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1. Introduction

Thermodiffusion is diffusion generated by temperature gradients and is presently the object of active research, with
applications ranging from chemistry to biology and petroleum extraction [1-5].

The first, purely macroscopic description of thermodiffusion [6] dates back to the nineteenth century, and assumes that
diffusion currents are generally made up of two contributions, one proportional to density gradients (Fick law) and the other
proportional to temperature gradients (Ludwig-Soret effect). This description can now be derived from a kinetic one based
on Boltzmann equation.

Stochastic processes theory originated in the study of Brownian motion [7] and is known to be particularly efficient at
modelling physical diffusions in general [8]. Various authors have thus considered stochastic models of thermodiffusion
[9-11]. All models are based on generalizations of the standard Langevin equation. The models first proposed add the
thermophoresis force to the standard Langevin [12] frictional and stochastic forces; in particular, these models presuppose
that friction and noise coefficients are not modified by the presence of a temperature gradient. In many cases, however, these
simple models fail to reproduce the observed values and even orders of magnitude of the Ludwig—Soret coefficient [11]. New
stochastic models have thus been introduced in Refs. [13,14]. These models are more general than the previous ones [11]
because they allow both friction and noise coefficients to depend on temperature gradients. But this dependence has not
yet been confirmed or made explicit by theoretical, microscopic computations. In particular, it is not known how the mean
temperature, the masses and the characteristic sizes of both solvent and solute particles enter this dependence.

The purpose of this article is to use kinetic theory to confirm that friction and noise coefficients generally depend on
temperature gradients and to characterize this dependence in the high dilution limit, where first order contributions in the
temperature gradient can be computed exactly. Our main results are that temperature gradients indeed modify the values
of both friction and noise coefficients and that this new effect must a priori be taken into account if one wants to obtain
theoretical predictions of Soret coefficients which better fit measured values.
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2. General framework
2.1. Kinetics

Consider first a solvent gas S made of particles of mass ms (conveniently called S-particles). For sufficiently high dilutions,
all statistical properties of S are encoded in the one-particle distribution function f. If one neglects the internal structure of
S-particles, f is a time-dependent function of six real degrees of freedom (for example, 3 position coordinates and 3 velocity
components) and this function obeys the Boltzmann equation:
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where usual notations have been used [15,16]; in particular, v’ and v are the velocities of the particles which result from the
collision of two particles with initial velocities v and vy, and dos is the differential cross-section characterizing the collisions
between two S-particles.

The mean free path As of the S-particles is defined in terms of the total cross-section o5 by As = ﬁn% where ng is the
SOS
density of S-particles (i.e. the number of S-particles per unit volume). Approximating the interaction of S-particles by elastic

collisions between hard spheres of radius Rs, one obtains:
P
v/2ns 7 (2Rs)?
Suppose that the gas S is at rest in a reference frame R but that a non uniform temperature field T (r) is maintained in S;
the distribution fr describing this situation is a time-independent solution of (1) which reduces to the standard Maxwell

distribution for vanishing temperature gradients. This distribution can be expanded in terms of the dimensionless quantity
AsVT/T and reads, at first order:
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where kgT is the Boltzmann factor. Note that the kinematic shear viscosity vs(T) is proportional to As and to the thermal

(2)

velocity of the S-particle [15]: vs(T) = 5‘1/?” As/ l;‘j—: and that (3) is thus sometimes expressed in terms of vs(T) [11].

We will suppose that (3) correctly describes the state of the solvent S; this amounts to supposing that the temperature
field T varies on scales much larger than the mean free path A i.e. on macroscopic scales only.

Consider now particles of mass mg, conveniently called Brownian or B-particles, diffusing in the above solvent through
short-range interactions. We suppose that there are sufficiently few Brownian particles in S to neglect interactions between
B-particles and between more than one B- and one S-particle at a time. All properties of diffusion can then be recovered by
studying the motion of a single, arbitrary B-particle and the statistical properties of this motion are entirely characterized by
expression (3) for the solvent distribution f; and by a law characterizing the short- range interaction between a B- and an S-
particle. We neglect the internal structure of B-particles and assume, in coherence with (2), that the short-range interaction
between a B- and an S-particle can be modelled as an elastic collision between hard spheres and that the associated sphere
radius for B-particles is Rg.

2.2. Stochastics

In the above model, the trajectory of a B-particle is a succession of line segments started and ended by collisions with
S-particles. At a fixed initial momentum pg of the B-particle before such a collision, the momentum loss qz = ps — pj of
the B-particle during the collision is a random variable whose distribution depends on the collision cross-section and on
the distribution of S-particles. Langevin-like equations (Ito processes [17]) are driven by Gaussian noises. Approximating
the motion of a B-particle by a Langevin-like equation thus comes down to approximating, for each pg, the distribution of
the momentum loss qg by a Gaussian. The law of a stochastic process defined by such a Langevin equation is described
by a distribution function ¢ of the time t and of the position rzy and momentum pg of a B-particle; this function obeys the
Fokker-Planck equation [17]:
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where F is the deterministic part of the force experienced by the B-particle, and D is the noise tensor. This force F and the
noise tensor D can be computed from the expectation (mean value) of qz and qz ® qg, respectively.

The exact computation of the expectations (qg) and (qz ® qg), and thus, of F and D is presented in Appendix A. The next
section offers a qualitative and graphical presentation of the results. The force F splits into the so-called thermophoresis force
and a friction force. The presented results confirm that friction and noise coefficients generically depend on the temperature
gradient.
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3. Results

As detailed in Appendix A, the hard sphere Boltzmann model delivers explicit expressions at first order in VT for the
deterministic part F of the force experienced by a B-particle with velocity vz, and for the noise tensor D. These expressions
are of the form:

F = k(T,vg*)VT — (o(T, V®) + a1 (T, vg*)Vp - VT) v, 5)
and

D = (00(T, vg*) + o1(T, Vg*)Vg - VT) € + (02(T, vg*) + 03(T, vg*)vg - VT) v ® V

Vg ® VT + VT ® v
+04(T, vg?) — 5 5 (6)

where € is the (inverse) euclidean metric tensor (67 = 1ifi = j and 0 otherwise). The tensor D depends on VT if at least
one of the coefficients o4, o3 or o4 does not vanish. Naturally, all coefficients introduced above also depend on the masses
mp and mg, and on the characteristic radii Rg and Rs. The expressions of the coefficients in (5) and (6) are more readable if
the following conventions are done:

e ug denotes the dimensionless velocity of the B-particles: ug = vz /ms/kgT. Note that the velocity scale kgT /ms chosen
to make up dimensionless is the thermal velocity of S-particles. Thus, when the B-particles have a much larger mass than
the S-particles, |ug| is much smaller than unity.

e 1 and vp denote the moduli of ug and v;.

e 1 denotes (ms™' +mp~ 1)L,

X2
e £(x) stands fore™ 2, and ¢ (x) for | /% erf(xxﬂ where analytical continuation is implied for x = 0.
With this notation, the exact expressions for the coefficients in (5) and (6), and their expansions for small up are:
e Thermophoresis coefficient:
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T mg ug 753
vs(T) |2mkgT 1
=ng st ),/ 2 u (Rg + Rs)? (—2 + *UBZ> + O(ug®). (7)
T mg 5
e Friction coefficient:
. 2mkgT —1+ 2ug? + ug* 1+ ug?
ao(T, vs®) = Go(T, %) = ng Buw+&ﬁ< - (up) + fam)
ms Up B
4 [2mksT , 1, .
= -ng u(Rg+Rs)™ | 2+ —up” | +O(ug”). (8)
3 mg 5

e Thermally induced correction to the friction term:
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e Thermally induced correction to the noise term:
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e Second order noise coefficient:
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e Thermally induced correction to the second order noise term:
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e Thermally induced noise term:
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Some comments are now in order. The new stochastic process introduced in Refs. [ 13,14] to model thermodiffusion are
general enough to incorporate thermally induced corrections to the friction coefficient and to the noise term. The analytic
calculation presented here shows that such correction indeed exists for hard sphere Brownian particles interacting with
a dilute gas of hard sphere particles, at least in presence of a macroscopic thermal gradient (i.e. a thermal gradient with
variation scale much larger than the mean free path). It is obviously interesting to compare the orders of magnitudes of these
new thermally induced corrections and of the usual thermophoresis force. For example, the thermally induced correction
to the friction term («;vp - VT)vp is linear in the thermal gradient and can be compared naturally with the thermophoresis
force. Let us define the ratio p4(T, vp) of the two by:

—9 — 12ug® — 37ug® + 3ug® + ugt
n B B + B+B$(u8)

|ot1 (T, vg?) (Vg - VT) v

|1 (T, vg2) VT (1>)

0a(T, vp) =

In the most favorable case (v parallel to VT), this ratio can be expressed as a function p,(us?) of the dimensionless variable
ug® = vz’mg/ksT only. Eqs. (7) and (9) yield the following explicit expression for p,(ug?):

|6 = w?e (Vus?) - 36 (/ug?)|
(1= u)e (Vi) = (V)|

A priori, B-particles can have velocities with arbitrary moduli. However, if we assume that the B-particles are in statistical
equilibrium with the surrounding gas, their most probable velocity scales like </kgT /mg, and the dimensionless variable
ug® which appears in Expressions (7)-(14) scales like the mass ratio ms/mg. This yields a way to estimate the ratio p, as a
function of the mass ratio only. Fig. 1 shows how this estimate of the ratio p, varies as a function of the mass ratio ms/mg.

0a(T, Vg) = Pa(up®) = (16)
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Fig. 1. Relative importance of the thermally induced correction to the friction term and of the thermophoresis term, as a function of the mass ratio.

This shows that the correction to the friction force induced by the temperature gradient cannot be neglected if the mass of
B-particles is not very large when compared with the mass of the S-particles.

The comparison of the thermally induced noise terms to the thermophoresis force is not as straightforward as for the
deterministic terms. A glance at Eq. (4) suggests that the deterministic force terms are to be compared with the derivative of
the noise terms, with respect to the momentum pjp of the Brownian particle. Consequently, to compare the new thermally
induced corrections o1 (vg - VT)§&, o3(vg - VT)vg ® vg and o4(vg ® VT + VT ® vg)/2 to the usual thermophoresis term
k (T, vg®) VT, we introduce the following dimensionless ratios:

LV (0T, v?) vy - VDE)|

T = 17
pb( aVB) |K(T7VBZ)VT| B ( )
‘miBVvB - (o3(T, vg*) (Vg - VT)Vz ® VB)‘
T = 18
pc( va) ‘K(T,VBZ)VT‘ ) ( )
and
‘miﬂv‘,ﬂ (oa(T. V) (Vs ® VT + VT ® vB)/Z)‘
pd(T, V) = (19)

|k (T, vg?) VT

In the most favorable case (vg parallel to VT), these ratios can be expressed as function p,(ug?, n), pc(ug®, ) and pg(ug?, n)
of the dimensionless variable ug? = vg?mg/ksT and of the mass ratio 7. Egs. (7) and (11)-(14) yield the following explicit
expression for these ratios:

3 |3+ U V) + 36 ug)|

pb(Ta Vg, 77) = Z)b(uBza T]) = ) (20)
11 Jug2 (1 — us?)e () — w6 (ug?)|
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X . (22)
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Using the same argument as for p,, the most probable value of the squared dimensionless velocity uz? of the Brownian
particles scales like the mass ration 7. The resulting estimate of the ratios pp, po. and p4 can be plotted as a functions of the
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Fig. 2. Relative importance of the thermally induced correction to the diagonal noise term, and of the thermophoresis term, as a function of the mass ratio.
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Fig. 3. Relative importance of the thermally induced correction to the ug ® ug noise term, and of the thermophoresis term, as a function of the mass ratio.

mass ratio only (see Figs. 2-4). It is worth noting that p, and p. are relatively small when the mass ratio is not close to one.
Thus, in the most common situation where the Brownian particles are much heavier than the solute particles, the thermally
induced corrections to the diagonal noise term and to the vz ® vg noise term can be neglected. However, this is not the case
for the vy ® VT noise term, as revealed by the study of the ratio py. Indeed, this contribution of the thermal gradient to
the noise term is as high as 30% of the thermophoresis force, even when the mass ratio is only 0.01 (Brownian particles 100
times heavier than solute particles).

4. Conclusion

We have used the Boltzmann equation to obtain new effective stochastic descriptions of dilute gas diffusions in presence
of temperature gradients. Our main result is that temperature gradients substantially modify the friction and noise acting on
the diffusing particle. We have computed the various corrections exactly at first order in the temperature gradients; we have
also compared these corrections with each other and with the thermophoresis force. These new results strongly support the
recent prediction [13,14] that conventional stochastic models [9,10] of diffusion under macroscopic temperature gradients
are not general enough and that richer, more realistic stochastic models are needed.

This work can be prolonged in various directions. First and foremost, one should extend it outside the dilute gas regime
to include, not only non dilute gases but also liquids; this will be probably best achieved through molecular dynamics
simulations. One also wonders how the results presented in this article are modified if the temperature gradient driving the
diffusion depends on time. For dilute gases, the first step in addressing this problem would be to find non stationary solutions
of the Boltzmann equation describing the evolution of the solvent under the time-dependent temperature gradient. Finally,
arelativistic extension of this work is also mandatory, if only to develop realistic stochastic models of diffusions in relativistic
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stars [18]; this extension should be based upon the purely kinetic description of relativistic thermodiffusion presented in
Refs. [19-21].
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Appendix A. Computation of the expectations

A.1. Notations

In the following computation, we consider a Brownian particle (or B-particle) with mass mg, which behaves under
collisions as a hard sphere with radius Rg. It is immersed in a solvent gas of S-particles with mass mg, which behave as hard
spheres with radius Rs. The inertial frame in which the solvent gas is at rest is denoted by R. We consider an elastic binary
collision between the B-particle (Particle B) and an S-particle. Let R* be the proper reference frame of the two colliding
particles, in which the total momentum of the two particles vanish. The momenta of B- and S-particles in R are denoted by
ps and ps before collision, and by pj and pj after collision. In the proper reference frame R*, these momenta are denoted
by Ps, Ps, P, and ps.

For the individual collision under consideration, we use pp to define a unit vector Z = pg/pp along which the space
coordinate z can be measured. Two orthogonal unit vectors X and y, perpendicular to Z are also defined to measure x and y
space coordinates (see Fig. 5). The incidence plane (x'z) of the collision makes an angle ¢ with the arbitrary reference plane
(xz), and the impact parameter is denoted b (see also Fig. 6).

Fig. 6 describes the geometry of the collision in the incidence plane (x'z). The y’ direction is perpendicular to the plane of
the figure, directed towards the reader. If the collision is assumed elastic (energy is conserved), the post-collision momenta
pj; and p in R* can be deduced from the pre-collision momenta pg and ps by a rotation of angle « — 7. The angle « depends
on the impact parameter b in the following manner. The impact parameter and the contact angle 6 are linked by the simple
geometric relation:

b
Rg+Rs

Under the hard sphere elastic collision hypothesis (specular reflection on the common tangent plane in the proper reference
frame), the angles 6 and « are linked by the relation:

a = 26. (24)

sinf = (23)

A.2. Computation of the expectation {(qg)

Let us compute the ensemble-averaged momentum (qg) lost by the Brownian particle through collisions with solvent
particles during a certain time interval §t. Let vg and vs be the initial velocities of colliding B- and S-particles in &R. The
number of gas particles with velocity vs colliding the Brownian particle during 4t is:

d?N = ng|vg — vs|8tbdbde, (25)
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N

Fig. 5. 3D perspective view of a typical binary collision in the proper reference frame R* of the pair of particles. The Brownian particle (B-particle) has
radius R, and the solvent gas particle (S-particle) has radius Rs. The z axis lies along the initial momentum pp of the B-particle in R*. The x and y axes are

two perpendicular arbitrary directions lying in the plane perpendicular to the z axis. b is the impact parameter, and ¢ is the angle of the incidence plane
(x'z) with respect to the reference plane (xz).

Fig.6. 2D geometry of a typical collision in R*, viewed in the incidence plane (x'z). pg and ps are the momenta of B- and S-particles in R* before collision.
Pj; and p; are the momenta in R* after collision.

where ng is the number of particles S per unit volume. The impact parameter and the angle ¢ are defined in Figs. 5 and 6.

2
From (23) and (24), the impact parameter can be expressed in terms of the angle « as : % = (@) (1 — cosa).

2
Consequently, the surface element bdb in (25) can be expressed as: bdb = (%) sin ada.

The momenta pg and p;, of the Brownian particle in R*, before and after the collision, and the momentum loss q =

Ps — Py = Ps — Pj; can be expressed by their coordinates relative to the orthogonal basis of unit vectors X, y, and z along the
axes x, y and z (see Fig. 5):

0 — sin« cos ¢ sin & cos ¢
Ps=ps|0]). Py =ps | —sinasing |, qs = pg | sinasing (26)
1 —cos« 14 cosa

where pp = u|vg — vs|, with u = (mg=! +ms~H)~L.

Let f (vs) be the one-particle probability distribution function of S-particles S. In terms of f (vs), the ensemble-averaged
momentum lost by the particle B during 8t reads:

sin o cos ¢
// f(vs)d3v5//mv3—vs| sina sing | d°N

14 cosa

Rs + Rs 2 +7 pr sin « cos ¢
ns it (T) 5t/f/f(vs)d3v5/ / lvg — vs|? | sinasing | sinadadg
- 0

1+ cosa

(q)
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0
_471n5u< B+RS> at/[ fvs)|vg — vs|? (>d3vs

2
= 4mnspu <w> St// fWs)Ivp — vs|(vg — vs)d’vs. (27)

If the surrounding gas is sufficiently diluted, the distribution function f (vs) can be modelled by the stationary solution of
Boltzmann’s equation in the presence of a uniform thermal gradient:

3
27mksT\ "2 2 25\ 3us(T VT
fusy = (T T exp (s ) fy (vt 3 Sums, VT (28)
mg 2kgT 2kgT 2 2kgT T

where kgT is the Boltzmann factor, and vs(T) is the kinematic shear viscosity of the surrounding gas:

N kT
(D) = e er (2Re)? ns (2Rs)? || ms (29)

Let us now introduce the thermal velocity /kgT /ms of the gas particles. The dimensionless velocity variables ug, us and
w are defined as follows:

mgs ms
up=_/—vVvg and us=_/—vs and w = us — u;. 30
g =,/ PRl s =,/ kT s — U (30)

We also need to introduce the unit vector g = VT/|VT]| lying along the direction of the thermal gradient. The averaged
momentum loss then reads:

(qs) = —Aq (L1 (up) — Bda(up)), (31)
where the coefficients A; and B are:

2 Rg + Rs\* ksT 3ug(T VT
A =) Lo (Re R ) Ty g 3@ , (32)
T 2 mg 4 kBT
and where the integrals {1 (ug) and J{, (up) are:
7(w+u3)2 3
Li(up) = e 2z |wwd’w
(33)

tatn) = [[[ € (wet il = 5) -+ ) - gwiwePw

A new set of reference axes X, Y and Z is needed to compute these integrals (see Fig. 7). The Z axis lies along the velocity vp
of the Brownian particle. The X axis is orthogonal to the Z axis, and such that the thermal gradient VT lies in the plane (XZ).
With respect to this new set of axes, the components of the dimensionless relative velocity w and of the unit vector g along
which lies the temperature gradient are:

sin y cos ¥ sin 2
w=uw|(sinysiny | and g=| 0 |, (34)
cosy cos §2

where w = |w|.
Let us first compute {1:

+00 (2142 ™ +x (siny cosyr
d1(up) = / e 2 w4/ e UBW oSy / siny siny | dy sinydydw
0 0 -

™ cosy

00 (u2iug?) 1 0
= 271/ e” 2 w4/ e~ [ 0 Adrdw
0 -1 1

1 ug
= 2F, (ug) —, (35)
Up
where ug = |u;|, and where the family of functions F,i(u), forl > 0 and k > [is defined by:

T wi?) !
Flw=n / em 2wk / e " aldadw. (36)
0 -1

All these functions can be explicitly computed. Appendix B is dedicated to these calculations.
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AX .-

>
Vg Z

Fig. 7. Definition of the axes X, Y and Z. The axis Z is along the velocity of the Brownian particle. The axis X is defined so that the temperature gradient
lies in the (XZ) plane, and Y is such that (X, Y, Z) is a positive set of orthogonal axes.

A similar computation leads to:
1(up) = ((ug® — 5)(F) — F2) + 2up(Fy — F) +F) —F}) g

u
+ (2up(ug? — 5)F) — (us® — 5)F + (Tug? — 15)F2 + 6upFe — FO 4 3F2) cos 2 —, (37)
Ug
where F} is short for F}(up).
Gathering the results in (35) and (37), we obtain the desired expression for the averaged momentum loss:

u
(qQs) (up) = {—zF; n (2uB(uB2 — 5)F} — (ug? — 5)F? + (7ug? — 15)F2 + 6usF2 — FO + 3F72>B cos 2 }A1 e
Up

+ {(ug® — 5)(F) — F2) + 2up(F — F¢) +F) — F2} A;Bg. (38)

The term proportional to g, and thus to VT leads to the thermophoresis force. The term proportional to ug leads to the
friction force, with a contribution independent of the temperature gradient, and a correction proportional to the projection
of the temperature gradient onto the velocity of the Brownian particle.

To obtain self-contained analytical expressions of {(qz)(ug), one needs the expressions of the F,ﬁ(x) functions (see
Appendix B). These lead to:

2+ 4 2 2
(@) (up) = 21 (M;( g 4 22 s(us)> Avug
LlB UB
24
+ 27 (ui;( B) g(UB)> Bug cos 2A1up
8
+2m <%§(UB) + —«‘E(us)> A1Bg (39)

where the functions ¢ (ug) and & (up) are defined as:

C(ug) = \/ZM and &(up) = e’#. (40)
T Uug

Taking into account de value (32) of A; and B, one ends up with:

_ 2
“‘tﬁ(“l*):fznnsu(RﬁRs)Z’f{(l“jM’g( Ppa é(uB>>
N B

5t >
3 — uy” 3 VT
+ (ugf‘g(uB) — Eé(w;)) 3vu5(T) T ( T) up
-1+ uBz 1 ms VT
- (TC(UB) * u?é(ug)> 3O\ T T } (41)

Since ug is the ratio of the Brownian particle’s velocity v to the thermal velocity of the gas particles (see Eq. (30)), the
case of small values of up is of particular physical interest. In this limit case, the following expansion can be used:

) =27 (2 B2 )+ (284 2 u2)s 2lam e |2 - 2 asg o, 42
u) =273 —+ —u —— 4+ —u Ug COS u T{— — —u ug”),
qg)(up 3 153 15 353 B 1Up 3 153 1bg B
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which leads to the following expression in terms of the physically relevant parameters:

9)M) e Rs + Rs)? kBT[<<8+4uBZ>+(—2+315 )3"5(” IT( E»UB

ot T

2 1 ms VT | oo 43
+ (5 g5’ ) 3us(D) +0(up?). (43)

A.3. Computation of the expectation (qz ® qg)

The computation of the ensemble-averaged squared momentum loss tensor (qz ® qg) follows the same guidelines as
the computation of (qg) developed in Appendix A.2:

sino cos ¢ sin o cos ¢
// f(vs)d3vs [/M |vg — vs|? (sinasinqb) ® (sinasin¢>d2N
(14 cosa) (1+cosa)

Rz +R 2 +r e
=nsu2( 1 S) atff f(Vs)d3Vs/ / v — vs?
— 0

(4 ® q3)

sin? « cos? ¢ siffasingcos¢  sina(1+ cosc) cos ¢
X sin? « sin ¢ cos ¢ sin® & sin? ¢ sina(1 + cosa)sing | sinadade
sin (14 cosa)cos¢ sina(1+ cosa)sing (14 cosw)?

1 0 O
4 Rg +R
= s ( ? 5) Sr// F(vs)|vp — vs|? ( 1 )cPvS
0 0 4

47Tn ) RB+R5
3 s 2

where & denotes the unit tensor. As in Appendix A.2, the expression for the averaged squared momentum loss tensor splits
into two integrals:

(4 ® qp) = Az (L3(up) — Bd4(up)), (45)
where the coefficients A, and B are:

2
) 3t ///f(Vs)lvB —vs| (Ivs — Vs|°€ + 3(vg — vs) ® (Vg — v5)) d’vs, (44)

3
1 /2 Rp+Rs\* [ ksT\ 2 3vg(T VT
Ay = - —u’ngdt st R ) (BTN g p= 2D (46)
3V 2 mg 4 kBT T
and where the integrals 13(u3) and Jd4(up) are:
s = [ff ™ )
(47)

o= [ff

We use again the reference axes X, Y and Z defined in Appendix A.2 and in Fig. 7. On this new basis, the components of the
tensor (|w|?€ + 3w ® w) are:

(Iw+ug|* —5) (W + up) - glw| (|W[°€ + 3w ® w)d’w

1+ 3siny cos’y 3sin®ysiny cosy  3siny cosy cos Y

(Iw’€ +3w® w) = w? | 3sin’ ysinyy cosyy 1+ 3sin*ysin®y  3siny cosy siny (48)
3sinycosycosyy  3siny cosy siny 1+ 3cos? y
where w = |w/. A straightforward computation leads to:
5F) — 3F2 0 0
I3 (up) = 0 5F) — 3F2 0 (49)
0 0 2F) + 6F;

where the family of functions F,i has already been defined by Eq. (36) and, as before, F,i is short for F,i (up). The tensor J3(up)
can be expressed as a linear combination of & and of uz ® u; as follows:

uz Q@ ug
S

I3(up) = (5F) — 3F2)€ — 3(FY — 3F2) (50)

up
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One also finds by direct computation that
I'(us) 0 I (up)
Liw)=| 0 LPwy) 0 |, (51)
Bl 0 1P (up)

where the components I} (up), I2? (ug), I° (up), 1> (ug) and I3 (up) are given by:

11 _ 722
14 (uB) - 14 (uB)
= cos £2 (up(up® — 5)(5F9 — 3F3) + (3ug® — 5)(5F; — 3F) + up(5F; + 7F; — 6F;) + (5F; — 3F3)). (52)
12%(us) = 2cos 9(u3(u32 — 5)(F? + 3F2) + (3ug® — 5)(F} + 3F2) + up(F® + 5F2 + 6F%) + (F} + 3F§’)), (53)

and
1% (up) = I3 (up)
= 3sin 2 ((us® — 5)(F§ — F§) + 2up(F; — F)) + (F3 — F3)).. (54)

The tensor {4(up) can be expressed as a linear combination of the three tensors &, ug ® ugand uz ® g+ gQ® up as follows:

wpeu Puwuyegtglu
La(ug) = 1" (up)€ + (123<u3) 1 222 P )) 2O L) WOETED Uy (55)
sin £2 Ug sin £2 up
Thus, the averaged squared momentum loss tensor reads:

(a5 ® qp)(up) = {(5&? —3F3) — (uB(uB2 —5)(5F5 — 3F2) + (3ug” — 5)(5F; — 3F;)

+up(SFS + 7F2 — 6F4) + 5F — 3F83)B cos 2 }Azé“

- 3{ (FO — 3F2) + (uB(u32 — 5)(F® — 3F2) + (5uz® — 15)F)

u u
— (11ug? — 25)F2 + up(F® + 3F2 — 10F%) + 3F; — 5F83)B cos .Q}Az b ®2 ?
Up
u u
—3{(ug® = 5)(5F¢ — F2) + 2up(F? — F}) + F§ — FZ} pa, WO ETED W (56)

up

To obtain self-contained analytical expressions of (qz ® qz)(up), one needs the expressions of the F,ﬁ functions (see
Appendix B). This leads to:

—6 + 18ug® + 18u* + 2uz® 6 + 16ug® + 2ug*
(45 ® Q) (up) = 2n( P T rup) + T e (up) ) A
up up
108 — 72u 36u* 108 + 36u
+ 27 ( 5+ B ¢ (up) + #E(u3)> Bug cos £2A,8
ugt
18 — 18uz? —|—18u + 6ug® —18 + 12ug? + 6ug?
+ 2 ( i 4 g 2 {(UB) + u f B E(UB)) Aug ® up
B
540 — 216u + 36ug? 540 + 36u
( u B ¢ (up) + uiBé(uB)> Bug cos 2Aup ® up
B

4 ¢ (up)

(108 + 108ug?® — 540up* — 432u% + 48u® + 12up™°
+ 27
up

N —108 — 144ug® — 444ug* + 36uz® + 12u,8
UB4

5(”3))1‘\23(“3 ® g+8g® up) (57)
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where the functions ¢ (ug) and & (ug) have been defined by (40). Taking into account de value (46) of A; and B, one ends up
with:

_ 2 4 6
(qB® qB)(uB) FHSI,L (RB+RS) <kBT> {( 3+9UB +9UB +UB {(UB)+ 3+8LlllB +UB é-'( B))

26t mg UBZ B

+ (3_2”34*”3 Cup) + s<ug)) 2y (UB‘W)g
Up k T

T
3 — 3ug?® + 3ug® + ug® 34 2ug’ +u
+ < : 4 . : é_(”3)"'$5(UB)) 3up ® up
ug UB
15 — 6ug? + ug* —15+ VT
+ —6;(u3)+75(u3) VS(T) — U ® ug
ug I T T

9 + up? — 45up* — 36u® + 4upd +u
+<+B B 4B+ B+B§(u8)
up
-9 — 121,[32 — 371,[34 + 31136 + UBS ms u VT 4+ VT ® up
9us(T 58
o~ E(wp) ) 9vs(D), [~ o7 (58)
Expanding (qz ® qg)(up) in ug, one gets:
48 9% 48 ,
(s ® qg)(up) = 27 {32+ —ug® | + | — — —up® | Bugcos 2 } A, €
5 5 35
+2 96—|—48u2 + % 16u Bugcos 2} Ayup @ u
P = ==
5 35 ° 35 35 ) Bus e
4704 3408 A
+27 s 35 s AB(up @ g+8® up) + O(up”) (59)
which leads to the following expression in terms of the physically relevant parameters:
(4s ® qp)(up) 1 mg 24
— = =2 _— R Rs)” ngy/kgTmgkgT 16 + —u
28t 6 7Tm3+ (B+s)s plMmskp +53
n 12 6 30s(T) VT g
~Z_ -
5 3% )My r T T
n 48 n 24, " 12 2 ) VT ®
— — — Zug?)3v -— ] |u u
5 T35 35 35 > BT T )) P
1176 852 ms ug ® VT + VT ® up 4
- 3 O(ug™). 60
< 5 5 )vs()lT 5T =+(s) (60)

Appendix B. Computation of the F,i functions

In Appendix A.2, the functions F,i were introduced to make algebraic expressions more tractable. These functions were
defined by Eq. (36), which we here recall:

T wi?) !
Fx)=mn f e 2w / e ™ pldadw. (61)
0 -1

This definition holds for all integers k and I, 0 < [ < k, and real x. The members to be computed are: Fj, F?, F2, F}, F3, F2, F2,
F}, Fg,and F;.

A simple strategy to compute explicit expressions for these functions, is (i) to compute F?, Fé), and F;’ as explained below,
and (ii) to use the recurrence relation:

(%) = —xFi(x) — —Fk ) (62)

to compute successively F,, F2, FZ, F; from F, then F{, F7, F§ from FY, then finally Fy from FY. Fig. 8 shows a diagram in (k, I)
space, where all these required F,i‘s are displayed as solid disks. F?, FSO, and F7° are displayed as squares. The arrow shows the
effect of the recurrence formula (62).
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Fig. 8. Diagram showing in the (k, [) space which F,ﬁ‘s are needed to compute (q) and (q ® q). Solid symbols represent needed values of (k, [). Square
symbols designate values of k such that F,? is needed as a starting point of the recurrence process leading to all other required F,ﬂ's. The arrows show the
action of the recurrence formula (62).

To compute F,? for k > 0, we need to introduce the family of functions Ay (x) defined by:

+00 (w+x)?
Ap(x) = / e” 2z wkdw. (63)
0
In terms of the Ay’s, the F{"s read:
0 T
()= ;(Ak(—x) — Ak()), fork>0. (64)

It can be noticed that the A’s can be expressed as follows:

A) = Pe()e—% + Qk(x)\/g (1 _ erf<j§>> , (65)

where Py (x) and Qi (x) for k > 0 are two families of polynomials of degree k — 1 and k respectively, which can be computed
according to the following recursive procedure:

d
Pia(®) = Q) — P

{g';((’;)) ;‘1 and d (66)
Qit1(x) = —xQi(x) — d—Q(X).
X
The first members of these families are thus:
Po(x) =0 Q(x) =1
Pi(x) =1 Q%) = —x
Py(x) = —x Qx) =1 +x°
P3(x) = 2 + ¥ 03(x) = —3x — x° (67)
P4(x) = —5x — X Qx) =3+ 6x% + x*
Ps(x) = 8 + 9x* + x* Qs(x) = —15x — 10x> — x°

Ps(x) = —33x — 14x> —x°  Qg(x) = 15 + 45x% + 15x* + x°.
When k is even, Qi is even and Py is odd. When k is odd, Q; is odd and Py is even:

Pyi(—x) = —Pi(x), Qo (—x) = Qui(%), (68)
Pyip1(—=X) = Py 1 (%), Qajp1(—X) = —Qg41(X).

Thus, using (64) and (65), a compact expression of the F;’s can be derived:

o 2u(3)
X 2 V2 forj > 0. (69)

Pai(x X2
Fy(0) =27 <—%e_7 +

Fyn(®) = —anJHTl(X)
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