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Abstract

Conjunctive queries are a central formalism for database query
processing, and a major goal is to understand when their answers
can be enumerated efficiently. For acyclic queries without self-
joins, this is characterized by the classical free-connex condition.
This picture changes in the presence of self-joins: repeated relation
symbols can make some queries tractable even when the usual
structural criterion fails.

We study this phenomenon for acyclic conjunctive queries with
projections and atoms of arity at most two. We give new sufficient
conditions for constant-delay enumeration after linear preprocess-
ing, and we identify structural obstructions that leads to necessary
conditions under standard fine-grained assumptions. Our results
narrow the gap toward a dichotomy and isolate the remaining cases
through the domain-linear delay enumeration class DomLin o Lin,
which allows delay linear in the domain size. A padding lemma
transfers lower bounds from DomLin o Lin to CD o Lin, and we in-
troduce the clique-shaped family Qi to motivate the delay-sensitive
synchronization of witnesses problem.

CCS Concepts

« Theory of computation — Database query processing and
optimization (theory); Complexity classes.
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1 Introduction

Conjunctive queries (CQs) are one of the basic languages of data-
base theory [1]. They capture select-project-join queries and many
graph-pattern queries, while having a syntax simple enough to
support precise structural classifications. This simplicity is decep-
tive: when both the query and the database are part of the input,
evaluating a CQ is NP-complete. Hence efficient evaluation requires
either restrictions on the query structure or the data-complexity
viewpoint, where the query is fixed and the database is the input.

A CQ may have a number of answers that is polynomial in the
size of the input database and exponential in the size of the query, so
it is natural to study enumeration rather than one-shot evaluation.
In this setting, answers are printed one by one, and the complex-
ity is measured by the preprocessing time before the first answer
is printed and by the maximum delay between two consecutive
outputs. The strongest natural guaranty is linear preprocessing
and constant delay, captured by the class CD o Lin. Intuitively, a
CD o Lin algorithm reads and indexes the input database once,
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then produces each next answer in constant time. This is optimal
up to constant factors: any enumeration algorithm must at least
inspect the input and write all output tuples.

Not all conjunctive queries can be evaluated with such strong
constraints. For self-join-free queries, a precise picture is known:
under some fine-grained hypotheses, a query is in CD o Lin exactly
when it is acyclic and free-connex [2]. Equivalently, the hard cases
(i.e. not in CD o Lin) are witnessed by a cycle or, in the acyclic
case, by a free-path. However, this classification only applies to
queries without self-joins. Queries with self-joins arise naturally in
graph-shaped data, where the same edge relation may be reused
several times along a pattern.

Berkholz et al. [4] were the first to exhibit a non-acyclic query
with self-joins which is in CD o Lin. Carmeli and Segoufin then
conducted a more systematic study [7]. In the case of full con-
junctive queries (no existential quantifiers) they provide necessary
conditions as well as separate sufficient conditions for such queries
to be easy. However, they do not provide a complete dichotomy,
and concluded with examples for which the precise enumeration
complexity is still open. Notice that in the case of full conjunctive
queries, all acyclic queries are known to be easy, and therefore all
unclassified queries are cyclic. This contrasts with the current work,
where all queries considered are acyclic but where we also consider
existential quantifications.

Our goal is to make progress toward a dichotomy for acyclic
conjunctive queries with self-joins. We focus on queries whose
atoms have arity at most two, which already capture graph patterns,
while keeping the structural picture readable.

To this end, we develop criteria for proving both tractability and
hardness. On the algorithmic side, we give sufficient conditions un-
der which the effect of projections can be repaired using self-joins,
yielding constant-delay enumeration after linear preprocessing. On
the lower-bound side, we identify structural obstructions that still
force hardness, despite the presence of repeated relation symbols.

These two directions do not yet meet in a full dichotomy. The
remaining cases are those where the query admits enough self-join
structure to avoid the known free-path lower bounds, but where our
patching criterion is not strong enough to give a CD o Lin algorithm.
We relate this frontier to the domain-linear class DomLin o Lin,
which allows delay linear in the domain size, and use the clique-
shaped family Qy as a representative source of such unresolved
cases.

Section 2 gives preliminaries. Section 3 develops the recursive
patching criterion; Section 4 proves the BMM and VUTD lower
bounds. Section 5 discusses the remaining cases through DomLin o
Lin and Q.
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2 Preliminaries
2.1 Databases

A relational schema is a set of relation names together with an arity
for each of them. In this work, we always assume an underlying
relational schema o, and we follow standard database-theoretic
terminology [1]. A database D over o is a finite relational structure
consisting of a finite domain dom(D) and, for each relation symbol
R of o of arity r, a relation RP € dom(D)". For a € RP, the expres-
sion R(a) is called a fact of D. We write facts(D) for the set of facts
of D, that is,

facts(D) = {R(a) | R € o and a € RP}.

By a slight abuse of notation, we write R(a) € D to mean R(a) €
facts(D), or equivalently @ € RP.

If j is a tuple of variables and R is a relation name of arity [y],
then R(y) is called an atom. In this paper, we restrict ourselves to
conjunctive queries (CQs). We write x for the tuple of free variables, z
for the tuple of quantified variables, and ¢ (x, z) for a conjunction of
atoms using variables from these tuples. A CQ is then an expression
of the form

q(x) « JFz.Y(x.2),
where i is called the body of the query. We write atoms(q) for the
set of atoms occurring in the body of g, that is,

atoms(q) = {Ri(y;) | 1 < i < k}.

When no confusion arises, we slightly abuse notation and write
R(y) € q to mean R(y) € atoms(q). The variables in x (resp. z)
are called free (resp. quantified). A query is full, or equivalently
without projection, if there are no quantified variables; it is Boolean if
there are no free variables. We write vars(q) for the set of variables
occurring in q and free(q) for the set of free variables of gq. We
use xi, Xz, X3, . . . for free variables and zy, z;, 23, . . . for quantified
variables.

An assignment for a CQ q over a database D is a function y :
vars(q) — dom(D) such that for every atom R(y) € g, the fact
R(u(y)) belongs to D. A solution mapping to q over D is a function
u : free(q) — dom(D) for which there exists an assignment 7 of g
over D such that 7|frec(q) = -

The output tuple associated with a solution mapping p is p(x),
where X is the tuple of free variables appearing in q. The evaluation
of q over D, denoted g(D), is the set of all such output tuples:

q(D) ={u(x) | p is a solution mapping to g over D}.

The enumeration problem for q over D consists in outputting all
tuples of g(D) one by one, without repetition.

For two CQs ¢(x) and ¢’ (x’), a homomorphism from q to ¢’
is a function h : vars(q) — vars(q’) such that for every atom
R(Y) € q. there exists an atom R(y’) € ¢’ with h(y) = y’. Unless
explicitly stated otherwise, homomorphisms are homomorphisms
of the bodies of the queries; they are not required to preserve free
variables. An isomorphism is a bijective homomorphism whose
inverse is also a homomorphism.

For a set S C vars(q), we write g|s for the query with the same
body as g and with free variables free(q) N S. Thus g5 only changes
the projection; it does not delete atoms.

Each CQ can be represented by a hypergraph whose vertices are
the variables of the query and whose hyperedges are the sets of
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variables occurring in its atoms. We also use the variable graph G,:
its vertices are vars(q), and two variables are adjacent when they
occur together in an atom of g. For § C vars(q), G4[S] denotes the
subgraph of G, induced by S.

A CQ is acyclic if its associated hypergraph is a-acyclic [3]; oth-
erwise, it is cyclic. A CQ q is free-connex if it is acyclic and the
hypergraph obtained by adding one hyperedge containing all vari-
ables of free(q) is still a-acyclic. A free-pathin a CQ q is a chordless
path in its hypergraph whose endpoints are free and whose internal
vertices are quantified, i.e. a path of the form (x1, z1, . . ., zn, x2) With
n > 1. For instance, the query

q1(x1, x2) « Fz.R(x1,2), 5(2, x2)

is acyclic but not free-connex: adding the hyperedge {x;, x, } creates
a cycle in the hypergraph, and (x1, z, x3) is a free-path. By contrast,

q2(x1, X2, 2) < R(x1,2), (2, x2)

is free-connex, because all variables on the path are free.

2.2 Enumeration Complexity

We use the RAM model for all computations and complexity results,
and all our complexity analyses are in data complexity, i.e. the query
size is treated as a constant.

Our main class of interest is CD o Lin [4]. If a CQ ¢ belongs to
CD o Lin, then for every database D, all answers of ¢(D) can be
enumerated after O(|D|) preprocessing time and with O(1) delay,
without repetitions. Here, | D| denotes the size of the database while
the size of the domain will be denoted by | dom(D)|. An O(1) delay
means a delay not depending on D, but possibly depending on the
query (data complexity). Notice that if a query belongs to CD o Lin
then its total evaluation running time is linear in the size of the
database and in the number of output tuples.

We remark that we do not use the most restrictive definition
of CD o Lin. With our definition, the memory used during the
enumeration phase could be linear on the number of solutions
(hence potentially polynomial in |D| and exponential in the query
size). This may not be desirable. Some works use a more conserva-
tive definition requiring only extra constant memory during the
enumeration phase; see for instance [10].

2.3 Related Work and Scope

To prove hardness results, we use the following fine-grained com-
plexity hypotheses:

e BMM [2, 6]: given two Boolean n X n matrices A and B, one
cannot compute AB in time O(n?).

e sBMM [7]: given two Boolean matrices A and B, represented
by the lists of their non-zero entries, one cannot compute
AB in time O(m), where m is the total number of 1-entries
in A, B, and AB.

e sHyperclique [5, 7]: for every k > 3, one cannot decide the
existence of a k-hyperclique in a (k — 1)-uniform hypergraph
with m hyperedges in time O(m).

e VUTD [6]: for every a € (0, 1], given a tripartite graph with
vertex sets Vi, V, V3 such that |Vz| = nand |Vi| = |V3| =
O(n%), one cannot decide whether there exists a triangle in
time O(n!'*%).
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For CQs without self-joins, Bagan et al. [2] established the fol-
lowing dichotomy, later sharpened and reused in subsequent work
such as [5]:

THEOREM 2.1 (BAGAN ET AL. [2], BRAULT-BARON [5]). Assuming
sBMM and sHyperclique, a CQ without self-joins is in CD o Lin if
and only if it is acyclic and free-connex.

A first indication that this picture does not extend verbatim to
self-joins was given by Berkholz, Gerhardt, and Schweikardt [4],
who pointed out that cyclicity is not by itself a certificate of hard-
ness in the presence of self-joins. Carmeli and Segoufin [7] further
studied how self-joins affect the fine-grained enumeration com-
plexity of conjunctive queries. Their work focuses mainly on full
queries, whereas we study how self-joins interact with projections.
In the acyclic self-join-free case, non-free-connexity is witnessed by
a free-path, and this free-path is the obstruction used in the lower
bound of Theorem 2.1 [2]. We ask what remains of this obstruction
when the query contains self-joins.

A key tool in constant-delay enumeration is Carmeli et al’s
Cheater’s lemma [8]. It allows us to use enumeration procedures
that are almost constant-delay, as long as the exceptional delays
and duplicate outputs remain tightly controlled.

LEMMA 2.1 (CHEATER’S LEMMA [8]). Let q be a fixed CQ. Suppose
that there is an algorithm that, on every database D, outputs all tuples
of q(D), outputs no tuple outside q(D), and outputs each tuple at most
constantly many times. If its delay is constant except for a constant
number of gaps of length O(|D|), thenq € CD o Lin.

We will use this principle repeatedly when combining enumera-
tion procedures.

Another useful tool is Yannakakis’s algorithm [11]. For a fixed
acyclic CQ, it runs in linear time and computes a globally consistent
set of surviving tuples along a join tree. If the query is also free-
connex, the same join-tree enumeration applied after adding the
virtual atom on all free variables gives a CD o Lin enumeration
algorithm [2, 4].

We use the following Yannakakis preprocessing convention
throughout the paper. For an acyclic query g, each atom occur-
rence is first replaced by its own occurrence relation, initialized
with the corresponding input relation. This is important with self-
joins: reductions are performed on the occurrence relations, not
on the original relation symbol globally. We then run the semijoin
reductions of Yannakakis on a join tree of the body. After these
reductions, every surviving occurrence tuple can be extended to a
full satisfying assignment of g, and the reductions preserve q(D).

We also keep the standard navigation data produced by this
preprocessing. For each edge between adjacent atom occurrences
A and B in the join tree, and for each surviving tuple a of A, we
can access in constant time the list of surviving tuples of B that
agree with @ on the shared variables. We call these lists witness
pointers. They let us extend a partial assignment along the join
tree without searching the database again. Unless explicitly stated
otherwise, all local constructions below are evaluated over these
reduced occurrence relations.

In this paper, we restrict ourselves to acyclic CQs with self-joins
and projections. We further assume that all atoms have arity at
most 2. This restriction simplifies the structural definitions, still
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Figure 1: Queries viewed as graph patterns. Distinct arrow
labels denote distinct relation symbols, and z is quantified
while the other variables are free.

X1
N
Qz: Xo —7> 21 < 22 —> Xo

Figure 2: A query showing that enumerating each free-path
separately is not enough. It is the case k = 2 of the family Qy
discussed in Section 5.

leaves interesting open cases, and already captures many graph
patterns.

3 Sufficient condition for Tractability

Throughout this section, we use the Yannakakis preprocessing con-
vention of Section 2: atom occurrences have already been reduced,
and witness pointers are available.

We identify the parts of a query with self-joins that can make
enumeration hard. If each such part can be materialized with the
right delay accounting, the enumeration of the original query re-
duces to the enumeration of a derived free-connex query. Finally,
we give a short patching condition that is sufficient for this materi-
alization, and we explain how we can use homomorphisms of the
query to find patches in practice.

3.1 Two motivating examples

Consider the two queries depicted in Figure 1. Both queries have
the same variable structure. The only difference is the relation
symbol on the side atom: q; contains Ry (x1, x3), whereas g, contains
Ry (x1, x3). Thus the second query has a self-join, while the first one
does not.

In particular, g; is self-join-free and has a free-path, so under the
assumptions of Theorem 2.1 it cannot be in CD o Lin. The query g,
behaves differently: the side branch can be folded onto the hidden
witness of the free-path, and this makes the path visible.

EXAMPLE 3.1. The hard part of q; is the free-path x1, z, x;. Consider

the query
p(x1,2,x2) : =Ry (%1, 2) A R3(z,x2).

This query is acyclic and free-connex. Moreover, each answer (a, c, b)
of p is already useful for q;: the value c can be used both as the witness
z and as the value of the free variable x3;. Thus enumerating p sees
every pair (x1,xz) that is connected through the hidden witness z,
and it also gives the genuine answer (a, b, ¢) of qz. This is the simple
trick that the rest of the section abstracts.

A natural question is whether it is enough to repeat this trick
independently for every free-path. The answer is no.

Consider the query Q, depicted in Figure 2. It has three free-
paths, and for each of them one can build an index similar to the one
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suggested by Example 3.1. Nevertheless, as explained in section 5.2,
this does not give an enumeration algorithm for the whole query.

3.2 Multi-frontier components

We now define the components that have to be materialized.

DEFINITION 3.2 (MULTI-FRONTIER COMPONENT). Let q be an
acyclic conjunctive query with binary atoms. An existential com-
ponent of q is a maximal subquery of q that is connected and does
not contain any free variable. If E is an existential component, its
frontier, denoted Front(E), is the set of all free variables of q that
occur in an atom together with at least one variable of E. We say that
E is a multi-frontier component if its frontier contains at least two
variables.

The name only means that such a component can connect at
least two free variables through quantified variables. Our multi-
frontier components capture the S-components of [9], but in the
case of relations of arity at most two. Existential components whose
frontier contains zero or one free variable cannot create a free-path.
In Q;, the variables z;, z; form one existential component, and its
frontier is {xo, x1, x2}. Hence Q; has one multi-frontier component.

LEMMA 3.3 (FREE-PATHS LIVE IN MULTI-FRONTIER COMPONENTS).
Let q be an acyclic conjunctive query with binary atoms. The internal
variables of every free-path of q belong to a unique multi-frontier
component. In particular, distinct multi-frontier components have
disjoint quantified variables.

ProOF. The internal variables of a free-path are quantified and
connected to each other, so they belong to a single existential com-
ponent E. The two endpoints of the path are free variables that
occur in atoms together with variables of this component, hence
they belong to Front(E). Thus the frontier of E contains at least
two variables, so E is a multi-frontier component. The component
E is unique because existential components are maximal connected
components and are therefore disjoint. O

3.3 Materializing multi-frontier components

The objective is to build, for every multi-frontier component E, a
relation
FrontierRelg (D)

containing exactly the frontier tuples that can be extended through
the existential variables of E. Once these relations are available,
the enumeration of q is reduced to the enumeration of a query in
which every multi-frontier component has been replaced by one
atom over its frontier.

We always do this after the usual Yannakakis preprocessing on
occurrence relations of ¢. This keeps only tuples that can participate
in some global solution and gives constant-time witness pointers
for the remaining acyclic pieces.

For a multi-frontier component E, let Aty (E) be the set of atom
occurrences of g that contain a variable of E. Since E is a maximal
connected component of quantified variables and g has binary
atoms, every variable occurring in Aty(E) is either in E or in its
frontier. The relevant local assignments are not all assignments
satisfying Aty (E), but only those that occur inside a solution of g.
Equivalently, tuples that belong to g|gront(£) (D).
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DEFINITION 3.4 (FRONTIER RELATION). Let E be a multi-frontier
component of q. The frontier relation of E is the relation

FrontierRelg (D)

defined by

FrontierRelg (D) = q|kront(£) (D).
Thus FrontierRelg contains exactly the tuples over the frontier of E
that occur in a full solution of q.

Constructing FrontierRelr must not create a long silent phase
before the enumeration starts. The construction may use O(|D|) or-
dinary preprocessing. If it would require more time, then it must be
done during the enumeration phase and therefore computed while
producing answers to q(D). For technical reasons, we also store,
with each tuple s € FrontierRelg (D), one full answer kg (s) € q(D)
that witnesses why s was inserted. In view of the Cheater’s Lemma,
while computing FrontierRelr we may produce some duplicate an-
swers. This justifies the following definition.

DEFINITION 3.5 (MATERIALIZABLE MULTI-FRONTIER COMPONENT).
Let E be a multi-frontier component of q. We say that E is materializ-
able inside q if the frontier relation FrontierRelg can be constructed
by an algorithm satisfying the following conditions on every database
D:

(1) the algorithm is divided into steps and each step is executed in

O(1) time

(2) each step may output at most one answer from q(D) and the

total number of steps not producing any answer is O(|D).

(3) for every tuple s € FrontierRelg(D) computed by the algo-

rithm, an answer kg(s) € q(D) is also produced, and every
answer of q(D) is stored as kg (s) for at most O(1) tupless.

ExAMPLE 3.6. For the query q; of Example 3.1, the unique multi-
frontier component is E = {z} and its frontier relation is

FrontierRelg(D) = {(a,b) | 3¢, Ri(a,c) ARs(c,b)}.

Enumerating the image p(x1, z, x2) from Example 3.1 constructs this
relation: each output (a,c,b) inserts (a,b) into FrontierRelg and
stores the answer (a, b, c¢) of q2 askg(a,b).

PROPOSITION 3.7 (MATERIALIZED MULTI-FRONTIER COMPONENTS
REDUCE TO A FREE-CONNEX CQ). Let q be an acyclic conjunctive
query with binary atoms. If every multi-frontier component of q is
materializable inside q, then the enumeration of q reduces to the
enumeration of an acyclic free-connex query. In particular,q € CD o
Lin.

Proor. Work with the reduced occurrence relations provided by
the preprocessing convention. For every multi-frontier component
E, materialize FrontierRelg (D).

Let g be obtained from g by removing, for every multi-frontier
component E, all atoms that contain a variable of E, and by adding
the atom FrontierRelg (D).

q is acyclic: any cycle using one of the new atoms can be ex-
panded through the connected component that it replaced, yielding
a cycle in q. The query q is also free-connex. Indeed, if a free-path
remained, its internal quantified variables would belong to some
existential component touching at least two free variables. This
component would be a multi-frontier component, and it would
already have been replaced by an atom over its frontier.
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The answers of g and g are the same on the reduced occurrence
relations. One direction is immediate by projection. Conversely,
an answer of g chooses, for every FrontierRelg atom, a tuple in
q|Front(g) (D). By definition of this projection, this tuple has a wit-
ness on E satisfying At,(E). These witnesses have disjoint quanti-
fied variables by Lemma 3.3, and they agree with the output tuple
on the shared free variables. They can therefore be glued with the
remaining atoms of g into a satisfying assignment of g.

Since g is acyclic and free-connex, it can be enumerated with
linear preprocessing and constant delay. The preprocessing of this
final enumeration may scan the materialized relations FrontierRelg.
Whenever this preprocessing inspects a tuple s € FrontierRelg, we
output the stored answer kg(s) of g(D) before continuing. Since g
is fixed, each tuple of each FrontierRelg is inspected only constantly
many times, and by materializability each answer of g(D) is stored
as kg (s) for only constantly many tuples s. Thus these intermediate
outputs have constant multiplicity and prevent a non-constant
delay during the preprocessing of . Cheater’s lemma then gives
q € CD o Lin. O

3.4 Patching a multi-frontier component

The next definition gives a sufficient condition for materializing a
multi-frontier component. The idea is to use another query p as
a controlled enumerator for the frontier relation: each answer of
p reads a candidate tuple on the frontier of E, and processing this
answer must also provide an answer of the original query to output.

DEFINITION 3.8 (PATCH). Let E be a multi-frontier component of
q. A patch for E is a CQ p together with a map

p : Front(E) — free(p).

Hence any answer v of p induces a tuple s,, by projecting v onto the
coordinates p(Front(E)).

We require the following. First, every tuple of FrontierRelg (D)
must be induced by at least one answer of p(D). Second, membership
of s, inFrontierRelg (D) must be testable in O(1) time for each answer
v of p(D). Third, every answer v of p(D) must yield in O(1) time an
answer

xp(v) € q(D),
and every answer of (D) may be produced in this way only constantly
many times.

ExAMPLE 3.9. For q,, take the query p of Example 3.1 and let p
be the identity on {x1, x;}. Every frontier tuple (a,b) has a witness c,
hence is induced by an answer (a, c,b) of p. Conversely, every such
answer induces a valid frontier tuple, since x5 can also take value c.
Thus the membership test always accepts, and yp(a,c,b) = (a,b,c)
is an answer of qz; this map is injective.

LEMMA 3.10 (A PATCH MATERIALIZES ITS MULTI-FRONTIER COM-
PONENT). Let E be a multi-frontier component of q. IfE has a patch
pandp € CD o Lin, then E is materializable inside q.

Proor. Enumerate p(D) with constant delay. For every output
v, test in constant time whether the induced tuple s, belongs to
FrontierRelg (D). If it does, insert it into FrontierRelg (D), unless it
has already been inserted. In any case, output yp(v).

Soundness follows from the membership test: if a tuple is in-
serted, then it belongs to q|ront(£) (D), Which is the frontier relation.
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Completeness follows from the first requirement in the definition
of a patch: every tuple s of the frontier relation is induced by some
output of p, accepted by the membership test, and inserted.

For every answer v of p(D), the step that processes v produces
the answer yp(v) of q(D). If the membership test accepts and the
tuple is inserted into FrontierRelg for the first time, store yp(v)
with this tuple. Since every answer of (D) is produced from only
constantly many answers of p(D), the produced answers and the
stored answers have constant multiplicity. The remaining work is
the linear preprocessing for enumerating p and the initialization of
FrontierRelg. Hence the multi-frontier component is materializable
inside gq. O

3.5 Finding patches by folding and deactivation

The definition of patch is semantic. The concrete search space used
below is given by homomorphic images of the query, possibly after
making some free variables existentially quantified.

DEFINITION 3.11 (CANDIDATE IMAGE). Let g be an acyclic conjunc-
tive query with binary atoms. A candidate image of q is a query p for
which there exist a subquery q' of q and a homomorphismh : ¢ — ¢
such that:

(1) p has the same body as q’;

(2) free(p) € {h(x) | x € free(q)}.
If the inclusion is strict, we say that the missing output coordinates
have been deactivated.

We call the homomorphism h : ¢ — ¢ a folding. Intuitively, it
folds a free branch, or an already exposed part of the query, onto
the multi-frontier component that we want to patch. This may turn
a quantified witness of g into a free variable of the image. Deacti-
vation then keeps the same body but forgets output coordinates
that are irrelevant for the current component. This operation is
sometimes necessary: in Figure 4, keeping all output coordinates
after folding leaves a free-path, while deactivating the irrelevant
branch gives a free-connex candidate image.

To avoid checking the semantic definition from scratch, we use
the following sufficient condition. A candidate image becomes a
patching image when the folding exposes the frontier values, when
every candidate answer reads a frontier tuple that is sound for
q, and when the deactivated coordinates remain recoverable. The
soundness condition is witnessed by a homomorphism ¢ : ¢ — ¢:
composing any witness of the image with ¢ gives a witness of ¢
with the frontier values read through p.

DEFINITION 3.12 (PATCHING IMAGE FOR A MULTI-FRONTIER COM-
PONENT). Let p be a candidate image of q witnessed byh : q — ¢/,
and let E be a multi-frontier component of q. We say that p is a patch-
ing image of g for E if there exist a map p : Front(E) — free(p) and
a homomorphism £ : ¢ — ¢’ such that

h(p(x)) =x and

The first equality says that folding a solution of q into g’ preserves the
frontier tuple that has to be inserted in FrontierRelg. The second says
that every answer of the image reads a frontier tuple that is sound for
q. In addition, every connected component of

Gy [vars(q') \ free(p)]

t(x) = p(x) foreveryx € Front(E).
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that contains a deactivated output coordinate, that is, a variable of
h(free(q)) \ free(p), must be adjacent to at most one variable of
free(p). Thus every forgotten output coordinate lies in a part that can
be recovered from one free value of p, or without any free value.

LEMMA 3.13 (PATCHING IMAGES GIVE PATCHES). Let E be a multi-
frontier component of q. If p is a patching image of q for E, then p is
a patch for E.

PRrOOF. Leth : ¢ — ¢’ witness the candidate image, and let p and
¢ be given by Lemma 3.12. We apply the preprocessing convention
to the acyclic body of ¢’, obtaining reduced occurrence relations
and witness pointers. We also build, for each connected component
mentioned in the deactivation condition, an extension index: if the
component is adjacent to a free variable u of p, the index stores
one assignment for every surviving value of u; if it has no free
neighbour, it stores one arbitrary surviving assignment. Since ¢’ is
fixed and acyclic, these indexes are built in linear time and queried
in O(1) time.

First, every frontier tuple is induced by some answer of p. Take
a tuple s € FrontierRelg (D), and let u be an assignment of g whose
projection on Front(E) is s. Define an assignment p’ of ¢’ by 1/ (y) =
1(h(y)). Since ¢’ is a subquery of g and h is a homomorphism from
q to ¢’, i’ satisfies the body of ¢’. Its projection on free(p) is an
answer v of p, and for every x € Front(E) we have

v(p(x)) = 4 (p(x)) = p(h(p(x))) = p(x) = s(x).
Second, every induced tuple is sound. Take an answer v of p
and any assignment y’ of the body of ¢’ witnessing it. Then p’ o £
satisfies q. Moreover, for every x € Front(E),

(W 0 0)(x) = i (p(x)) = v(p(x)).
Thus the tuple induced by v belongs to FrontierRelg (D). In particu-
lar, the membership test for this patching image is the constant-time
test that always accepts.

It remains to define the answer map. For a free variable x of q
with h(x) € free(p), set yp(v)(x) = v(h(x)). If h(x) ¢ free(p), use
the extension index of the component containing A(x) to choose its
value, using the unique adjacent free value when there is one. Since
v is an answer of p, these choices extend to some full assignment
u* of the body of ¢’ extending v. The composition y* o h satisfies
q, so xp(v) € q(D), and the construction takes O(1) time.

Finally, if two answers of p differ, they differ on some u € free(p).
By definition of candidate images, u = h(x) for some x € free(q),
and the answer map assigns x the value of u. Hence distinct answers
of p have distinct images under yp. O

The semantic definition above is the object used in the materi-
alization proof, while patching images define the finite syntactic
space in which patches are searched. No easy query is currently
known to require a patch outside this syntactic space.

EXAMPLE 3.14. In Example 3.1, let q' be the subquery of q, whose
atoms are Ry(x1,z) and Rs3(z,x3), and let h : q; — q' map x3 to z
while fixing x1, X2, z. The image

P, z,x2) 1 =Ry (x1,2) A R3(2,%2)

is a candidate image. It is a patching image of q, for the multi-frontier
component {z}, whose frontier is {x1, x;}, with p equal to the identity
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on the frontier. The associated answer of q, is obtained by using the
value of z also for x3.

In the semantic definition, a patch may enumerate more candi-
dates than the frontier relation. The membership test removes the
candidates that do not correspond to tuples of g|gront(£) (D), while
the map yp gives a full answer of g(D) for each processed candi-
date. Deactivation is the mechanism that keeps only the output
coordinates needed for the current component, and the deactivation
condition above is what ensures that the forgotten coordinates can
still be recovered when an answer of g has to be produced.

3.6 A recursive criterion

A patch may itself be a query with free-paths. Hence the criterion
has to be recursive.

DEFINITION 3.15 (PATCHING DEPTH). Let q be an acyclic conjunc-
tive query with binary atoms. Its patching depth 5(q) is the least
d € N such that:

(1) ifd = 0, then q is free-connex;

(2) ifd > 0, then for every multi-frontier component E of q, there

exists a patching image pg of q for E such that §(pg) < d.

If no such d exists, we set §(q) = co. We say that q is fully patched if
5(q) < oo.

PROPOSITION 3.16 (RECURSIVE PATCHING CRITERION). Let g be
an acyclic conjunctive query with binary atoms. If q is fully patched,
thenq € CD o Lin.

ProoOF. We proceed by induction on §(q). If 6(g) = 0, then q is
acyclic and free-connex, hence g € CD o Lin by the standard upper
bound for acyclic free-connex CQs [2].

Assume that §(q) = d > 0 and that the claim holds for every
query of patching depth smaller than d. Let Ey, . . ., Ex be the multi-
frontier components of q. By definition, for every i there exists a
patching image p; of ¢ for E; such that §(p;) < d. By induction
hypothesis, each p; is in CD o Lin. By Lemma 3.13 and Lemma 3.10,
every multi-frontier component E; is materializable inside g. Ap-
plying Proposition 3.7 gives ¢ € CD o Lin. m]

COROLLARY 3.1 (ONE-STEP PATCHING). Letq be an acyclic conjunc-
tive query with binary atoms. Suppose that, for every multi-frontier
component E of q, there exists a patching image pg of q for E such
that pg is free-connex. Then g € CD o Lin.

Proor. Every such pg has patching depth 0. Hence ¢ has patch-
ing depth at most 1, and the result follows from Proposition 3.16. O

3.7 Applications

The criterion isolates three tractable patterns that we use repeatedly:
direct patching, recursive patching, and patching by deactivation.

Direct patching. The free-connex image p of Example 3.1 patches
the only multi-frontier component of g,. Hence §(p) = 0 and
6(qz2) <1,s50q; € CD o Lin by Proposition 3.16.

Recursive patching without deactivation. Consider the query g3
and its two patching images in Figure 3. The only multi-frontier
component of gs is E = {21, z,}, with frontier {x;, x;}. Folding z,
onto x3 yields py,, which is a patching image of g5 for this component.



Constant-Delay Enumeration of Conjunctive Queries with Self-Joins and Projections

q3: X1 21 ) X2 X3
Ph: X1 Z1 X3 —— X2
pi: X —— X2 —— X3

Figure 3: A depth-2 tractable query. All edges denote atoms
of the same binary relation. The image p;, patches the only
multi-frontier component of g3, and p; then patches the only
multi-frontier component of pj,.

X5 > X3
\ P -
,
7,
X4 > VY4
\ L -
.
7
q4 : X1
21
X2
=7 x3 =7 X3
s /
p ’
7, 7,
_ 32 _ 222
7 - 7 g
—_ 7 —_ 7

Ph X1 pi X1

Z1 21

X2 X2

Figure 4: Plain, dashed, and dotted arrows denote three dif-
ferent relation symbols. Bold variables are free.

However, pj, is not yet free-connex, since it still has the free-path
(1, 21, x3). Folding z; onto x; then yields p;, which is free-connex.
Therefore 6(p;) =0, 5(pp) < 1, and §(gq3) < 2,50 q3 € CD o Lin.
This is exactly why the criterion is recursive rather than one-shot.

A three-branch query that needs deactivation. Consider the query
q4 and the two deactivated patching images shown in Figure 4. It
has two multi-frontier components, {z;} and {z,}, with frontiers
{x1,x2} and {x1, x3}. The left branch (x1, x4, x5) is the one used for
folding. Let h fix every variable except (x4, x5), which it maps to
(21, x2), and let i be defined symmetrically by sending (x4, x5) to
(22, x3).

The two extra atoms on the hard branches are essential. They
ensure that after folding the free branch onto one hard branch,
the other hard branch is still present with its own relation symbol.
Consequently, the canonical image given by h still has a free-path on
(21, 22, x3), while the canonical image given by i still has a free-path
on (x1, z1, X2). Thus the undeactivated images are not free-connex.

Deactivation removes exactly the irrelevant output coordinates.
In py, the free variables are {x;,z;,x2}, so the branch (xy, z, x3)
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becomes harmless and py, is a patching image of g4 for the multi-
frontier component {z; }. Symmetrically, p; keeps the free variables
{1, z2, x3} and is a patching image of q4 for {z;}. Both queries are
acyclic and free-connex, hence of depth 0. Therefore §(qs) < 1
and Proposition 3.16 yields g4 € CD o Lin.

How to read the criterion. Inspect the variable graph to iden-
tify multi-frontier components, search for foldings exposing their
witnesses, and deactivate irrelevant output coordinates subject
to Lemma 3.12. For a fixed query, there are only constantly many
homomorphisms to subqueries and choices of deactivation, giving
a finite search space for recursive tractability proofs.

Repeated relations help only when they expose witnesses and
provide global answers with controlled multiplicity. In g5, folding
x3 onto z does this directly. In Q,, exposing each pairwise path sep-
arately still leaves the need to synchronize a common pair (zy, z3)
across all branches; see Section 5.

4 Hardness Conditions for self-joins

The previous section established a sufficient condition for tractabil-
ity. We now turn to lower bounds. We give two hardness conditions,
under assumptions of different strength, showing when self-joins
do not overcome the obstruction caused by a free-path.

The first condition applies when an entire free-path is let-alone,
meaning that no free variable outside the path can be folded into it
via a homomorphism to a subquery. We show in section 4.2 that
any query satisfying this condition is hard assuming the BMM
hypothesis.

The second condition applies when a single quantified variable
is never the image of a free variable under a homomorphism to
a subquery of the query. We show in section 4.3 that any query
satisfying this condition is hard assuming the VUTD hypothesis.

4.1 Tagging technique

Our lower bounds are proved using reductions from hard problems
(BMM and VUTD) and our reductions use the tagging technique
of [7] that we discuss in this section. The idea is to replace each
database value by a pair (a; £), where a comes from the hard in-
stance and & is a query variable that records which part of the query
this value is meant to simulate. The key point is that every solution
on such a tagged database can be transformed into a homomorphic
image of the query.

LEMMA 4.1 (TaG MAP). Let q be a conjunctive query and let D*
be a tagged database built so that, for every relation symbol R, each
tuple

R((ai; &1),....(ar; &) € D*
is inserted only when R(&, . .., &) is an atom of q. Then every satis-
fying assignment u of q on D* induces a homomorphism
Tu:q = 94y
to a subquery q, of q.

Proor. For every variable y € vars(q), write

u(y) = (ay;‘fy>
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and define 7,(y) = &,. Let R(yy, . .
satisfying, the tuple
R(<ay1;§y1>a cees <ayr; §yr>)

belongs to D*. By the way D* was built, this tuple could only have
been inserted if

., Yr) be an atom of q. Since p is

R(Zyps - Eyy)
is an atom of q. Hence every atom of g is sent by 7, to an atom of g.
The atoms reached in this way form a subquery g, of ¢, and 7, is a
homomorphism from q to g,,. O

This simple observation is what makes tagging useful in the
self-join setting: in a tagged database a variable of a query can only
be assigned to an element whose tag is the image of that variable
under some automorphism of the query.

4.2 BMM-based hardness

The BMM lower bound captures the case where one free-path
can be isolated from the rest of the free variables. If no other free
variable can be mapped to a quantified variable of that path, then
the path can carry the full matrix-multiplication encoding while
all remaining free outputs stay confined to a constant-size dummy
domain.

DEFINITION 4.2 (TOUCHED FROM OUTSIDE A SET). Let q be a con-
Jjunctive query, let C C vars(q), and let y € C. We say that y is
touched from outside C if there exist a free variable x € free(q) \ C
and a homomorphism h : ¢ — q’ to a subquery q' of q such that
h(x) =y.

DEFINITION 4.3 (LET-ALONE FREE-PATH). Let q be a conjunctive
query and let F be a free-path of q. We say that F is let-alone if no
variable of F is touched from outside vars(F).

For instance, in
Qalone (X1, X2, u) : ~32.R(x1, 2) A S(z,x2) A T(x1,u),

where R, S, T are distinct, the free-path F = (x1, z, x2) is let-alone:
the only free variable outside F is u, and no homomorphism can
send u to x1, z, or x; because the atom T (x;, u) has no matching
copy on the path.

By contrast, in

qrold (x1, X2, ) : ~3z.R(x1,2) A S(2,x2) A R(x1,u),

the same free-path F = (x3, z, x2) is not let-alone. The homomor-
phism that fixes (x1, z, x2) and maps u to z sends the atom R(x;, u) to
the existing atom R(xy, z). Thus, the outside free variable u touches
the quantified variable z of the path. Moreover, this query is easy
according to Example 3.1. The following result implies that any
query containing a let-alone free-path, like gajone, is hard.

PROPOSITION 4.4 (BMM HARDNESS). Let q be an acyclic conjunc-
tive query with binary atoms and let
F=(x1,21,..., 2 %x2)
be a let-alone free-path of q. Then, under BMM, q ¢ CD o Lin.
ProOF. Assume toward contradiction that g € CD o Lin. We
reduce Boolean matrix multiplication to the enumeration of q.

Let A and B be two Boolean n X n matrices. We build a tagged
database D*. Write 0y = X1, 0741 = X2, and v, =z, for 1 <p < ¢.
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The database D* is constructed as follows:

(1) for every A[i, k] = 1, we have in D* the elements
(i;09), (k;v1) - - - (k;vg) that are related as an isomorphic im-
age of the path (x1,z1,...,2¢) ingq.
(2) for every B[k, j] = 1, we have in D* the elements (k; v,;) and
(j; ve+1) that are related as an isomorphic image of the path
(2, x2) in q.

(3) if R(vp, y) is an atom of g such that y ¢ vars(F) we also have
an element (L;y) in D* and for all elements (a;v,) already
in D* we add the fact R({a;0,), (L;y)).

(4) likewise for the atoms R(y,v,) of g.

(5) finally, for every atom R(y,y") of g such that both y and y’
are not in vars(F) we add the fact R({_L; y), (L;y")).

Notice that every (i, j) such that (AB)[i, j] = 1 corresponds to
solution of q as follows: Choose k such that A[i, k] = B[k, j] = 1.
Map x; to (i; x1), every z, to (k; z,), x2 to (j; x2), and every variable
y outside F to (L;y).

Conversely, let u be any answer of g(D*) such that the x;- and
xz-coordinates are tagged by x; and x,. By construction, there must
exist some k such that the first atom of F witnesses A[i, k] =1 and
the last atom witnesses B[k, j] = 1, where i and j are the values
carried by x; and x;. Thus (AB)[i, j] = 1.

In other words, matrix multiplication is encoded as a subset of
the answers of g(D*): those such that the free variable x; and x;
are mapped to a pair of elements of the form ((i, x1), (j, x2)) Each
such pair could appear many times as ¢ may have more than two
free variables. We now show that this is not the case if q is let-alone.

Let y € free(q) \ vars(F). If u(y) is tagged by some variable z €
vars(F), then Lemma 4.1 would yield a homomorphism witnessing
that z is touched from outside vars(F), contradicting the fact that F
is let-alone. Hence, every free variable outside F can only take one
of the dummy values (.L;y"), of which there are only constantly
many.

It remains to consider the two free variables x; and x: they may
be assigned values whose tags are not x; and x;. If they receive a
value tagged outside of F it is only a dummy value and this only
adds a constant size to the domain of x; and x,. Now, if they receive
a value tagged inside of F, but all values whose tags belong to
vars(F) range over only O(n) possible elements: one value carries
one index from the matrix instance.

Therefore g(D*) has at most O(n?) answers. Enumerating all
answers of g(D*) in CD o Lin and filtering in O(1) time those
whose x1- and x2-coordinates carry the identity tags computes all
1-entries of AB in O(n?) time, contradicting BMM. o

4.3 VUTD-based hardness

The previous hardness condition asks for an entire free-path to
be let-alone. The VUTD hardness condition is more local: a single
quantified variable on a free-path already suffices, provided that no
free variable can fold onto it.

DEFINITION 4.5 (TOUCHED VARIABLE). Let q be a conjunctive
query and let z € vars(q). We say that z is touched if it is touched
from outside {z}.

Consider

gvurp (x1, X, u) : -3z1, 22. R(x1, 21) AS(21, 22) AT (22, %2) AT (u, x3),
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where R, S, T are distinct relation symbols. The free-path

F = (x1,21, 22, %2)

is not let-alone: the outside free variable u can be folded onto z3,
since the homomorphism fixing (x1, z, 22, X2) and mapping u to z;
sends T(u, x3) to T(zs,x2). On the other hand, z; is not touched:
no free variable can be mapped to z; via a homomorphism. This is
enough to make the query hard as the next proposition shows.

The previous BMM condition is not contained in the local un-
touchability condition below: a let-alone free-path only prevents
touches coming from free variables outside the path, whereas a
touched quantified variable may also be touched by one of the free
endpoints of the path. For example, in

q(x1,x2):=3z. R(x1,2) A R(z,x1) A R(z,x2) A R(x2,2).

the free-path is let-alone though z is touched by x,. We therefore use
the VUTD-hardness condition as the union of two cases. The first
one is the let-alone free-path condition of Proposition 4.4, which is
hard under VUTD because VUTD implies BMM. The second one is
the local untouchability condition proved directly below.

ProPOsSITION 4.6 (VUTD HARDNESS CONDITION). Let g be an
acyclic conjunctive query with binary atoms. Suppose that one of the
following conditions holds:

(1) q has a let-alone free-path;

(2) some quantified variable z occurs in a free-path of q and is not

touched.

Then, under the VUTD hypothesis, ¢ ¢ CD o Lin.

Proor. If g has a let-alone free-path, the result follows from
Proposition 4.4 and from the implication VUTD = BMM [6]. Hence,
assume that some quantified variable z occurs in a free-path of ¢
and is not touched.

Assume towards a contradiction that ¢ € CD o Lin. Let

F=(x1,...,2,...,X2)
be a free-path going through z. Since q is acyclic and has binary
atoms, its variable graph is a forest once unary atoms and parallel
edges are ignored (two edges are said to be parallel if they are over
the same variables). Remove z from this graph. Let L be the con-
nected component containing x1, let R be the connected component
containing x, and let

O :=vars(q) \ (LURU {z}).

The sets L and R are distinct, and there is no binary atom whose
variables lie in two different sets among L, R, O unless one of the
two variables is z (otherwise the query is cyclic).

We reduce VUTD to the enumeration of g. Let

(V1, Va3, V3, E1 2, Ez 3, E13)

be a tripartite graph with |V;| = nand |V;| = |V5]| = O(n%). We build
a tagged database D*. The intended meaning is that the valuation
of a variable of L has a value from V;, the valuation of z has a value

from V;, a variable of R has a value from V3, while a variable of O
has a dummy value.
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For every variable y, define A, as

Vi ifyel,
Ay = Ve ?fy:z’
Vs ify eR,
{1} ifyeoO.

The domain of D* consists of all pairs {a;y) and (L;y) with y €
vars(q) and a € Ay,

Unary atoms are copied over these available coordinates: for
every atom U(y) of g and every a € A, insert U({a; y)).

For every binary atom R(y;, y») of g, insert the tagged tuple

R({a1; Y1), (az; y2))
for exactly the following choices of (ay, a):

(1) if y1,y2 € L, then a; = a; = u for some u € Vi;

(2) ify1,y2 € R, then a; = a; = w for some w € Vs;

(3) ify1,y2 € O, then a; = a; = L;

(4) if y; =y, =z, then a; = az = v for some v € Vy;

(5) ify; =zand y, € L, then a; € V3, ap € V; and Eq (a1, az),

likewise if y, =z and y; € L;
(6) ify; = zand y, € R, then a; € V3, a; € V5 and Ey3(ay, az),
likewise if y, =zand y; € R;
(7) if y; =zand y; € O, then a; € V; and a; = L, likewise if
Yy, =zand y; € O;
There are no other binary atoms to consider by the definition of
L, R, O. Notice that every inserted tuple keeps the variable names
as tags, so Lemma 4.1 applies to this database.

We now decide whether the input graph contains a triangle.
First, build a hash table that check in O(1) if a tuple is in E; 3. Then
enumerate q(D*). We keep only answers with identity tags, namely
answers u such that for every free variable x

p(x) = (ax; x).
for some a,. For each such answer, write p(x;) = (u;x;) and
p(x2) = (w;xg). If (u,w) € Eq3, we accept; if the enumeration
ends without accepting, we reject.
We prove correctness of this decision procedure. Suppose first
that (u, v, w) is a triangle. Define an assignment 7 of g by

(wyy ifyel,
_J(wz)y ify=gz

n(y) = (wiyy ifyeRr
(Liyy ifyeoO.

By construction of D* it is straightforward to verify that it is a valua-
tion of g. Thus g(D*) contains an identity-tagged answer whose x;-
and x,-coordinates carry (u, w), and the procedure accepts because
(u,w) € Eq3.

Conversely, suppose that the procedure accepts from some iden-
tity-tagged answer p, and let  be a witnessing assignment. Write

n(a) =(wx), 12 =Cz),  nlxz) = (w;xy).
Consider the unique path from x; to z in the variable graph. Its
vertices, except for z, all belong to L. Along every atom inside L,
the construction forces the first coordinate to remain equal, and
along the last atom entering z, the construction can only use Item 5.
Hence (u,0) € E1. The same argument on the unique path from
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z to x; gives (v, w) € E, 3. Since the procedure accepts only when
(u, w) € Eq3, the input graph contains the triangle (u, v, w).

It remains to bound the running time. Let k = |free(q)|. The
database has size O(n!*%): the largest families of inserted tuples are
indexed by E; , or by E, 5, while all other families have size O(n),
O(n%), or O(1); the membership table for E; 3 has size O(n?*) C
O(n'*%) for « sufficiently small.

We also need an output-size bound. Fix a free variable x. If some
answer assigned to x a value tagged by z, then by Lemma 4.1 there
would be a homomorphism from q to a subquery of ¢ sending x to
z. This contradicts the assumption that z is not touched. Therefore
no free variable can take a value tagged by z in any answer. All
remaining tags carry either a value from V3, a value from V3, or the
dummy value L. Since the query is fixed, each free variable has
only O(n%) possible values across all answers, and therefore

lg(D*)| = O(n*%).
Choose a € (0,1] with ka < 1 + ¢, for instance a = 1/(2k). By
the VUTD hypothesis, no algorithm should decide these instances

in time O(n!'*%). But the assumed CD o Lin enumeration algorithm
for g, followed by the filtering above, runs in time

O(ID*| + [g(D*)]) = O(n™*® + n**) = O(n'*®),
a contradiction. o

COROLLARY 4.1. Assuming VUTD, if q is an acyclic conjunctive
query with binary atoms and belongs to CD o Lin, then q has no
let-alone free-path and every quantified variable that occurs on a

free-path of q is touched.

Proor. This is exactly the contrapositive of Proposition 4.6. O

5 Open questions and future directions

The frontier left by the previous sections is concrete enough to be
illustrated by two explicit patterns: the disconnected padded path
Pgisc, which points to DomLin o Lin, and the family Qy, where
several free branches must synchronize the same hidden pair.

5.1 Motivating DomLin o Lin
Consider the query
P(x1,%2): =321, z9. R(x1, 21) A R(z1, 22) A R(z2,x2)
and its disconnected self-join variant
Paise (1, X2, x3) : =321, 22. R(x1, 21) A R(21,22) A R(23, x2)

A A S(y).

ye{x1,x2,x3,21,22}
This query is not covered by our current criteria: the variable x3
touches both z; and z, through the unary atoms, so neither Propo-
sition 4.4 nor Proposition 4.6 applies.

The reason this example is important is that it is essentially a
padding of the self-join-free three-edge path. The next lemma is
the basic mechanism.

Before giving the lemma, we need to define a new complexity
class that, to the best of our knowledge, was not studied in the
literature previously:
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DEFINITION 5.1 (DomLin o Lin). We say that a CQ q belongs to
DomLin o Lin if for every database D, all answers of (D) can be
enumerated after O(|D|) preprocessing time and with O(| dom(D)|)
delay, without repetitions.

This class has a deep link with CD o Lin, and it may be a useful
tool to study this latter class:

LEmMMA 5.2 (PADDING). Let p11 (x, u) be obtained from a query p(x)
by adding one fresh free variable u. Then

pe€Domlin o Lin <= p?eCD o Lin.

Proor. Let N = | dom(D)|. In the forward direction, output the
N answers (a,b) of pti associated with the current answer a €
p(D) while the DomLin o Lin enumerator computes the next
answer of p in the background. In the backward direction, run
the constant-delay enumerator for p¥, project away u, and keep
a queue of projections not yet output. We pace the simulation by
outputting one queued projection every N simulated outputs. After
s simulated outputs, at least | s/N| distinct projections have been
seen, since each projection appears at most N times. Thus the
queue is never empty when queried; after the simulation ends, the
remaining queue is flushed with the same spacing. The delay is
O(N), and the preprocessing stays linear because N < |D|. o

PROPOSITION 5.3. The query Pgisc belongs to CD o Lin if and only
if P belongs to DomLin o Lin.

ProoF. Assume first that P € DomLin o Lin, and let (R, S) be
an input database for Pgis.. Compute in linear time the subrelation

R =RN(SXS).

Then every witness of the path of Py uses only values of S, and
the pairs (x1, xz) produced by this path are exactly the answers of
P on R’. Enumerate these pairs with delay O(] dom(R")|) < O(|S]),
and for each pair (a, b) output all triples (a, b, ¢) with ¢ € S. While
these |S| outputs are produced, the next pair can be computed in
the background, so the overall delay is constant.

Conversely, given an input database for P, let S be the whole
active domain. Then Py, is exactly the padded query Pt from
Lemma 5.2. Hence Pyjsc € CD o Linimplies P € DomLin o Lin. O

Thus one of the simplest unresolved self-join patterns already
collapses to a self-join-free domain-linear question.
The same issue can even be phrased without self-joins.

PROPOSITION 5.4. Let
Pgs(x1, x2) : =321, z2. R1 (%1, 21) A Ra(z1, 22) A R3(z2, x2).
Then

P € DomLin o Lin &= Py € DomlLin o Lin.

Proor. If Py € DomlLin o Lin, then P € DomLin o Lin by
applying the algorithm to instances where Ry, R;, and R are all
interpreted by the same binary relation R.

Conversely, assume that P € DomLin o Lin, and let (Ry, Ry, R3)
be an input instance for Pg. Build in linear time a tagged relation R
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whose domain contains the copies {(a; x1), {a; z1), (a; z2), and (a; x2)
for every a € dom(D), and whose tuples are:

((as x1), (bsz1))
({asz1), (b3 22))
({a; z2), (b; x2))
Then solutions of Ps on (Ry, Ry, R3) are in bijection with the solu-
tions of P on R whose free coordinates carry the tags x; and x,.
The construction increases both the database size and the domain

size by only a constant factor, so a DomLin o Lin algorithm for P
yields one for Pg. O

for every (a,b) € Ry,
for every (a,b) € R,
for every (a,b) € Rs.

Hence the remaining frontier already contains a genuinely self-
join-free question.

From a witness perspective, this is also the first place where
DomlLin o Lin differs qualitatively from CD o Lin. For constant
delay, scanning all possible middle witnesses between two outputs
is already enough to recover the known BMM obstruction. For
domain-linear delay, one full scan of the active domain is allowed
between two outputs, so the question becomes subtler: how many
layers of hidden witnesses can be skipped before duplicates or long
pauses become unavoidable?

The same example also suggests a refined triangle-based view-
point. Let G be a tripartite graph with parts Vi, V;, V3 such that
[Vi| = |V2| = nand |V3] = ©(+/n). Use tagged copies Xi, X, of V3, Z;
of Vi, and Z; of V5. The single relation R contains the tagged edges
X1 — Zy,Zy — Zp,and Z; — X3, and S contains the whole tagged
domain.

PROPOSITION 5.5. IfPgisc € CD o Lin, then one can detect triangles
in tripartite graphs with part sizes n, n, ®(\/n) in time O(n?).

PRrROOF. A triangle (u,u,w) € V3 X V; X V; yields an answer of
Pgise with x1 = (u; X1) and x; = (u; X,), witnessed by z; = (v; Z1)
and z; = (w; Zz). Conversely, since R contains only the tagged edge
types X1 — Z1, Zy — Z;, and Z, — X;, every answer follows this
pattern, and an answer whose x; and x; have the same underlying
V3 value witnesses a triangle. The database has size O(n?). Moreover
x1 and x, each range over a tagged copy of V3, while x5 ranges
over the tagged active domain of size O(n), so the total number of
answers is at most

O([Vs|* - | dom(D)|) = O(n?).

Enumerating all answers and checking whether some answer has
matching underlying values for x; and x; therefore decides triangle
existence in time O(n?). O

Note that Proposition 5.5 is only an indication, not a hardness
theorem under a standard conjecture.

5.2 Synchronizing one witness
The family Q. exposes a different obstruction. Here the issue is not
an extra disconnected output but the need to synchronize the same
hidden pair across several branches:
k
Ok (x0, X1, - ., xk) : =321, 22. R(22, 21) A R(22, %0) A /\ R(xi,z1).
i=1
The query shown earlier in Figure 2 is Q.
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PROPOSITION 5.6 (Qx REMAINS OUTSIDE THE CURRENT FRAME-
WORK). For every k > 2, the query Q has the following properties:

(1) its unique multi-frontier component is {zy, z,}, with frontier
{x0, %1, ..., xk};

(2) no free-path of Qi is let-alone;

(3) both quantified variables z; and z; are touched;

(4) if a patching image of Qi patches this multi-frontier compo-
nent, then its body is Qy. itself and all free variables remain

free.
Consequently, the tractability criterion of Section 3 can certify Qx
only if Q is already free-connex, whereas the hardness obstructions
of Section 4 do not apply.

Proor. The variables z; and z, form a connected existential
component whose frontier is exactly {xg, x1, . .., xx}. There is no
other existential component, so this is the unique multi-frontier
component of Q.

No free-path is let-alone. If F = (x;, z1, x;), then the outside free
variable x; touches z; via the homomorphism that sends x to z;
and fixes z;. If F = (xy, 21, 22, Xo), then some other leaf x; with j # i
touches z; by mapping x; to z; and fixing z;. Thus Proposition 4.4
never applies. The same homomorphisms show that both z; and z;
are touched, so Proposition 4.6 does not apply either.

Finally, let p be a patching image that patches this multi-frontier
component. By definition, p contains a subquery isomorphic to
the whole body of Q. Since a proper subquery would have fewer
atoms, the underlying body of p must be exactly Q. Moreover,
every free variable belongs to the frontier of the component, so the
patching condition forces all of them to remain free in p. O

PROPOSITION 5.7 (EVIDENCE FROM COMPLETE SUBGRAPHS FOR
THE FIRST MEMBERS OF Q). Let k € {2,3}. Under the (k + 2)-clique
hypothesis, Qx ¢ CD o Lin.

Proor. Let

k
Sk+1(Yo, - - -, yx) = 3e. AEi(ybC)

i=0
be the self-join-free (k + 1)-star query. We first note that, under the
(k +2)-clique hypothesis, Sx4; cannot be answered in time O(n*+1)
on databases of active-domain size n. Indeed, given an n-vertex
graph G = (V, E), interpret every E; by the symmetric edge relation
of G. Then every answer (aq, . .., ar) of Sk41 is an ordered (k + 1)-
tuple of neighbors of some common witness c¢. Checking in O(1)
time whether the vertices ay, . . ., a induce a (k + 1)-clique decides
whether {aq, ..., ax, c} is a (k + 2)-clique. Since there are at most
nk*1 such outputs, an O(n**!) algorithm for S.,; would contradict
the (k + 2)-clique hypothesis.

Assume now that Qr € CD o Lin, and let D be a database for

Sk+1. We build from D a database D* over the single relation symbol
R on the tagged domain

{{a; &) | a € dom(D), & € {x0,x1,..., Xk, 21,22} }-
For every fact E;(u,v) € D, insert the two tuples

R((u;x1),(v;21))  and  R((v;22), (v321)).
For every i € {2,...,k} and every fact E;(u,v) € D, insert

R({us x1), {v; 21)).



BDA, 2026, France

Finally, for every fact Eg(u,v) € D, insert

R({v; 22), (w3 X0))-
This construction is linear in |D|.
If (uo, ..., ux) is an answer of Si,; (D) with witness c, then as-
signing
xo > (to; Xo)s
x; > (U x;) (1<i<k),
21,22 > (e 21), (€5 22)-
satisfies Qx on D*. Hence every answer of Sg,1 (D) yields an answer
of Qx (D*) whose free coordinates carry the identity tags.
Conversely, let i be an answer of Qi (D*) whose free coordinates
carry the identity tags. Write

p(x) = (ui; x;)
p(z1) = (a; z1),
#(z2) = (b; z2).

The atom R(z, z1) can only be witnessed by a tuple of the form

R({c; z2), {¢:21)),
so necessarily a = b = c. Then the atom R(x1, z;) implies E; (u1, ¢),
each atom R(x;,z;) with 2 < i < k implies E;(u;, c), and the
atom R(zy, x9) implies Eq(ug, ¢). Thus (u, . .., ux) is an answer of
Sk+1 (D)

The filtering is therefore exact: answers of Sy, (D) are in bijec-
tion with identity-tagged answers of Qx (D*). Since the reduction
keeps the active domain within a constant factor of | dom(D)]|, the
query Q has at most O(] dom(D)|**!) answers on D*. If Q; were
in CD o Lin, we could enumerate all answers of Qi (D*) and keep
only the identity-tagged ones, thereby answering Si.1(D) in time

O(ID*| + |Qx(D*)]) = O(ID] + | dom(D)[**).
Applying this to the graph instances above yields an O(n**!) algo-

rithm for (k + 2)-clique, contradicting the (k + 2)-clique hypothe-
sis. o

(0<i<k),

QUESTION 5.8. Can one classify self-join-free acyclic conjunctive
queries that belong to DomLin o Lin? Can one characterize when
the projections of all free-paths through a multi-frontier component
can be joined without storing their common quantified witnesses?

6 Conclusion

We studied acyclic conjunctive queries with self-joins, projections,
and binary atoms. On the positive side, multi-frontier components,
patching images, and deactivation give a recursive CD o Lin crite-
rion. On the negative side, BMM and VUTD yield complementary
hardness obstructions. The remaining frontier is already visible
through Pyis. and the family Qg, where one must synchronize hid-
den witnesses across several branches.
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