i,] and J = [j_,
Jo 1'% iz, j, 1. Denotei_ = (i_,...,i_)and i, = (i, —1,...,i, —1,i,), with similar
definitions for j_ and j,; also denote N := (N, ..., N). The set Z% is endowed with
lexicographic ordering. For i € I, we denote Si:=i+(0,...,0,1) € I; also, provided
Si # i, we denote Si:=min{i’ €I | i’ > i}, i.e. Si is the next element in I after i.
We define similarly Sj and Sj for j € J.
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We will build an example of X 74 and I?Zd satisfying the conditions of Equa-
tion (KZ), and for which p(Xz4; Yz4) shall be arbitrarily close to the right-hand side
of (LA). In this construction, all the X;’s and Y;’s will be real, with X; = 0 for all
i & I, vesp. Y; =0 for all j & J (so that the right-continuity conditions in (KZ) are
automatically satisfied), and (X, ?J) shall be a Gaussian vector. Our construction
will rely on |I|+|J| independent /(1) real random variables, denoted by resp. (&;);cr
and (y) ey, of which the X;’s and the Y,’s shall be linear combinations. More gener-
ally, in the sequel we will speak of linear random variables to refer to variables being
linear combinations of the &;’s and the y;’s. We will also say that a c-algebra is linear
when it is spanned (as a o-algebra) by linear random variables.

In the sequel we set y, := sz” 0,, and denote by y_, the common value of the
7,’s for u < —N. We define the variable g in the following way:

g:= Z COSYSj—i Wj- (LB)
jes

We also define Y; = y; and ¢, := 6(17<j). Observe that, since all the cosy,’s are
nonzero, one has also &; = o(y).
The definition of f is much more tricky: we define recursively the following:

F =o(X_) foriel; (LC)

gh=g”VI—E(g | FvE) forjel; (LD)

l//Jl: = g;/Varl/Q(g;.) (in the case gj. = 0,0l see Remark 74); (LE)

fi= Z( H Cosﬁquinﬁj_i)w;+ H cos @, X & fori e I, (LF)
JjeJ u<j—i ueZzd

X = fi, (LG)

and we set f := Y., fi. We also define fl.j = fi —E(f; | FVvE) for J € J,
g=g—E@g| F)foriel g/=g-FE(@g | FVE)foriel, jeJ;and we denote
?Jl = \/j,<j6(llljl.,) for i e I,j e J.

Remark 70. &

Before tackling the core of the proof, we have to make two very important remarks
and to prove one technical proposition:

Remark 71 (Induction via the S operator). Our definitions ensure that one always

. . g Sj a s . & .
has Fg; = Fg;, G5, = G, ?éj = Yg;; and = g8 = g ngl = gJS’7
gON = gD IS = Gi(S)) wj.Si = q/jSi. (Note that notation was chosen so that, as

regards variables, you can always make the substitution of S by S in superscripts).
As a consequence, in the sequel of the proof, when we want to prove something by
induction on i € I (resp. on j € J), we will do the following;:

Tt will turn out that one has never g;. =0 for j € J (cf. (LK) in Proposition 78); however, it is

better to suppose a priori that such a case could be possible and to tell how one would define u/; in
that case.

66



Generalized tensorization of p-mixing Rémi Peyre

1. Proving the result for i_;
2. Proving that, if the result stands for i, then it also stands for Si;

(3). Implicitly using that getting the result for Si is tantamount to getting it for Si.
@

Remark 72. If Z is a linear o-algebra generated by the (real) linear variables (¢, ) ek
then, due to the Gaussian structure of our model, the linear variables which are
Z-measurable are exactly the linear combinations of the ¢, ’s. For that reason, we
may speak of the dimension of a linear o-algebra, which actually refers to the di-
mension of the vector space made by the real linear variables being measurable w.r.t.
that o-algebra. The next proposition precisely states a dimensional result on certain
linear c-algebras. &

Proposition 73. Foriel,j e J:

dim(FVvE)=|{i' el | ' <i}|+]|(j’ €T | <j}| (LH)
&

Proof of Proposition 75. We prove the result by induction on i. For i = i_, one has
Fi VE;=0VYZ; =7 and since we have noticed that &; = o(y. ;), the result follows
in this case, as the family (&) ey U ()1 is linearly free by construction.

Now for i € I, Fg; V G, = (FVo(X)) VT =(FVIZ)Vo(X)); so, since X;
is real, when passing from i to Si the dimension increases by at most 1. But on
the other hand, X; cannot be (¥; v &;)-measurable. Indeed, when you look at the

decomposition of X; in terms of &;/’s and wjf,s, it has a nonzero &; coefficient (because

all the cosy,’s are nonzero); while on the other hand, all the Y;/’s can be expressed
as linear combinations of the y;/’s, and all the X;/’s for i’ < i can be expressed as
linear combinations of the (&), ; and the ()1, so that all those variables have
zero §; coeflicients. In the end, we get that dimension increases exactly by 1 when
stepping from i € I to Si; hence the result is valid for Si; which is enough to conclude
by induction thanks to Remark 71. o

One of the interests of Proposition 73 is that is allows for a fully rigorous definition
i
of % | |
Remark 74. A more rigorous definition for y/J’., also working when g} = 0, is the
following. By Proposition 73, the c-algebra &; v &; is strictly included in &; v &g ;
so, since these c-algebras are linear, there exists a nonzero linear variable which is
(#; V &g;)-measurable and centred w.r.t. # v &;; up to dividing this variable by its
standard deviation, we may even assume that it has unit variance (hence (1) law).
Then we have the following alternative: either gj. = 0 and then we take arbitrarily 1//]’.
to be any such (1) variable; or gj. # 0 and then we take t,u]’: = gj./Varl/?(g;.). The
important point is that in both cases one will have g;. = Var" 2(g;) ><1//}, and that 1//]’: is
a /(1) linear variable which is (#; vV &g j)—measurable and centred w.r.t. & Vv ?j. &
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Now let us turn to the core of the proof of Theorem 69. We will show that a
certain number of properties hold for all i, j.[**] First, the following properties follow
immediately from the general properties of Gaussian vectors:

Proposition 75.

(i) Foralli,j, the o- algebms . 9, ?’ and F;V &; all are linear; and the variables
ll/j’ f; fi; fj ) g7 g ) gj7 glj} Xi; IIJ all are lmear.

(ii) For ¢ a (possibly multidimensional) linear variable, for # a linear o-algebra, if
@ is centred w.r.t. Z, then @ is independent from F. So in particular, in the
case @ s real, Var(ep | #) is actually the constant Var(g).

(iii) For all i, j, conditionally to F; vV &, the variables &, l.j, g;., g’ and l,l/; are
centred. OO

The following property is not very complicated, but deserves a bit of attention:

Proposition 76.

(iv) For all i, the 1//; s and & are M1) independent variables, jointly independent
from F;. &

Proof of Proposition 76. The fact that the u/j’:’s and ¢&; all have /(1) laws follows
from their construction; they being Gaussian follows from Proposition 75-(i); they
being (jointly) independent from &%; follows from they being centred w.r.t. & (cf.
Proposition 75-(iii), observing that & v &; 2 &%), joint with the observation of

Proposition 75-(ii). To prove that the l[/J ‘s are mdependent, observe that for j < j’,
1//’: is (# vV Yy j)—measurable (hence a fortiori (#; Vv fj/)—measurable), while w;, is
centred w.r.t. & vV ¥;;: by Lemma 20 this implies that Cov(q/;, I/IJI:,) = 0, which is

enough to prove mdependence in this Gaussian context. Finally, & being independent
from the y/jl.’s is trivial by construction. o

Now we state some identities between the variables that we have introduced:

Proposition 77. For alli,j:
(v) fi=f78=E(f | F.

(vi)
f = Z( H cos @, ><s1n9],_,->wj’:, + H cos @, X ¢;. (LI)

Jj'zj ou<j’—i uezd
(This is actually the same formula as (LF), but where the sum over J was
truncated to indices j' = j).

(vit) gj.‘ = cosygj_;_W;: in other words, the summands in (LB) are actually the g;._ ’s.

10 the sequel I will merely say “for i” (resp. “for j”) rather than specifying whether I mean “for
i € I” or “for i € I” (resp. ...): the set to which i (resp. j) belongs shall always be clear from the
context.
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(viii) &7 =X 15, ; &

Proof of Proposition 77. Let us prove Item (v). Expanding the definition of f,
one has
fT=E(f | F) =D ()T = Ef | F). (L)
l'l

But f; is Fg;-measurable by construction; and it is centred w.r.t. %;, since all the

u/J’:,’s and & are (cf. Proposition 76). Therefore, one has (f,-)‘cfSi -E(f; | %) =
fi—0= f;; while for i" < i one has (fi;)‘c}Si —(fi,)‘c}i = fi — fi» =0; and for i" > i one
has E(f; | Fg)—E(fir | F)=0—-0=0: so in the end, the right-hand side of (LJ)
reduces to f;, as announced.

Now let us prove Item (vi). By definition f/' = fi —E(f; | #VE); but we

]
1 1

combination of the (l//jl:, — IE(W;, | F v ?j))’s and (fl- - E¢ | &V ?j)). Now,
for j' < j, by construction l[/JI:, is (#; V Ggjs)-measurable, hence a fortiori (¥; vV &))-

have defined f; as a linear combination of the w;,’s and §;, so f.j will be a linear

measurable, so in this case wi, - E(l[/;, | F v ?j) is zero. On the other hand, for
j' =, 1// ., is centred w.r.t. % Vv @) (cf. Proposition 75—(iii)) hence a fortiori w.r.t.

F;V &}, so in that case 1// o IE(W o | FivZ)) s just 1//, As regards ¢&;, it is the
same case as for 1// s So ﬁnally we have got Equation (LI)

Now let us turn to Item (vii). One has &%; = 0, so that gj_ =g%i—E(g | g).
But remember that we noticed that &; = \/j,<j o(y;r), resp. Gg; = \/j,<j o(y;1),
and that all the y;,’s are independent: therefore, the result follows directly from the
definition (LB) of g.

As regards Ttem (viii), by telescopic sum one has Y/ ; ; = g7V — E(g |

V?) but g is ? -measurable by construction, hence a fortiori (%; v ? )

measurable; so g ivg’+ = g and thus g/ = Y ©

i
Jj'zjSjr

Now that the above propositions have enlightened our understanding of the struc-
ture of the model, let us turn to computational results:

Proposition 78. For alli,j:

Var(gl) = cos 7 (1K)

Var(f)) = [] cos®6,; (LL)
u<j—i

Cov(fl.j7 g;.) = H cosf, Xsinb;_; X cosyg;_;- (LM)
u<j—i

<&

Proof of Proposition 78. We shall prove the proposition globally by induction on i.
What I mean by this is that first we will establish (LK), (LL) and (LM) (in this order)
for i = i_; then, using that we have (LK), (LL) and (LM) for i = i_, we will prove (LK),
(LL) and (LM) (again in this order) for i = Si_; then for i = S Si_; etc.
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First let us observe in the case i = i_, (LK) follows directly from Proposi-
tion 77-(vii).

Let us turn to (LL). From (LI) in Proposition 77, and from the fact that the t,u}’s
and ¢; are independent /{1) variables (cf. Proposition 76), we deduce that

Var(fij) = Z( H cos? 0, X sin’ 01-,_,») + H cos? 0, (LN)
J'zj u<j’'—i uez4

Let us show that this quantity is actually equal to [],. i cos? 0,. We proceed by
downgoing induction on j (i being supposed fixed). The result is clear for j = j,.
Now assume that we have proved the result for Sj. In this case,

Var(f,-j) = Z( H cos? 6, x sin’ Hj,_,-> + H cos? 0,

J'zj u<j'-i uez4
= HCOS 0, X sin’ 0;_; + Z(H cos? 0, X sin’ 0 >+HCOS 0,
u<j—i J'=Sj u<j’'—i uezd
= H cos? 0, X sin?6;_; + H cos 0
I?I u Jj—i u
u<j—i u<Sj—i
= ( H cos? 9u> X (sin? 0;_; + cos? 0;_;) = H cos?0,. (LO)
u<j—i u<j—i

Now let us turn to (LM). We can write f lj and g;. as explicit linear combinations
of the q/;,’s and &;:

Z( H cos 6, ><s1n9]/_,>1//;, + H cos @, X &;; (LP)

J'=j u<j'—i uezd

gj = CO8 ij—ina (LQ)

where (LP) is just Proposition 77-(vi), and (LQ) comes from the fact that g;. and t//]l:
are nonnegatively collinear by construction, joint with Equation (LK) for Var(g;). But
since we know that the 1//;’5 and ¢; are independent /1) variables (cf. Proposition 76),

expanding via the above equations yields the wished formula for Cov(f lj , g;.).

Now let us turn back to (LK), but this time in the case ‘i’ is of the form Si. To
begin with, let us observe that gj = (g®D))7iV¥s; and that g®V — g = g®NBD g
that, by the chain rule for variance:

Var(g}) = Var(g®) = Var(g "), (LR)

and likewise Var(gi ) = Var(g") — Var(gi(Sj )). Thanks to that we can investigate the

value of Var(g " via values of the form Var(g’ ! ). In particular, we will get interested

in Var(g®).
Let us observe that it is a direct consequence of the definitions that

g5V =gl —E(g¥ | Fg; Vv E)). (LS)
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Now, let us reason conditionally to some {X < = X and f’< j = Vo) for a few
lines: in this context (LS) translates into saying that g(Si)j =g/ —E(g" | o(X;)). By
the chain rule for variance, this implies that

Var(g®%) = Var(g") — Var((g¥)°*). (LT)

But due to the Gaussian context, and remembering that X; = f; (and that f; is
e

nonzero by construction), one has

’ Cov(g, £,)\?
i\o(X))y — i
Var((g/)”"7) < Var(/) > ; (LU)
so in the end ’ )
- . Cov(g", f;)
Sijy _ ijy _ i
Var(g®") = Var(g") <—Var(fl~) ) ) (LV)

But remember that the above formula was derived under conditioning by {X < =X
and 17< j = Ve ;1. If we want to go back to unconditional formalism, using Proposi-
tion 75-(ii) we just have to replace g(Si)j . g7 and f i by their recentred-under-(#; v.&))
versions (i.e., “@” has to be replaced by “p — E(p | % V ?j)”): the corresponding

variables are resp. g and g" themselves (cf. Proposition 75-(iii)), and fl.j . So, in
unconditioned terms:

Cov(g”, f1)\2
—> | ()

Var(g®V) = Var(g") — ( :
Var(f})

In this formula we already know Var( fl.j ) by induction hypothesis; and it will turn

out that the value of Var(g¥) itself does not matter. As regards Cov(g", fl.j ), using
that gV =3 ,/5; g;., (cf. Proposition 77-(viii)):

Cov(g, f)) = ), Cov(g,, f) = Y, Covigl,, /1), (LX)
J'Zj J'zi
where the last equality comes from the fact that g;., is centred w.r.t. # v @ (cf.

Proposition 75-(iii)) while f/ T fI=Ef | HVE)-E; | FVE)is (F;VEp)-
measurable. Hence, using (LM) in the “i” case:

Cov(gij,fij) = 2( H cos @, Xsin6;/_; cos YSj’—i>- (LY)

J'zj u<j'-i

Now I claim that the right-hand side of (LY) is actually equal to

H cosf, Xsiny;_;. (LZ)

u<j—i
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We prove that by downgoing induction on j. For j = j,, both the right-hand side
of (LY) and (LZ) are zero (because for all i € I one has j, —i > N). Now assume we
have the result for Sj; then:

2( H cos 0, Xsin;/_; cosyg;r_ ,) =

Jj'=zj u<j’—i
H cos @, Xsinb;_; cosyg;_; + Z < H cos @, Xsinb;,_; cos }’Sj’—i>
u<j—i J'=Sj u<j’'—i
= H cos @, Xsinb;_; cosyg;_; + H cos @, Xsinyg;_;
u<j—i u<Sj—i
= H cos @, X (sin@;_; cosyg;_; +cos0;_;sinyg;_;) = H cos @, X siny;_;, (MA)
u<j—i < ~~ ~ u<j—i

zsm(ej—i+7/Sj—i)d=efSin(7j—i)

so we have indeed the wanted identity for all j.
Thanks to that identity, (LW) yields that

Var(g®%) = Var(g") — sin® Yi-is (MB)
and likewise Var(g(Si)(Sj)) = Var(gi(sj)) — sin? ¥sj—i- It ensues that
Var(g]) = Var(g®) = Var(g®®)
LR

i i -2 i(Sj 2
= Var(g") —siny;_; — Var(g'®/) + sin YSj—i

(MB)
— SVar(gU) _ Var(gi(Sj))J)+ sin? Ysji — sin? Yioi
_ NG
(ﬁ)Var(gj)Iﬁcos YSj—i
=1 — sin? Yi—i = cos? Vi—i = cos? Ysj-Si> (MC)
which is the wanted result. o

The next proposition shows that our model satisfies indeed the wanted assump-
tions concerning pT—miXing:

Proposition 79. For all i, j,

T
P, 7. XD =i (MD)
i <>

Proof of Proposition 79. We will actually prove that for all X_;, y. j» one has exactly
p(X;;Y; | X_ =% and Y<J =V<) =P (ME)

For the sequel, let us shorthand P(e | X_, =X and l_}<j =y<;) = Peopa(e).
First I claim that under P, 4, X; is in bijection with fl.J , resp. Y} is in bijection with
, 80 that pe,,q(X;3Y)) = pcond(fij; gj.). As regards X; being in bijection with fij, this
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is fairly obvious: remember indeed that X; = f; and that fl.j = fi—E(fi | #FVE),
€ €

so that under P, 4 the variables X; and f lJ just differ by an additive constant.
Now we want to prove that Y; is in bijection with g; under P..,q: actually we

will rather prove that it is in bijection with w; (which is in bijection with gj. by
construction, as (LK) in Proposition 78 established that Var(g;) # 0): proving such a
thing, for all the values of X_; and y_;, is tantamount to proving that (#VZ,)vVo(Y;) =
(FVE)V G(t//}). But that in turn will be a consequence of the identity

FNG =F NG (MF)
indeed, (% Vv ;) Vo(Y;) = # V Gg; by definition, while (MF) ensures that (% vV Z,) v

= FVE Vo) = FVEG. = F v,

o) T R o) det 70 TSI gy T TS
- We prove (MF) by induction on j. The result is automatic for j = j_ since then

?Jf_ = g;_= 0. For ‘j’ of the form Sj, observe first that one has automatically by
construction that &, v ?éj C #F V¥, so, proving that dim(#; v ?éj) z dim(#F; v &)
will suffice. Since by induction hypothesis one has %; v ‘5] = #; VvV Z;, and that by
Proposition 73 one has dim(#; v &g;) = dim(#; vV &)+ 1, it just remains to prove that
dim(%; v ?S’j) > dim(F; v ?j’) Now & v ?éj = FiV ?j’ v 0(1//1’.) = (FVE) VG(vl//Jl-); SO
to prove that dim(%; v ?éj) > dim(&F; v ?;), it finally suffices to prove that 1//} is not
(#; V &))-measurable: but this is a consequence from 1//; being centred w.r.t. # Vv g,
while having nonzero variance!

So at this point we have established that p.,,q(X;;Y;) = pcond(fij;g;). But f,.j
and gj. are linear random variables which are centred w.r.t. & v &; (cf. Proposi-
tion 75-(iii)), so by Proposition 75-(ii) Law,g,q( fij , g;.) = Law( fl.j , g;.), and therefore

Peond (f lj ; g;.) = p(f lj ; g;.). But f lj and gj. are real variables forming a Gaussian vector,
so by Proposition 9

|Cov( ], ghl
Varl2(f]) Varl(g))

p(f] g = (M)

which by Proposition 78 is equal to sin@;_;, that is, to p;_;. o

The final bunch of intermediate results consists in computing the variances and
covariance of f and g:

Proposition 80.

Var(f) = |1|; (MH)
Var(g) < |J1; (M)
Cov(f,g) = |I|siny_g. (MJ)
<&

Proof of Proposition 80. First let us observe that f; = f7si—E(f | F;). Because of

Proposition 77-(v), the chain rule for variance yields that Var(f) = .., Var(f;); but
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for all i one has Var(f;) = 1 because of (LL) in Proposition 78 applied with j = j_;
o (MH) follows.
As regards (MI), the very definition of g ensures that Var(g) = ), el cos? YSj—i_s

where obviously each cos® ¥sj—i_ 1s less than 1.
As regards (MJ), using again Proposition 77-(v), the chain rule for covariance
yields that _
Cov(f,8) = ), Cov(f;,g7si — g7 = Y Cov(f;. &), (MK)
iel iel
where the last equality comes from the fact that f; is Fg;-measurable while g —g7si4
g7i = g — g7si is centred w.r.t. Fg;. But f; and g' coincide by construction with
e i . H ..
resp. fl.J‘ and g"-; so we can use the computation of Cov(fij, g') that we did in the

proof of Proposition 78 (see (LY) and the following equations) to get that

Cov(f;,g') = H cos 0, Xsiny; _;, (ML)
u<j_—i
which is always equal to siny_, since for all i € I one has j_ —i < —N. o

So, since f and g are resp. X 7d- and ?Zd—measurable, Proposition 80 implies that

> o Cov(/,8) .
Opt™m((5) > p(Xga; Yza) 2 >/ - MM
pt™(p) o p(X za; Yz4) Var2(7) Var () |11/ 1J]siny (M)

In (MM), the right-hand side converges to siny_,, as j, — j_ tends to infinity, since

[T = (jy — j_ = 2N)4 while |J| = (j, — j_)?. So we have proved that Opt™m(5) >
siny_,, which concludes the proof of Theorem 69. (&
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Chapter 3

Examples of applications

Now we are going to see how the results of Chapter 2 can be applied to various
concrete models of particle systems. We will tackle three such model families:

o First, as a response to § 1.2 in the introduction, in § 3.2 we will establish
fairly general p-mixing properties for Ising-like models: what we shall prove, in
terms of the vocabulary used in the specialized literature (see Definition 82), is
that these Ising-like models satisfy interlaced p-mizing at a certain speed, with
moreover “p*(1) < 17

o In § 3.3 we will also look at certain models of statistical mechanics with continu-
ous state space, for which we will similarly prove interlaced p-mixing properties.

e Finally, from a quite different perspective, in § 3.4 we will turn to establishing
p-mixing properties for separation along the time dimension: more precisely,
investigating a toy-model situation, we will show how tensorization of p-mixing
can help to prove some results of hypocoercivity type.

These three sections will be preceded in § 3.1 by an explanation on general mecha-
nisms to apply tensorization of p-mixing for such statistical mechanics models.

Remark 81. In this chapter we will often encounter p*-mixing coefficients. For such
coefficients, in accordance with Remark 35, we will not in general specify explicitly
the family of random variables w.r.t. which p*-mixing is considered: indeed, every
time, that family will merely be the set of the “elementary” random variables that
the particle system is made of (for instance, individual spins for Ising-like models;
individual positions and momenta at a given time for the Langevin dynamics; etc.).

&b

3.1 A general machinery for statistical mechanics
systems

3.1.1 Vocabulary of p-mixing systems

In this section, we are considering a family of random variables (6,);cy (Which vari-
ables we will call spins, by analogy with the Ising model) indexed by some “physical
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space” V. The physical space is endowed with some distance dist. First, let us
introduce some vocabulary. The first definition is customary in specialized literature:

Definition 82 (Interlaced p-mixing, [8, Equation 2.7]). For é > 0, the interlaced

p-mixing coefficient—or p*-mizing coefficient—at distance & for the system, denoted
by p*(8), is defined as

p*(8) = sup{p(@ 3 3y) | dist(I,J) > 5), iy

where I and J refer to subsets of V. When p*(§) — 0 as § — oo, the system is said
to be p*-mixing.

Also, in the context of this monograph, it will be natural to introduce a conditional
version of p*(8):

p*¥(8) = sup{p*(3:6,) | dist(I,J) > 6}. (MO)

@

The following definitions will be handy to state the results of this chapter:

Definition 83 (Polynomial and exponential p-mixing). For y > 0, we will say that a
function f: R, — R is y-polynomially decaying, resp. y-exponentially decaying, when
£(8) = 0577 Wy a5 § > o0, resp. when f(5) = O(e~"=°%)  The function will be
said to be polynomially (resp. exponentially) decaying when it is y-polynomially (resp.
y-exponentially) decaying for some y > 0.

Our particle system will be called (y-)polynomially (resp. exponentially) p*-mizing
when its function p*(e) decays that way. V]

Definition 84 (Immediate p-mixing). We will say that our system is immediately
p*-mizing when p*(6) < 1 as soon as § > 0. Vi

The next and final definition will be handy to state the assumption necessary to
get a p*-mixing result by tensorization:

Definition 85 (Pairwise p-mixing). In the same context as above, the pairwise p*-
mizing coefficient—or p*-mizing coefficient—at distance 8 for the system is defined as

5*(8) =sup{p*(a;;0)) | |j—il > 8}, (MP)

where i and j are elements (not subsets) of V. As above, we will also speak of
polynomial, exponential or immediate pairwise p-mixing. 0

3.1.2 Geometry of the physical space

The results of the current section will require a certain assumption on the geometry

of V:

Assumption 86. We suppose that any ball of V of radius 6 < oo only contains
a finite number of points, which number is bounded uniformly by some value only
depending on 6. Moreover, we suppose that V is uniformly discrete, i.e. that it is
e-separated for some £ > 0 (which means that for any distinct i, j € V one has dist(i,

NEX3E 0
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Assumption 86 allows us to introduce two functions n(e) and 8, which somehow
“sum up” the geometric properties of V:

Notation 87.

o Foro e R, we let

n(s) =sup|{j € V | dist(i, j) < 8}|: (MQ)
iev
in other words, n(6) counts the maximal number of points in an open ball of ¥V

of radius 6. By Assumption 86, one has n(6) < oo for all é.

o For n e N, we let
5,=inf{l6 e R, | n(6)>n} eR,, (MR)

which is the minimum possible distance for the n-th closest neighbour of a point
of V (counting the point itself as its O-th closest neighbour). One has obviously
6y = 0; and Assumption 86 ensures that 8; > 0 and that §, - coasn - 0. ©

Assumption 86 is satisfied by most of the natural geometries that one would like
to consider:

FExamples 88.
(i) Any finite metric space satisfies Assumption 86.

(ii) For d > 1, the space Z? (endowed e.g. with the #! graph distance) satisfies
Assumption 86, with n(é) = 057 as § —» o0, hence 8, = O as n > .

(iii) It is straightforward to see that the product of two metric spaces satisfying
Assumption 86 still satisfies Assumption 86. Therefore, as a corollary of the
two previous items, for d € N* and € finite, any Z9x % satisfies Assumption 86:
essentially, this means that “flat geometries” satisfy this assumption.

(iv) For k € ]1,00[, the (k + 1)-regular tree satisfies Assumption 86, with n(§) =
O(k®%), hence 8, = log,(n) + O(1).

(v) For d € [1,00[, € > 0, any e-separated subset of the hyperbolic space HY
satisfies Assumption 86, with n(6) = exp(O(6)), hence 6, = Q(log(n)).

(vi) In addition to all the previous cases, it is straightforward to see that Assump-
tion 86 is preserved by taking a subspace. &

Assumption 86 has two main implications:

Lemma 89. For V satisfying Assumption 86, using the notation of Definition 87,
the following holds: if p: R, — R, is a decreasing function, then for alli € V,

2 p(dist(i, ) < X p(8,). (M)

JEV neN <&
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Proof. Order the points of V by increasing distance to i: then if j is point #n, dist(i,
Jj) = 6,, hence p(dz’st(i,j)) < p(6,). @

Lemma 90. IfV satisfies Assumption 86, then for any 6 < oo it is possible to find a
finite partition V. =VouV,U...uV,_; such that all the V_’s are 6-separated (i.e.,
two distinct points of V. are always at distance > & from each other). o

Proof. Consider the graph obtained by connecting two distinct points of V whenever
their distance is < 6: this graph has valency bounded by n(6) — 1, so it admits a
n(6)-colouring: then, partition V according to the colours of the vertices. -~

3.1.3 The abstract result for interlaced p-mixing

All that vocabulary being set up, let us state the main result this section is about:

Lemma 91 (Machinery for interlaced mixing). For V satisfying Assumption 86, let
(6));ey be a system of random variables.

(i) Assume that Y, ﬁi(én) < 00. Then the system has interlaced p*-mizing, with

ORI ECHY (MT)

n=n(5)

In particular, in the case V = Z9, pairwise pi—mixing with y-polynomial decay
(for y > d), resp. with y-exponential decay (for y > 0), implies interlaced
p-mixing with (y — d)-polynomial decay, resp. with y-exponential decay.

(ii) Moreover, if, in addition to the previous assumption, the pairwise p*-mizing
behaviour of the system is immediate, then so is its interlaced p*-mizing be-
haviour. &

Remark 92. The reason why I claimed that (MT) establishes interlaced p*-mixing is
because its right-hand side tends to 0 as 6 — oo0. The rationale behind that fact
depends on whether V is finite or infinite: in the case V is infinite, one must have
n(6) — oo as 6 — oo, and thus convergence to 0 of the right-hand side of (MT)
comes from convergence of )’ 7(8,); while in the (not very interesting) case V is
finite, one has n(6) = | V| for § large enough, and since 8,y is obviously infinity, the
right-hand side of (MT) is zero in that regime. &

Proof of Lemma 91. It will be enough for our goal to prove unconditioned p*-mixing
results: then indeed, the p*i—mixing results can be deduced by appropriate condition-
ing. Let us first prove Assertion (i). Let 6 > 0 and let I, J C 'V with dist(I,J) > &:
since 6 > 0, I and J are disjoint. Now, denoting by d a cemetery value, for k € V we

define
if kel if ke J;
X, = { ot Y= { ot (m)

0 otherwise, 0 otherwise.
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Then, for i, j € V, one has

sfr 1 gcs o . _
p(dist(i, j)) ifielandjeJ,;
Pi(XiQ Y) < { . (M)
0 otherwise:
in particular, p*(X;; Y) < ldist(i7j)>5ﬁi(dist(i,j)). Therefore, using Theorem 39:
P35, = p(Xvi Yyy) < [(Lgist pyss8™ (disti, ), el (Mw)

To bound the right-hand side of (MW), we introduce a random (sub-)walk (W,),exn
on V such that at each step, a particle at i either jumps onto some distant vertex j
or dies, the probability of jumping from i to j being

PW =Jj | Wy=10)=Z g1 jyssp" (dist(i, ), (MY)
with
Z= ) F(8n) (Mz)
n=n(8)

—note that this choice of Z ensures that Zjev P(W,.1=Jj | W,=i)<1. Then, the
counting measure on V is a super-equilibrium for the random walk: that is, applying
the sub-Markov kernel of the walk to the counting measure on V yields a smaller
measure.

But, the operator in the right-hand side of (MW) is nothing but Z times the kernel
of the above walk. And, as the counting measure on V is a super-equilibrium measure
for that walk, the operator norm of the kernel for the [2(V) norm is necessarily < 1[*];
so the right-hand side of (MW) is < Z, hence the announced p*-mixing result.

Now let us turn to Assertion (ii). We take back the reasoning above at the point
where we introduced the X;’s and the Y}’s; and now we use the following lemma
(whose proof is postponed):

Lemma 93. Let V satisfy Assumption 86 and let p: R, — R, be a decreasing
function such that p(0) < 1 and ZneN p(8,) < oo. Then there exists a constant R < 1

(only depending on V and p(e)) such that, for any system of variables ()?V,Y’V)
satisfying pi(X-;Yj) < p(dz’st(i,j)) Vi,j € V, one has p()?v;l?v) <R o

1

Applying Lemma 93 with ‘p(6)” < 1 5>0ﬁi(5), we directly get the wished immediate
p*-mixing result, p*(1) being the ‘R’ given by the lemma. This completes the proof
of Lemma 91, modulo proving Lemma 93. (&

Proof of Lemma 93. As a preliminary remark, note that one can safely assume that
p(6) = 0 as 6 - oo: indeed, either V is infinite and then it is an automatic conse-
quence of the fact that ) _ p(8,) converges, or V is finite and then you can modify
p(6) freely for 6 > diam(V).

Denote R; = p(0): our assumptions imply that SUPseR , p(8) < Ry < 1. Since
zneN p(8,) converges, by dominated convergence there exists some 6° < oo such that

[I'When the physical space is negatively curved, it is actually possible to do better: see Remark 94
infra.
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Dnen PO, V) <1— R,: take such a §°. By Lemma 90, we can partition V into a
finite number (V,),cq of 26°-separated sets. Then, for all i € V, for all ¢’ € &, there
is at most one j € V., such that dist(i, j) < 6°.

Now let (X Vs ?V) be a system of variables like in the lemma’s statement. For any
¢, ¢’ € G, one has by double tensorization (Theorem 39):

p(XVc9 YVC,) S ||| ((p<d28t(17 .])) )) iEVC,jEVCl | (NA>
To bound above the right-hand side of (NA), we observe that the same technique as
at the end of the proof of Lemma 91-(ii)[f allows to bound it above by

sup . p(dist(i, ). (NB)

The sum Zjch/ p(dist(i, j)) can be split depending on whether dist(i, j) < 6°—which
shall occur at most once, as we noted above—or not, so that

pXy ¥y )< Ry+ ), p(6,V6%) = Ry< 1. (NC)
neN

Note that the value of R, only depends on (V and) p(e).
The previous reasoning could also have be carried conditionally: so one has, for
all c,c’ € € .
p*(Xvy ; Yy ,) < Ry, (ND)

But now, we can consider f’v as the collection (?VC, 'ez S0, applying simple
tensorization (Theorem 37) to the I?VC,’S, we get that for all ¢, pi()?vc;?v) <

(1 -1 - R%)|§g|)1/2 =: R; < 1. Then, applying again simple tensorization, but
this time to the )?Vc’s, we finally get that p()?v; }_}V) < (1 —-(1- R%)rg')”2 =R, < I:

R, is the wished constant ‘R’. [

Remark 94. The random sub-walk that we introduced to bound the right-hand side
of (MW) should morally be understood as an actual random walk (i.e., having no mass
loss): this is technically the case, in particular, as soon as the physical space V is
transitive—that is, when all its vertices are indistinguishable as regards the geometric
structure.

In many practical situations, the kernel of such a random walk has its operator
norm (in LZ(V)) worth ezactly 1: this is in particular the case when the physical
space has a “flat” geometry like Z¢ (provided the jumps of the walk have some finite
moments), and more generally as soon as the growth rate of V (i.e., the growth
behaviour of the function § — n(8)) is sub-exponential. However, negatively curved
spaces (e.g., transitive discrete subsets of the hyperbolic space HY for d > 1) do
have exponential growth; and in that case, the kernel of the associated random walks

[ There is however a little difference here, because you have to consider a one-step random sub-
walk (W)),c(0.1), jumping from V, to V. As a consequence, instead of saying that “the counting
measure is a super-equilibrium measure”, here you have to say that “starting from the counting
measure on V , after one step one gets bounded above by the counting measure on V"
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may be strictly contracting in I?! For instance, this is the case when you consider
the standard random walk on the vertices of the order-7 triangular tiling in H? (cf.
Figure 3.1).

More generally, when the physical space is transitive, the kernel of our random
walk can be seen as a mixture of elementary random walks of the type “choose ran-
domly one of your neighbours among those at distance exactly 6”; and provided you
avoid some “pathological” cases,[ﬂ these elementary random walks shall be strictly
contracting in 12 as soon as one has negative curvature. Hence, in negative curvature
(and provided one avoids certain pathologies), the right-hand side of (MT) can be
improved into something of the form

PIICHYACH) (NE)

n=n(6)

where the A(6)’s only depend on the geometric structure of V, and are all < 1 for
0> 0. &

Remark 95. Note that to prove Assertion (ii), we have made a crucial use of the full
p*-mixing assumption: in the sense that, contrary to what we did in Theorem 58,
here the pi—mixing coefficients that appear in the assumptions could not have been
replaced by appropriate p'-mixing coefficients! And no smarter proof could circum-
vent that limitation: indeed, Theorem 67 shows that it is possible to have all the
pairwise p'-mixing coefficients < 1 while still having a global correlation coefficient
of 1. &

3.2 First application: Ising-like models

3.2.1 Original Ising model

In the introduction, we said that we would like to get more general p-mixing results
for Ising’s model. This is what this section is going to achieve, through generalized
tensorization. However, to apply tensorization of p-mixing, we will need the model
to be in a regime somehow stronger than weak mixing:

Proposition 98 (Complete analyticity, [9, Theorem 2.2-¢f]). There is a B, > 0 such
that, as soon as B < P., the (zero-field) Ising model is completely analytical, i.e.
there exist y' > 0 and C" < oo such that the following variant of (BB) holds: for all
K C Z2, for any boundary condition Sk € {£1}K, one has, for all disjoint I,J C Z¢:

C’ Z exp(—y’dist(i,j)). oo (NJ)
(i,))elxJ

MIn particular, V might appear as the disjoint union of some finite clusters of vertices, these
clusters being quite distant from each other: in which case a random walk that remains restrained
to a single cluster would obviously not be contracting.
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Figure 3.1: This drawing represents, via the Poincaré disk convention, the regular tiling
of the hyperbolic plane H? corresponding to the Schléfli symbol {3,7}. (Note that all the
segments of the figure do actually have the same length in HZ). Denoting by V the set
of vertices of this graph, the nearest-neighbour random walk on V exhibits the following
remarkable behaviour: despite admitting the uniform (counting) measure as an equilibrium,
its operator norm in I?(V) is strictly less than 1! Such a behaviour is actually typical of
negatively curved geometries. [The drawing was traced by adapting a public code due to
Jeremy TAN Jie Rui, a.k.a. Parcly Taxel].
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Remark 99. In general, complete analyticity is a strictly stronger condition than weak
mixing, as was first exemplified by Shlosman [10]. As regards the specific case of the
zero-field Ising model, to the best of my knowledge, it remains an open question
whether . = p, or . < p.. (The answer might actually depend on dimension). For
a deeper discussion on these issues, see e.g. [11, § 2.3] and the references therein. &

Armed with the notion of complete analyticity, we are now able to state our
general p-mixing result for Ising’s model:

Theorem 100 (Immediate p*-mixing for Ising’s model). In the completely analytical
regime, Ising’s model is immediately p**-mizing with y' -exponential decay, where y'
is the same as in Proposition 98. o

Remark 101. So, now we have got four decorrelation results on Ising’s model: namely,
on the one hand, Propositions 12 (weak mixing), 15 (p-mixing for hyperplanes) and 98
(complete analyticity), which were already known in the literature; and on the other
hand, Theorem 100 (interlaced p-mixing), which is our newcomer. It is interesting to
see the strengths and weaknesses of the latter with respect to the three other:

o Like Proposition 15, Theorem 100 quantifies decorrelation in terms of p-mixing,
while Propositions 12 and 98 spoke the language of f-mixing. As such, this is
neither a strength nor a weakness, given that there is no general link between
p- and f-mixing [12, Ch. 3]. But the advantage of p-mixing for such models
of statistical physics is that it allows for decorrelation results which are robust
in the size of the bunches of spins considered (which is indeed the case for
Theorems 15 and 100), which would be unattainable by f-mixing (cf. Proposi-
tion 14). Note by the way that both p-mixing behaviours given by Theorems 15
and 100 are immediate, which was not granted a priori.[§}

e Most importantly, the result of Theorem 100 makes no assumption at all on
the shape of the bunches of spins to decorrelate, which is a real improvement
compared to Proposition 15. Also, it allows for a conditional version, which
was not the case for the introduction’s proposition.

o However, a serious drawback of Theorem 100 is that it is only valid in the
completely analytical regime; moreover, the exponential speed y’ that it yields
for decorrelations is a priori weaker than the speed y in Proposition 15. &

Proof of Theorem 100. Thanks to Lemma 91, it will be enough for us to prove that
there exist constants A < oo and R < 1 (only depending on d and g < f.) such that,
for all i, j € Z4:

pi(o30) < AcV V=TI AR. (NK)

So, let K € Z% and Sk € {£1}X be some arbitrary boundary condition, and denote
P onq(®) = P(e | Gx = 5g): our goal is to show that, for all distinct i, j € Z9\K, one

S1As regards Propositions 12 and 98, they are not sufficient as such to prove immediacy of f-
mixing; but for such results dealing with individual spins, it would actually be fairly easy to show
that f-mixing is in fact immediate.
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has pe,nq(0;50;) < Ae™V' U= A R—where the subscript “cond” means that p-mixing
is considered under the conditioned probability law.

What Proposition 98 gives us is, under the law P, 4, a f-mixing result between
o; and o;. To link f-mixing with p-mixing, we will use that o; and o; have finite
ranges: in such a case indeed, by Remark 7, p..,4(0;;0;) can be explicitly computed
to be

|Pcond(6i =S and ;= Sj) - ]P)cond(o-i = Si) Pcond(o-j = Sj)l

(Pcond(o-i = _1) Pcond(o-i = +1) Pcond(o-j = _1) Pcond(o-j = +1))1/2

(NL)

for s; and s; arbitrary values in {£1}. The numerator of (NL) is actually equal to

illLawcond(a-, 0;)—Law ,,q(6,)®@Law q,q(0;)|| Ty, which by Proposition 98 is bounded

1
by %C’e_”,“_”: so, to get the exponential part of the bound (NK), it is enough to
show that the denominator of (NL) is bounded from below independently from i, j
and Sk.

We will just show how one can bound P, 4(6; = —1) from below, the method for
the three other factors being exactly the same. Let N denote the set of the neighbours
of i (of cardinality 2d). Since Ising’s model’s interactions are local, for 5%, € {1}V,
one has P q(0; ==1 | 6y =75)) = P(o; =-1 | 6x =5k and 6y =7)) =
P(o; = =1 | 6 = 5}); thus

]P)cond(o-i =-1= Z P(B—N = 3}\]) Pcond(ai =-1 | 6:N = E}])
She(£1)N - <

Zgg\]\(fo)zl =P(6[=—T|3NE§;V)
> min P(o;=-1]|06y=75,). (NM
=z E;VE{iI}N i N N ( )

But, given the Hamiltonian (AZ) of the model, the minimum possible value for
P(o; = =1 | oy =5)) is attained for 5, = +1 and is then worth 1/(e*P + 1), which
is indeed a strictly positive constant independent from i and sg!
So we have got the “p*(o;; o)) < Ae li=ily part of (NK), with A = (*P 1+ 1)*C’ /4.
As regards the “pi(al-;aj) < R” part, by examining the Hamiltonian of the Ising
model (as we did a few lines above to bound P, 4(c; = —1) from below), we observe
that
Poona(o; =s; and 0; = 5;) > 1/(e*P + 1) (NO)

so, thanks to Lemma 8, one can take
R=1-4/" +1) (NP)

which is indeed < 1 and does not depend on Sg nor on (i, j). @

3.2.2 Generalization of Ising’s model

In this subsection we will illustrate how the p-mixing tensorization argument is in-
dependent from the facts that Ising’s model has finite-range interactions and that it
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is invariant by translation—both of which properties were used crucially to derive
Proposition 15 in the introduction. More precisely, we are going to establish inter-
laced p-mixing for a class of spin glass models with infinite range interactions. Let
us introduce the model first:

Definition 103 (Infinite-range spin glass model). Our infinite-range spin glass model
is defined as the model of statistical mechanics where the state space is the same as
for Ising’s model (namely, it is {+1}V for a physical space V = Z9, the latter being
endowed with the #' graph distance |e — ¢|) and where the Hamiltonian of a state
oy is formally defined by
o 1
i#]
for some symmetric function J,: VXV — R,Hﬂ J being supposed to be such that

the function

R* 26+ J(6) = sup |J;
lj—il>é

Jl (NR)
decays either exponentially or y-polynomially for some y > d. (Apart from that, J
may be completely arbitrary). V)

For this model, we have an analogue of the complete analyticity of Ising’s model,
whose proof is postponed at the end of the subsection:

Proposition 104 (“Complete mixing” for the infinite-range spin glass model). For
the infinite-range spin glass model, there exists a p. > 0 such that, for p < p., the
following holds: there is a unique equilibrium probability for the model; and one can
find a function v: RY — R that is either exponentially decaying (in the case J
is exponentially decaying) or y-polynomially decaying (in the case J is polynomially
decaying), such that, for all K €'V, for any boundary condition 5x € {+1}X, for all
distincti,j € VNK:

ILaw(c;,0; | 6 = 5g) — Law(o; | 6x =5g) ® Law(o; | 6 = 5p)llpy < 7(lj —il).
(NS)
<&

With Proposition 104 at hand, applying the very same techniques as in the previous
subsection, we get a p*-mixing result for the infinite-range spin glass model. This is
the main result of this subsection:

Theorem 105 (p*-mixing for the infinite-range spin glass model). For g < p., the
infinite-range spin glass model is p**-mizing, with either exponential decay (in the
exponential case) or (y — d)-polynomial decay (in the polynomial case). o0

Also, as the spins of our spin glass model take values in a finite space, and J is
bounded, the same techniques as in the previous subsection show that F*-mixing is
immediate:

(MNote that J;; may be negative.
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Proposition 106. For f < B., there exists R < 1 such that for all i # j, pi(a,-;
O'j) < R. OO

Therefore, Theorem 105 can be reinforced to include immediacy of mixing:

Theorem 107 (Immediacy of p*-mixing for the infinite-range spin glass model). The
p*F-mizing behaviour given by Theorem 105 is immediate. -

Now let us prove Proposition 104. Note that the flavour of the ideas in this proof
will be used again for the model of § 3.3.

Proof of Proposition 10/. For the time being, let us not bother with the issue of equi-
librium’s unique existence: this will actually be proved “in passing” in Corollary 113.
So, let us pretend that we are just interested in establishing (NS).

The first step of the proof consists in proving an estimate of “strong mixing” type
for our model: this is the following

Proposition 108 (Strong mixing estimate for the infinite-range spin glass model).
For B small enough, there exists a function v: R} — R (the same as in (ns)lll),
either exponentially decaying (exponential case) or y-polynomially decaying (polyno-
mial case), such that, for all cofinite K C 'V, for all Sg € (=1}, for j € VK,
I CVNKN{j}:

i€l <&

So, let us prove Proposition 108. In the sequel, we consider j € V \ K to be
fixed. Our strategy will rely on considering the Glauber dynamics for the system
conditioned by {6x =5k and 6; = —1}, resp. by {6x =5k and 6; = +1}. Let us first
recall what the Glauber dynamics is:

Definition 109 (Glauber dynamics, [11]). For a statistical mechanics system made of
a finite number of “spins” (6,);c4, the Glauber dynamics is the process of (continuous)
temporal evolution of the system according to the following rules:

« To each spin is attached a clock ringing in a Poissonian way (independently of
everything else) at rate 1;

e When the clock of spin i rings at time ¢, that spin is re-drawn randomly accord-
ing to the conditional law P,(6; | G () = 64y (t=)), where P (o) denotes
the equilibrium measure of the system and 6(7—) is the state of the system just
before the clock rang. vi

Remark 110. In the cases that we will consider, P, (o) will be of the form

P(e | o6gx=5gando;=s)): so, since the values of the spins in K U {/}
are fixed, we can take A := V N\ K \ {j}, which is finite indeed. Moreover,
“Peg(0; | Gy = 0avy(t—))” in Definition 109 actually corresponds to P, (o; |
0k =Sk and 6; = 5; and Gy kv(; j} = Oyk~(ij} () for the global system. &

MMore precisely, if some function z(e) fits for (NT), then it will also fit for (NS).
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The following well-known property, which is immediate, is the reason why Glauber
dynamics is interesting to study the properties of an equilibrium measure:

Proposition 111 (Glauber dynamics preserves equilibrium measure, [13]). The
Glauber dynamics of a system preserves its equilibrium measure. OO

Our strategy to prove (NT) will consist in coupling the Glauber dynamics of
the two conditioned systems that interest us. Il.e., we will define, on the same
probability space, two processes (67 (¢)), and (67 (2)), following the Glauber dynam-
ics associated to the respective measures P(e | 6x = Sk and o;=—1) and P(e |
ok =5k and o; = +1). The coupling shall be done in a clever way so that 6~ (¢) and
ot (1) get “close” enough to each other as time passes.

Here is the definition of our coupled process (3_(t),8+(t))z. First, each of the
Glauber dynamics starts from the equilibrium measure of the corresponding system
(so this measure will be preserved along time), the initial states of each Glauber
dynamics being coupled arbitrarily (e.g. independently). We denote by &%, the o-
algebra of everything that happened up to time ¢ (here r may actually refer to a
stopping time), with the convention that, if ¢t corresponds to a time when a clock
rings, we consider that at time ¢, one only knows that the clock has rung, but not yet
what the new state of the corresponding spin will be. The coupled evolution follows
the following rules:

e The clocks for each Glauber dynamics ring at the exact same times, for the
exact same spins;

e When the clock for vertex i rings at time f, the states of spins ¢;” and al.+ just
after that time (which I denote by resp. o (#+) and al.+(t+)) are re-drawn in such
a way that P(e; (1+) # 0i+(t+) | %) is minimal, i.e. equal to %llLaw(a;L(H) |
F) — Law(o; (t4+) | F)llrv-

Since the distance ||Lavv(6;r (t+) | #)—Law(o; (1+) | F)ll7y plays a crucial role
in the coupled evolution, let us bound it from above. The Hamiltonian of the system
yields that

Po; (+)=+1 | F) _ =P8 evyy Ty o7 1-)
Plo;tH==11F)  exp(-p jrevai) Jij’aj—’(t_))’

(NU)

whence |
_ 1 _
Py () =21 | F)=3x1tanh(p Y, Jy05,00)); ()
Jj'eV\{i}
likewise, ]P’(a;r(t+) =+1| F)=12+ %tanh(ﬁ Zj’eV\{i} Jij/a;r,(t—)). Hence:

|ILaw(c; (t+) | F) — Law(o; (t+) | F)llpy =
tanh(ﬁ Z J,-j/af,(t—)> —tanh(ﬂ Z Jij,gj—,(t_)>‘_ (NW)

J'€VN{i} J'eVA{i}
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For the sequel, let us denote
A@r) = {j' € VNK | GJ-_,(I)#G;O)}- (NX)

Splitting the sums in (NW) depending on whether j’ € A(f—) and using the elementary
inequality |tanh(b) — tanh(a)| < |b — a|, one gets the simplified bound:

ILaw(o; @+) | F) - Law(o; () | Flloy <|B Y, (o @=) = 07,0-)
J €At}

<2p Z |Jijr 1. (NY)

J'eA-)Ni}

So, the probability that o, and o;" become (or remain) different after their (com-
mon) clock rings cannot be higher than ﬁZj’eA(t—)\{i}lJijll’ Moreover, even when

A(t-) is large, the probability that ¢;” and al."' become (or remain) identical after
their clock rings can never be too low: indeed, by (NW),

P(o; (t4) = o] (t+) | F) = 1 = 5lLaw(o] (+) | F) = Law(o; (+) | F)llry

Zl—tanh(ﬁ Z |Jij’|>7 (NZ)

J'eVN{i}

where one can bound

Dol Y FQu =T, (04)

Jj'eV\{i} u€Z4\{0}

which is < oo due to the decay assumption on J(e). We will denote r(f) = 1 —
tanh(pJ), which is positive and only depends on # (and on J,, of course).

Thanks to the estimates (NY) and (0A), we can define a Markovian process (4(1)),5
valued in P(V N K\ {j}), coupled with the processes (67(1)), and (7 (¢)),, which will
be such that A(f) 2 A®t) for all . Below we just describe the law for the evolution
of ﬁ(o), the way it is coupled with 6~ (e) and 5 (e) being hopefully obvious. This
evolution is the following:

o Initially one has A(r = 0) :== VN K\ {j}.

e For each (i,j') € (VNK~N{j})x V with i # j’, there is a clock ringing in a
Poissonian way at rate f|J;;/| (such a clock is called a decoupling clock). All
the decoupling clocks are independent.

e For each i € VN K\ {j}, there is a clock ringing in a Poissonian way at rate
r(B) (such a clock is called a recoupling clock). All the recoupling clocks are
independent, and independent from the decoupling clocks.

 If, at time ¢, the decoupling clock for pair (i, ;") rings and A(t=) o j', then
the process 4 jumps to A(r+) := A(r—) U {i}. (Note that in the case where one
already had A(r—) 2 i, nothing actually happens).
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o If, at time ¢, the recoupling clock for spin i rings, then the process 4 jumps to
A(t+) == A(t—) N {i}. (In the case one had A(r—) % i, nothing actually happens).

Because of the general properties of Markov processes on finite state spaces, the
process A(t) converges to a (unique) equilibrium measure as t — oo; so we can define

0(i) = lim P(A(t) 2 i). (0B)

The function 6(e) is what we need to get a strong mixing estimate for the sys-
tem: indeed, since, for all ¢, 67 (f) and &1 (¢) follow the respective distributions
Law(Gy.k\(j; | 0k =5k and 6; = —1) and Law(Gy.k\(j; | 0k =5k and 6; = +1),
and since the points where 6~ (¢) and 67 (¢) differ do necessarily belong to AA(I), we get
that for I C VNK~N{j}:

[Law(c; | 6x =5k and ¢; = +1) = Law(d; | 6x =5k and 0; = —1)||lpy <
2PG;() #3571 <2PANNT #2)<2 Y PAN ) > 2, 66), (00)
iel iel

which is the kind of result that we are looking for.

Now, since the law of A(#) converges to equilibrium, as t — oo, the recoupling
events (which, for site i, arrive at asymptotic rate r($)0(i)) have to compensate ex-
actly the decoupling events (which arrive at rate at most ﬂZj,ev\K\{i}lJij/w(j’)).
Therefore, the function @(e) has to satisfy the following system:

rBOG <Y, U =iy forie VNKN{(j};
i'e VK
e (00)
0(k) = 1;_; for k € K U {j}.

Introducing the convolution kernel x(e) on Z? defined by

x(0) =1,
nPY (CE)
kW) =—r(B)” pJ(lu]) foru#0,

the first line of (OD) (i.e. the “bulk inequality”) implies that k *0 < 0 on VNK~\{j}.
Also, given the decay assumption on J and the way that r(f) depends on g, one has
189 — xllo1(z¢y < 1 for g small enough: so we will assume that this is the case in the
sequel. Then, the convolution operator kx*e can be decomposed as “k*9 = u9+c*9”,
where p = 1 — |18y — k|z1(z4) is positive and the “k * o” operator is of (discrete,
fractional) elliptic type, so that (0OD) means that 6(e) has to be a sub-solution of
some difference equation of elliptic type.
By analogy with the theory of partial differential equations, we are going to look
for a barrier function for that difference equation, i.e. for some function d(e) satisfying
(K*é)(i)zO forie VNKN{j}; oF
0(k) 2 1,_; for k€ Ku{j}: (0F)
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then, by the (discrete) maximum principle, it will follow that 6 < @ everywhere. To
find the desired barrier function, we observe that, since ||y —«k||,1 < 1, k is invertible
for the convolution product, with inverse

(69

K* = 2(60 — k)= 8y 4+ (8y — k) + (§y — &) * (§g — k) + -+ ; (0G)

k=0
also, since the kernel §, — k is nonnegative, k™" is nonnegative everywhere, with
kK *(0) > 0. Therefore, we can take the following barrier function:
S F))

k~*(0)

So we have just proved that, for all i € VNK\{j}, one has 0(i) < « *(i—j)/x~*(0).
But, given that J(e) was assumed to decay at either exponential or y-polynomial
speed, we have an either exponential or y-polynomial control on the decay of §; — «;
and therefore, by either Lemma 174 or Lemma 176 in appendix, x~*(e) decays[**}
exponentially or y-polynomially too. Via Equation (0C), this finally proves (NT) with
7(8) = 2supy,<slk " W)| / k7(0), ending the proof of Proposition 108.

(i) := (OH)

To get Proposition 104 from Proposition 108, the idea is the following: as
Law(o; | g =5g) is a barycentre of Law(o; | 6x =5k and o; = —1) and Law(o; |
0k =5k and o; = +1), applying (NT) with ‘I’ < {i}, we have that, for all s; € {+1}:

[Law(o; | 6 =5g) — Law(o; | 6x =5k and ¢; = s5))|lpy < 7(|j —i[); (01)
from which, integrating over the value of s;, we get (NS).
Technically however, the above only works provided K was cofinite... To get (NS)

also in the case K where is not cofinite, we need the following lemma, whose proof
we postpone for now:

Lemma 112. For K CV, 5, € 8K, for I C V\K finite, let (A,), be an increasing
sequence of finite sets, all containing I, converging to V. Then:

. - - I - — - VA NK n—oo
diam{Law(; | 6 =5 and Gy sk = Svaa k) | Svaak € {21108} 700,

(0J)
where “diam A 7 denotes the diameter, for the total variation distance, of a set M of
probability measures. &

Lemma 112 has the following immediate corollary, since Law(c; | ox =5k) is a
barycentre of the Law(6; | 6x =5k and Gy 4k = Syaa k)'s:

Corollary 113. For K CV, 5 € SX there is a unique way”ﬂ to define consistently
Law(6y.x | 0x =5k); and it has the following characterization: for all Sy.x €
(«13VK ] for any finite I € VNK, for (A,), like in Lemma 112:

- - - n—oo - - -
Law(G; | 6xuvaa,) = Skuvaa,)) — Law(e; | og = 5g). (OK)

I Technically, we should rather say that & — supy,<s/k ()| decays exponentially (resp. y-
polynomially), since we only defined exponential (resp. polynomial) decay for functions on R,.

[fIThe important point here is uniqueness: existence is indeed immediate, by a compactness
argument.
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(Note that 65 has values in a finite space, so there is no ambiguity in the notion of
convergence of its law).

Incidentally, when applied to K = @, this corollary also ensures uniqueness of
equilibrium for the (unconditioned) system. 00

Thanks to Corollary 113, for K not necessarily cofinite, we can approximate ar-
bitrarily well Law(o; | 6 = 5g) and Law(o; | 6 = 5x and ¢; = 5;) by something
where K is cofinite, then getting by Proposition 108 that the total variation between
our approximations is < 7(|j — i]). Since that bound does not depend on the level of
approximation chosen, we deduce that the bound z(|j —i|) in (0I), and hence in (NS),
is actually valid for any general K. -~

It finally remains to prove Lemma 112:

Proof of Lemma 112. Proposition 108 already shows the following: if Sy A,NK and
E’V\ A are two (partial) boundary conditions differing by just one spin at j, then

|Law(c; | 6 = sk and 8\/\/&”\1{ = §,V\A,,\K) — Law(6; | sk and §V\AH\K)”TV <

D oli — i) < | le(dist(I, j)). (om)

iel

Then, the idea consists in saying that one can go from any boundary condition
Svaa,k to any other boundary condition sy, , , by switching all the needed spins

of VNA,\K one by one, which will have a global impact in total variation bounded by

1Y, o(distdL ), (ON)

JEVNA,NK

which indeed tends to 0 as n — oo, given the decay speed of 7.

That idea is actually correct; however a little care has to be taken, because there
are an infinite number of spins to switch... To get over that technicality, we observe
that under P(e | Gxyeyaa,) = Skuevaa,))s the law of 64 (x can be described by the
effective Hamiltonian

%eff(a_An\K) = —% Z Jijoi0; — Z ( Z Jijsj)o-ia (00)
i,j€EANK i€ANK JEKU(VNA,)
i#]
where for all i, regardless of the value of Sgyry s ), the sum over j is absolutely
convergent due to the decay property of J,,. From (00) you see that, when switching
all the (needed) spins of Sy 4 x one by one, the effective Hamiltonian, and hence the
law of 64 (x (Which variable takes values in a finite space), converge to the situation
with all the spins flipped: this makes legit to pass to the limit of flipping an infinite
number of spins in (ON).[ A

FlWhen 1 say that one “passes to the limit of flipping an infinite number of spins”; you have to
understand that the spins are getting flipped according to some N-isomorphic ordering of VA, \K,
so that flipping all the spins appears as the limit of flipping a finite number of spins.
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3.3 Second application: Lattice of nonlinear par-
ticles

In this section we will consider a model with continuous variables. The model is the
following. One has a lattice of particles indexed by Z¢ = V (V being equipped with
the #! graph distance, denoted by |e — e|), and the state of the particle at site i is
described by its “polarization” ¢; € R? =: &. Each particle is submitted to a pinning
force deriving from a potential V, and to interaction forces with its 2d neighbours,
the interaction deriving from a (symmetric) potential W on the difference between
polarizations: in other words, the Hamiltonian is formally

H@Gy)= Y Vie)+i D W0, (0P)
=Y ijev
lj—il=1
We make the following assumptions:

Assumption 115. Both Vand W are convex, with ¥V being uniformly strictly convex
and the Hessian of W being bounded; i.e., there exist constants @« > 0 and B < oo

such that for all s € &, al, < VVV(s) and 0, < VVW(s) < Bl, in the sense of
quadratic forms (where ‘VV’ refers to Hessian matrix). v

We are interested in the equilibrium state of the system at some inverse temper-
ature f € (0,00), which we fix arbitrarily for all the sequel. Then, the probability
distribution of the system is formally described by the following: (5 standing for a
point of &V and “ds” for an infinitesimal neighbourhood of 5),

P(G € d5) « exp(=p (3)) vol(ds), (0q)

where vol(e) is the formal “infinite-dimensional Lebesgue measure”. Because of our
convexity assumptions on Vand W, morally, # is uniformly strictly convex and hence
(0Q) defines a unique probability distribution.] The goal of this section is to prove
the following

Theorem 116 (p*-mixing for our lattice of nonlinear particles). The model that we
have been defining is exponentially p**-mizing. o

To prove Theorem 116, thanks to Lemma 91, it will suffice to prove a pairwise
p-mixing result:

Proposition 117 (Pairwise p-mixing for our model). There exists an exponentially
decaying function 7: R, — R, such that, for alli,j € V:

pH(oi0)) < (1 — i) (OR)
&

(n reality, the infinite number of particles makes things more complicated: there are actually
several Gibbs measures for the system, but one of them arises as canonical, which is the measure
that we will consider in the sequel. (That canonical equilibrium may be defined as the limit of
equilibria for finite boxes with free boundary: see § A.3.1 in appendix for more detail).
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To prove Proposition 117, we are going to use some concepts of optimal trans-
portation. Let us recall the definition of the Wy Wasserstein distance between prob-
ability measures:

Definition 118 (W, distance, [14, Definition 6.1]). For pg, u; two probability mea-
sures on some metric space (X, dist), Wq(ug, #1) is defined as the infimum of the

values E(dz’st(Xo,X 1)2)1/2 over the class of joint random variables!'] (X, X;) that
satisfy Law(Xy) = pg, Law(X|) = u;. Provided X is Polish, Wy(e, e) defines a dis-
tance (possibly taking infinite values) on the set of probability measures on 2.  ©

The W, distances satisfy the following easy lemma, which will be useful in the sequel:

Lemma 119. For P,, P, probability distributions on a metric space X and f: & - R
a k-Lipschitz function, one has |IEXNP1 (f(X)) — IEXNPO(f(X))| < kWo(Py, Pp). &

Proof. For X, X joint variables following resp. the laws P, and P;:

IEX~PI(f (X)) — EXPo(r (X)) = |E(F(X)) — E(f (X)) < E(f(X)) = F(Xp)D)
< kE(dist(Xo, X1)) < k E(dist(Xo, X)?)"%, (0S)
CS

where you can let the right-hand side tend to Wo(P,, P;) by definition of the latter.
)

That vocabulary being set, here is the key result to prove Proposition 117:

Proposition 120 (Continuity estimate on the impact of conditioning spins). There
ezists an exponentially decaying function v: R, — R (the same as in (OR)) such
that the following holds: for all K €'V, for P-almost-all 5 € &K, for all distinct i,
j € VANK:

0 1
Vsj, s; € S
W, (Law(o; | 6 =5k and o; = s)), Law(o; | Sk and s})) < 7(|j — i])|s} — )],
(0T)
where |®| stands for the standard Euclidean norm on &§. &

In a first time, let us show how Proposition 120 implies Proposition 117 (and
hence Theorem 116):

Proof of Proposition 117 from Proposition 120. First, we need to introduce a certain
norm for ¢;-measurable variables:

[MHere it is implicit that we are working on a probability space which is rich enough so that any
possible joint law for (X, X,) can be obtained.
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Definition 121 (Lip(s;) norm). For f: & — R a Lipschitz function, denote by

Il.f “Lip its optimal Lipschitz constant. Then, for i € V, for ¢ a cs(ai)—meausurauble[ﬂ
real variable, we define

”(p”Lip(o'l-) = inf{||f||Lip | ¢ = f(o;) a-e.}, (0U)
which defines a seminorm (possibly taking infinite values) on LZ(G(O' )). As obviously
||(p||L1p(6) |l + c”Llp(o‘) for ¢ € R, notation ||‘||L1p(a) can be quotiented to get
defined on Lz(c(ai)), on which it is a norm. v

That notation being set, let us turn to Proposition 117 itself. The proposition
means that for all K C V| for almost-all 5 € §X denoting P.onq(® = P(e |
6k = Sg), for all distinct i, j € V \ K one has

pcond(ai; O-j) < T(l] - i|)7 (UV)

where “p..,q" means that we are considering p-mixing under the law P, 4. So, let
us fix 5 € & K outside the null set of “pathological” boundary conditions,[g] and
denote P, 4 as above. Now, like in Proposition 4, let us define o, - 126011 4(0) =

chond(o-j) by
7y o () = 7O (ow)

J

(here of course conditioning is done under the ambient law P 4); define likewise

and set « 5.6, ° Fo,0, Proposition 4 tells us that, regarding = as an

06;00; i)

60’7 O'O'O'

operator on LCOn d(6,-):
. _ 1/2
pcond(ai’ Gj) - psp( 0,0 ja,) (OX>

But operator g g, CAN also be characterized in the following way: for f(o;) = @
a random variable, jrf,-(@ is equal to g(o)), with

8(s)) = Econa(f(0) | 0;=35;) = E(f(o)) | ok =Sk and o; =s)). (0Y)

With the notation of (0Y), for s?, s} € &, Proposition 120 implies that |g(sjl.)—g(s§.))| <

7(|j — i|)||f||Lip|sjl. - s?l by Lemma 119; so, when seen as an operator from Lip(al-)HH

(!Here notation may be a bit confusing: the first symbol ‘¢’ (in roman type) refers to generating a
o-algebra, while the second ‘e’ (in italic type) is (part of) the name of the random variable describing
the state of some particle! So, “c(s;)” is actually the o-algebra of the random variables that are
measurable w.r.t. the polarization of particle i.

8IThe “pathological” boundary conditions of §X are those for which the Langevin dynamics would
not converge. But fortunately, the probability (under the unconditioned equilibrium measure) of
such boundary conditions is zero: see § A.3.3 in appendix for more details.

('Here in full rigour I should speak of “Lip,,,4(6,)” (with a ‘cond’ subscript) all along (and likewise
of “Lip¢,q(0;)”); however the spaces Lip(c;) and Lip,,,q(c;) are essentially the same: indeed, giving
a variable @ in either Lip(e;) or Lip,,,4(0;) is in both cases “almost” equivalent to giving a Lipschitz
f on & such that ¢ = f(o;). There is actually some subtlety due to the fact that the equality
“@ = f(0,)” only has to stand almost-everywhere (and that the notion of “almost-everywhere” is
not the same for P as for P, 4); however that subtlety does not matter for the current proof; so
let us not bother with the ‘cond’ subscript here.
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to Lip(o;), o 0, is 7(]j —i|)—contracting.“” Likewise, o0, is 7(|j —i])-contracting from

. N .
o, 18 7(|j — i])“-contracting when seen as an operator on

Lip(e;) to Lip(o;); hence o0,
Lip(o)).

Now we observe that, because of the convexity properties of #, Law_,,q(0;) is
log—concave[**} (see § A.3.2 in appendix for more justification); so in particular it
has finite second moment (cf. e.g. [15, Corollary 1]). As a consequence, Lip(c;) is
continuously embedded into chon 4 Py inclusion, since for all k-Lipschitz f: & — R,
one has

1@, = Varg(f(e) = § EO7 1@ (1(6") - 1(0))?)

cond

1 N \®2
< 53 OO eondC (12167 — 67) = (Bopa(10i1?) = [Econa(0))|?) Xk>. (0Z)
. 7

g
<o

Therefore, denoting by C the embedding constant from Lip(c;) into T}COH g0 the =(lj —

i|)?-contractivity of 5.0,0, in Lip(e;) implies that, for all f € Lip(s;), k € N:

d
2 k 2 - 2k 2
<C ”f”Lip(al-)”ﬂciajGif”Lip(ai) <C T(l.] - ll) ”‘f”Lip(O',»)’ (PA)

k k
i} < _ -
|<f? ﬂGiO'jGif>chond| C\S ||f||L2<:ond||ﬂ.6i6jo_if||L2con

so that
m [(f, 75, 5 Pz 1" <ol =il (PB)
k— o0 (e cond

But, since Lip(o;) is a dense subset of chon 4(0;) and = is a self-adjoint operator

O'iO'jO'i
on i’zcond(ai)’ (PB) implies that Psp(”a,-aja,-) < 7(]j — i])? on 1200nd(0i), by Lemma 161
in appendix (which we already used to prove Proposition 15 in Chapter 1). In view
of (0X), this proves (QV). A

Now let us prove Proposition 120.

Proof of Proposition 120. Fix K C V,j € VNK, 5, € 8K, s?, sjl. € §. The principle
of our proof will consist in using two Langevin dynamics to construct variables fol-
lowing (approximately) the respective distributions Law(cy | 6x =5k and ¢; = s?)
and Law(cy | 6 =5k and 0; = s}), and then to couple the Langevin dynamics as-

sociated to resp. s? and sjl. to get a good W, coupling between the variables “o;”
corresponding to each case.

For our system, the (overdamped) Langevin dynamics associated to the condi-
tioning event {6k (1 = Sku (j1} is the process evolving on & V' such that one has the

MHere it may actually occur that z(|j — i|) > 1, in which case “z(|j — i|)-contracting” should be
understood as an abuse of language.
ILet us remind that a probability distribution on (an affine subspace of) R” is said to be log-
concave when it admits a density whose logarithm (extended by —oo wherever density is zero) is
concave.
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boundary condition 6 ,;,(t) = 5k ,(;; for all times, and that for each i € VNK~{j},
the motion of polarization o; is

do,(f) = <—VV(0,-(I)) + ) VW(eu) - a,.(z))) dr +V2p-1dB,,  (PC)

li'—i|=1

where the (dB;)teR+,i € V are independent Z-dimensional white noises. One sets
moreover the initial condition EV\K\{ ;1@ = 0) = 0. This dynamics is devised so

that, provided 5x does not belong to some “pathological” subset of &K of null prob-
ability (for the model’s law), as t —» oo, the law of 6 (¢) (for the dynamics) tends
to Law(Gy | Gpjy = Skugy) (for the “static” equilibrium measure): see Proposi-
tion 171 in appendix.

In the sequel, assume that 5 is non-pathological, and let us denote by (8%(t))t
/
and sjl.. We will use the same noise process for both dynamics, henceforth coupling
them on some common probability space in a non-trivial way.

For i € V, let us denote #;(¥) := 0',.1 ) - a?(t) S R’f; then 7y (f) evolves according
to the following equation: for all i € V N K\ {j},

and (3V(t))t the respective Langevin dynamics corresponding to fixing o; at resp. s

dny(1) = (VV<a?(r)) V(o) + Y, (VW (o, () -0 (1) = VW (eh 1) - o)) ) dr;

i’ —i|=1

(PD)
moreover, for all # € R, one has the boundary conditions:
k() = 0; nit) = s} - s?. (PE)
Now, observing that one can write
1
VV(GZ.I) - VV(G?) = (/ VVV(O'iO + u(al.1 — 0'1.0)) du) . (ail - G?), (PF)

u=0 N— —

=n;
resp.
VW(GI.I, — Gil) — VW(O’?, - 60) =

i

1
(/ VVW(G?, - 0'? + u(ail, - al.l - 0?, + 0'?)) du) . (ail, - al.l - a?, + O'IQ), (PG)
u /

=0 -

='li\’(_’h‘
we can rewrite (PD) as
= (=VG.n-n@+ Y, WALIL - (r@—n@)d, (@8
li"—i|=1

for some symmetric matrices V (i,1), W({i,i'},1) € R™ obtained by averaging cer-

tain values of resp. VVV and VVW, with W({i,i’},t) = W{i',i}, 1) Vi,i’, 1,11 that

[flHence the notation for the first argument of W.
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symmetry property coming from the change of variables u < 1 —u in the formula
defining W joint with the symmetry of potential W (e). Because of Assumption 115,
V(i,t) and W ({i,i'}, 1) always satisfy the following inequalities:

al, < Vi, 1); 0, <W{i,i'},t) < Bl,. (PI)

So, (ify (7)), is the solution of some “discrete damped heat equation”, whose coefficients
may vary along time, but always have to satisfy (PI).

Now we will control the behaviour of the solutions of (PH) thanks to the following
Lyapunov functional:

Uiy gy = Y. =g @), (PJ)
i€VAKN{j}

for y > 0 a small constant. In the sequel, it will be convenient to shorthand erli=il =
w;; moreover we will make the dependence in ¢ implicit, and also denote merely “#”
fOr “ﬁV\K\{j}7’.

Assuming that % () < oo, we can estimate its temporal derivative by using Equa-
tion (PH): then, U i) appears as the sum of several contributions. As regards the
“~V(i,t) - n;dt” terms of (PH), they contribute to the temporal derivative of the
Lyapunov functional by

- Y wn] V@D < =) walnl? = —a%(). (PK)
iEVAKN{j} (PI)

As regards the contribution of the interaction terms “W ({i,i"},t) - (g, — n,)dt”,
we will decompose it by edges, i.e. group together the terms for (i,i’) and (i’,i). De-
pending on where the endpoints of edge {i, i’} lie, three cases are to be distinguished:

First case: Nor i nor i’ are on the boundary K U {j}. Then the contribution
of the interaction terms between i and i’ is

win - WAL - (g —n) +wpn), - WL - (g = mr)

= —T(n,-/—n,») -W{i,i"}) - (nyr —my)
>0 by (PI)
Wjr — Ww; .. ..
——— (WAL = ny WALIY ). (PL)

We can upper-bound further the last line of (PL). To do so, assume to fix ideas
that w;» > w;. Then the positiveness of W implies that 112; -W{i,i'}) - ny
is positive, while the last inequality of (PI) implies that niT -W({i,i'}) -y is
bounded above by B|11,-|2; so, summing everything together, and observing that
one has w; < e?w, (by the definition of w, and the triangle inequality), we
finally get a total contribution of the interaction between edges i and i’ that is
bounded above by

2

w:

(¥ —1)
!Bl < ————

B
5 (wi|”li|2 + w;r |n |2)7 (PM>
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where the final bounding step was added to get a result where i and i’ play
the same role. When we finally sum all the edges {i,i’} corresponding to this
first case, any vertex i € V N\ K\ {j} appears at most 2d times: so, the global
contribution of these edges is bounded above by

(€% — 1)d BU (). (PN)

Second case: Both i and i’ are on the boundary. This case is trivial: neither
n; nor n;; evolve, so the contribution is zero.

Third case: Exactly one of the endpoints is on the boundary. To fix ideas,
assume that i is the endpoint outside the boundary while i’ belongs to the
boundary. Then the contribution for edge {i,i’} is

win Wi, 'Y 0 (=) = win Wi, i), 0y —win' - Wi, g,
0

< w;Bln;l|ny |, (PO)

where the last equality follows from W being bounded by BI,. Here one has
two subcases: either i’ € K, in which case #;; = 0 and thus the contribution is
globally negative—so that we can disregard this situation—; or i’ = j, in which
case we just write that |w;n;|> < w,% () = ¥ (3j) (using that |j—i| = |i' —i|] =
1 in that situation), so that by Cauchy-Schwarz the contribution of the edge
is bounded above by Be’% (i) |n ;|- When we finally sum all the contributions
belonging to (the second subcase of) this third case, there at most 2d of them:
so the global contribution for this case is bounded above by

2d B’ U (i) |n; . (PP)

Summing up all the contributions (the pinning force plus all three cases of inter-
action forces), we finally get that

U#) < —(a = (" = )dB) %) +2d Be'|s} — 9|2 i)', (PQ)

which I will shorthand as “%(7j) < -C,\ %) + CZ%(ﬁ)m” for a few lines. (Beware
that C; and C, implicitly depend on y and |sjl. - s;)l). So, the time evolution of
2% (7§(1)) is a solution of the ordinary differential inequation “y < —C;y+C, yl/ 2 But,
provided y was chosen small enough, C; is strictly positive, so that the equality case
“y = =Cyy + Coy"?” admits the positive constant solution (C, / C;)*>. And since
the actual Lyapunov functional % (#(t)) starts from zero at time zero, a comparison
argument implies that it always remains below the constant solution:

7/ 2
Almost-surely, Ve R UHD) < (C, 1 Cy)? = © st — 592,
y n n@®) < (G, /Cy) <a/B—(e27—1)d>|J il

(PR)
But, for a given i, our coupling between the Langevin dynamics implies that the
squared W, distance between the law of 0;(f) under the first dynamics and the law
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of o;(#) under the second dynamics is bounded above by the expectation of |11,-(t)|2,
which in turn is bounded by E (wi_l%(ﬁ(t))) = e~ -l R (%(ﬁ(t))), which is less than
. . e
(C, /1 C)?e= 1=l by (PR). Now, we know that the law of 6,(f) under either Langevin
dynamics converges to the equilibrium law of ¢; under the corresponding boundary
condition: but the W, distance is lower-semicontinuous for the weak topology (see
e.g. [14, Remark 6.12]); therefore by passing to the limit the left-hand side of (0T) is
bounded above by
eV

al/ B —(e2r — 1)d

which has the wanted form. @

=ylji—il| 1 0
€ 7l lllsj_sjla (PS>

Remark 122. With the above proof, the function z(e) that we get in bound (0T) decays
exponentially fast indeed, but does not satisfy (1) < 1 in general: for that reason,
nothing ensures that p-mixing in Proposition 117 (hence p*-mixing in Theorem 116)
should be immediate! I tried to find whether there would be another way to prove
immediacy of p-mixing for the class of models of this section, or whether there are
some models in this class for which p-mixing would not be immediate; but I did not
manage to succeed in either direction.. So I leave this here as an open question.

My personal guess is that there should be immediate p-mixing anyway, since it
would seem very bizarre that a behaviour of such a qualitative nature as “being fully
correlated in the sense of p-mixing” would hold for small distances, but suddenly
vanish from a certain point on, while the model only shows interactions between
neighbouring particles... (Yet that intuition may be misleading: for instance, for the
half-space Ising model, it is shown in [16] that a layer of unstable spins can appear
over the substrate, without extending to infinite distance!).

However, even in the case p-mixing would indeed be immediate, it is much pos-
sible that the optimal z(e) in Equation (0T) would not satisfy 7(6) < 1 as soon as
0 > 0. Indeed, while immediate p-mixing consists in showing that the “conditioning
operator”

o)) = (o))
(s; = f(5)) = (Sj = E(f(0;) | 0; = Sj))

is (strictly) contracting as soon as i # j, getting 7(1) < 1 for (0T) would essentially
require to get the same contracting behaviour when the conditioning operator is seen
as an operator from Lip(e;) to Lip(c;)! But, qualitatively, there is an importance

(PT)

difference between considering the conditioning operator in I? spaces or in Lip spaces.
Indeed, in I? spaces, it is automatic that the conditioning operator is non-expanding:
so, showing contractivity just means that the norm of that operator does not take its
“maximal value”. On the other hand, as regards Lip spaces, there is no reason why the
operator norm should automatically be < 1: so, there would be no blatant paradox
between having some qualitatively neat decorrelation between spins 6; and o; while

still having a conditioning operator whose norm from Lz(ol-) to T_,Z(aj) would be larger
than 1... To put it in other words, there is no reason why immediate p-mixing, provided
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it holds, could necessarily be obtained through transportation distance zaulrguments.[iﬂ
&b

3.4 Third application: A hypocoercive system of
interacting particles

3.4.1 Motivation

In the examples of the two previous sections, decorrelation between random variables
occurred when the particles were far apart spatially. However, p-mixing between
infinite bunches of variables is also well-suited to study the temporal relaxation of a
large- or infinite-dimensional stochastic system: indeed, considering time as an extra
coordinate leads to a situation analogous to parallel hyperplanes for Ising’s model
(cf. Propositions 14 and 15 in § 1.2). This was actually my main motivation to study
generalized tensorization of p-mixing initially.

When the temporal dynamics of the system considered is reversible, tensorization
is actually of little use to study relaxation to equilibrium: then indeed, p-mixing
corresponds to a spectral property of some self-adjoint operator; and we saw in the
proof of Proposition 15 how one can get [?-type results (i.e. p-mixing) from L-
type results (i.e. f-mixing) in such a case. However, non-reversible evolutions are
much trickier to treat. The archetypical example of temporal relaxation for a non-
reversible evolution is the underdamped Langevin dynamics, that is, when you have
a Hamiltonian evolution perturbed by some noise acting on momenta: in terms of
partial differential equations, this corresponds to the probability density of the system
evolving according to a kinetic Fokker—Planck equation. The study of such dynamics
is complicated by the fact that diffusion only occurs along certain directions of the
state space, so that non-reversibility of the evolution is actually essential to ensure
convergence to equilibrium.

Of course, understanding the temporal relaxation of non-reversible systems is by
no means a new question! In particular, from the PDE point of view, in [17] Villani
developed the so-called hypocoercivity methods to tackle such problems. My goal in
this section will be to show that probabilistic methods also have their say in this
context, and that generalized tensorization of p-mixing, in particular, is a natural
and useful tool when the setting is infinite-dimensional.

However, it turned out that, when the system looked at is complicated enough to
make Villani-like techniques fail, trying to apply generalized tensorization of p-mixing
leads to highly technical issues: tackling these (assuming it is possible indeed) would
likely require a whole other monograph.. In view of that, I lowered my ambitions
and just looked at a quite elementary example (for which even hypocoercivity tools
are actually unneeded to get the wanted results): what I will show is that, at least
for that example, it is possible indeed to get the generalized tensorization machinery
work to prove temporal relaxation to equilibrium, in a way that is both dimension-

FOf course, T also looked for a way to get p-mixing without relying on transportation distances:
but I was no more successful at it...
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independent[*] and functioning for arbitrarily small times. So, the next subsection is
just a “proof of concept” aiming at convincing you that it should be relevant to try
and use generalized tensorization techniques for more complicated models.

3.4.2 The model studied

Remark 123. In order to keep things simple, below I took both the underlying physical
space and the particle state space to be 1-dimensional. However, this is not an essen-
tial feature for what follows: everything would work the same for multidimensional
physical and/or state spaces, just at the price of heavier notation. &

Definition 124 (Underdamped Langevin dynamics for a chain of coupled linear
oscillators). For real parameters m, w, ¢, f, A > 0,[ﬂ we consider a system of particles
indexed by Z, the particle indexed by x being described by its momentum p, € R
and its position g, € R. We consider the (formal) Hamiltonian

| ) maw? 5, mc? 2
%(Pzan)-—%sz*‘TZCIX‘FTZ(CIXH—CIX)- (PU)

xEZ xEZ xEZ

Then, the system (pz(u), gz(u)),so evolves according to the Hamiltonian 7, plus
1,

¢

a “volumic Langevin heat bath at temperature f~ the latter consists, on each
Dy, of a white noise of quadratic variation d[p,] := 248 'mdu, plus a friction force
F, :== —Ap, which dissipates the energy brought by the white noise, the white noises
for the different x’s being independent. In other words, being given independent
white noises (dB;),s( for each x € Z, the evolution of the system is given by

dp, = (—mw’q, + mc*(q,_y + qey1 — 24,) — Ap,) du + V24p7tmdB; (PV)
dgy = m™'p, du. Y

We will consider this system under its (canonical) equilibrium probability distri-
bution: this corresponds to taking the initial state of the system so that, formally,
the density of (py, gy) is proportional to exp(—pZ (e)); which density will then be
preserved by the dynamics. Now fix an arbitrary time ¢t > 0. The goal of this section
is to prove the following

'Here “dimension” does not refer to the dimension of the physical space “V?” (which in this
section will be Z), nor to the dimension of the space “S$” in which each particle lives (which will
be R), but to the dimension of the global state space “$V7 of the system: so, when I say that we
are in the “infinite-dimensional” case, I actually mean that the number of particles considered is
infinite.

(In physical terms, m represents the mass of each particle; w is the pulsation corresponding to
the pinning potential; ¢ is morally the speed of sound (which reflects the strength of the interaction
between neighbouring particles); f is the inverse temperature; and A is the relaxation constant
governing the thermal bath. For those not interested in the physical interpretation of the model,
you may just drop the homogeneity constants by taking m,w, f = 1. By the way, actually some of
the computations in the sequel will be physically inhomogeneous, in particular when introducing the
I? norm on RZ*{P:al: hut this will just be a kind of notational abuse, which will be without actual
consequences: as regards the important formulae, they will in fact be physically homogeneous!
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Theorem 125 (Hypocoercive behaviour for our Langevin dynamics). For the model
defined above:

p((Pz:dz)w =0); (Pz,dz)w=1) < 1. (PW)
&

3.4.3 Proving hypocoercivity via generalized tensorization of
p-mixing
Before turning to the proof of Theorem 125, let us to introduce quite a bit of notation:

Notation 126. In the sequel, we denote the state of particle x at time u = 0 by (p,,
qy), resp. its state at time u = t by (p}, qy). The set of indices needed to describe
the state of the system at some given time, namely Z X {p,q} (as each particle is
described by its momentum and position), will be shorthanded as “Zx2”". Likewise,
the set of indices Z X {p,q,p’,q’} needed to describe jointly the initial and final states
of the system will be shorthanded as “Zx4”. The global states of the system at times
resp. 0 and ¢ will be denoted by resp. E and E’ . (These are R 2*2_yalued variables).
When considering p*-mixing, the p s, ¢.’s, p.’s and ¢.’s will be considered as the
“fundamental” variables that the system is made of: in this context, we may also
denote these variables by (X;);c7zx4-

Also, in the sequel we will deal with a lot of (infinite) square matrices indexed
by Zx4 or one of its subsets. For M, such a matrix, the entry of M, associated

with (say) indices (py, qy) will be denoted by m? o the same notational convention
xHy

applies, mutatis mutandis, for other matrices names. Also, for M a matrix and 0
a vector, the quantity 7' M7 (that is, the application to U of the quadratic form
encoded by M) may also be denoted “M - %27, (In other words, ‘- may refer to the
Hilbert—Schmidt product). v

Proof of Theorem 125. First, observe that we can freely assume that t was taken
small enough: indeed, if there exists some #; > 0 such that Theorem 125 is valid
as long as t < t;, then for t > #;, we can use that (ﬁz,ﬁz)(u =0) — (ﬁz,ﬁz)(u =
) — (ﬁz,ﬁz)(u = t) is a Markov chain, so that by Corollary 5, p((ﬁz,ﬁz)(u = 0);
(ﬁZ,JZ)(u = t)) < p((ﬁZﬁZ)(u = 0); (ﬁz,ﬁz)(u =1;)) < 1. That being said, thanks
to Lemma 91, Theorem 125 will be a consequence of Proposition 127 stated just
below. o

Proposition 127 (Pairwise p-mixing for our model). Provided t is small enough,
there exists an exponentially decaying function € : R — R, with €(6) < 1 for all

6 € ]R_Hm such that for all x,y € Z (possibly identical), one has pi(px;P;L p*(py q,),
P (a3 P)), P (ay: 4)) < e(ly — x|). o

The proof of Proposition 127 will involve a lot of estimates on (infinite) square
matrices. Let us introduce some vocabulary to that end:

[{INote that here one must also have e(6=0)<1!
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Definition 128 (Coercivity, boundedness and exponential decay of square matrices).
For M a square matrix indexed by some V C Zx4, we will say that M is

o coercive if there exists @ > 0 such that M > aly in the sense of quadratic
forms;

o bounded if there exists B < oo such that M < Bly in the sense of quadratic
forms;[§}

o exponentially decaying if there exists an exponentially decaying function
e: R, — R, such that, for all x,y € Z,

[y oo [0 s Ty prs ooy Im g qr < (ly = x). (PX)
.

J/

all 16 possibilities, as ang as indices are valid
(Note that an exponentially decaying matrix is always bounded). V]

Proof of Proposition 127. Denote by Qy [H’ for “Hamiltonian”] the symmetric bi-
linear form such that #Z(&) =: %QH CE®2 e

Up, =M (PY)
quqx = m(w? + 2¢%); (PZ)
T =~ (Qn)

all the other entries of Qy being zero. This matrix governs the distribution of the
initial state E: more precisely, by the Maxwell-Boltzmann statistics and the properties
of Gaussian variables, 5 is distributed according to the centred Gaussian law with
covariance matrix ﬁ_l QI_{I il

Now let us introduce a certain semigroup of linear endomorphisms on R%x2,
denoted by (T"),s, which describes the evolution of the system in absence of noise.
The definition of this semigroup is the following: if we removed the Brownian noise
for the system, but still keeping the friction driven by parameter A, then the state of
the system at time u would be a deterministic linear function of the state at time O:
this is the function that we denote by T* (when seen as a matrix). So, if there were
no noise, one would have “E’ = T’g”.

In practice, due to the noise, one has actually g?’ = Ttg? + V, where the random
variable v € R%*? represents the effect of noise. As our model is fully linear, v is
a centred normal vector and is independent of E Let us denote by ﬁ_lCN ‘N’ for
“noise”] the covariance matrix of v, and set Qy := C;Il (though for the time being it

is not clear that Qy actually exists). Since v is independent from E, the global state
(&;&") of the system is distributed according to the (formal) density proportional to

B10f course the notions of coercivity and boundedness are primarily relevant for symmetric ma-
trices.

(I The fact that Oy is actually invertible derives from the fact that it is a coercive symmetric
matrix; but we will not actually need that point here.
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exp(—%ﬁQE (& E )®2), where Qg [‘E’ for “evolution”] is the following symmetric
bilinear form:

Qp - (£:6)% =0y -8+ 0y (¢ -T'O® (aB)
The matrix Qp satisfies two crucial properties, whose proofs are postponed:

Proposition 129. The matriz Qp s coercive. &

Proposition 130. The matriz Q is exponentially decaying (hence also bounded). <

Now that we have a better view on the probability distribution of (E; E’), we
can turn to our primary goal, namely, bounding pi(X i» X;) for distinct i,j € ZX4.
(Remember that, depending on what the type of index i is, notation “X;” may refer
to any variable of the type p,, g, p} or q;). Denote by x and y the respective spatial
indices that indices i and j refer to: i.e., i is of the form p,, q,, pL or qi, while j
is of the form p,, q,, p; or qfv.HH (Note that, contrary to i and j, x and y may be
identical). For K C ZXx4 not containing i nor j, our goal is to prove a bound of the
form

p}K(X,-;Xj) < e(ly - x)), (Qe)

where the function £(e) must not depend on i, j nor K, and has to be exponentially
decaying, with £(6) < 1 for all 6.
p} (X;; X;) can be computed in the following way: let Qg [‘R’ for “restriction”]
K

be the restriction of Qp to indices in Zx4\K; then ﬁ_l Qﬁ] =: ﬂ_l CR is the covariance

matrix of X 7xak conditionally to fixing any value for X x; so that, by the properties
of Gaussian vectors (Proposition 9):

; [
p. (X X)) = —=. (QD)
Xk R.R

Ci€jj

But, thanks to Propositions 129 and 130, we have constants « > 0, B < oo and
an exponentially decaying function £; : R, — R such that

alzyy < Qp < Blzyy; (QE)
Vv gl ang b lag | < ey =X, (QF)

~-
16 possibilities

so by restriction Qp satisfies the same properties (modulo taking into account that
matrix indices are restricted to Zx4 \ K). Inverting Qp, we find that

-1 -1 .
B™ 17,4k < Cr S a7 Iz (QG)
R R R
any |cpxpy|)|cpqu|7"'a|cqlq/ <82(|y—X|), (QH>
xdy
- 7

'
for indices not in K

“”Actually to prove Proposition 127 one only needs to consider the case where i € Z X {p,q} and
j € Zx{p’,q'}; but our proof does not care.
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for an exponentially decaying function £,(e) which can be determined directly from
a and £;(e) (cf. Lemma 185 in appendix), and in particular does not depend on K.
From (QH), we have got an exponential bound on |cR| And from (QG), by restric-

tion we deduce that
R
B'L<| & H)<e'L, (QI)
€

Cjj
-1

whence, on the one hand, cl, ” > B~!: and on the other hand, cfl{, jRj < a " and

ci{ 5 - (cR)2 > B2, hence (cif;)2 <(-a /Bz)clfl{c% (4] So, in the end:

1R 2\ 12
< Bey(ly —x) A <1——2> ) (QJ)
R _.R B
Ci€jj
which is an e(]y — x|) of the wished form. @

Let us now check Propositions 129 and 130:
Proof of Proposition 129. Let (&; g?’) = (ﬁz;ﬁz;ﬁ'z;cf'z) € [2(Zx4). We have obvi-

ously ||((;‘ g )||L2(Z><4) = ”élle(ZXQ) + ||c§ ||L2(Z )" Denoting by Qp [‘F’ for “free”] the
matrix defined by the same formulae as (PY)—(QA) except that “c” is replaced by 0
(which corresponds to the Hamiltonian of free oscillators) and noticing that Qp > O
in the sense of quadratic forms (because the interaction terms have positive energy),
we observe that

Oy - (£:)%" 2 Qn E? > Qp &% > (m™' AmO)EN, 00 (QK)
From (QK), we also deduce that

Qg - &N > (™' AmoDIE I, 0 (aL)

indeed, despite Langevin dynamics not being reversible in the mathematical sense,
under its stationary distribution it is invariant in law by physical time reversal,
i.e. when you replace u by —u and p, by —p, [18, Lemma 6.2]: and when applied

to the distribution of (£;&), physical time reversibility gives that QO - (Pz: Gz Py

)®2 Qg (=P34 Dz 47)®?, which combined with (QK) yields (QL). Averaging
(QK) with (QL) ﬁnally gives the wished coercivity inequality, with coercivity constant
%(m_1 A mwz). o

Proof of Proposition 130. Since the sum, resp. the product of two exponentially de-
caying matrices are themselves exponentially decaying (cf. Lemma 184 in appendix),
given Equation (QB) defining Qy, in order to get exponential decay for Qp it will be
sufficient to prove exponential decays for Qy, Qy and T'.

QOy;’s exponential decay is trivial from Equations (PY)—(QA): actually it has even
“compact support decay”.

(] Actually one could even prove that () < (ﬁ;g)zcg‘cf}
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Asregards T?, first observe that one has by definition T" = exp(tA), where the gen-
erator A (defined as the operator such that one would have “(py(u); gz (w)) = A(pyw);
dz(w))” in absence of noise) is the matrix having the following nonzero entries:

Uy = 4 (Qe)
ap g, = —mw? — 2mc?; (QN)
Ay q, = mc?; (Qo)
= @)

all the other entries being zero. The matrix A has compact support decay, hence
exponential decay; therefore so has T7, since the exponential of an exponentially
decaying matrix is itself exponentially decaying (cf. Lemma 184 again).

Lastly, as regards the matrix Qy, remember that it was defined as the inverse
of Cy. But the latter satisfies the following properties (which we will prove a few
lines below):

Proposition 131. The matriz Cy is coercive and exponentially decaying. o

Since the inverse of an exponentially decaying coercive matrix (exists and) is itself
exponentially decaying (cf. Lemma 185 in appendix), we deduce that Q (exists and)
is exponentially decaying, which ends the proof of Proposition 130. @

Proof of Proposition 131. An expression of the covariance matrix due to the noise,
hence of Cy, can be obtained by integrating the quadratic variation of the white
noise (since the elementary noises for different instants are independent), taking the
deterministic flow into account:

t t
Cy =2/m / T LT du = 2im / T“I(T*)" du, (QQ)
0 et 0
where I, refers to the diagonal matrix indexed by ZxX2 whose entries are 1 at indices
of the form p, and 0 at indices q,.
For u small, one can compute formal limited expansions for all the entries of T“.
One finds that, at least formally:

2|y— 2ly—
tu = &uzly_Jd + O( ¢ |y X| u2|y—x|+1>; (QR)
PPy 2]y = x])! Cly = xD!
£ o = —m@” +2cPu + OW?); (Qs)
2|y— 2ly—
4 — mc ly=x] u2|y—x|—1 +0 c ly=x] u2|y—x| . (QT)
Pxbtx 2]y — x| = D! Qly — x| - 1! ’
-1 2|y— 2ly—
tlcll p = Llyx'uzly_xH‘l + O< ¢ ly=x| u2|y—x|+2>; (QU)
o Qly=x|+ D! Cly = x|+ D!
th . =1+0W); (Qv)
c2|y—x| c2|y—x|
t“ = —uzly_x| +0 u2|y—x|+1 ) (QW)
S 2]y — x)! Qly — x])!
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I claim that these formal limited developments can be turned into rigorous estimates,
in the following sense: there exist constants t; > 0 and C < ool such that, provided
u < ty, one has

c2ly=xl

— 2|y—x|
b, — oo < X D et (g
v 2ly = xD! Cly — x|+ D!
2 2
m(w” + 2¢”)
|t;qu + m(oo2 + 2cz)u| < Cfuz; (QY)
— 2y—
t4 - MMZIJ/—XI—I < |y = x|me?? XIMZIy—XI. (Q2)
Pelyex — (Qly — x| = 1)! Qly — x)! ’
L e2lv=xl ly — x|m~ 12yl
4 _ 2|ly—x|+1 < C u2|y—x|+2; (RA)
Gy @2y = x|+ D! Cly — x| +2)!
AN +2¢%)
Itg,q, — 1 < Cfuz; (RB)
— 2|y—
P =Xl
t < u : (RC)
b T Qly = x])! @ly—x+ D!

To check Equations (QX)—(RC), let us mimic the proof of Gronwall’s lemma. As an
exponential semigroup, (Tu)u<t] can be obtained by iterating infinitely many times
(starting from 0) the map

(Tu)u<z1 = (IZx2 +/

v=0

u

ATV du) : (RD)
u<sty

so it will be enough for us to check that, whenever Equations (QX)—(RC) are satisfied

for a given (T”)u<,1, they remain satisfied after iterating (RD). Clearly it is actually

sufficient to check the equations in the case u < t;: so, starting from a trajectory

(T*),«, satistying (QX)-(RC), we want to check that (provided #; and C were chosen in

a clever way) these equations are still valid when replacing ‘T* by I+ f;i o AT" du
(and ‘u’ by t).

Below I will only detail how you check that Equation (QZ) remains satisfied. (It
is the most complicated case: as regards the other equations, the treatment would be
similar, and slightly simpler). So, let (T"),,, satisfy (QX)—(RC); our goal is to check
that (QZ) is also satisfied for the iteration of (T"),¢, by (RD) (taken at time ;). To
fix ideas, say that we are in the case y > x, and let z := y — x.

Given the sparse structure of matrix A, the (py,q,) entry of AT is merely

u u u
pqu—lth—lqy + apquthqy + anQx+lth+IQy

24U 21u _ 2 2\tu 21u
= Mpqu + mc th_ , m(w” + 2¢ )thqy + mc th+

[AT"], 4, =@ +a

tll
PxPx "Pxdy

(RE)

19 lqy'

In the right-hand side of (RE), the dominant term will be the last one, which according
to (QW) (or (QV) in the case z = 1) is approximately equal to mc2?u**=2/ (2z — 2)!:

[flHere note that there is just one constant C, common to all expressions!
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more precisely, if (QX)—(RC) are satisfied, one has the following control:

[AT"] _ mc*? 222 Amc* e mc**H 2742 m(w” +2c*)c* 2z
Pxy (22 = 2)! = 2z-1)! 2z +2)! (22)!
c zAmc?? 2 (z+ Dmc** 2543 zm(@? + 2¢%)c* 2+ (z—-Dmc* ,,
22)! 2z +3)! 2z+ 1! 2z-1)!
< Amc** 221 (z = Dmc* 271 m(w® +2¢%)c Pr me* o
= 2z-1! 2z-1! (22)! 2z +2)!
2 2,2
+ lCu Ame* 2-1 , M@ +2c)c zu2z mc**H 2742 (RF)
2"\ 2z -1 22)! 2z+2)!

The last step is now to show that, provided ¢; and C were chosen cleverly, the
right-hand-side of (RF) is bounded above by Czme*u?*~!/(2z — 1)! (with the same
value of C as before!): and then, it will just remain to integrate from 0 to #; to get
(Qz) for the iterated matrix. To achieve the wanted bound on the right-hand side
of (RF), let £ > 0 be a small value (to be fixed later). If one ensures that t; < ec™!,

the expression (e_lcu)k / k! is a nonincreasing function of k; therefore one has

2z
mc¢ 2z-2

u — —
AT o0, = G | S
| 5 _1 | | 3 chzu2z—1
(RG)
Provided #; < 2C ~1 this is in turn bounded above by
2z, 2z—1
_ mc-“u

(Cz—C+22+ Qw*c™! +40)e + 2063) X m (RH)

so, it suffices to choose successively C > 34, € small enough so that Qw?c™! + 4c)e +
2ce’ < 4, and #; < ec VA 2C_1; and this will ensure that the wished bound is
satisfied.

In conclusion of the reasoning started one page ago, we have established that it is
true indeed that (QR)—(QW) hold; and moreover, the “O(e)”’s in these estimates can
be made uniform in x, y and u (for u small enough), in the sense that there exist
constants #; > 0 and C < oo such that, provided u < t;, each of the expressions of
the form “O(g(x,y, u))” in (QR)—(QW) can be bounded in absolute value by Cg(x, y,
u), with the same constant C for all expressions.

(H]In the case z = 1, at one point one would have to use (RB) instead of (RC), which would lead to
replace the “C(z — )mc**u**™' / 2z — 1)!” term in (RF) by “CA™'m(w® + 2¢*)c?u? /2”: but this would
not be a problem, as it is a term of higher order.

'Here there are two important points to be noted. The first one is that our choice of ¢, and C did
not depend on z. The second one is that, in practice, one may have extra constraints of the same
type to be satisfied by C, € and ¢,, due to the necessity to satisfy all six equations (QX)—(RC): but,
given the way that we picked successively C, € and ¢, satisfying a finite number of such constraints
at each step would not be a problem! C
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Plugging (QR)—(QW) into (QQ), after a few computations (a flavour of which is given
just below) one finds that

N _ 2y.
Cpp, = 24mi + O@%); (RI)
2|y—x|
N (2¢) 2y—x|+1
=0 ———— VW : RJ
chqx = chpx = A+ O(t3); (RK)
2|y—x|
NN (29 2ly-xl+2 ).
chQy;ﬁx - cqy#xpx - O<(2|y _ xl + 2)'t ’ (R‘L>
o, = 3Am™ e +0(*); (RM)
2|y—x|
N (2¢) 2y—x|+3
=0 ——— VW RN
RS <(2|y—x| +3)! | (RN)

where again all the “O(e)”’s are uniform in x, y and ¢ small enough.

Let me detail how, for instance, (the uniform version of) (RL) was derived. (This is
arguably the most complicated case). The (p,,q,) entry of T”Ip(T”)T (which matrix
appears in Equation (QQ) relating Cy to the T*’s) expands into

T _
[T“0,(T" Ty q, = Z A (RO)
weZ

From the uniform versions of (QR) and (QU), one can find a constant C < oo (inde-
pendent from x, y and u—provided that u is taken lower than some #; independent
from x and y) such that (RO) is bounded above, in absolute value, by

2|lw—x 1 2lw—
2 CLbﬂlw—XIxc m Ay
2w - x)! Q2lw =yl + 1!

weZ

02|w—x|+2|w—y|+1

=c' ) Qlw —xD)'Qlw =y + 1!

weZ

2|w—x|+2|w—y|+17 (RP)

where in the right-hand-side we set C’ :== C?m~ ¢!

Now, assume to fix ideas that x < y, and let z := y — x. I decompose the sum in
the right-hand side of (RP) according to three possibilities: either w < x, or w € [x,
yl, or w > y. Let us start with the “w < x” part. Since we are only interested in
short times, we may assume that one has always u < ¢! /2, so that the function
k> 2c)u* 1 k! is nonincreasing. Then, one has

x—1 2lw=x|+2lw—y|+1

Z Qlw —xD!2lw —y| + D!

2|lw—x|+2|w—y|+1

Ww=—00
x—1
=y <£u2<x-uﬁx 2o u2(y—w)+1>
W \ (2(x — w))! (2(y —w) +1)!
x—1 .
<Y <2‘2(x‘w)><2—2(x—W) 2ot u2(y—x)+l> _L T i gy
B (2(y—x)+1)! 32z + 1)!
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Likewise, the “w > y” part is bounded by ¢Z**1u?**1/3(2z + 1)! too.

As regards the “w € [x, y]” part, in this case 2|w — x| + 2|w — y| + 1 is always
equal to 2z + 1; therefore, making the change of variables “k « 2(w — x)” (so that k
will run on the even values of [0,2z + 1]), one has

y — —
2 c2lw=x|+2|w-y|+1 w2l +1 _ Z o2zl .
= Clw = xD!I2|w - y| + D! = kl(2z+1-K)!
2z+1
— Z (22 + 1) ZC2Z+; 'u22+1 — % (22"C) 2-1’- 'u22+1’ (RR)
k even k 2z + D! 2z + D!

where we used the well-known fact that the even-indexed values of row number n in
Pascal’s triangle add up to 2"~!.
In the end, we have a bound of |[T”Ip(T”)T]pqu| of the form C(2¢)***1u?* 112z +

1)! (for a value of C different from the original one, but still independent from x, y
and u), which, after injection in (QQ) and integration, yields indeed a uniform version
of (RL). The other estimates in (RI)—(RN) can be obtained in a similar fashion.

Thanks to (RI)—(RN), Cy can be seen as a perturbation of the matrix Cy, ['L’ for
“linearized”], which we define by Equations (RI)—(RN) where all the “O(e)” terms are
replaced by 0. Let us denote D = Cy— Cy,. To cope with the fact that, for fixed x, y,

the values bpxpy’ bpqu, qupy and quqy do not have the same order of magnitude, let us

introduce the “homogeneity matrix” H := I, +m_1th (i.e. the diagonal matrix whose
entries are 1 at indices p,, resp. m~'t at indices d,); and denote D:=H'DH,
resp. Cy = H 'CyH™!, etc. From the estimates (RI)-(RN) we have the following
control on the entries of D:

B N
Dy por Ppiay Paypyo Payq, = OF); (RS)

- - - - 2|y—x|

b b b b = 0<Lﬂ|y—xl+l>, (RT)

PxPystx’  Pallytx’ ~ AxPysi” ~ Uxllyst Qly — x|+ D!

with again “O(e)” terms uniform in x, y and ¢ small enough. In particular, we readily
see that D is exponentlally decaying; therefore, using Lemma 184 twice again, so is
Cx = Cp, + D (since Cy, is compact-support decaylng) and thus so is Cy = HCyH
(since H is a bounded diagonal matrix).

Also, (RS)-(RT) imply that, in the sense of quadratic forms, —D is bounded in the
following way:

2z| -
<O(f2)+ 2 < o) 12|Z|+1>>IZ><2 tSO B’y (RU)

cegmoy \@lzl+ D!

for some constant B < oo. On the other hand, given that C’L is “blockwise scalar”,
one computes that

G >E ‘/_/1 mtly o > xmtlm, (RV)

where the factor (4 —4/13)/3 comes as the smallest eigenvalue of the positive-definite
2 x 2 matrix (2, 1;1,2/3). But for # small enough, the “Bf*” in the right-hand side
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of (RU) is strictly smaller than the “%/lmt” in the right-hand side of (RV): and then
by subtraction Cy = Cp, + D is (é/lmt - Btz)—coercive, hence Cy = HC\H is (1 A

m_lt)z(é/lmt - Btz)—coercive, which ends our proof. -~
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Chapter 4

Other applications of tensorization
techniques

In the two previous chapters we have been seeing how p-mixing assumptions between
pairs of random variables could yield “global” results on an arbitrary number of
variables, by splitting functions of several variables into relevant telescopic sums. I
used the word “tensorization” to qualify these results, as the conclusions were of the
same nature as the assumptions.

But the techniques of Chapter 2 can also be applied to get other types of results. In
this chapter I am going to show how, from p-mixing assumptions, one can get results
on some classical features of particle systems which are not linked with p-mixing at
first sight.

I will deal with two such features. First, in § 4.1 I will look at the implications of
p-mixing on the existence of a central limit theorem—more precisely, a spatial central
limit theorem, since I am more interested in random fields than in sequences (i.e., in
variables indexed by Z¢ rather than by Z). Very sharp results concerning this issue
are already known; however, I found it interesting to show how it goes via generalized
tensorization of p-mixing: this approach takes indeed a quite different way to do the
job, which may be neater by certain sides.

Next, in § 4.2 T will look at the question of spectral gap for Glauber dynamics.
Though this point has already been thoroughly studied in the f-mixing paradigm,
the present work, to the best of my knowledge, is the first to show how p-mixing can
be used to tackle it.

My main goal here is just to show how the techniques of p-mixing tensorization
can be applied to the problems of spatial central limit theorem and convergence of
the Glauber dynamics: accordingly, I have favoured simplicity of the proofs over
refinement of the results.
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4.1 Spatial central limit theorem

4.1.1 Introduction

The central limit theorem (CLT) is one of the most fundamental results in probability
theory. In its standard statement, the CLT assumes complete independence between
the random variables involved: it is then very natural to wonder whether that as-
sumption can be relaxed into some kind of asymptotic independence. The paradigm
of p-mixing is a natural frame for such a generalization, since the CLT already takes
place in an I? setting.

The viewpoint that I will follow here is motivated by statistical physics. Let Z¢
be a lattice, on each vertex i of which there is a random “spin” X; ranged in some
space . We assume that the law of the system is translation invariant, i.e. that for
allu e Z4, (X4u)iezd has the same law as (X;);ez¢. Then, for all u € 74, we set

Py = pi(Xi;Xi+u)' (RW)

We are interested in situations where the p,’s are sufficiently “rapidly decreasing” as
lu| = o0 so that Y 4 p, < 0.

Under these conditions, let f: & — R be a function such that f(X) is square-
integrable and centred.l] The question is, does one get a CLT when summing f(X;)
for i in a large subset of Z¢, i.e., does the sum grow as the square root of the number
of its terms and have asymptotically normal distribution? For instance, we would
like the law of the variable |

— ) fX) (RX)
\/ﬁ iefo,L[9

to (weakly) converge, when L — oo, to some (centred) Gaussian distribution.

Remark 132. Note that, in such a context, the limiting distribution (if it exists)
will not, in general, have its variance equal to Var(f (X)), because of the nonzero
covariance between f(X;) and f(X) for i, j close spins. &

In the case d = 1, extremely sharp results on this topic have been known from long;:
let us cite, among many others, [19, 20, 21, 22]. For d > 2, similar results do also exist:
see e.g. [21, Theorem 5] for an example of such a statement, or [12, Ch. 29] for a more
general survey of the topic. In all these results, the notion of uniform integrability
plays a key role in the proofs: as a consequence, the theorems’ assumptions naturally
require some more-than-1? integrability of the variables involved and /or some control
on the decay speed of the p-mixing coefficients.

On the other hand, the reasoning that I will expose below mimics Lévy’s proof of
the CLT via characteristic functions, hence needing no uniform integrability at all.
Note however that this does not imply that the assumptions of my own theorems
would be intrinsically weaker than those of the classical ones, because my CLTs are

[*]Actually we will also cover the case where “f(X;)” is replaced by a function depending on X;
and on a finite number of neighbouring spins: for instance, in the case the X,’s are real-valued, it
could be something like “X;X;,, X;,, 7, where e, and e, denote the vectors of Z4 with respective

coordinates (1,0, ...,0) and (0, 1,0, ...,0).
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stated in a slightly different vocabulary: indeed, while the classical results were stated
under assumptions of p*-mixing type (i.e., you directly assume that the p-mixing
coefficient between bunches of spins tends to zero, in a way that does not depend
on the size of the bunches, but just on their distance), here, in accordance with the
idea of tensorization, my assumptions will rather be of pj—mixing type: i.e., you just
look at the p-mixing coefficient between pairs of spins, but that coefficient has to
remain controlled even when conditioning by some other spins.. We have seen in
Lemma 91 that summability of the pi—mixing coefficients implies p*-mixing; so, the
conditions in my CLTs are actually slightly stronger than in the classical results: but
as a counterpart, the statements of my results get quite neater! 7

All in all, it is unclear whether the results presented here do improve the state of
the art; nevertheless, it is at least likely that, when turning to quantitative versions
of these results, the difference between the usual methods and mine would yield some
difference in the corresponding non-asymptotic bounds.

4.1.2 Product of weakly coupled variables
The key tool to prove my spatial CLT will be the following

Lemma 133. Let d € N* and let (X;);cza be random variables. For all u € VAS
denote p, = Sup;czd pi(X,-;XHu) (where p*-mizing is to be considered relative to the
family of the X;’s), so that pi(Xl-;Xj) < pj_; foralliyj € Z4 . Assume that the sum
of the p,’s is convergent, and denote p = Y, cza (o) Pu < ©0-

In this context, if (®@;);czad s a family of complez-valued random variables such
that each @; is 6(X;)-measurable, and such that all the @;’s have the same law with
|@;|li= < 1, then one has, for all finite subsets I C VA

\E(H @i) - IE<<1>0>"'| < % (exp(p) — 1) X 2(1 = |E@p)[). (Ryg
e

Proof. Consider some finite I ¢ Z?. Let us introduce a decreasing sequence Z9 =:
ZyD Z; D Z, D ... of subgroups of Z%, such that |Z,/Z,,1| =2 for all n and that
Nyen Zn = {0}.[ﬂ Our proof will consist in showing that, for all » € N and all
ue Zd/Zn, the result actually holds when replacing ‘I’ by I N (Z, + u) and ‘p’ by
Pni= Qe z, pu.m. The strategy of the proof will consist in downgoing induction on n.
(That is to say, we will prove by downgoing induction on n that the proposition “the
result holds for this value of n, for all u € Z9/Z,” is always valid).

For n large enough, all the I N (Z, + u)’s have cardinality at most 1, so that
the result is trivial. Now let us show that, if (RY) holds for all the sets of the form
In(Z,, +u) (with ‘s’ replaced by p,,;), then it also holds for all the sets of the
form I N (Z, + u) (with ‘p’ replaced by p,). As the structure of the reasoning is the

[Such a sequence does exist: for instance, denoting by n % d the canonical residue of n modulo
d, you can define Z, as being the set of d-uples (zy, ..., z,_;) such that all the z,’s are divisible by
2174] and that moreover all the z,,’s for k’ < n % d are divisible by 2"4I+1,

) The rationale for replacing p by p, comes from first identifying Z,+u with Z“ through isomorphy.
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same for all n’s and all u’s, we are only going to write down the case n = 0 (for which
there is only one possible u), in order to alleviate notation.

Denote I :== INZ,, Z| = Zy\Z; (which is indeed of the form Z; +u, because Z,
is a subgroup of Z; of index 2), and I] == I'n Z]. Also, to alleviate notation, denote

u = E(@y) and o2 :=1—|ul’ By induction hypothesis, one has, for all e € {,,/}:
. ) 2
]E( cp)— “1" NG RZ
B(IT o) -] < triien - 05 (°2)

Now denote ¥ := [];c; ®;, resp. ¥y == [];¢;, ®;, resp. ¥/ = Hielll ®;. Because one
has I = I) U 1], one has ¥ = ¥,¥| and |I| = |[I;| +|I]|. Our goal is to bound above
IEP) — u!l| = |IE(?’1‘P1') — ,u””/,t'[l,| |. We start from the following decomposition:

E@ ) — uhl !l = B E@)) — plh1ul il 4 Covey, )
= (B — ) E@)) + B@)) - i+ Corr(wy, #)) Var () Var 2]
(s4)
(where ¥|" denotes the complex conjugate of ¥} ). Since one has 0bV1ously IEP)I< 1
resp. |uM1l] < 1, and that ¥ and ¥| are resp. XZ1 and XZ{ -measurable, thls

decomposition implies that

. 2 i} 2 - -
IE) — ul!l| < |1;|(e?r - 1)% + [I]](e" - 1)% + p(XZI;XZ{)Varm(Tl)Varl/Z(Tl’).

(SB)
Now, we bound p()_f Zl;)? le) in the following way: as Z; and Z| are parallel

copies of Z; (which is itself isomorphic to Zd), and as the set of the (j —i)’s for (i,
J) € Z X Z| is precisely Z| (since Z; is a subgroup of Z; of index 2), Corollary 561
ensures that
p(X2: X0 < Y, pu= ). (sC)
ueZl'

Note in passing that one has p1 = p— Py
To bound above Var! 2(?’ )Varl/ 2(?’ ), we first use Young’s inequality:

ar'?(¥)) Var'2(#)) < 3 L Var(¥)) + 5 L Var()). (SD)

Next, we observe that Var(¥) (resp. Var(¥|)) cannot be too large. Indeed, one

has Var(¥,) = E(1?2)) - |E(P)|?; but since [P ]l < 1, this is bounded above by
€

1- |]E(¥’1)|2. On the other hand, by induction hypothesis one has

) 2
E@)]> |ul' = 1] = DT (SE)

[S'Here variance and Pearson correlation have to be understood in the complez sense, confer
Proposition 3. As observed in Proposition 3, the bound “|Corr(f(X), g(Y))| < p(X;Y)” remains
valid in this complex-valued context.

bl Together with the elementary fact that, in Equation (IP), the value ‘5’ can be bounded above

by ZueZd pu .
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therefore, using the elementary property
VxeR,,yel[0,1],ze R, x2y—z = 1-x>2<1-y*+2z, (SF)
it follows that
Var(¥)) < 1 — [u)?1l 4+ 1;](e” = 1)o? < |1;|eP16?, (SG)

where the last inequality comes from the following elementary bound: 1 — | INECIURS
111 = [l = 1|07
Putting (SC), (SD) and (SG) together, we finally get that

2
v v I —1 p; O
p(XZI;XZI/)VarUQ(TI)Varl/Q(Tl) < || plepl? (SH)
which combined with (SB) finally yields
111 p o’ s
E#) - | < 111" = DT+ 111707 % (ST)
But 5] < Pl — 1, so ﬁ'leﬁl < e? —e”1 and in the end we have got that
1] p o’
E) - w1 < 1117 - D (s3)
which is exactly what we wanted! This ends the proof of the lemma. -~

4.1.3 Spatial CLT on cubes

In a first time, I will state and prove a CLT on cubes. For the purposes of this
subsection, it will be convenient to introduce some notation for cubes of Z? centred
around O:

Notation 134. For £ € N, we denote
Q= [-¢,¢1°, (SK)
which is a set of cardinality (2¢ + 1)?. Q
That notation being set, the result of this subsection is the following:

Theorem 135 (Spatial CLT on cubes). Consider a translation-invariant spin model
on Z¢, whose spins are denoted by X, valued in some space X; foru € 74, define Py
by (RW); assume that Y cpa p, < .

Under these conditions, let k < oo and let f: L% — R be some measurable
function; we then define the “local variables” (which all have the same law)

F = f(Xiyuea)- (sL)

The present theorem claims that, if the law of Fy is centred and square-integrable,
then there exists a constant ¢ < oo such that

1 L—-
Law( Fl> - Mo?). (M)
Vil ieZ@L
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Proof. Before all, let us observe that the control on the correlations between the
X;’s induces some control on the correlations between the F;’s. Using for instance
Theorem 39, we have indeed that

Pi(Fi; Fj) < |||((P(j+u/)_(i+u)))u,ufe@k||| < Z P(j+u)—(i+u): (Sw)

uu' €Qy

therefore, denoting

Py = Z Putv! —v> (s0)

v,v' e,

we get that pi(F,-; F;) < p;_;- An important point here is to note that, given the way
the p,’s were defined, the summability assumption on the p,’s implies that ), j, < 0.

In the sequel, the random variable whose law is considered in the left-hand side
of (SM) will be denoted by by G'D).

A preliminary step to derive (SM) is to identify the adequate value for ¢. As one
expects, the variance of the limit of Law(G™Y) will turn out to be the limit of the
variances:

6% = lim Var(G'D). (SP)
Lo

Let us check that the above limit exists, and give a limitless expression for it. By
bilinearity of covariance, one has

1 1
Var(GD) = Al > ) Cov(F, Fy=—— > Y Cov(Fy,F;_), (sQ)

i€Q; je@, @l i€, jeaqy

where the last equality comes from the translation invariance of the model. But for
all i € Z4, the sum Zje@L Cov(Fy, F;_;) converges to Y s Cov(Fy, F,)—moreover,
the latter sum is absolutely convergent, since Cov(F, F,) is bounded by p, Var(F).
This suggests that one should have

Lo
Var(GP) "5 ) Cov(Fy, F,): (SR)
n=y/d

this is indeed true, as one deduces from the fact that )} ;4 Cov(Fy, F,) converges

absolutely.“” So, in the sequel we will define 62 to be the right-hand side of (SR). By
the way, we will also denote

2 OWA VAN (55)
u

which is a finite upper bound for 2.

IThe argument is the following. For € > 0 arbitrarily small, let M < oo be such ZL4§£@I|4|(30\/(F07
F))| < ¢&; and define 6* by (SS). Then you have |Z}€@L Cov(Fy, F;_;) — 0'2| Seassoonasi€ Q;_y,
resp. |Zj€@L Cov(FO,Fj_i)| <é*forallie€ @, \Q,_,. But when L — oo, |@,_,,|/|@,| tends to 1,
so that you get that EL_,WlVar(G(L)) -0’ <e.
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Now let us turn to proving convergence of Law(G™). Fix some arbitrarily small
e > 0. Since Y p, < oo, there exists £, < oo such that

Db lug@l<e; (ST)
and by (SP), we can also fix #; < oo such that
[Var(G?V) — 62| € e. (SU)

Our strategy will consist in “tiling” the cube of size L into a “patchwork” made of
cubes of size 27, being set at distance (£, + 1) from each other, plus some “scrap”
(see Figure 4.1). Each of the 2¢,-sized patches will be called a “tile”. Technically
speaking, for i € Z%, we define the tile I; by

9}:={(2fl+f0+l)i+u|u€@fl}, (SV)
and we define Tiles to be the set of the i’s such that 7; C @ ; while

Scrap == @ \ U ;. (SwW)

i€Tiles

L T T D P Y I CT Y P Y B T N S S
D T R PR DRI ] SR CEE S S 1 B CR ST S SRR ST I R N T S S S
L T S T T S S S S ST S T S T ST I I R T S S S
e S O T I S Y e I Y R I ] B T S

D P E R ] B Y . + . 1 B . . . L) Y I S ST S S S

e e e e e e Serap s e

Figure 4.1: How the cube @; is patched with tiles of size 2¢;, illustrated in dimension
d = 2. Each small cross represents one spin in the lattice, the larger cross at the centre
corresponding to the origin of Z?. On this drawing I took L = 11, £y =1,¢, =2; one then
has |Tiles| =9 and |Scrap| = 304.
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We can then decompose G into a part due to the tiles, denoted by G(DL ), plus a
part due to the scrap, denoted by GiL):

@ _ 1 .
Gy = |G, |2 Z Z Fir; (S%)

i€Tilesi'€T;

@ _ 1
G = ARG Y. Fu (SY)

i’ €Scrap

The variable Gl(jL) can itself be decomposed according to the tiles: we will denote by

N

G; the contribution of tile i, i.e.,

N 1
Gi = W Z E!. (SZ)

1/2
Law(G) = Law<;(;(f 1>> : (TA)

Now let us observe that, using e.g. Corollary 56 (or more precisely its “third-
party” version given by Theorem 60), the pF-mixing coefficient between tiles J; and

J; is bounded abovel**] by

Yibw | 3G,V ETxT; uw =) —i')
=Y {py | W €QE+ L5+ 1)(j—D)+ @y} = p;_;. (TB)

But, for all u’ € Z9, there are at most 2¢ possible u € Z9 such that u’ € 27, + £, +
Du + C‘szl; and moreover, if u’ € @fo, the only possibility is that u = 0: therefore,
the definition of the p,’s implies that

Y h<2t ) hy 2% (TC)

ueZa\[0} u' €@y,

Thanks to what precedes, we are in position of controlling the characteristic func-
tion of LaW(G(DL)) via the use of Lemma 133. For 4 € R, denote CDE’D = exp(iﬂGi)[Tﬂ,

and set u(A) := IE(QDZQ)) (which does not depend on i). Then the cblw’s satisfy the
assumptions of Lemma 133 (where the role of ‘g’ is played by ZueZd\{O} pu), with

A . L
HiETiles ®1( ) = eXp(l/lG(D ))7 so that

|E(expAG")) — (W) T8l | < |Tiles| (exp(2%e) — 1) 21 = [u(W)?).  (TD)

*I'The bound is got by applying Corollary 56 with ‘X, « F, for i’ € 7, and ‘X, « o for i’ ¢ 7,
resp. ‘Y, « F,, for j' € 7, and ‘Y, « 0 for j' & 7, using that the p-mixing coefficient between
a constant variable and anything else is always 0. (Also, we use that the “arcsin-sum” [cf. (IQ)] is
bounded above by the ordinary sum).

[flBeware of not confusing the imaginary unit ‘i’ (typeset in roman face) with the index i € Z¢
(typeset in italic face) used to identify tile ;.
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Let us look at the asymptotics of Equation (TD) when L — oo. First, one obvi-
ously has

Soo —oo 2L)4
16,1 “2° er): \Tiles| 2 CL” (TE)
€, + ¢y + 1)
Also, since one has
u(4) = IE(eXp(i/lGO)) ('ﬁ) ]‘E(exp(i,ﬂ@f1 112G |@L|1/2)) (TF)

and that GV is a centred random variable, one has (using the connection between

the moments of a random variable and the local expansion at 0 of its characteristic
function):

Looo . A2Q¢,+ 1)

ud) = 1-————

2 (2L

Therefore, one has the following asymptotics in (TD):

Var(GYV) + o(L™%). (TG)

Lo 2 Qe+ 1!
)| Tiles| A Var(GYV) ); TH
HITE ST exp( =T o S Van(@ ) (TH)
L-o )2 (26 + 1)
| Tiles| 5(1 = |u(DI?) = A_CHT ey, (TI)

2 26, + £y + 1)

moreover, provided £, was taken large enough (for a fixed value of £)), the respective
right-hand sides of (TH) and (TI) can be made arbitrarily close to resp. exp(—4262/2)
and A%6%/2.

So, now we have a good estimate for E(exp(i/lG(DL))), which corresponds to the
contribution of the tiles; but it remains to control the contribution of the scrap spins...
To do that, our starting point will be the following immediate lemma:

Lemma 136. Let X and H be real random variables with ||H||l;1 < oo. Then, for
LeR:
|E@ YD) — @) < |AlIH Iy (TJ)
(ga)
From Lemma 136, we deduce that

|E(exp(AG™D)) - E(expAG5)| < 1ANG Iy (TK)
but, since GiL) is centred, ||Gka)||I%2 is nothing but Var(GiL) ): therefore,

(L) (L) (L)
1G:" Iy < 1G5 NIz = Var(G, ). (TL)
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Next, to bound above Var(GiL)), we observe that, by elementary Computations,[iﬂ

Q¢+ 1)¢ (4¢, +2£,)d
S <(|1- : ™
|5crap] ( @t +tord T angr ) ()
we then deduce that
VarGy= ) ) —Cov( F))
leScmp]eScrap
W YD b Var”?(F,.)Var”?(Fj)— — 2 Y b Var(Fy)
L iEScmijScmp zEScmijScmp
S
LS5 vy -
| Ll i€Scrap jeZd | I
20, + 1)¢ 4¢, +2£,)d
<(1- 27, + 1) d+( 1 0) &2, (n)
2 +¢y+1) 2L+1
so that p
S 20, + 1
lim var(GiL>)<<1— @AH+1D d)&z, (TO)
L—o (2f1+bﬂ0+1)

which can be made arbitrarily close to 0 provided #; was taken large enough (for a
fixed value of #y).

Finally, let us put everything together: using the decomposition
lim |E (exp(iaGP)) - PR < T |u(h) Tl _ om0
L—oo e
Ti . L .
+ T [E(expAG1 ) — u(a)!"|

+ lim [E(exp(iAG™) - E(exp(2G))],  (TP)
we have shown that EL_,OOUE(eXp(MG(L))) - e_’12“2/2| is bounded above by

2 d
‘exp<_/1_ (2£1 + 1) Var(G(fl))> _ 6_1262/2
2 (26, + £y + 1)

2 @+
+ 29e) — 1) %
(expe) = 1) Qf, + £y + 1)

¢, + 1) >A2
Al 1= T
* |< @t +lo+ 1)) (T0)

ar(G'V)

(4 The precise computations are not very important, as only the general shape of Equation (TM)
actually matters here. For the record, I proceeded as follows. On a very large scale, the proportion
of space occupied by tiles is (2, + 1)?/ (2¢, + o+ 1)?. Moreover, if we remove from @, an “shell”
of appropriate width (the width of that shell being at most (2¢, + ¢,;)), we obtain a smaller cube
for which the most external tiles touch the boundary of the cube: thus, inside that smaller cube,
the proportion occupied by the tiles is at least (2, + D/ (2¢, + £, + 1)°. But the total number of
spins in the shell cannot be more than (2¢, + £;) times the size of the boundary of the larger cube,
which size is (disregarding multiple counts) 2d X 2L + 1)*~' =2d /2L + 1) x |@, |.
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where, by taking #; large enough, the respective terms of (TQ) can be made arbitrarily
close to resp. 0, (exp(2d5) - 1)/120'2/2 and 0. So,

= . ~(L) —i%6%12 d Ao
ngr;o IE(exp(l/lG )) —e 1 | < (exp(2 €)— I)T; (TR)

and in the end, since € could be taken arbitrarily close to 0, we have got that

L—oo

VAER  E(exp(iGL)) 57 o2, (TS)

By Lévy’s continuity theorem, this is tantamount to saying that Law(G'Y) converges
to Mo?): this ends the proof of the central limit theorem for cubes. @

4.1.4 More general CLTs

In the previous subsection, I proved that spatial CLT holds when one considers the
sum on a cube of some centred square-integrable local function of the spins. However,
the restriction to that specific case was merely motivated by the sake of convenience,
in order to moderate the level of technicality in the proof of Theorem 135: but in fact,
once we are able to prove CLT on cubes, we can easily deduce more general forms of
spatial CLT! In this subsection I will give two examples of such broader results.

Theorem 137 (Spatial CLT for general shapes). Assume the same assumptions as
in Theorem 135; and consider a sequence (U,),en of open subsets of R? that get
more and more reqular, in the following sense: one can find a sequence (r,), with
r, = oo such that, for all n, the set U, can be written as a union of Euclidean balls
of radius rn.[*] Also, assume that each of the U,’s is bounded, so that its Lebesgue
volume voly(U,) is finite. Then,

Law<; Z E) "r Ma?), (TT)
Vv voly(U,) ieu,nz4
where 6 is the same as in Theorem 135. &

Remark 138. The regularity assumption on the U,’s actually ensures that vol ,(U,) —
o and |U, N Z¢| ~ voly(U,) as n — . &

Remark 139. Strictly speaking, Theorem 137 does not generalize Theorem 135; how-
ever, it is possible to approximate the cube @; by some open subset U; C R? such
that U; gets more and more regular as L — oo and that the symmetric difference
U n VASWN) 1 has cardinality asymptotically < |@; |: then, one would prove easily
(by the same techniques as to control Var(GiL) ) in the proof of Theorem 135) that, as
L — oo, the difference between the random variables in the respective left-hand-sides
of (SM) and (TT) tends to 0 in I? norm; so that in the end one deduces Theorem 135
from Theorem 137 anyway. ®

[*]Equivalently, for all x € U,, there exists y € U, such that the open ball of radius r, centred at
y contains x and is entirely included in U,,.
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Remark 140. Theorem 137 has the advantage of not requiring any kind of convergence
on the shape of the U,’s: you just need them to be more and more regular; but apart
from that, they may be completely different from each other! &

Sketch of proof of Theorem 137. In fact, the proof is basically the same as for the
CLT on cubes: patching U, with tiles; using Lemma 133 to control the characteristic
function of the contribution of tiles; showing that the contribution of scrap does
not matter too much; and concluding by Lévy’s continuity theorem. Moreover, the
tiles will be defined exactly in the same way as in the proof of Theorem 135: confer
Figure 4.1, just replacing @; by U,,. The only actual difference with the previous proof
lies in how you control the contribution of the scrap spins: while previously we could
bound above the number of scrap spins by explicit computations (cf. Equation (TM)),
here one would use more general geometric arguments to show that the difference

| Scrap| _(1_ (2f1+1)d >
U, N Z4| €, + ¢y + 1)

(TU)

can be bounded above by something that only depends on r, and that tends to zero
as the latter tends to infinity. -~

An even more general spatial CLT statement would consist in showing that, when
you look at the random distribution

1
Tan & Fi OirL (TV)
iezd

(in other words, you put a mass F; at each i € Z?, and you “zoom out” things to get a
large-scale picture, with the adequate scaling factor), then you get something whose
law tends, as L — oo, to some Gaussian white noise. The theorem below shows that
this is indeed the case:

Theorem 141 (White noise limit at large scales). Assume the same assumptions as
in Theorems 135 and 137. Then, for ¢ : RY - R a compactly supported continuous
function, one has

Law(ﬁ 2 <p(L—1z')F,-> = ﬂ(az /R o) vold(dx)>, (TW)

iezd

2

where ¢ is again the same as in Theorems 135 and 137. o

Sketch of proof. Let R < oo be such that @(e) is zero outside [-R, R]¢. We will
patch [-R, R]? with a large, but fized number of tiles (%,);c; [beware, this time %;
is a subset of RY], each tile having size < & and being separated from each other by
some strictly positive distance # < €. On each tile %;, denoting by x; the centre
of the tile, @(e) is nearly equal to the constant @(x;): more precisely, the error is
bounded above by some modulus of continuity w(e), which does not depend on the
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tile and can be made arbitrarily close to 0 by taking £ small enough. Therefore, the
random variable in the left-hand side of (TW) can be well approximated by the sum

ﬁieziqo(xi)Z{Fi, | i’ e LU n Z): (TX)
more precisely, one can control the 12 error of this approximation (using the same
techniques as to control Var(Gka) ) in the proof of Theorem 135) by something only
depending on w(e) and of n/¢, that we can make arbitrarily small by choosing £ and
n appropriately.
But the limiting law of (TX) is rather easy to derive! Indeed, for each i € I, one
can apply Theorem 135 to the cube L%; N 74 getting

L—>
Law<; S (F | i'eLUn Z"}) - Mo?); (TY)
VILYU; 0 Z4|

and since |L%; N Z9| ~ vol (%;)L? as L — o, we deduce that
Law( ——a0e) Y UFs | 17 € L%, 0 27} ) "= Mot volped).  (12)
142 i i i i d\ i :

Moreover, by the p*-mixing assumption, the variables Yirerunzd Fir become asymp-

totically all independent (because the distance between the sets L%, N Z% is < Ln,
which tends to infinity): therefore, by summation,[ﬂ we get that

1 y L—oo

Law<—Ld/2 Z @(x;) Z{Fi' | "€ L% N Zd}) - '/V(GZ Z P(x))° VOId(%i))
iel iel

(Ua)

But in that formula, provided we have taken € and 5 /e small enough, the discrete

sum Zie I qo(x,-)2 vol,(%;) can be made arbitrarily close to /x cRd qo(x)2 vol,(dx): so we

have got what we wanted! -~

4.2 Spectral gap for the Glauber dynamics

4.2.1 Introduction of the section

In this section we are once again looking at a probabilistic system made of a large
number of “elementary” random variables (X;);cs, each X; being called a “spin”. The
main estimates (Theorems 146 and 150) will only be stated in the case where [ is
finite, the infinite case (cf. §§ 4.2.3 and 4.2.4) being got by passing to the limit.

We are getting interested in the Glauber dynamics of our system. The notion of
Glauber dynamics was already encountered earlier in this monograph [Definition 109];
but let us recall what it is anyway, for the sake of self-consistency (and adapting the
definition to the notation that we are using here):

[Here note that we are summing a fized number of variables, so that, to get convergence for the
law of the sum, we only need asymptotic independence in the sense of convergence in law: and this
gets easily deduced from the fact that all the p*-mixing coefficients between pairs of tiles tend to
Zero.
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Definition 142 (Glauber dynamics, bis). Denoting by Q2 the state space of X 7, let
P be a probability measure on Q. The Glauber dynamics [13, 23] associated to P is
the Markov process on £ having the following law: on each i € I there is an alarm
clock, which rings at times following a Poisson point process on R, with constant
intensity 1, all the clocks being independent. When a clock rings, the state of spin
X,;—and only it—is “flipped” in such a way that the state of X; immediately after the
flip follows the law Law® (X, | X i(i})- In more formal terms, the Glauber dynamics
is the Markov process whose generator & on L*(£2) is defined by:

(ZNGD= X EGED -G | Xppsy =Fps))- (uB)

iel Q

Let us recall some basic facts on the Glauber dynamics (see [24, Chapter IV]
for more details). By construction PP is a reversible equilibrium measure for the
dynamics, so & is self-adjoint on I?(IP). Since obviously #1 = 0, one can also define
Z on I2(P), on which it is self-adjoint too. This leads to the following definition:

Definition 143 (Dirichlet energy). The Dirichlet energy of f € I2(P) is

&S, 1) =(ZSf. [) (Uc)
Vi

The following immediate identity shows that & is always a nonnegative quadratic
form:

Lemma 144.

&) = /Q P(d%) Y, Var(f | Xy = Zpi)- (up)

iel fa

In this section, the specific concept that interests us will be the spectral gap of
the Glauber dynamics. It is defined in the following way:

Definition 145 (Spectral gap). For 4 > 0, the Glauber dynamics is said to have
spectral gap > A if, for all f € *(P),

&(f, )z AVar(f). (UE)
v

What makes spectral gap interesting is that its strict positiveness is equivalent to
exponential convergence to 0 of the semigroup (e_’g )r>0 On Lz(P), the rate of con-
vergence being equal to the width of the spectral gap (see e.g. [25, § 4.2]). As the
Glauber dynamics is one of the easiest ways to simulate the law P for complicated
models, the stake of having such an exponential convergence is evident.

Many works have been done on the spectral gap of Glauber dynamics, see for
instance Martinelli’s St-Flour course [11]. In particular, several results (e.g. [26, 27,
28]) state that, morally, the less the spins are correlated, the larger the spectral gap
is. However, the researchers who work on this issue usually express decorrelation
between spins in terms of f-mizing (cf. Definition 13): while, in my opinion, it would
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me more natural to look at spin decorrelation in terms of p-mizing, as Equation (UE)
stating the spectral gap criterion takes place in a Hilbertian frame!

Thus, my goal here will be to find a bound on the spectral gap of the Glauber
dynamics that is expressed in terms of p-mixing conditions: as these conditions look
to be the minimal frame to study the spectral gap, hopefully the results yielded by
such a method will be sharp. Another noticeable feature of my approach is that it will
remain at a quite abstract level: no symmetry property on I nor I? need be assumed,
all the work essentially consisting in manipulating relevant quadratic forms.

4.2.2 A lower bound for the spectral gap

The core result of this whole section is the following:

Theorem 146 (Lower bound for the spectral gap). Take I = [0, N[. Suppose that
for all distinct i,j € I one has pi(X,-;Xj) < p; < L. (We will make the costless
assumption that p;; = pl-j). Fori,j eI withi< j, denote

< Pij
Pij = > (UF)
Hj’e]]i,j]](l - pij’)
and for i € I, denote
= 1
l; = ————. (UG)
1_[/‘>i(1 - '012j)

Then the Glauber dynamics has spectral gap at least IIM|I~%, where M is the N X N
matrix defined by

-1

L =po1 —Poo - —Pon-1y I 0 0 0
0 1 =pn - =Diw-1 0 1, 0 0

M=o o - - : 0 0 - : (UH)
. _ﬁ(N—2)(N—1) ~ 0 <&
0 0 - 0 1 0 0 « 0 Ty

Remark 147. Since all the p;;’s were supposed < 1, all the p;;’s and the I,-’s are finite;
moreover, the upper-diagonal shape of the first matrix in the right-hand side of (UH)
ensures that it is invertible: therefore, the lower bound [||M|||~2 is strictly positive. &

Proof of Theorem 146. Let f be a centred square-integrable variable on (£, P). For
I' C I, denote F;s :=0(X /). Fori e I, I' C I\ {i}, denote

fI = f7run —EB(f | Fp); (UT)
define moreover
# _ NG,
fl. = f : (UJ)
0,i
= (UK)
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Then by Proposition 144, one has
&S, 1) =Y, Var(f]), (L)
iel
while the usual telescopic argument (confer the proofs of Chapter 2) shows that
Var(f) = ) Var(f). (uM)
iel
So, to prove the theorem, we will have to establish links between the different
values Var( fl.I ). To that end, it will be convenient to introduce the shorthands

Varm(fi[,) = AI.I,, resp. Varm(ffé) = A?&, Var'”2(f5) =: AF. That notation being set,
our main technical tool will be the following

Lemma 148. For I' C T andi,j € IN1" with j # 1,

Al <A™ g Al (uN)
<&

Proof of Lemma 148. Assume in a first time that I’ = @, and denote f; := fl.g, fi=

fj@, fl.j = fl.{j} and #; = F;,. Projecting the decomposition “f{?j} = fS} + f{{ij}} K

onto 12(%), one has f; = (f j)gi +(f IJ y7i, whence by the triangle inequality:

Varl2(f,) < Varl/Q((fl.j)‘%) + Var2((f)%). (U0)

Here one has trivially Var'/2(( fl-j )70

Proposition 4 one has Varl/Q((fj)‘o;")
the end, (U0) becomes

Var2(f l] ); also, since f; is X ;-measurable, by

<
< pO(X)); F) Var(f)) < py Var™(f): so in

Varl/Q(f,-) < Varl/z(fij) + plj varl/Q(fj)7 (UP)

which is (UN) for I' = @.
In the case I' # @, the same reasoning can be performed, except that one has
. ’ .
to work conditionally to &;,. Then, taking f; == fl.l,, fj= fjl,, = fl.l LU (and

1

letting the role of ‘%’ be played by Fs (), one gets

Var1/2(fi | Fp) < Val"l/Q(fij | F1) + pij Varl/z(fj | F10- (VQ)
Now

Var(f,.)z/\/ar(f,. | X, = %) PR, (UR)

with similar formulas for f; and fij , since all these functions are centred w.r.t. F,.
Therefore, squaring (UQ), integrating over X;,, applying Minkowski’s inequality to
the right-hand side, and using the (UR)-like formulas, we get

Var2(£,) < Var'(f)) + p,; Var(f)), (Us)

i.e. (UN). o
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Having proved Lemma 148, let us carry on with the proof of Theorem 146. For
i €1, jeli, N], denote
AV = Al (uT)

Lemma 148 will be used through the following corollary:
Proposition 149. For alli,j € I withi < j,

1 j+1

—Fij &

Al[j] <

Proof of Proposition 149. We have to bound Al[j], which we rather denote as “Agb] 7
here to avoid confusion with the notation of Lemma 148. Applying Lemma 148 with
‘I « [0,b[ ~{a}, ‘i’ < a and ‘j' « b, one has

0,b 0,b 0,b b+1 0,b
Agb] (Ef AE [Na)} < AE IN{a} +pabA§[, [N a)} (Ef Ag+ ] +pabA£ [[\{a}‘ (UV)

But applying again Lemma 148, this time with ‘I’ « [0, b[\{a}, ‘i’ < band ‘j’ « a,
one has 10,60~ {a} 10,51 [0,60\a} [b]
,b[\a , ,b[Na
A, A7+ papda = Ay + papa - (UW)

We then get (UU) by combining (UV) and (UW). o

Finally, let us show how Proposition 149 implies the theorem. If, say, N = 10,
iterating Proposition 149 yields, for instance:

[5]
A
< _ 44 P34 < 1 5] _ = 4<
47 =4 <1_2A4+1_2A3 =Pl
P34 P34 P34
~ < P35 < 1 [6] ~ <, x < Agﬂ
< p34A4 A A = p34A4 +p35A5 +

+ +
5 3
A =p3)d=p3) 7 (I=p3 (1 —p3y) = def (1= p3)(1 = p3y)
A[7]
3
(1= p3,)(1 = p3)(1 = p3y)

y N - " » 3 = 110 y .
<o < Pl + P35S + Proh + by A5 + PigAy + Prody + 1545 = ) P47 + 1,47;
j>3

< Pady + P3sAS + Py dg +

(UX)
and more generally, for any i, one has

~ # -

j>i

Equation (UY) can itself be iterated, as follows. I will just detail the reasoning for
N =4, hoping that generalizing is obvious then. First, one has trivially

A5 = 1,47, (UzZ)
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also, applying (UY) with i < 2, one has
A5 < 1,47 + a5 = 1,47 + 135,347 (VA)
Now we apply (UY) with i < 1:
AF < T AT + 55 + 51385 < 1147 + 1551047 + 15510603 + 713)4L,  (VB)

where the last inequality comes from (VA) and (UZ). Finally, applying (UY) with
i«0:

A5 < ToA7 + por AT + A5 + Fos A

< ioA(;)ﬁ + IlﬁOlAT + 1,(Bg1P1n + /302)4;é + 13(501 512823 + Po1A13 + Poobas + /503)4?,

(ve)
where the last inequality comes from (VB), (VA) and (UZ).
One can sum up Equations (UZ)—(VC) into the matricial expression
AN (1 B o s B 4 o B 3e B (ToA
0 o1 Po2 T Po1P12 Po3 t Po2P23 t+ Po1P13 t Po1P12P23)| 20 0
A 0 1 F; Biz+ Prod i,4
L]« 12 13 _ 12723 ~1 1 7 (VD)
AZ 1o o 1 P23 lezé
A3 0 0 0 1 i A?

where, looking back at how the square matrix in (VD) was constructed, we observe

that
-1

square w (0 Poi Poz Ao L —po1 =Pz —Po3

mqtmx =Z 0 0 ppp A3 0 1  —pp —hi3 (VE)

in 100 0 fys 0 0 L —=p|

(VD) “\0 0 0 0 0O O 1

So, in the end we have obtained that

Ay A?f
Z *
A<M A;é , (VF)
A3 A
<
A3 A?

where M is given by (UH). Then the very definition of operator norm yields that
Var(f) = Y.(45% < IMI? X,(47)% = [IMI|? (£, f). This ends the proof of Theo-
rem 146. (&

So, with Theorem 146 we have got a lower bound for the spectral gap of the
Glauber dynamics. Before closing this subsection, let us give a variant of that result,
with a slightly looser, but much nicer formula:
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Corollary 150 (Simplified lower bound for the spectral gap). With the assumptions
of Theorem 146, denote

0 Po1 Po2 e PO(N-1)
Po1 0 P12 PI(N=-1)
R:=1 pp P2 : (VG)
: : P(N-2)(N-1)
Po(N-1) PLIN-1) = P(N-2(N-1) 0

Then, provided ||R|| < 1, the spectral gap of the Glauber dynamics is at least
(1 = [IRID*. o

Remark 151. Note that, contrary to the result of Theorem 146, the bound of Corol-
lary 150 is symmetric by re-labelling the indices of I. &

Remark 152. In concrete situations, where N is very large (or even infinite) and that
all the ) ji Pijs are (approximately) equal to some common value g < 1, one will

have (1= [|R|ID)? ~ 1 =25 =~ |IM]||~2 at order one, so that the formula of Corollary 150
turns out to be nearly as good as that of Theorem 146. ®

Proof of Corollary 150. Assume that ||R]|| < 1, otherwise there is nothing to prove.
Observe that, then, (1 — || R][)? can also be written as ||M’|||72, with

M':=(Iy—- R (VH)

this comes from the facts that, for symmetric matrices, diagonalization properties en-
sure that the operator norm coincides with the spectral radius, and that, since R has
nonnegative entries, its spectral radius is attained for a nonnegative real eigenvalue
(cf. Perron—Frobenius theorem). Thanks to that re-writing of (1 — IIR|ID?, what we
actually want to get is that the result of Theorem 146 still holds when replacing M
by M' == (I — R)~!. To prove that, our strategy will be to show that each entry of
M is actually bounded above by the corresponding entry of M': indeed, as both M
and M’ have nonnegative entries (as will appear clearly below), this will imply that
M1 > fimy)

So, let us compare the entries of M’ with the corresponding entries of M. To do
so, we will “expand” the entries of M, resp. M'. First, notice that 1/(1 — pl.zj) can be
expanded into 1+ p;;p;; + p;jpjipijpj; + -+, S0 that one has the expansions

k—1
ﬁij = 2 2{<Hpijfﬂjﬂ>Pij ‘ I <jo < < g <J} (VI)
=0

keN

and

i< o< < ) (v3)

k-1
=22 { g PijePipi

keN

MIndeed, for a square matrix A with nonnegative entries, the supremum of the ratios ||AD|| / ||D]|
can be attained by just considering vectors ¢ having nonnegative entries.
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Then, using the inversion formula (Iy— Al = ZZ":O A (which is valid here since we
apply it in a case where ‘A’ is a strictly triangular array), one obtains that (denoting
by m;; the entry of M at index (i, j)),

m;; = Z Z{Hp’flf+l | (ig, iy, ... ,1y) satisfies the first condition w.r.t. (i,j)}7
keN
(VK)
where the “first condition” is the following:

Definition 153 (First condition). A sequence (i, ..., i) is said to satisfy the first
condition w.r.t. indices i and j when:

(i

(ii) One has always i, # iy, (provided i,y is defined, i.e. for £ < k);

I =

)
)
(iii) i; > ig (provided iy is defined, i.e. for k > 1);
(iv) If ipyy <ip, thenipyy =i, ;¥
)
i)

(v) Ifipyy <ip, thenip , > i, (provided iy, is defined, i.e. for £ < k — 2);

(v

i, =] QO

On the other hand, using the expansion Iy—R)™! = Ipa R¥ (which is convergent
here, since we assumed that [|R]|| < 1), one has a similar formula for M":

=2 Z{Hﬂm

keN

(ig, iy, ..., 1iy) satisfies the second condition w.r.t. (i,j)},

(VL)
where
Definition 154 (Second condition). A sequence (i, ..., i) is said to satisfy the

second condition w.r.t. indices i and j when it satisfies Conditions (i), (ii) and (vi) of
Definition 153. 0

Since the second condition is obviously weaker than the first condition, one has
m;; < mlfj for all i, j, so that |||[M'||| = IM||: and thus, as Theorem 146 bounds below
the spectral gap by IIM]|=2, the gap is a fortiori bounded below by M|~ @

4.2.3 Application to concrete models

The point of having got a lower bound for the spectral gap in the previous subsection
is that, when considering infinite systems of particles, that bound may remain strictly
positive, hence ensuring positiveness of the spectral gap for the infinite system. In
particular, Corollary 150 yields immediately the following result:

8)Note that in this case i,_; will always be defined, thanks to condition (iii).
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Corollary 155. Regardless of whether I is finite or not, provided

p = sup Z pij < L, (VM)
€l jeni)

the spectral gap of the Glauber dynamics is strictly positive (and bounded from below
by (1= p)*). o

So, in particular, the respective models of §§ 3.2.2 and 3.3 do have spectral gap for
their Glauber dynamics, provided that the bounds of the form “pi(ai, o) < (|j—il)”

that one gets for such models (confer Equations (NS)Y and (OR)) decay fast enough

so that
> lul) < 1. (VN)
ueZI\{0}

However, the constraint (VN) looks somehow “artificial”, as in fact, in §§ 3.2.2
and 3.3 we have managed to prove p*-mixing just under the assumption that the
sum of the z(|u|)’s was finite: so, it looks natural that the same condition would
actually be sufficient to get positiveness of the spectral gap! This is indeed the case,
as the next subsection will show: actually it will go along the same principles as what
we did in § 3.1.3 to get immediate p*-mixing even when the right-hand side of (EB)
was not always < 1.

4.2.4 Avoiding the artificial phase transition

The following result shows that, in Corollary 155, bounding the left-hand side of (VN)
by 1 was not actually necessary to get positiveness of the spectral gap: just having
it finite suffices:

Theorem 156 (Spectral gap under general pi—mixing). In the I = Z9 case, suppose
that for all i,j € Z% one has pi(X,-;Xj) < p(j — i) for some symmetric function
p: A [0, 1] such that p(u) < 1 as soon as u # 0. Then, if Zuezd p(u) < oo, the
spectral gap of the Glauber dynamics is strictly positive. o

Proof. The assumption on Y, p(u) allows us to take n < co large enough so that

Z p(u) < 1. (Vo)

uenZ4\{0}

We split Z? into a partition of n¢ == N “sublattices” Zy, ..., Zxn_1, each sublattice
Z, being of the form nZ? + u, for some u, € ZnZ?. Then we define an auxiliary
dynamics:

Definition 157 (Sublattice Glauber dynamics). The sublattice Glauber dynamics
is the Glauber dynamics for Xza considered as the finite-dimensional vector (X 4,

(IBeware that the “z(e)” function in (NS) (which dealt with a f-mixing estimate) is not exactly
the same as the “r(e)” of which I spoke below: in fact, the f~mixing bound would have to first be
converted into a p-mixing bound, like we did for the original Ising model in § 3.2.1.
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.. ,)?ZN_I). In other words, for each ¢ € {0, ..., N —1} there is an independent alarm
clock ringing according to a unit-intensity Poisson point process; and when clock ¢
rings, the state of the whole X z, Is flipped in one shot according to Law(X z, |

XZd\Zc). Q

Now let f € I?(£2). In addition to the notation of the proof of Theorem 146, we
introduce the following definition:

Notation 158. For ¢ € {0,..., N — 1}, we denote

fI=f =B | Xzaz). (VP)
Q

Remark 159. The f(c)’s are the equivalents, for the sublattice Glauber dynamics, of
the f;é’s introduced in the proof of Theorem 146. &
Fixing some “boundary condition” %Zd\zc on Z\Z ¢, one can apply Corollary 150

to the Glauber dynamics for X z, under the law P(e | X zdsz, = Xza.z): after inte-
grating, we get that

Var(f7) < (1= IRIN2 Y, Var(f7), (VQ)

i€Z,
where R is the operator on [2(nZ?) defined by

(Rg))=" D, pwgli +u), (VR)

uenZia\{0}

whose norm is obviously bounded by Zue”zd\{o} =: { < 1. Then, summing (VQ) for

all ¢:
N-1

D Var(f7) <=2 &S, f). (vs)
c=0

Now, let us apply Theorem 146 to the sublattice Glauber dynamics [Defini-
tion 157]. It yields that
N-1
Var(f) < IMII? Y, Var(f7), (vT)
c=0

where M is some N X N matrix depending on the pi()?zc;)?zcl)’s. But by

Lemma 91-(ii), pi()?zc;)?zc,) < 1 for all ¢ # ¢’; thus ||M]| < co by Remark 147.
Combining (VS) and (VT), we finally get that the spectral gap of the Glauber dynam-
ics for X 4a is bounded below by [|[M]|72 x (1 — ¢)* > 0. o

Remark 160. Theorem 156 could actually be stated in the more general frame of

“abstract” geometric spaces satisfying Assumption 86, like we did for Lemma 91 in
§ 3.1.3. &
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Chapter 5

Conclusion and open perspectives

Summary of the monograph So, in this monograph I have explored how, from
“partial independence” between individual random variables, this partial indepen-
dence being stated in the vocabulary of p-mixing, one can deduce non-trivial partial
independence results (still in terms of p-mixing) between bunches of these variables
of arbitrarily large size: this is what was shown by Theorem 39 (whose proof is far
from trivial!), which bounds above the correlation between the bunches by the op-
erator norm of some matrix of individual correlations (Equation (EB)). Theorem 39
also came together with a few “siblings”, viz. Theorems 37, 47 and 56, which slightly
refine it in some particular cases. In § 2.6.3 I have shown that the bounds of all
these theorems are (essentially) optimal. Theorem 39 can be seen as an extension of
the tensorization property of p-mixing (Proposition 16)—hence the title “generalized
tensorization”—, but with the huge advantage that the assumption of strict indepen-
dence required for “ordinary” tensorization, which was preventing from applications
to interesting “real-life” models, is not needed any more.

In Chapter 3 of the monograph, I have shown that Theorem 39 is indeed applicable
to a various set of natural models in statistical mechanics. As a first result, not
only we recover (in the completely analytical regime) the well-known property of p-
mixing between parallel hyperplanes for the Ising model (Proposition 15), but we also
extend it to bunches of spins of arbitrary shapes (Theorem 100). Most importantly,
generalized tensorization allows to get p-mixing results for a large variety of other
models (see e.g. Theorems 105 and 116), which, to the best of my knowledge, were
inaccessible until now! One other application that I find particularly interesting is
that generalized tensorization of p-mixing can be used to get I? contractivity for
evolution systems that do not have a spectral gap (a.k.a. hypocoercivity property) for
large- or infinite-dimensional models: see Theorem 125 in § 3.4.

In Chapter 4 I also explored other uses of the ideas involved in the proof of
Theorem 39, showing that, with similar techniques, it is possible to get spatial central
limit theorem, as well as spectral gap for the Glauber dynamics, for a large class of
systems in statistical mechanics. However, as regards applications to classical models,
in practice these methods only provide alternative proofs of already known results.

In spite of the achievements reported above, at least two directions for major
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improvements (at least to my eyes) still remain open. So I would like to end my
monograph with explaining these perspectives:

Relaxing the requirement of complete analyticity My generalized tensoriza-
tion theorems require some assumptions of “p*-mixing”: viz., p-mixing must also hold
under conditioning by fixing arbitrarily the values of an arbitrary number of variables.
In the context of spin models with finite-range interactions, this assumption corre-
sponds to the so-called complete analyticity criterion [9] (a.k.a. “strong mixing for
arbitrary shapes”), which is a very strong requirement: in particular, for many models
(including the very important Ising model with external field), complete analyticity is
known to fail for some ranges of temperature where exponential decay of correlations
nevertheless holds [16]. On the other hand, the case of parallel hyperplanes for Ising’s
model (cf. Proposition 15) strongly suggests that p-mixing between infinite bunches
of spins should still hold as soon as exponential decay of correlation holds... Is this
indeed the case? If yes, can it be proved by some generalized tensorization argument?
These remain frustratingly open questions in my opinion.

Actually, the “classical” works studying decorrelation for models of spins (with
finite-range interactions) (e.g. [29, 30, 31, 32]) have already stressed the importance of
some mixing criteria which are strictly weaker than complete analyticity. One of these
criteria is weak mixing, which we already encountered in § 1.2; another important
one is the so-called property of strong mizing for cubes (often merely called “strong
mixing”) [27, § 2]. These conditions seem to capture the real essence of what causes
exponential decay of correlations for such systems: in particular, for Ising’s model
with external field, weak mixing is known to hold as soon as one is not on the critical
line [33];[*] also, in dimension 2, weak and strong mixing are known to be equivalent
for spins models [36]... So, it would be an interesting challenge to try to adapt the
proof of Theorem 39 (maybe by some clever ordering of the spins?...) so that it would
only require, say, strong mixing for cubes!

Another annoying feature of the p¥-mixing condition is that the p*-mixing coeffi-
cient is defined as a (essential) supremum, so that one must have a uniform control for
conditioning under (almost-)all the possible values for the boundary conditions: this

is a quite “rigid” constraint; which I do not find quite satisfactory...[ﬂ Maybe, rather

[ Conversely, on the critical line, either the equilibrium measure is not unique (which is a kind of
extreme correlation!), or one expects correlation between spins to have only polynomial decay [34]:
so, from this point of view, long-distance correlations in Ising’s model (with external field) exhibit
a neat dichotomy, depending on whether the parameter lies on the critical line or not. But, for that
model, physicists expect that only one phase transition should occur [35], and therefore that most
correlation phenomena should exhibit the same dichotomy: so, this suggests that strong mixing for
cubes, resp. p-mixing for arbitrary shapes, would also hold as soon as one lies outside the critical
line, even if one is not in the completely analytical regime.

(] Actually this observation also stands for the classical weak- and strong mixing criteria. In prac-
tice however, weak- and strong mixing criteria were introduced to study models in which individual
spins belong to some finite state space, in which case it is not as a big issue to handle uniformity
assumptions as when one deals with continuous variables (as explained in the main text a few lines
below). In this monograph, the goal of my work was to show how general a tool it is to tensorize
p-mixing: in view of which, it would obviously be most natural to try to get rid of uniformity
assumptions!
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than requiring that conditional I? mixing coefficients are bounded uniformly in the
boundary condition, one could imagine requirements like, say, that some conditional
[ mixing coefficient would have to be an I*-integrable function of the boundary con-
dition... Personally I did not investigate that trail, given the already high technicality
of the proof of Theorem 39; however, such a result, if it were true, would be inter-
esting, especially for models with continuous variables: indeed, for such models, one
would like to allow for some slight “irregularities” (for instance, in the model of § 3.3,
it would be nice not to impose the force potentials to be convex everywhere as we
did in Assumption 115); but such irregularities make it hard or even impossible to
satisfy assumptions uniformly: and in that case, less rigid hypotheses could be very
welcome! O

Hypocoercivity for nonlinear models As already mentioned above, I find it
quite of interest that one may apply generalized tensorization of p-mixing to derive
hypocoercivity results for large or infinite systems in statistical mechanics: in partic-
ular, it might provide a way to show how large systems of particles, in presence of
“weak” noise, could nevertheless have “fast” relaxation to equilibrium, which would
be very interesting from a physical point of view. Applying generalized tensoriza-
tion of p-mixing to hypocoercivity seems all the more promising that it is apparently
a quite new idea, so that it might solve questions out of the scope of the current
analytic techniques: that is why I devoted § 3.4 to a proof of concept for such an
application. However, the example of § 3.4 is an extremely specific toy model, be-
cause it is linear; and I made heavy use of its linearity to check the pairwise mixing
assumptions in my hypocoercivity proof.. So, it remains an open challenge to see if
one could prove the assumptions required by generalized tensorization of p-mixing
for more general, nonlinear models (say, for something akin to the model of § 3.3),

[lLet me elaborate a bit on that, though I have to warn as a disclaimer that the following thoughts
are still very speculative. In classical physics, it often occurs that one deals with a system which is
fully deterministic (e.g. a gas of rigid spherical atoms, or a lattice of coupled anharmonic oscillators),
but which is expected to behave, at large scales, according to a certain non-reversible dynamics (e.g.
the Boltzmann equation, resp. the Fourier law), that macroscopic dynamics being derived informally
from the microscopic model by statistical arguments, assuming as an ansatz that the system will
satisfy some local equilibrium behaviour at any time. But proving the long-time stability of that
local equilibrium is very difficult when the only source of randomness lies in the initial condition
(see e.g. [37] as regards the Boltzmann equation): and actually, it looks out of reach of today’s
mathematical techniques! However, one might try to circumvent that issue by introducing a small,
conservative noise in the system: provided that that noise could be taken arbitrarily small at the
macroscopic scale, this would not be that much of “cheating” with the reality of physics. But even
that approach remains quite hard to handle: for instance, in the works of Rezakhanlou [38] (who
investigates this trail for the Boltzmann equation) or of Olla & al. [39, 40] (for the Fourier law),
the kind of perturbations that you need introduce to make things work properly do not look quite
satisfactory from a physical point of view... Considering all that, getting able to make use of small
perturbations of (conservative) Langevin type would be a really natural goal: and in this perspective,
obtaining fast relaxation to local equilibrium would be more or less equivalent to showing that some
hypocoercivity property holds. Far-fetched as the above argument may look, I nevertheless really
believe that understanding the relaxation of particle evolution systems with a weak, degenerate,
volumic noise would be of genuine interest for classical physics!
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in order to get hypocoercivity for such models: and solving this challenge would be
of great interest in my opinion!
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Appendix A

Auxiliary results

A.1 On the norm of self-adjoint operators

Lemma 161. Let L be a self-adjoint operator on a real Hilbert space H, and let
C < ©. Then, to prove that ||L||| £ C, it suffices to ensure that the set

{xeH | lim[(L%, x)[" < C) (vU)

is dense in H. &

Proof. Reasoning by contraposition, we will to show that, for L a self-adjoint operator
on H, for all C < |||L]|||, the set of the x € H such that

lim [(L*x, x)|"* > C (Vv)
k—o00

contains a nonempty open subset of H.

Since L is self-adjoint, by the spectral theorem [41, Theorem 7.18], it is unitarily
equivalent to the “multiplication by identity” operator M on a space @, ¢4 Lz(,ua),
for A some set and yu, some Radon measures on R, that is: [see the footnote for
precisions about the notation used in the equation],

M(ED 1.1)) = @ A, (VW)

a€EA aEA

So we will assume L is of that form.
One has obviously:

LIl =sup{A 20 | Ja € A p (R N[£4]) > 0}; (VX)
moreover, for all f =&, f, € H,

sy =3 [ LGP dunh, (vy)

n this equation, we used the summation symbol ‘@’ instead of ‘Y.’ to mean implicitly that each
., leaves in the appropriate subspace I?(u,) of which H is the direct sum. Also, ‘A’ just stands for the
free variable, so that “f(4)” is synonymous with f and “Af(4)” denotes the pointwise multiplication
of f with the identity operator.
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so that (observing that, for k even, 4% > 0 V4),

kli_ml(ka,f)ll/k=sup{/1>0 ‘ Je € A /

£ (3 > 0. (V2)
RN[+4]

Now, for C < |||L]|||, the set

U:={feH‘ Je € A /

a1 diagld) > 0 (ua)
RN[+C]

is open because fR\[ iC]l fa(ﬁ)lzdua(ﬁ) is a continuous function of f, and it is non-
empty by (VX). But (VV) is satisfied for all x € U by (VZ), so U fulfills our quest. &

A.2 A lemma a la Perron—Frobenius for infinite
matrices

The goal of this section is to extend Lemma 46 to the case where the “matrix” A
has countably infinite size. Here we will consider a set of indices with no particular
structure: for that reason, our set of indices shall be denoted by N,. In this context,
by “vector”, I will mean an element of Lz(NO), i.e. an Njy-indexed square-summable
family of real numbers. Like in Lemma 46, I denote ¥ > 0, resp. U > 0, to mean that
all entries of U are nonnegative, resp. strictly positive. By “square matrix”, 1 will
mean an array A indexed by ;X ®; and (like in Lemma 46 again) I denote A > 0 to
mean that all the entries of A are nonnegative. If A is a square matrix with A > 0,
then for all 7 > 0, one defines AU by the ordinary matrix-vector product rule, which
gives an Ny-indexed family of values of R LI {oco}. If that family is square-integrable
for all vectors 0 > 0 in LZ(NO), then the matrix-vector product rule may be extended
(with absolute convergence) to all vectors in I2(R,), and moreover in this case the
exists some C < oo such that ||A17||L2(N0) < C||’7||L2(NO) for all U: in such a case, I will
say that A is bounded. When the matrix A is bounded, it can also be interpreted as
a bounded linear endomorphism on the Hilbert space LZ(NO); and then one can define
its operator norm and its spectral radius in the usual way.
That being set, the result of this section is the following:

Lemma 162. Assume A is a bounded nonnegative square “matriz” indexed by R.
Assume moreover that A is symmetric. Then,

inf{A>0 | (3 > 0) AG < A} = py,(A). (WB)

(By the way, since A is assumed to be symmetric, here psp(A) is actually the same
thing as || A|ll). &

Remark 163. The boundedness assumption on A is rather natural here (as one speaks
of the spectral radius of A seen as an operator), all the more that it was automatically
satisfied in the finite case (i.e. in Lemma 46). The symmetry assumption, on the other
hand, is unexpected—and quite strong! Yet removing that assumption would make

139



Generalized tensorization of p-mixing Rémi Peyre

Lemma 162 invalid, as shown by the following counterexample: take A to be the
left shift operator on N (which is nonnegative and bounded); then psp(A) = 1, while

for all A > 0, the vector (A));cy (which is in I*(N) provided 4 < 1) does satisfy
Al = M. &

Proof of Lemma 162. For the ‘<’ sense of Equation (WB), consider any 4 > Psp(A):
our goal will be to find a strictly positive @ such that Au < Au. To this end, let #,
be any strictly positive vector of [2(R) (such a vector exists, since ¥, is countable).
For all k € N, one has
| AD]l 2 < AMINIB]l2; (WC)
and since limk_,oo|||Ak|||l/k = psp(A) < 4, it ensues that the series DkeN A_kAkﬁO is
€
convergent in LZ(NO).
So, let us denote
=) AR ARG, (WD)
keN
As @i is the sum of #, (which is > 0) and of the A™*A¥ii, for k # 0 (which all are
> 0, since A > 0), one has u > 0. Moreover, the very construction of @ ensures that
A = Ay + Au, where one has Ay > 0: so, Au < Au. This ends the ‘<’ sense of the
proof.

Now let us prove the ‘>’ sense of Equation (WB). We assume that pg,(4) > 0,
otherwise there is nothing to prove. Let 4 < pg,(A) (with 4 > 0): our goal will be to
prove that for all & > 0, one has Aii £ Ai. Since we assumed A to be symmetric, one
has pg,(A) = [|Alll; and that property is also true for all the square submatrices of
A [a “square submatrix of A” being the matrix obtained from A when one restricts
the set of indices to some subset]. But [|A[|| is the supremum of the |||A|||’s for A’
square submatrices of A of finite size [this comes from a density argument in I2(R,)]:
therefore, the assumption that 4 < pg,(A) implies that 4 < pSp(A') for some square
submatrix of A of finite size. Let us denote by I the set of indices of that submatrix.
We can apply the original Lemma 46 to matrix A”: denoting by u 7 the restriction of
ii to L2(I) (which is > 0 in LZ(I)), it then yields that A'ﬁu & . But by positiveness
of A, (Ai);; > A’y so, one has a fortiori that (Au),; £ Ay, which finally implies
that Ai £ Aii. &

A.3 Technical checks on the system of § 3.3

In § 3.3, we investigated the system of statistical physics defined formally by Equa-
tion (OP) in order to establish its p*-mixing properties. In that investigation, we
used a couple of classical arguments of statistical physics: in particular, we defined
the probability distribution on our system via its Hamiltonian; we viewed the condi-
tional distributions of the system as the equilibria of some Langevin dynamics; and
we used convexity properties of the Hamiltonian to ensure that everything worked
properly. However, in full rigour, all these arguments are only guaranteed to work for
finite-dimensional systems, which ours was not.. So, this appendix section gathers
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the technical arguments needed to ensure that all the claims that we made on the
behaviour of our infinite-dimensional system were actually valid.

Remember that our system is made of continuous-valued spins laid on an infi-
nite lattice, submitted to pinning and nearest-neighbour interactions: it is formally
defined by Hamiltonian (OP), where the pinning potential ¥ (e) and the interaction po-
tential W (e) have to satisfy Assumption 115 regarding convexity. The “polarization
space” that each spin lives in is R? =: &, which is endowed with its usual Euclidean
norm |e|; while the lattice according to which the spins are laid out is Z¢ =: V, which
is endowed with the #! graph distance |® — o[, also denoted by dist(e, ®). The system
is studied at some fixed inverse temperature g € (0, 00). In this appendix we will
refer to that system as the “LoNP system” (for “Lattice of Nonlinear Particles”).

A.3.1 Giving a precise meaning to the LoNP system

The goal of this first subsection is to give a precise meaning to the law of our LoNP
system. To do so, we will first establish estimates for finite-dimensional versions of
the system; then, thanks to these estimates, we will be able to pass to the limit in a
coherent way:.

LoNP conditioned at the boundary of a box A case where everything is
defined without ambiguity is when we consider the system defined on the whole V,
but that we only look at what happens inside A, and that we have fixed a boundary
condition on the boundary dA of A, that “boundary” being defined as the set of
vertices of V N\ A that are connected to at least one vertex in A. Indeed, the structure
of the (full) Hamiltonian of the system implies that what happens outside A may
only interfere with what happens inside A through what happens on 0A, so that,
once you consider a conditioning of the form {G,, = 5,,} (for some 5,, € &%),
it does not matter whether you are considering the system on the whole V (which,
a priori, might be ill-defined) or if you are considering its restriction to some finite
A" D AU 0A (for which everything is well-defined). In view of which, one can define
the conditional law for the full system as the conditional law for the system restricted
to A”: this law does indeed not depend (as regards what happens in A) on the choice
of A'. (This is actually nothing but the principle of a Gibbs measure!).

Also, note that in such a case the conditional distribution Law(c, | 654 = 554)
will be the (unique) equilibrium distribution for the overdamped Langevin dynamics
associated to the conditioned system, and that that dynamics will converge to that
equilibrium: indeed, under the conditions that we have required, the conditioned
Langevin dynamics is nothing but a Fokker—Planck diffusion in some convex potential,
for which all of that is well known (see e.g. [18, § 4.5]).

Until now, we have just recalled some elementary facts. Now let us turn to a
first non-trivial lemma, which tells that the law of the system on A depends on the
boundary condition in a continuous way:

Lemma 164. There exist constants y > 0 and C < oo such that the following holds:

for A a finite subset of V, for ESA, E(IM two boundary conditions on 0A, for all I C A,
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the conditional distributions on I corresponding to the respective boundary conditions
are close to each other in terms of Wasserstein dz’stance,[ﬂ with the following control:

> = 20 > = 2l )2 ~2ydist(1,0A 1_ 02
W, (Law(c; | 694 =5, ,), Law(G; | 6,54 =5, ,))” < Ce™ ist(1,04) Z s, — ;1%
k€aA
(WE)
&

Proof. This lemma is actually completely similar to Proposition 120, and gets proved
in exactly the same way. The only differences are the following: the vertex i gets
replaced by the set of vertices I; the vertex j gets replaced by the boundary dA; and
there is no set K any more. As a consequence, here the Lyapunov functional would
become

Uiig) = Y, B0V |y ()2, (WF)
ieA
but apart from these modifications, everything works just the same! -~

Finite LoNP with free boundary Besides the situation of a finite box with
fixed boundary condition, one may also consider the restriction of the LoNP system
with free boundary condition. This corresponds, for finite A € V, to considering the
following Hamiltonian:

HAGy) =) V) +s Y Wi -0y (WG)
ieA i,jeA
j=il=1

Here, Equation (WG) is a finite sum, and the state space & A concerned by # 4 1s finite-
dimensional; so there is absolutely no ambiguity in defining the Gibbs measure at
inverse temperature f for that Hamiltonian: we will denote it by P ,(e), and refer to
it as “the LoNP system restricted to A”. Also, convexity of the Hamiltonian ensures
that the (overdamped) Langevin dynamics associated to this restricted system (is
well-defined and) converges to the Gibbs measure as times goes to infinity, for any
starting state.

Now, our next lemma will consist in controlling the polarization of individual
spins for such finite-dimensional versions of the LoNP system:

Lemma 165. There exists a constant C < oolf! such that, for all finite A C V, when
considering the LoNP system restricted to A (with free boundary), for all i € A, one
has the following 12 control on the polarization of spin i:

Ea(lo;1») < C. (WH)
&

Proof. Let i € A; and let us consider the Langevin dynamics (¢ A(t))teR+ for our
restricted system, starting from state 6 ,(r = 0) = 0 (i.e., initially all the spins have

(fAs regards the W, Wasserstein distance, see Definition 118. Here the distance considered on
8! is the “meta-Euclidian” one: dist(59,5)) = ¥,,|s! — s7|%.
[IThe important point here is that C only depends on V' (e), W (e) and f, but not on A nor on i.
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polarization O).[§] We will show that this dynamics cannot go too “wild” by consid-
ering the following Lyapunov functional:

UGA0) = Y, e 2o ()2, (W)
jeA
Below we will shorthand e 211l = Fw;.
Let us remind that the Langevin dynamlcs is defined by

do;(1) =:< VW) + Y VW(o( - a(t))>dt+\/2ﬂ dB!, (w3
i’ =jl=1

where the (dBtj )teR+, J € A are independent #-dimensional white noises. From (WJ),
we get that the evolution of %(¢) is made up of four terms:

o Evolution due to the pinning forces, contributing to the temporal derivative U
by =X icawjo; -V, o,V- Using that Vi, V' = VoV + VV,,/V - g; for some ¢’ in
the segment [O 1]0' 'and that VV 1oV 2 al,, we get that this term is bounded

above by
= 2 wj(o; VgV +alo}])
j€A
< % Z ij(élffjlz+5_1|Vr0V|2)—a%(l‘) = _(a_5/2)%0)"'C15_1|Vr0V|2/2,
j€A

(WK)

where § € R is a constant that we will have to choose small enough, and C,
=27 |ul

is the finite constant ), e
« Evolution due to interaction forces. The contribution of the interaction forces to
% appears as a sum of terms indexed by the couples (j, j') such that |j'—j| = 1.
We will group these terms by edges, i.e. by pairs {j, j’} of neighbouring vertices.
Let us look at what happens regarding such an edge: it contributes to % by

(W6, = w6;1) Vg, o W. (WL)

J 0'/ o;

. 1
We decompose w;o; — w;/c; into E(w/ + wj)o; — o) + E(wj —wjr)(o; +
c;1), which yields a decomposition of (WL) into two terms. The first term is
nonpositive because of the convexity assumption on W(e). Assuming to fix

ideas that w;, > w;, the second term is bounded above by

2y
1 (e —1)B
(e - 1B
< ————wjlo;1* +wjrloj ). (M)

2

SHere we are assuming implicitly that polarization 0 is actually allowed for our spins, i.e. that
V(s =0) < oco. At first sight this looks restrictive, because there are some interesting cases that do
not abide by this property: think e.g. of ¥ (s) « |s|? + 1,_y>1/2 - 00 for some unit vector u. However,
we can always change the origin of space & to ensure that V() is finite on a neighbourhood of 0 (as
it is implicitly assumed, in any case, that V'(e) is finite on a nonvoid open set): so this is not a real
issue.
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So, we have got an upper bound on the contribution of each edge to %; and
by summing on all edges, we get that the total contribution of the interaction
forces to % is bounded above by d (ez}’ — D)BU®).

o Stochastic term. This term is ZjeAZ V2p-1 w;o; dBj so it is a white noise
with variance by unit of time equal to

8671 ) wllo)l <87 %) (WN)
jEA

(using that all the w;

;s are < 1).

« It6 term. This one is just 3, 2ﬁ_1fwj dt < 27C, 71 dr.

All in all, we have the following control on the evolution of the Lyapunov func-
tional:

AU < —(a— (¥ = 1)Bd = 38)U®) dt + (557" |V oV > +2£p7")C, di
+2V2p 1 %®"* dB,, (WO)

for (dBt)teR+ some white noise (adapted to the natural filtration of the process).

Assume that we have chosen y small enough so that (e —=1)Bd < a. Then, we can
choose 6 small enough so that the factor in front of % (¢) dz in (W0) is strictly negative.
So let us assume that we did so; denote that strictly negative factor by —C,; and
also denote %5_1|VF0V|2 +2¢p71 = C;. By an immediate comparison argument,
2% (1) is then bounded (at all times, almost-surely) by a process 9/ (1) that satisfies the
stochastic differential equation

A% (t) = —C, % (1) dt + C,C; dt + 2 V24~ % (t)* dB,, (WP)

starting from the initial condition % (t = 0) = 0. Then, taking expectations formally
[see Footnote [q] for a justification of why it is legit here], we get that

% E(Z (1) = ~C, E(Z (1)) + C,C;, (WQ)

from which, given the initial condition, one gets by a comparison argument that
E# (1)) < C,C;/C, at all times, and therefore that IE(lal-(t)lz) SE®#@) <CCG/C
at all times. But, passing to the limit as t — oo, the law of o;(¢) tends to the law of
o; for the LoNP process restricted to A; and therefore we have proved the wanted
result, with C « C;C5/C,. [

(11t is not clear a priori that E(%(r)) would be well-defined and that the expectation of the
“% ()" dB,” term in (WP) would really be zero.. However, what actually interests us is not Equa-
tion (WQ) itself, but just the estimate “E(%(f)) < C,C;/C,” that gets deduced from it: and the
latter can be proved by classical stopping time arguments (which were kindly explained to me by
S. MAZZONETTO), as follows. For M < o0, let 7;, be the first time when 9/ (1) attains some value M.
Considering the stopped processes % (t A 7,,) and Ut A 7)), everything becomes bounded, and then
one can rigorously integrate (WP), take expectations and apply Gronwall’s lemma to obtain that
E(?Z(t A TM)) < C,C5/ C,y at all times: but since that bound is independent of M, one finally gets
the announced result by letting M — .
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LoNP as a limit of finite-dimensional systems Now that we are armed with
Lemmas 164 and 165, we can combine them to get the following

Proposition 166 (Convergence of restricted laws to a limit). As A grows to the
whole V, the law of the restricted system &, converges to a limit, in the following
technical sense: for any finite I C V, denoting by &, the set of all finite “bozxes”
A C 'V containing all the vertices at distance < n from I [so, &, is a set of “large
enough” bozes], denoting by P ,(e) the law of the system restricted to A (with free
boundary condition), one has

diam{Law () | A€ Z,} — 0, (WR)

where the distance considered between the laws on 87 is the Wy Wasserstein distance.
OO0

Finally, via Proposition 166 we can define “the”l law of the infinite-dimensional
system in a rigorous way: namely, we consider it to be the law whose finite-
dimensional marginals Law(c;) are the respective limits of Law 4(6;) when A — V!
(where “A — V7 means that, for all n, one has ultimately A € &,).

By the way, by passing to the limit in Lemma 165, we also have the following
control on the individual spins for that infinite-dimensional law:

Corollary 167 (I? control on the law of spins). There exists a constant C < oo

(the same as in Lemma 165) such that, for the equilibrium distribution on the global
system &, for alli € V:

E(lo;|*) < C. (WS)

(A

A.3.2 Log-concavity of the LoNP marginals

Now that we have given a precise meaning to the LoNP system, let us turn to a second
part of this section, viz., proving that the conditional finite-dimensional laws of the
LoNP system are log-concave (in other words, that the logarithm of their density
w.r.t. the Lebesgue measure is concave).

Actually, if the system were globally finite-dimensional—say, if we were consider-
ing the system restricted to A—, log-concavity would be fairly easy to check. The
reasoning would go along the following lines: since Law(c,.x | 0x = Sg) can be
described by a convex Hamiltonian, it has log-concave density w.r.t. the Lebesgue
measure on &K and thus, by the Prékopa-Leindler inequality [42, Theorem 8], for
I C ANK, the law Law(o; | 6 = Sg) (which is the pushforward, by the canonical
projection from S to &1, of Law(6 4k | 6x = 5)) is a log-concave measure too.

However, in the actual situation we are in infinite-dimensional context; and the
notion of being “log-concave” in such a context is ill-defined.. Hence, we need to
check formally that the log-concavity property actually remains valid in that case.
This is the following result:

' practice, there may (and will) exist other Gibbs measures; but the one that we have been
defining is canonical.
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Lemma 168. For finite I C 'V, for (not necessarily cofinite) K C VNI, for Law(cg)-
almost-all 5 € X, the law Law(3; | 6x = 5g) is log-concave. o

Proof. The finite-dimensional argument explained at the beginning of this subsection
shows that, for A a finite box containing I, one has log-concavity for the law of &,
under the conditional law where the spins of 0A \ K would be set to zero, i.e. for
the law

Law(c; | 6 =Sk, 694k =0) = Law,,,q(6; | 654k = 0). (WT)

The point will now consist in getting convergence, as A — V, of the above law to the
actual law Law,,,q(6), in a way that is compatible with preservation of log-concavity.
In the sequel we will more specifically consider boxes A of the form {i’ € V |
dist(I,i") < 8}, so that, for i € I, j & A, one has always dist(I, j) > dist(I1,0A).

The same argument as in Proposition 120 and Lemma 164, considering in this
case the Lyapunov functional

UG) = ), H D)2, (Wv)
iEANK

shows that, for any boundary condition Sy g4, one has the following control in W,
distance (where C < o0 and y > 0 are some fixed constants):

W (LaWeona @1 | Goank = 0), Laweona(3y | Sppux))’ < Ce2sllon g |2
JjEIANK
(Wv)
But Law,,,4(6)) is a mixture of the laws Law,,,q(6; | 654k = Sgak) (obtained
for 5, 4 g following the distribution Law,,4(654.x)); S0 by convexity of optimal trans-
portation cost [14, Theorem 4.8] it follows that

- - — =d 2 — 3 NL i
Wy (LaWeona(@s | Gopk = 0), Law,onq(@)))7 < Ce 27 #sUloN N psi-Laveona@)(| 5|2
JjEIANK

—2ydist(I,0A 2 —2ydist(I,j 2
— Co~2rdist(1,04) Z Econa(lo;>) € C 2' e~ 2rdist(L,)) Econa(loj1?).  (WW)
JEIANK JEVNK A

But, because of the a priori bound on IE(lajlz) given by Corollary 167, we have
that

/ Z o~ 2rdist(1,)) E(Iﬁjzl | a’-K = §K)> d]P’(E'K) = Z o~ 2rdist(I.j) ]E(|6j|2)
S Y ieVaK A

JEVNK A
< sup E(lajlz) X Z e~ AL < oo (WX)
Jev jev

so that, for Law(cg)-almost-all 5, the series ZjeV\K\A e 2rdisi(L.j) IE(|0']2| | 6x =5k)
is converging. Therefore, by letting A tend to V, we get that, for almost-all s,
Law(c; | 6 =5Sk) is the limit, for the Wy distance, of a sequence of log-concave
probability distributions. One then concludes by Lemma 169 below. @

Lemma 169. The set of log-concave probability measures on R" is closed w.r.t. the
Wy Wasserstein distance. &
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Proof. For u a probability distribution on R", as explained in [42, Theorem 2|, the
log-concavity of u is actually equivalent to saying that, for all x,y € R" & > 0, one
has the following inequality between the mass given to closed balls:

y(B(" ; L e)> > u(Bx, ) " u(By, )", (wy)

Because of that, if u is not log-concave, one can find x,y € R" and 0 < € < £’ < 0
such that: (denoting ‘B*’ for an open ball),

M(B" (x er Y 6’>> < u(B(x,e)"u(By,e)". (Wz)

But, the set of measures u satisfying (WZ) is open for the Wy distance, because the
maps of the form u — y(B°(z,r)) (resp. pu — y(B(z,r))) are lower-semicontinuous

(resp. upper-semicontinuous) w.r.t. that distance.**) Thus, since Equation (WZ) is

a sufficient condition for failing to be log-concave, the set of measures failing to be
log-concave is open for the W, distance. This is what we wanted. &

Remark 170. Before leaving this subsection, let me observe that Lemma 168 was not
actually needed for this work: indeed, in § 3.3 log-concavity was used only to ensure
[? integrability, which could have been got directly from Corollary 167. However,
unlike Corollary 167, Lemma 168 had the advantage of being qualitatively obvious:
which is why I felt it better to use log-concavity arguments in § 3.3. &

A.3.3 Conditional laws as time limits of Langevin dynamics

In this third subsection we will turn to another property of the LoNP system that we
“expect” to be valid by analogy with the finite-dimensional case, but whose validity
needs to be checked in infinite dimension: viz., the fact that the conditional equilibria
of the form P(e | ox =5g) can be obtained as the time limit of the associated
overdamped Langevin dynamics, starting from zero. (In the case of co-finite K this
would nothing but be classical stuff; but here we also want to consider the case where
V \ K may be infinite). The result is the following:

Proposition 171 (Convergence to equilibrium for conditioned Langevin dynamics).
Let K C'V be any set of vertices. For Sg € S§X. say that the boundary condition Sk
is non-pathological when both of the following conditions hold:

(i) Qne can meaningfully define the conditional equilibrium probability P, (e |
Ok = Sg);

FIndeed, for r < r’, if u and u’ are two probability measures such that u(B(z,r")) < ,u(B(z,
r)) — g, any transportation plan from p to ' will have to ensure that a mass at least £ goes from
B(z,r) to the complement of B°(z,r") (which requires to move by at least #’ — r), so that in such a
case one necessarily has Wy(u, u') > €2(r' —r). From that observation, the claimed semicontinuity
properties follow easily.
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(i) The overdamped Langevin dynamics with boundary condition Sg on K, when
starting from the initial condition 6y g = 0, converges in law to that conditional
equilibrium when time tends to z’nﬁm’ty.“ﬂ

With that vocabulary, the present proposition states that the set of pathological bound-
ary conditions on K has zero measure under the equilibrium distribution Laweq(ZvK) of
the system: in other words, Laweq(EK)—almost-all values of Sk are non-pathological,
and hence satisfy Items (i) and (i) above. o

Remark 172. Note that, provided d > 1, it would not be very difficult to show
that the set of pathological boundary conditions is non-empty, by devising boundary
conditions for which there is no convergence for the Langevin dynamics. Morally,
this is because the influence of a boundary condition at some vertex k takes some
time to propagate to vertex 0, and does so in a diffusive way. Using that observation,
the kind of “pathological boundary condition” that I have in mind is the following.
Consider d =2 and take K = {kg, k{, k, ...} with k, = (2",0) € Z?: consider spins
to be real (i.e., “¢ = 17) and potentials V(o) and W (e) to be exactly quadratic
(and strictly convex); and set s, = (—C)" for some very large constant C. (How
large exactly C needs to be will depend on the ratio between the convexities of W
and V). The point is the following: the boundary condition at spin k, tends to
“contaminate” the other spins (up to some damping effect, which is overcome here
by the fact that C was chosen large enough) to make them close to (—C)". However,
that contamination needs some time to take effect: is particular, if you want to see
the effect of that boundary condition on spin (0, 0), the time needed before the effect
is really felt™ is of order of magnitude (2")? = 4". Therefore, the state of spin (0, 0)
will tend to “oscillate” in the following way: when time is of order 4", it feels mostly
the effect of spin k, (because the spins k,,., are much lower, while the spins k-,
have not come into effect yet), so that we get (very roughly) oot = 4") = (=C)".
This oscillating behaviour implies that o )(#) never converges, hence neither does
the whole 6y k- &

Proof of Proposition 171. First, it is obvious that if we choose our boundary condi-
tion Sk according to the actual distribution Law(cg), and that we take the initial
condition for the Langevin dynamics according to the actual conditional distribution
Law(6y.gx | 6x = Sk) (which, by the basic properties of conditioning, can be defined
for almost-all 5g), there is convergence to equilibrium: because we are already at
equilibrium! So, as we want to check that the Langevin dynamics starting from 6V\ K
also converges to equilibrium, it will be sufficient to show that the initial condition
gets asymptotically forgotten, in the sense that the dynamics gets closer and closer
to the dynamics starting from an initial condition drawn according to the actual
Law(6y.x | 6k = 5k)-

[11]Tn the sense that for all finite I € V \ K, the law of & 1) for that Langevin dynamics converges
to the conditional equilibrium law P, (6, | 6x = 5g)-

(FlHere note that the effect of spin k, shall attain spin (0,0), despite the fact that we have fixed
the spins k,, for m < n, because we are in dimension 2: so, the influence of spin k, can “bypass” the
spins k,,. This would not have worked in dimension 1, where the boundary condition at k, would
have “screened” all the other ones.
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Here again, we do so by coupling our two Langevin dynamics, taking the same
noise for both. Note however that, contrary to what we did in the proofs of Proposi-
tion 120 and Lemma 164, here the boundary conditions are the same, but the initial
conditions differ. This leads us to introduce a different Lyapunov functional: de-
noting by I a finite set of vertices for which we want to show the convergence of
Law(o (1)), our Lyapunov functional will be

Uliyg) = Y, e 20|y (1) (xA)
ieV\K

for some small y > 0. So, what matters this time is not the distance to the boundary,
but the distance to I; and also, the weight of #; is decreasing[*] as one goes further
from I.

By Corollary 167 combined with exponential decrease of the weights of the #;’s,
one has that

E(%(7i(t = 0))) < 0. (XB)

In Equation (XB), expectation has to be understood in the “annealed” sense: that
is, not only you consider the initial condition of the reference Langevin dynamics to
be random, but beforehand, you also take the boundary condition 6 as random,
according to the equilibrium distribution of the unconditioned system. (So, in this
case, the “annealed” law of the initial condition of the reference Langevin dynamics is
nothing but the unconditioned law of the global system cy;). The fact that (XB) holds
under the annealed law implies that it also holds under almost-all “quenched” laws:
that is, for almost-all boundary conditions, when you fix that boundary condition and
that only the initial condition of the reference Langevin dynamics remains random,
one still has finite expectation for the initial value of the Lyapunov functional.

Now we have to study how the Lyapunov functional evolves along time. We again
mimic the proof of Proposition 120, but with a key difference: indeed, since here we
are considering identical boundary conditions, the analogue of Equation (PO) just
becomes

—win - W{i,i'} 0, (XC)

which is nonpositive.
Because of the above, the analogue of Equation (PQ) becomes merely

U (i) < —(a = (& = 1)d B) % (Gij). (XD)

From (XD), you get by Gronwall’s lemma that E(% (7)) tends to zero, and thus that
one has convergence to 0 of the W, distance between the actual distribution Law(c; |
6k = Sk) and the distribution that you get at time ¢ for the Langevin dynamics when
starting from the initial condition “6y. g = 0”. This is what we wanted. -~

(] Actually, on this point the general philosophy remains unchanged: viz., the weight of n; gets
larger towards the “inside”, resp. smaller towards the “outside”.
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A.4 Stability of fast decay properties

All the lemmas in this section will have the same general philosophy: to show that,
when applying certain operations to (infinite-dimensional) square matrices indexed
by Z or Z9, if the entries of the input matrices go quickly enough to zero as you get
further from the diagonal, then the output of the operation shall again be a matrix
whose coefficients go quickly to zero as you get further from the diagonal.

A.4.1 Stability by inverse convolution

In this subsection, we are not interested in matrices stricto sensu, but rather in
convolution of functions: however, function convolution may be seen as a special case
of matrix multiplication, cf. Remark 183 on page 158. The results that we are going
to expose were used in § 3.2.2 to prove mixing between spins in the infinite-range spin-
glass model: more specifically, we used these results to control the tails of the inverse
convolution k™ of some rapidly decaying function k: Z¢ - R—hence the name of
this subsection. In the sequel, what was called ‘k’ in the proof of Proposition 104 will
correspond to what we call “dy — A” below. Recall that, for f a function of £ Lz
and k € N, “f*k” stands for the k-th convolution power of f. (That notation will
also be used for | € Ll(]Rd)).

Remark 173. As there will be many different symbols used in this subsection, I have
adopted the following convention to make things clearer: real constants and points
of Z¢ or R¥ will be referred to by light font symbols; while functions will be typeset
in bold fonts: either Roman symbols for functions defined on Z?, or Fraktur symbols
for functions defined on R?. &

A few prolegomena are required before starting. First, as we observed in page 90’s
footnote [*x] on functions’ decay, the notion of “polynomial (resp. exponential) decay”
has to be adapted for functions defined on Z“ or R¢, in the following way: here, when
we say that (for instance) a function f: R? » R is y-polynomially decaying, what
we actually mean is that one controls the tails of f in a y-polynomially decaying way:
i.e., for the norm |e| on R that one is considering,

—> 0

sup [f(0)] *=° 05+, (XE)

|x|>6

As regards the norm being used, in this subsection it will be convenient to consider
that “|e|” actually refers to the Euclidean norm on R9 or Z9 (the latter being seen as
a subset of Rd). Note that the fact of being y-polynomially decaying does not depend
on the choice of the norm being considered; on the other hand, as regards exponential
decay, the quantitative rate of decay (i.e., the constant “y” in Definition 83) may
depend on the norm, but the qualitative property of “being exponentially decaying”
does not.

All of that being said, let us first treat the case of exponential decay, which is
easier:
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Lemma 174. For d € N*, let A: Z¢ - R, be an exponentially decaying function;
and assume that ||Alls1zay < 1. Then, the function Zfzo Ak (which is the sum of a

convergent series in z,”l(Zd)) is exponentially decaying too. o

Proof. We start with observing that, actually, “4 is exponentially decaying” is equiva-
lent to “the set of linear forms (¢, ®) on R for which D vezd eV A(v)| < oo contains
a neighbourhood of zero (in the space of linear forms on R%)”.[fl Moreover, in the
case ||4][z1(z4y < 1, by dominated convergence this is also equivalent to the fact that
linear forms close enough to zero satisfy ). cza P AWw)| < 1.

But, provided there is convergence, by multiplicativity of the exponential one
has that ) _za olo0) 5k (1) = (ZveZd e<"”U>,1(v))k. Therefore, if A is exponentially
decaying, for (@, e) close enough to zero so that ), _ 4 e<(”’”>|/l(v)| < 1, the values
Y vezd {2 ()| will decay exponentially in k, and thus they will be summable:
so, one will have

Z el®:0) Z l*k(v)| < 0, (XF)
vezd keN
proving that Y, A** is exponentially decaying. o

Now let us turn to the case of polynomial decay, which is much trickier. Before
starting, here it will be more convenient to introduce a slightly more restrictive notion
of y-polynomial decay:

Definition 175 (Decay in O(|e|77)). We say that the function f (defined on Z? or
R?) decays in O(|e|™") when one has
6—>00 _
sup [f(x)] = O@™). (XG)
[x|>6 Q

With that definition, “to be y-polynomially decaying” is actually synonymous with
“to decay in O(|e|™") for all 7 < y”.

With that vocabulary at hand, the second lemma of this subsection is the fol-
lowing;:

Lemma 176. For d € N*, let A: Z% — R, be a function that decays in O(|e|™")
for some y > d; and assume that ||Allz1za) < 1. Then, the function 37 A% decays

in O(|e|™") too (with the same value of y). &

Remark 177. Given the link between “decaying in O(|e|™")” and “y-polynomially de-
caying” [confer a few lines above], the lemma obviously remains valid if one replaces
simultaneously both occurrences of “decays in O(|e|™")” by “is y-polynomially decay-
ing”; also, by the triangle inequality, the lemma still holds if you allow A to take
negative values.

When in the proof of Proposition 104 I referred to “Lemma 176”7, 1 actually
implied “generalized according to Remark 1777 &

[Too see that, observe that you can bound above the function e{**) by el?!l*l and that conversely
you can bound above e’!*! by a linear combination of the form > el with the @;’s proportional
to y.
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Proof of Lemma 176. Let A be a function like in the statement of the lemma. The
proof will rely on the following key intermediate result, whose proof is postponed:

Lemma 178. Letd € N* and y > d. Then there exists a function s : Z9 — R that
satisfies all the following properties:

» Normalization: s is a probability mass function, i.e. Y, cpas@)=1.

e Decay: s decays in O(|e|™7).

o Lower bound: There exists some ¢ > 0 such that s(u) = c|lu|™ as soon as |u| is
large enough.

o Regularity: There exists a nondecreasing function W: R, — R, that increases
at most polynomz'allym, such that

Vu,oe Z%  s(v) < W(v —ul)s@). (XH)

o Stability: There exists a function P: N — R, that increases at most polyno-
mially, such that

VkeN YueZ?  s*w) < P(k)s@). (XI)

Moreover, as regards the lower bound property, one can prescribe ¢ to take any finite
value fixed in advance, however large it may be. o

Remark 179. Morally, Lemma 178 ensures the existence of some kind of “(y — d)-
stable probability distribution on R¢”—except that stability only holds in an ap-
proximate way. &

Thanks to Lemma 178, we are able to introduce functions b,s: Z¢ - R + and
constants u,n € R such that all the following hold (see below for a justification):

o A< ub+ns (ie., one has A(u) < ub(u) + ns(u) for all u € Zd);

b and s are probability mass functions;

b has bounded support;

s satisfies all the properties stated in Lemma 178;

u+n<l.

How can we build such functions? Well, first we take p and n such that u > ||All o174y,
n >0 and u+n < 1: this is possible, as we assumed ||4||,1 < 1. Also, by the decay
assumption on 4, there exists a constant C < oo such that A(u) < Clu|™" as soon
as |u| is large enough: therefore, applying Lemma 178 with imposing ‘¢’ « C/# for
the lower bound property, we obtain a function s such that A(u) < ns(u) as soon as
lu| is large enough. Now it just remains to consider the mass function b defined by

[ﬂI.e., there exists Kk < oo such that W (5) = O(5") as |6] — oo.
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B(u) := (A(u)—ns(u))Vv0, which has compact support and whose total value is obviously
< ||All 1, and to normalize it (assuming harmlessly that it is not identically zero) into
a probability mass function b, for which one will have ,ub(u) (u 1 |1bl| p)b(u) >
(u /ANl )(Aw) — ns(u) Z Auw) — ns(u) indeed.
Now that we have written 4 as a linear combination of b and s, by using the
bilinearity and symmetry of the convolution product, we get that, for all k € N:

k k
Ak < Z <k>“ nk K prk’ *(k—k’) < Z <k>ﬂk”,’k—k’P(k _ k/)b*k’ xs. (XJ)
k=0 \K' k=0 \K'

Now a key observation is that, denoting by R some finite radius such that supp b in
included in the ball B(0, R) (such a radius does exist indeed), the function b**' is the
density of a probability distribution with support contained in B(0, k' R). But then,
given the regularity property of s provided by Lemma 178, for all u € Z“ we have
the bound

(b xs)wy = Y K sw-m= Y b* ws@w-h

heZd |h|<k'R
< ( > b*k’(h)> sup{s@’) | u’ € B(u,k'R)} < W (k' R)s(u), (XK)
hezd ~ g -
—_—— <W (K R)s(u)
=1
whence
RS Z ( >W(k Ru Pk — kg s (XL)

Here we observe that, since W (e) increases at most polynomially, then so does k' +—
W (k' R). And since any polynomial increases slower than any exponential, it follows
that, choosing arbitrary constants fi > u, #f > n with fi+# < 1, there exists a constant
C < oo such that

Vi, k' W'RE <cit',  Pl— kK < ot (Xm)

Therefore, combining (XL) with (XM), the binomial expansion yields that, for all
k € N:
AR < Ca + s, (XN)

And finally, summing (XN) on all values of k, we get that

2

<Z,1*k>(u) _C =5(0), (X0)

k=0

which (as a function of u) deceases in O(|e|™7) indeed, because of the decay property
of s provided by Lemma 178. This ends the proof of Lemma 176. @

It however remains to prove Lemma 178. We will actually see that lemma as
a corollary of a variant dealing with functions defined on R? (which are easier to
handle). The statement of this variant is the following:
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Lemma 180. Let d € N* and y > d. Then there exists a function 8: R? - R,
that satisfies all the following properties:

e Normalization: 8 is a probability density function, i.e. /xE]Rd 8(x) vol,(dx) = 1.
o Decay: 8 decays in O(|e]|™7).

o Lower bound: There exists some ¢ > 0 such that 8(x) = ¢|x|™" as soon as |x| is
large enough.

o Regularity: There exists a nondecreasing function W : R, - R, that in-
creases at most polynomially, such that

Vx,y€ RY  8(y) < W(ly — x)8$(x). (XP)

o Stability: There exists a function P: N* — R, that increases at most poly-
nomially, such that

Vke N* vxeRY  8*(x) < P(k)8(x). (XQ)
Moreover, as regards the lower bound property, one can prescribe é to take any finite
value fized in advance, however large it may be. o

Proof. Let a :=y —d, which is > 0 by assumption. We define 8 in the following way:
we set

8(x):==(1—-e"%x Z e—nan(eZn; x)7[§} (XR)
n=0

where n(c?; x) is the density, at x, of the d-dimensional multivariate normal distri-
bution with variance matrix aZId:

n(c?; x) = 1 exp(—ﬂ) (X8S)
’ (V2ro)d 202

Now, let us check the properties stated by the lemma:

First, the normalization property is a direct consequence of the fact that normal
distributions integrate to 1 and that (1 —e™)x 3% je™" = 1.

To get the decay property, let us consider, for all x € R9 \ {0}, the following
extended sum (which is obviously an upper bound for 8(x)/ (1 —e™)):

(e}

Z e (e x) = 3(x). (XT)

n=—oo

Obviously 8(x) is of the form 3(|x|), since all the terms in (XT) only depend on x
via |x|. Elementary convergence properties show that 5(6) is finite for all 6 € (0, 0);

(8'Here I have chosen to take a ratio of e between the scales of two successive normal densities;
—ha

but we could have replaced e by any constant r € (1, o), up to replacing the coefficient e™"* by r™"%
resp. the normalization constant “1 —e™” by 1 — r™%.
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moreover, the function 5(e) is obviously decreasing (because all the terms in the sum
are); and lastly, an immediate index shift on n shows that 5(e8) = e775(8) for all 6.
Taken together, these three properties imply that 5(e) decays in O(|e|™7): therefore
so does 8, and hence 8.

As regards the lower bound property, for |x| > 1/e, take n « [In x]; then one has
e" € [|x], e|x|], so that

-1/2
€
eZn.

(X) 22—
(Vare|x|)?

and thus, by just taking into account the contribution of that value of n, one has:

n( (XU)

Ix|™*  (1—e%e

8(x) = (1 —e M x(e|xD™* =
(x) > ( ) X (elxl) 574 od+172 574 d+172

|xI77, (XV)

which is indeed the kind of lower bound that we were looking for.
Now let us check the regularity property. We observe that one has n(c%;x) <
1/(v2z o) for all x, so that

& —ha -
_ 1—e
Vx € R? g(x)s(l—ea)z c -
= (Ve (1 —e7)

< o0; (Xw)

moreover, 8(x) is obviously a decreasing function of |x|. From that, together with
the estimates on 8 already established, we deduce that there exist constants 0 < ¢ <
C < o such that

vxeR? (x| ADTT < 8(x) < C(x| A D (XX)

the regularity property is then an easy consequence of (XX), with W (8) « (C/lc)'(14-6)"
(the worst case to check corresponding to the situation where |x| > 1 and y = x/|x]).

Now let us turn to the stability property, which is the most technical part of this
proof. Let k € N*. We expand 8% according to the summation series (XR), using
notation ‘n’ to refer to the k-uple of values (ny, ..., n,_;) that indexes this expansion.
Then, denoting w(n) := Z’;;é Ny, resp. o(h) = (Z P o2 ) 1/2, the convolution properties
of normal densities yield that

vxeR?Y gk =(1-e ) ) e (o) x). (XY)
neNk
We will decompose the above sum according to the value of max(ny,...,n;_;)

(hereafter shorthanded into “max(n)”). In this perspective, we start with observing
that one has always

emax(ﬁ) <o) < \/Eemax(ﬁ). (XZ)

Also, by covering [1, \/Z] with intervals of the form [em/_l, em,], and using the fact
that ¢’ € [6/e,6] = n((c')*;x) < e¥n(c?; x) (as a trivial computation shows), we
get the following
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Lemma 181. For k € N*, denoting L(k) := [% In k] V1, formeN, forall c € [em

\/Eem], one has

vx € R? n(c?; x) < e Z n(ezm,;x). (YA)
m’=m+1 &

From (XZ) and Lemma 181, partitioning expansion (XY) according to the value of
max(n), we get the following bound:

m+L(k)
VxeRY  &%(x) < (1 — e kel Z( PR n(ezml;x)>. (YB)
m=0 jeNk m’=m+1

max(n)=m

To bound above Z{e_w(m“ | max(i) = m}, we partition the set {Ai e NF |
max(i) = m} into d subsets, depending on which entry of (ng, ... ,n;_;) the maximum
is attained at. As each of these subsets is included in a set of the form {m} x N1
(up to permuting indices), we then get (remembering that w(#) is actually the sum
of the entries of 1) that:

Z{e_w(ﬁ)“ | max(n) =m} <d X Z{exp<—(m + kil nf>a>

-1 —ma

~ ~ R B _ _ de
= de ’”“Z{ ™% | gy gy € N 1} = maH 2 o= (1 — k=1’

1 =1 nfeN

(nl, ,nk_l) (S Nk_l}

=

A
I

(YC)

Using the bound (YC) and grouping indices by m’ rather than by m in (YB), we finally
get that

© _
3% (x) < d(1 — e %)e? Z ( Z e_m“>n(ezm,;x). (YD)
m'=1 m=m'—-L(k)
But one has
m 1 m' =1 ’ ’
Y e Lk)x max e~ = L(k)e % < "k L(k)e™™ " (YE)
m=m'—L(K) m=m'—L(k)

< flnk+ 1), so that in

(where the last inequality comes from the fact that L(k) < >
def

the end:

3*k(x) < de9e® k2 L(k)(1 — ¢™%) Z —m'an e’ x) < deyk“/zL(k)é(x) (YF)
m’'=1
and since k*2L(k) grows (not faster than) polynomially, we have indeed obtained a

bound of the wanted type for the stability property.
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The final step of the proof is to check that the property that “8(x) > é|x|™" for
|x| large enough” can actually be imposed for any constant ¢ fixed in advance. To
do so, we start from the density (XR) that we have been building above, for which
we will use indices ‘1’; and we proceed to a scale change: denoting, for p € R, the
density

8,(x) = p 98,(x/p), (YG)
it is immediate to deduce from the properties of 8, that the function 8, also satisfies
the properties of the lemma, with Pp(o) « f’l(o), I/f/p(o) « Wl(o/p) and ¢, < p%éy: so,
it suffices to take p large enough to get the lemma with ¢ as large as one wishes. &

Now that we have Lemma 180, let us show how Lemma 178 can be obtained
from it:

Proof of Lemma 178. Take 8: RY — R, as given by Lemma 180. For u € 74, let
us define s(u) as the average of 8 on the cube u + [—1/2, 1/2)¢. In the sequel we will

denote by 4 the maximum value of |h| for h € [—1/2, 1/2]%—that is, 4 = % \/E
€

Let us check that the properties of 8 are indeed inherited by s.

The normalization property comes from the fact that the cubes u+[—1/2, 1/2]¢ for
u € Z4 make a partition of R (up to a zero-measure set) and all have unit volume.
The regularity property holds with W (e) < W (e), as one has

s(v) = / 8(v+h) voly(dh) < / W ((0+h)—(u+h)) 8(u+h) vol ,(dh)
def J pe[-1/2,1/2)4 [-1/2,1/2]4

=W (v —u) 3(u+ h)voly(dh) = W (v—u)s(u). (YH)
[—1/2,1/2]4 def

As regards the “decay” and “lower bound” properties, by the regularity property
of 8, one has 8(u + h) € [8(u)/ W(4), 8(u)W (4)] for all h € [—1/2,1/2]%: therefore,
averaging yields that s(u) € [8(u)/ W (4), 8(u)W (4)] for all u € Zd, so that the decay
and lower bound properties of 8 get readily inherited by s; moreover, as regards the
lower bound property, one can take ‘¢’ « ¢/ W (4), which can be made arbitrarily
large as ¢ can.

The stability property is slightly more tricky. The case k « 0 (which we did not
consider in the continuous case) does not cause any difficulty: one just has to observe
that s(0) > 0, which is immediate. Now let us consider k € N*. We introduce k i.i.d.
R?valued random variables Xy, ..., Xj_1, each having density 8; and we denote by
Y, the closest point to X, in 74 1 Then, s**(u) is the probability that the sum of the
Y,’s is equal to u. But one has always | X, — Y| < 4, so that the event {}}, Y, = u}
is included in the event {)), X, € B(u, k4)}. And the probability of the latter event
is bounded above by

voly (B(u, k4)) x sup{8**(x) | x € B(u, k4)}

< (kA voly (B0, 1)) x P(k) sup  8(x) < voly(B(0, 1)) (kA P(k) x W (kA)3(u)
x€B(u,kA)

< voly (B0, 1)) (kA P(k)W (k)W (4) x s),l (Y1)

flSince Law(X /) has a density, almost-surely there will be exactly one closest point to X, in Z.
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where, given the properties of W (e) and P(e), the factor in front of s(u) increases (at
most) polynomially in k. This shows that the stability property remains satisfied by
s indeed. &

A.4.2 Stability by matrix operations

In this subsection we will deal with square matrices indexed by Z (or by ZxX2 or
Zx4): in this context, the relevant notion of “being exponentially decaying” has
been given by Definition 128. In the sequel, we will only deal with the case of
matrices indexed by Z: indeed, one may identify ZX2 or Zx4 with Z via the ordering
‘. <po1<q <P <d <py<dqy<p)<qy<...”, and that identification does
not impact the exponential decay property.

As Toeplitz matrices will play an import role in this subsection, let us introduce
some notation for them:

Notation 182. For f € £'(Z) a function, we denote by T, the Z-indexed square
matrix ((t%,)))x’y defined by

t7) = f(y—x). (YJ)
Q

Remark 183. 1t is a direct observation that, in the Toeplitz case, the product rule for
matrices corresponds to the convolution product of £'(Z) functions:

In view of that, the inverse convolution properties studied in § A.4.1 and the matrix
operations of the current subsection appear as two flavours of the same general idea:
which explains why I have grouped these into the same section. &

Now let us turn to theorems. We start with a general stability result for expo-
nentially decaying matrices:

Lemma 184. If M and M’ are exponentially decaying square matrices (indexed by
Z), then M + M', M'M and exp(M) are exponentially decaying too. &

Proof. For y > 0, denote by e, (e) the function z e_”z', which belongs to £'(Z).
A key observation is that, for 0 < y < y’, there exists a constant K(y,y’) < oo such
that

VzeZ (ey, * ey)(z) < K(y,7")e,(2): (YL)
this can be checked by direct computation, writing that (ey/ * ey) (z) is equal to
Yz e_y,|zl|e_”z_z/|, and decomposing that sum according to the respective signs
of z/ and z — z’ to obtain that

/ / /
1 —e =Dzl o=(+r) 4 o= =0zl
e, xe,)(z)= + el YM
(&% 1)@ ( 1 —e'=7) 1 —e—(r+r") ’ (M)

N The last inequality comes from the fact that one always has s(u) > 8(u)/W (4), as was established
a few lines above.
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where the parenthesis in factor of e™7!?l is bounded uniformly by 1/(1 — e_(y,_”) +
1+ e—(7+7’)) /(1= e_("”,)).

Equation (YL) can then be translated in terms of Toeplitz matrices, confer Re-
mark 183: denoting Tey =: E,, one gets the entry-wise comparison

E, E, < K(y,v)E,. (YN)

Those prolegomena being set, let us turn to proving the lemma itself. Exponential
decay of M + M’ is trivial. As regards multiplication, denote by resp. m,,, and m;y
the entries of resp. M and M’. The exponential decay assumption implies that there
exist constants B, B’ < oo and y,y’ > 0 such that

Vx,y € Z lm,,| < Be 7yl |m,| < Bler =l (YO)

Up to worsening the constant y, we may assume that y < y’. Then, denoting by Pxy
the entries of M’ M, one has

(v 17— _
|pxy| = ‘Z m),czmzy Zlm ||m < B'B Z o~ lz=x|+yly=z]). (YP)

ZEZL z€Z z€Z

but Y. 5 e~ (" lz=xl+r1y=2D) s nothing but the (x, y) entry of E, E,, which (YN) bounds
above by K (7,7 )e"P=*I: thus, |Py,| is bounded above by B’ BK(y, yNe "l which
is indeed an exponentially decaying function of |y — x|; so M'M is exponentially
decaying.

Now let us turn to controlling exp(M). To do that, we will use iteratively the
control that we have been showing on matrix products. Let us fix arbitrarily y €
(0,y). Applying (YP) with the role of ‘M'’ played by M, we get that the entries of
M? are bounded (in absolute value) by B2K(7,y)e ""=*|. Then, applying again (YP),
but this time with ‘M’ « M? and ‘M’ « M, we get that the entries of M> are
bounded by B*K(7,7)%e "=, And more generally, iterating again and again, we
find that for all k € N*, denoting by px) the entries of M*, one has

1P| < BEK (7, y) e 7, (YQ)

This allows us, thanks to the series expansion “exp(M) = Y, -y %M k» “to bound
the (x,y) entry of exp(M) by '

> (BKGF, 1))\ .
1, + <B Z %)e—ﬂy—xt (YR)

k=1
in which the sum is converging (to (e2X"") — 1)/ BK(7,7)): so, the wanted control

is achieved, as (YR) is indeed an exponentially decaying function of |y — x|! -~

The second result of this subsection deals with matrix inversion:
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Lemma 185. Let I C Z and let M =: (m,)), ,er be a symmetric square matriz.

Assume that, when seen as a quadratic form on I2(I), one has M > al; for some
a > 0, and that there exist constants B < oo and y > 0 such that

Vx,yel lm,,| < Be7v=xl, (YS)

Then M is invertible, and there exist constants B’ < oo and y' > 0, which are explicit
functions of a,y, B (in particular, they do not depend on I), such that, denoting
M= (ny))x yer, one has the following control on the entries of M1

Vx,yel Iyl < B'e Iyl (YT)
&

Proof. Before all, let us observe that the exponential decay assumption on the matrix
M implies that it is bounded: indeed, denoting by M|, the matrix with general entry

1, ,—.m,,, one has [[Mpyll < sup{|m,| | y—x=2z} < Be™"*, whence [[|M]|| <
Yz Be 7#l = Bcoth(y /2). As a consequence, up to multiplying B by coth(y /2),
we can assume that [[|[M]||| £ B. Also, as M is the matrix of a coercive continuous
bilinear form, the Lax-Milgram theorem ensures that it is invertible indeed.

Now let us turn to bounding the n’s. First, up to multiplying M by a scalar, we
can alleviate computations by assuming that B = 1. Next, introducing H :=1; — M,

one has the following converging series expansion for M~!:
(6]
M=) H- (YU)
k=0

The fact that the above series is converging comes from the fact that ||H||| < 1—a < 1:
indeed, since M is semidefinite positive symmetric with [|M]||| < 1, one has M < I;
(in the sense of quadratic forms) by the spectral theorem, so that (as one also has
M > al; by assumption) 0; < H < (1 — a)I;, which implies in turn that [|H|| < 1 -«
by the spectral theorem again.

Now, up to replacing B by B + 1, we have the same entry-wise control on H as
on M. Then, exactly in the same way as we derived (YQ), we deduce the following
entry-wise control on H* (where ‘b;’fv)’ refers to the general entry of H¥, 7 is an
arbitrary value in (0,y), and we assume harmlessly that K(¥,y) > 1):

vx,yel  [58)] < BEKG, e T < (BKG,p) e (yw)

(Here note that, as planned, the set I does not appear in the expression of the
constants).

However, Equation (YV) is not enough yet to get the desired entry-wise control on
M~ as BK(7,y) =: B is larger than 1. But now, observe that the bound [|H*||| <
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(1 — )* implies that all the f)gcky)’s are bounded by (1 — a)¥; thus:

0

Il < D (eTPHB A (L - 0)f)
k=0

< D TTPHBE | TR (1 - ) + YU -0 | (1-a)f <eTTPBY

0 o0
< Z B¥ x max{e 7V BF | < (1 -a)*} + Z 1 - a)k, x max{(1 — a)k | <e 7=y

k' =—c0 k'=0
B 1 | & 5 o
2 42 —7ly=x| gk —a)k) = (B L1 __In{d-ol7 |, _
< (252 ) s (e B = ) = (4 ) exp(— RSy - ),
(Yw)
from which you read suitable values for B” and y’. o

Remark 186. Actually Lemma 185 remains valid even if you remove the assumption
that M is symmetric. In that case, one uses the fact that, if M satisfies al; <
(M + MT)/2 (in the sense of quadratic forms) and ||M]|| < B, then, for & € (0,
2a/B?), the matrix I; —eM is strictly contracting (as an endomorphism in I2). From
that observation, you can get an expansion of M~! as a sum of the (I ;— M s
and then everything works the same as above—just at the price of slightly more
complicated formulas. &
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