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Conjunctive queries and enumeration

Conjunctive query (CQ) self-join
I1 ﬁ) z —T> I3 \4
q(z1,22,23) <+ Fz . R(x1,22) A R(z1,2) ANT(2,23)
by eril oet
Free variables ~ Projected
2
Database D Matches Output ¢(D)
r1 T2 X3 Z r1 X2 I3
a b ¢ — a b e b — a b e
c L d —T> f c d f d c d f
z is not printed
CD o Lin
Linear preprocessing, then constant-delay enumeration without duplicates:
O(|D]) 0(1) 0(1)
f ©® ® f

preprocessing (a,b,e) (¢,d, f) end
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Without self-joins

Theorem (2007, 2013) [1, 2]
For a CQ ¢ without self-joins, assuming sBMM and sHyperclique,

q€ CDoLin <= ¢ is acyclic and free-connex

Free-connex A free-path A cycle
Ry
T ———> 2 x1 —> 2
\ R1 R2
r1T — 2 —> T2 R\ /?2
Ra
2
€ CD o Lin ¢ CD o Lin ¢ CD o Lin

With self-joins, some cyclic CQs belong to CD o Lin
(2020) [3]



Can a CQ with a free-path
be in CD o Lin?



An easy free-path

q(x1, 2, x3) < Jz. R(x1,2) AN S(z,22) AT (x1,x3)

The query ¢

R S
A A )

BN

€3

Free-path 1 — z — 2 = ¢ ¢ CD o Lin under sBMM [1, 2]



An easy free-path
q(x1,x2,23) < 2. R(x1,2) A S(2,22) A R(x1,x3)
The query ¢

R S
Tl —> 2 —> T2

AN

€3

T — R
Now there is a self-join
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An easy free-path

q(x1,x2,23) < 2. R(x1,2) A S(2,22) A R(x1,x3)
The query ¢ The full query ¢’
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A
R |
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q (w1, 72, 23) < R(x1,73) A S(z3,72)



An easy free-path

q(x1,x2,23) < 2. R(x1,2) A S(2,22) A R(x1,x3)

The query ¢ The full query ¢’

T] — > 2 —> T2

R S
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q (w1, 72, 23) < R(x1,73) A S(z3,72)



An easy free-path

q(x1,x2,23) < 2. R(x1,2) A S(2,22) A R(x1,x3)

The query ¢ The full query ¢’
a b @
R S R S
rKL —— 2z —> T2 rKE ——> T3 —> T2
AN
X3
¢ € CDoLin

(a,¢,b) € ¢'(D)
Database facts: R(a,b) and S(b, c)



An easy free-path

q(z1,z2,x3) + 2. R(x1,2) A S(z,22) A R(z1,23)

The query ¢ The full query ¢’
a b c a b @
S R S
rG — 2z —— T2 rp] ——— Tz —— T2
AN
€3
b
Witness z = b injective ¢ € CDoLin
(a,c,b) € q(D) :

(a,¢,b) € ¢'(D)
Database facts: R(a,b) and S(b, c)



An easy free-path

q(z1,z2,x3) + 2. R(x1,2) A S(z,22) A R(z1,23)

The query ¢ The full query ¢’
a b c a b @
S R S
rG — 2z —— T2 rp] ——— Tz —— T2
AN
€3
b
Witness z = b injective ¢ € CDoLin
(a,c,b) € q(D) :

(a,¢,b) € ¢'(D)
Database facts: R(a,b) and S(b, c)

Cheater’s lemma [4]

Any algorithm with O(1) linear-time processing phases, O(1) delay otherwise,
and O(1) repetitions per solution can be transformed into a CD o Lin algorithm.




An easy free-path

qH(ac17:Cz7:c3) — H(ml, {EQ) AN R(l‘l,mg,)

The query with H The full query ¢’
H R S
r ———— T2 ]l —> T3 —> I2
PN
€3
qu € CD o Lin ¢’ € CD o Lin

We enumerate ¢’ to materialize H (1, z2) such that
H(z1,22) < 3z. R(z1,2) A S(z,x2)

Cheater’s lemma [4]
Any algorithm with O(1) linear-time processing phases, O(1) delay otherwise,
and O(1) repetitions per solution can be transformed into a CD o Lin algorithm.




Are free-paths the right granularity
with self-joins?



Is handling every free-path enough?

Qa(wo, 1, 72)

7 22 Zo

Three free-paths, all atoms use R
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Z1 z2

Hi(x1,x2): the path (z1,21,22)

Zo



Is handling every free-path enough?

Qa(wo, 1, 72)

Z1 <€ z2 > 10

Hy(x1,x0): the path (z1, 21, 22, Z0)



Is handling every free-path enough?

Qa(wo, 1, 72)

Z1 <€ z2 > 10

Hs(x2,x0): the path (z2, 21, 22, o)



Is handling every free-path enough?

Qa(wo, 1, 72)

H>

H, 21 29 To

H3

Claim. We can build H,, Hs, H3 for free
while enumerating Q2.
They contain all free-path endpoint pairs.



Is handling every free-path enough?

Qa(wo, 1, 72)

H>

H; 21 R 22 } i o

R shared witnesses

H3

Let (z1,20) € H2 and (z2,20) € Hs,
can we test in O(1) whether they have common witnesses?



Is handling every free-path enough?

Qa(wo, 1, 72)

H>

H; 21 R 22 } i o

R shared witnesses

H3

Let (z1,20) € H2 and (z2,20) € Hs,
can we test in O(1) whether they have common witnesses?

If you can do this, you can find a 4-clique in O(n?),
contradicting the 4-clique hypothesis [5].



Multi-frontier components

Qa(wo, 1, 72)

R

Z1 z2 j R o

T2 FE = {21722}

A maximal connected set of quantified variables



Multi-frontier components
Qa(wo, 1, 72)

@ Front(E) = {zo, z1, 22}

R
S j @)
@ . E ={z1,22}

Its frontier consists of the adjacent free variables
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Definition

A multi-frontier component is a maximal connected set of quantified variables with
at least two adjacent free variables.



Multi-frontier components
Qa(wo, 1, 72)

@ Front(E) = {zo, z1, 22}

R
S j @)
@ . E ={z1,22}

Definition

A multi-frontier component is a maximal connected set of quantified variables with
at least two adjacent free variables.

e An isolated free-path forms a multi-frontier component.



Multi-frontier components
Qa(wo, 1, 72)

@ Front(E) = {zo, 21,22}
R

Z1 R z2 \

)
@ K E ={z1,22}

Definition

(o)

A multi-frontier component is a maximal connected set of quantified variables with

at least two adjacent free variables.

e An isolated free-path forms a multi-frontier component.

o Free-paths that share quantified variables belong to the same

multi-frontier component.



Multi-frontier components

Qa(wo, 1, 72)

Original query With frontier relation
T1

o FrontierRel g To

Z2

15 = {Z],Zz}

The relation we would need: FrontierRelg (D) = q|pront(z) (D)



Multi-frontier components

Qa(wo, 1, 72)

Original query With frontier relation
T1

o FrontierRel g To

Z2

15 = {Z],Zz}

If F is materializable inside ¢, replace it by its frontier relation

Sufficient condition

Let ¢ be an acyclic CQ with binary atoms. If every multi-frontier component is
materializable inside g, then g € CD o Lin.



When self-joins do not help



What makes a free-path hard?
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No outside output can fold
onto this free-path.
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What makes a free-path hard?

A path left alone

No outside output can fold
onto this free-path.

q ¢ CD o Lin under BMM

R S

21

4 T2
A
1
1
1
1
1
u

u can fold onto zs.



What makes a free-path hard?

A path left alone

No outside output can fold
onto this free-path.

q ¢ CD o Lin under BMM

One witness left hidden

u can fold onto zs.
No output can fold onto z;.
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What makes a free-path hard?

A path left alone

No outside output can fold
onto this free-path.

q ¢ CD o Lin under BMM

One witness left hidden

u can fold onto zs.
No output can fold onto z;.

g ¢ CD o Lin under VUTD [6]

Do we have a dichotomy?



An open case

Pdisc S CD o Lin ?

S S S S

S

©,



An open case

P € DomLinoLin ?

R R R

Remove z3: the equivalent question allows O(n) delay.
Linear preprocessing, n = | dom(D)|, no duplicates.



An open case

P € DomLinoLin ?

R R R

Lemma. P € DomLino Lin <= P, € DomLino Lin

Ry Rs R3

1 21 22 x2

Linear preprocessing, n = | dom(D)|, no duplicates



An open case

P € DomLinoLin ?

R R r R

Lemma. P € DomLino Lin <= P, € DomLino Lin

Ry Ro R3
Pss T1 z1 Z2 T2

Linear preprocessing, n = | dom(D)|, no duplicates

Open Question

Under BMM, one hidden witness already rules out O(1) delay.
Can we rule out O(n) delay with two hidden witnesses?
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