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We introduce a class of continuum shell structures, the Buckliball,
which undergoes a structural transformation induced by buckling
under pressure loading. The geometry of the Buckliball comprises a
spherical shell patterned with a regular array of circular voids. In
order for the pattern transformation to be induced by buckling, the
possible number and arrangement of these voids are found to be
restricted to five specific configurations. Below a critical internal
pressure, the narrow ligaments between the voids buckle, leading
to a cooperative buckling cascade of the skeleton of the ball. This
ligament buckling leads to closure of the voids and a reduction of
the total volume of the shell by up to 54%, while remaining spherical, thereby opening the possibility of encapsulation. We use a
combination of precision desktop-scale experiments, finite element
simulations, and scaling analyses to explore the underlying mechanics of these foldable structures, finding excellent qualitative
and quantitative agreement. Given that this folding mechanism
is induced by a mechanical instability, our Buckliball opens the possibility for reversible encapsulation, over a wide range of length
scales.
Jitterbug ∣ deployable structure

A

dvances in fabrication technology are enabling functional
origami-like structures at the nano- and microscales (1–3),
including encapsulation using hollow shell structures (4–7). In
engineering, these structures are receiving increasing attention
for their promising role as vehicles for drug delivery (8), material
synthesis agents (9), optical devices (10), and sensors (11). An
interesting avenue is the introduction of gating (also known as
actuation) mechanisms into such capsules by incorporating
functional elements into their structural layout toward tunable
encapsulation. Coupling conventional actuation mechanisms at
the microscale (including electromagnetic, piezoelectric, thermal,
electrochemical, rheological) with buckling may lead to unique or
more efficient functional modes of deformation (12, 13). As an
example, the Venus flytrap combines a swelling mechanism with
buckling behavior to increase the speed of leaf motility (14, 15).
Also, an active microhydrogel device was recently designed for
dynamic actuation using a swelling-induced elastic instability (16).
There are a few existing hollow shell structures which have
gating mechanisms, albeit not driven by buckling. Viruses are an
ubiquitous class of such examples in nature. Their capsids possess
a spherical shell structure that encloses and transports viral
nucleic acids (17, 18) and can undergo reversible structural transformations by which gated holes can open or close under pH
changes (18). This transformation occurs due to the expansion of
the vertices of the truncated icosahedral structure of the virus,
resulting in 60 hole openings. Using this deployable capability,
viruses have been used as protein cages for encapsulation (19).
In order to describe the virus swelling/shrinking behavior, Kovács
et al. investigated the possible geometric compatibility with polyhedral models (20, 21).
The Jitterbug, introduced by R. Buckminster Fuller in the
1960s, is another example of a hollow shell structure satisfying
geometric compatibility for gating holes. It enables the morphing
www.pnas.org/cgi/doi/10.1073/pnas.1115674109

between an octahedron and a cuboctahedron (22), thereby imparting flexibility to otherwise rigid grid structures. Since then, a
number of studies have generalized the understanding of Jitterbug-like motion (face rotations at the vertices) through polyhedral
transformations (23–25). These provide a robust set of rules for
the design of spherical deployable structures that can fully close
into their collapsed state. A popular commercial toy, Hoberman’s
Twist-o (Hoberman Associates) (26) which comprises a rigid network of struts connected by rotating hinges (Fig. 1A), also morphs
from an open grid shell into a collapsed configuration. One drawback of these configurations toward practical applications is that
the deformation is localized at the vertices of the polyhedra and a
large number of hinges and rotating elements is required to
achieve the intended motion.
Here, motivated by these opportunities for augmented motion
and deformation of structures, we explore buckling as a possible
gating mechanism for structured spherical shells. Our shells are
patterned with a regular array of circular voids and loaded by
reducing the internal pressure. Below a critical pressure, the narrow ligaments between the voids buckle, leading to a cooperative
buckling cascade of the skeleton of the ball. We exploit this pattern transformation that leads to closure of all the holes, which is
analogous to a structural negative Poisson’s ratio effect previously
studied in two dimensions (27), but now on a three-dimensional
structure. Because our patterned shell has a geometry reminiscent of a buckyball (28) and, moreover, it can be activated by
buckling, we name it the Buckliball. We first show the results of
a combination of desktop-scaled experiments (Fig. 1B) and finite
element (FE) simulations (Fig. 1C) on encapsulation through
pressure-induced buckling of spherical shells. For the sake of experimental convenience and accurate control, we choose pressure
as the actuation mechanism for the Buckliball. Consequently,
thin membranes covering the holes are introduced in our samples
to enable us to readily load the structure. Because the numerical
results reveal that the characteristic deformation modes are only
marginally affected by the presence of the membranes, for the sake
of generality we then focus on the skeleton of the Buckliball without membranes over the voids and identify the underlying mechanical ingredients. Finally, through a scaling analysis, we provide a
master curve for design guidelines of this class of structures.
Experimental Results
Inspired by the construction and motion of the rigid toy in Fig. 1A,
we have made use of rapid prototyping techniques to fabricate
a continuum version of the spherical grid shell made of a soft
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Fig. 1. Sequence of progressively deformed shapes. (A) Hoberman’s Twist-o,
a commercial toy, compressed by hand. (B) Buckliball, made of siliconebased rubber, pressurized by a motorized syringe pump. (C) Finite element
simulations for the Buckliball. (Scale bars: 3 cm.)
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silicone-based rubber (Vinylpolysiloxane with Young’s modulus,
E ¼ 784 kPa). The geometry of the spherical elastomeric structure (inner radius Ri ¼ 22.5 mm) comprises a shell (wall thickness t ¼ 5 mm) that is patterned with a regular array of 24
circular voids that are slightly tapered (17 and 14 mm maximum
and minimum diameter, respectively). The voids are distributed
in groups of three on each one-eighth of the sphere. A thin membrane (thickness h ¼ 0.4  0.1 mm) covering all the holes is
introduced, to make the structure airtight, which provides the
continuum shell with a means of pressure-induced actuation. This
thin membrane allows for an isotropic loading through a distributed pressure difference between the inside and outside of the
structure. More details of the manufacturing and experimental
procedures are given in Materials and Methods.
The experiments are performed under conditions of imposed
volume using a motorized syringe pump (see Materials and
Methods). When the internal pressure is larger than the external
pressure, the structure inflates like a balloon. Conversely, upon
reduction of the internal pressure (see Materials and Methods),
the behavior is qualitatively different. First, the thin membranes
snap-buckle and invert their curvature inward. Subsequently,
beyond a critical pressure, the narrow ligaments between the
holes buckle on the spherical surface, leading to a cooperative
buckling cascade of the skeleton of the ball. During this process,
the initially circular holes evolve into an elliptical shape and eventually become fully closed. The sequence of progressive deformed
shapes is shown in Fig. 1B. It is interesting to note that this
final pattern closely resembles the recent work of Li et al. (29)
reporting a surface wrinkling pattern of a core-shell soft sphere
by volumetric shrinkage, although the structural details of the two
systems are fundamentally different.
In order to monitor the rotation of the narrow ligaments, four
black dots are marked at the center of each strut (on the top of
the shell’s surface) and then tracked with digital imaging. In
Fig. 2A, we plot the averaged trajectory of these four dots (solid
black line) which show that each ligament rotates clockwise by
approximately 75° until the holes are nearly closed. In addition,
we image the shell’s projection from above, as its internal pressure is reduced, and monitor its outer radius. Fig. 2B (solid black
line) presents the dependence of the measured pressure p and the
nominal outer radial strain u∕Ro , where Ro is the initial outer
radius and u is the outer radial displacement. Two distinct regimes are identified: (i) a linear regime with positive structural
stiffness for small deformations and (ii) a postbuckling regime
with negative structural stiffness.
Because the structure is made of an elastomeric material,
the process is fully reversible/repeatable, and upon a decrease
in pressure difference, the structure recovers to its original configuration, albeit with hysteresis. Note that all the deformation
occurs on a spherical surface with progressively decreasing dimensions, thereby preserving the original spherical geometry.

6

4

FEM: h=0.3 mm
FEM: h=0.4 mm
FEM: h=0.5 mm
Test

2

0

0

0.04

0.08

0.12

0.16

Nominal Outer Radial Strain [-]
Fig. 2. Experimental and numerical results for the Buckliball. Note that
each set of data reported in the figure is obtained from a single test, and
all the numerical results are obtained using finite element modeling
(FEM). (A) Average rotation of the ligament traced by four black dots which
are marked on the top of the shell’s surface (Inset). The error bars represent
the standard deviation for these four ligaments rotations. (B) Relation between the differential pressure of the ball and the nominal outer radial strain
(defined by the measured outer radial displacement divided by the initial
outer radius). The horizontal error bar for the radial strain is obtained from
image processing analysis, and the vertical error bar for the pressure is obtained from pressure measurement reading during multistep volume control.

An abrupt out-of-sphere buckling (snap buckling), which is highly
sensitive to imperfections (30, 31), can occur instead of our intended on-sphere buckling, if the geometry and dimension of the
spherical shells are not accurately designed.
Finite Element Analysis
We proceed by performing FE simulations to explore the encapsulation behavior of the proposed shell structure. Because the experiments are performed at imposed volume, volume-controlled
conditions are used in the simulations. More details of the FE
simulations are given in Materials and Methods and the SI Text.
We present a sequence of the progressive collapse of a Buckliball
obtained using FE simulations (Fig. 1C), which is in remarkable
qualitative agreement with experiments (Fig. 1B) for the same
geometric and material parameters. Moreover, there is excellent
quantitative agreement between experiments and simulations, on
the rotation of the shell ligaments (Fig. 2A).
In order to consider the variation of the measured membrane
thickness of the experimental specimen (set by the resolution of
the manufacturing process), simulations were performed with
three different membrane thicknesses (i.e., h ¼ 0.3, 0.4, 0.5 mm).
Simulations for these three values of the membrane thickness
do not show a pronounced difference on the deformed shapes,
but they do, however, slightly affect the critical buckling pressure
due to the additional structural stiffness associated with thicker
Shim et al.

Mechanical Ingredients
Thus far, we have demonstrated proof-of-concept of the Buckliball through a combination of experiments and FE simulations,
for the on-sphere buckling induced by pressure. Moreover, the
above numerical results suggest that the characteristic deformation modes are only marginally affected by the presence of the
membrane, given that the membrane thickness is considerably
smaller than any other length scale in the system.
Therefore, for the sake of generality and to seek understanding
of the essential features of the proposed encapsulation mechanism,
we proceed by focusing on the Buckliball without membranes covering the holes. The original total force previously acting on the
Buckliball with membranes covering the holes is now redistributed
on the inner surface of the skeleton alone (i.e., Buckliball without
membranes covering the holes).
We now investigate the two principal mechanical ingredients:
geometric compatibility and gating mechanism. In particular, we
first concentrate on the arrangement of holes to uncover other
possible configurations that also lead to the desired encapsulation behavior, in addition to the one mentioned above (Fig. 1),
and then focus on predicting the buckling loads and modes. To
help us refer to the specific deformation modes of the spherical
shells, we use the terms “expanded” and “folded status” to describe the configurations of the ball with open (undeformed) and
closed holes (past the instability), respectively.
Arrangement of the Holes. The set of rules for geometric compatibility of Jitterbug-like polyhedra has been investigated previously (23, 24), and Verheyen has reported the complete list of
Jitterbug-like transformations (25). In light of these studies, we
also explore the hole arrangement on our spherical shells through
polyhedra. Here, we consider continuum spherical shells where all
the center-to-center distance of adjacent holes are identical so that
all ligaments undergo the first buckling mode in an approximately
uniform manner, restricting the number of the possible candidates
from the complete list of Verheyen.
In order for all the ligaments between neighboring circular
holes to undergo a uniform first buckling mode, the folded status
should meet the following requirements: (a) The same shaped
holes should be equally distributed on the spherical shells, and
(b) all the circular holes should close uniformly and completely.
Mathematically, these mechanical constraints can be rephrased
as follows: The skeleton of the Buckliball should (a′) be a convex
uniform polyhedra, excluding the dihedral symmetry group (i.e.,
Platonic/Archimedean solids, ref. 32), which are vertex transitive
and have regular faces, and (b′) have a quadrilateral vertex figure.
There are only five polyhedra which meet the above requirements: octahedron, cuboctahedron, rhombicuboctahedron, icosidodecahedron, and rhombicosidodecahedron, which can produce
(upon face rotations at the vertices) the square-type holes of 6,
12, 24, 30, and 60, respectively. These, and only these, ensure that
all the ligaments in the expanded status undergo the first buckling
mode uniformly.
Shim et al.
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membranes. Still, for the dependence of the applied pressure
on the outer radial strain presented in Fig. 2B, all three sets
of simulation results are in good agreement with the experimental
results in the linear regime. Excellent agreement between experiments and simulation is found for h ¼ 0.5 mm, even though the
effect of the membrane thickness becomes more pronounced at
the onset of buckling. Note that this small discrepancy is attributed
to limitations in the accuracy of the membrane thickness due to the
fabrication process (see Materials and Methods).
Given the excellent qualitative and quantitative agreement found
between experiments and simulations, we now proceed by focusing
primarily on the FE simulation results to further explore the parameter space of the system and probe the underlying mechanical
ingredients of this buckling-induced pattern transformation.

Fig. 3. Geometric compatibility for the arrangement of circular holes on the
Buckliballs, restricted to five specific configurations (shown in each row).
(A) Expanded Buckliball-related polyhedra: The blue-shaded area corresponds
to solid regions and the white area corresponds to holes. (B) Expanded
undeformed Buckliballs. (C) Folded Buckliball-related polyhedra. (D) Folded
Buckliballs, which are buckled under inward pressure. Two of the solids in
A (i.e., expanded status of the folded rhombicuboctahedron and rhombicosidodecahedron) have nonflat faces for the holes. Those two structures are
transformed into polyhedra in their folded status by closing the nonflat holes.

In Fig. 3, we present schematic diagrams of the five possible
polyhedra on the expanded (Fig. 3A) and folded (Fig. 3C) status.
In the figure, the blue-shaded faces of the polyhedra represent
the solid parts of the corresponding physical structure and the
white faces of the expanded status represent the holes that undergo the transformation. As an example, an octahedron in the
folded status can be expanded into a cuboctahedron through face
rotations at the vertices, thereby producing six holes, which corresponds to the number of vertices of the octahedron. Note that
the cuboctahedron in the expanded status is the famous Jitterbug
introduced by Fuller (22) mentioned above.
In connection with the polyhedra models of expanded status,
three-dimensional representations of the initially expanded spherical shells (Fig. 3B) can be obtained by introducing circular voids
such that two neighboring holes create a narrow ligament at the
vertex location of the corresponding polyhedron. Fig. 3D also
shows the on-sphere buckled shapes for all five possible arrangements of the folded status of spherical shells, which are obtained
through buckling analysis using FE simulations.
Buckling of the Ligaments. Having identified the geometrical constraints of the Buckliball configurations, we now explore the design parameters that lead to the desired gating mechanism for
activation under pressure, through simultaneous buckling of all
ligaments on a spherical surface. For a given hole configuration,
PNAS Early Edition ∣
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the proposed spherical shells have two dimensionless design parameters: the ratio of the shell thickness to the inner radius,
τ¼

t
;
Ri

[1]

and the ratio of the void volume to the intact shell volume,



N
ϕ−α
ψ¼
1 − cos
;
[2]
2
2
where N is the number of holes for the corresponding polyhedron, α is the angle which defines the narrowest width of the ligament, and ϕ is the angle between two vectors that originate at the
shell center and terminate at two neighboring vertices of a folded
polyhedron (see Fig. 4 A and B). Because the void’s center in
the expanded polyhedron is placed at the vertex locations of
the folded polyhedron, ϕ also represents the angle relating the
center-to-center distance between two adjacent circular voids
in the expanded polyhedron (see SI Text for details). Note that
both N and ϕ are fixed for a particular hole configuration and
the possible pairs for the fiveDconfigurations
above
 pﬃﬃmentioned
E
p2
ﬃﬃ , h30; π5i, and
are hN; ϕi ¼ h6; π2i, h12; π3i, 24; cos −1 3þ2
5þ2 2
 pﬃﬃ E
D
9þ4 p5ﬃﬃ
−1
. The two additional design parameters
60; cos
11þ4 5

hτ; ψi prescribe the dimensions of the narrow ligaments which
undergo buckling, thereby setting the threshold of the activation.
As observed in the experiments, the narrowest cross-section of
ligament in the expanded status of the spherical shells governs the
behavior of the on-sphere buckling of the ball. For this on-sphere
buckling to happen, the second moment of area along the radial
axis should be smaller than that along the perpendicular axis—
i.e., I rr ≤ I θθ (see Fig. 4B). The dimension of the narrowest crosssection of ligament is determined by τ and α, so that the restricting condition on the second moment of area reads

ðτ 2 þ 3τ þ 3Þ 2
9α sin α
;
¼
ðτ þ 2Þ 2 ðτ 2 þ 2τ þ 2Þ 16ð1 − cos αÞ

[3]

where α is given by Eq. 2. Together, Eqs. 2 and 3 provide a relation between the two design parameters hτ; ψi, which is set by the
particular hole arrangement alone—i.e., hN; ϕi. As examples, in
Fig. 4 C and D, we plot (dotted marked line) the design boundary
set by Eqs. 2 and 3 for the spherical shells with 12 and 24 holes,
respectively. Above this line, the Buckliballs are activated
through the intended on-sphere buckling mode, whereas below
it, other out-of-sphere (snap) buckling modes occur.
Comparison with FE Simulations. To assess our predictions on the
effect of the hole arrangement and design parameters on ligament buckling, we perform a parametric study using FE simulations for the buckling analysis. FE models of the initially
expanded spherical shells, for the five possible hole arrangements, are presented in Fig. 3B, to which an inward pressure is
applied. For all five configurations, we perform a series of FE
simulations on the design parameters hτ; ψi. Representative
results for shells with 12 and 24 holes are presented in Fig. 4 C
and D as contour maps. In these phase diagrams, regions where
out-of-sphere (snap) buckling occurs are represented in white. In
the shaded regions where encapsulation (i.e., on-sphere buckling)
occurs, the color in the contour plots represents the associated
critical buckling pressure for onset of on-sphere buckling (normalized by the Young’s modulus E), given by the adjacent color
bar. Representative examples of the calculated final on-sphere
buckled shapes for all five possible arrangements on the folded
status are also presented in Fig. 3D.
For a given hole configuration, this parametric study reveals
that thicker shells and higher void volume fraction are preferable
to make the Buckliball buckle on sphere. We highlight that the
contour map boundary between the regions of on-sphere and
out-of-sphere buckling is in good agreement with our criterion
of design parameters (dashed marked line) based on the second

Fig. 4. (A) Representative ligament (Center) extracted from the Buckliball, and a simplified curved column model (Right). (B) Narrowest cross-section of the
ligament. (C and D) Phase diagram of the two design parameters hτ ¼ t∕Ri ; ψi. The color-shaded region indicates on-sphere buckling and the white region
represents the out-of-sphere buckling. The magnitude of the critical pressure for the onset of the on-sphere buckling is shown as a contour map with the
adjacent color bar; (C) for 12 holes and (D) for 24 holes. The dotted marked lines indicate the analytical criterion from Eq. 3, based on the second moment of
area. (E) Linear approximation of the normalized effective width of the ligament (α ¼ w e ∕Ri , see [8]) in terms of effective solid volume fraction ðψ c − ψÞ. This
linear approximation is valid up to the width ratio of α ≈ 0.15. (F) Master curve obtained from the buckling of the simplified ligament shapes. Regardless of the
hole arrangements, the normalized critical pressure (ρ ¼ p∕E) for the onset of on-sphere buckling has a distinctive relation with the two design variables hτ; ψi,
ρ ≈ Aτðψ c − ψÞ 2 , with the prefactor A ¼ 0.556 and a coefficient of determination of R 2 ¼ 0.998.
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Design Master Curve for Encapsulation
We now provide a single master curve for the rational design of
the Buckliball toward encapsulation applications. Thus far we
have shown that, despite their complex overall geometry, the behavior of our Buckliballs is primarily governed by the geometry of
the narrow ligaments of the shell. We proceed by considering the
narrowest part of the ligament shown in Fig. 4A. Using the force
equilibrium at each individual ligament, we can obtain an approximate relation between the compressive load C acting on its two
ends and the pressure p applied to its inner surface,
C ≈ Ri2 αp;

[4]

which is valid for small values of α (i.e., large porosity) because
we employ the linear approximation sin α ≈ α (see SI Text for
derivation).
To simplify our analysis, the shape of the selected part of the
narrow ligament is further approximated by a curved column with
dimensions t, Le , and we (see schematic diagram in Fig. 4A).
Here, the effective width of the ligament (we ) and the effective
column length (Le ) are defined as
w e ¼ Ri α

and Le ¼ βRi χ;

[5]

where χ is the angle between two vectors which originate at the
shell center and terminate at the center of the two neighboring
solid parts of a expanded polyhedron (see Fig. 4A), and β ∈ ð0; 1
is a prefactor relating the ligament length to the effective
column length. Note that the angle χ is fixed for a particular
hole configuration. The possible pairs hN; χi for the five configuraqﬃﬃE
D
2
tions are h6; cos −1 ð13Þi, h12; cos −1 ðp1ﬃﬃ3Þi, 24; π4 and cos −1
,
3
D
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃE
pﬃﬃ
pﬃﬃ
5
30; cos −1 5þ2
, and h60; cos −1 3þ6 5 and cos −1 5þ10 5
15
reflecting that Buckliballs with 24 and 60 holes have two types
of ligaments with slightly different lengths. Substituting we and
Le (Eq. 5) into Euler’s buckling equation for a single ligament
yields
Ccr ¼

π 2 Etwe3 π 2 EtRi α 3
≈
:
12Le2
12β 2 χ 2

[6]

Combining this critical buckling load for a single ligament
(Eq. 6) with the pressure-induced compressive load applied to
the ligaments (Eq. 4), we obtain an expression for the normalized
buckling pressure (denoted by ρ ¼ pcr ∕E) in terms of τ and α,
ρ≈

π2
τα 2 :
12β 2 χ 2

[7]

The angle α defining the narrowest width of the ligament is a
nonlinear function of void volume fraction ψ, as shown in Eq. 2,
which upon Taylor’s series expansion allows us to express the angle α as a linear function of ψ near ψ c :
Shim et al.

2
α ≈ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ðψ c − ψÞ;
ψ c ðN − ψ c Þ

[8]

where ψ c denotes a critical void volume fraction, beyond which
the narrowest thickness of the ligaments vanishes (i.e., α ¼ 0 in
Eq. 2) and the spherical shell loses structural integrity. The specific hole arrangement, alone, sets the value of ψ c (see Eq. 2). In
Fig. 4E we plot the angle α as a function of ðψ c − ψÞ, which confirms the validity the linear approximation in [8] for structures
characterized by large values of porosity (i.e., small α).
Finally, substituting [8] into [7] provides a relation between the
normalized buckling pressure ρ and the two design parameters τ
and ψ,
ρ ≈ Aτðψ c − ψÞ 2 ;

[9]

where the coefficient A ¼ π 2 ½3β 2 χ 2 ψ c ðN − ψ c Þ −1 is a weak
function of hole arrangement. In Fig. 4F we plot ρ versus Aðψ c −
ψÞ 2 for all of the numerical runs (over 250) from the five hole
configurations, including the previous parametric study (Fig. 4 C
and D). All of the data collapse onto a linear master curve with
a prefactor of A ¼ 0.556 (coefficient of determination R 2 ¼
0.998), which confirms our predictions in [9]. In addition, from
the identified value of the prefactor A, we can inversely calculate
the prefactor β for all the five hole configurations, finding that its
mean value is hβi ¼ 0.839.
Despite the a priori complex geometry of the Buckliball, this
master curve indicates that, regardless of the hole arrangement,
the encapsulation behavior of the ball is indeed dictated by the
buckling of ligaments of the shells. Our analysis provides us
with two practical guidelines for the design of the Buckliball.
The first (Eq. 3 shown in Fig. 4 C and D) sets the shell dimensions
required for buckling-induced encapsulation. Secondly, the master curve ([9] shown in Fig. 4F) provides an estimation for the
critical buckling pressure for actuation of the Buckliball with
given dimensions and for a particular hole arrangement. During
this design procedure, the fabrication constraint can be explored
by checking the smallest dimension of the ball, which is the narrowest cross-section of ligament ([8] shown in Fig. 4E) for the
given porosity and hole arrangement.
Conclusion
We have introduced the Buckliball, a class of continuum elastic
shells structures, which exhibits encapsulation through folding
that is induced by buckling under pressure loading. An important
advantage of our system is that it is made of a single continuum
structure, which eliminates the need for a large number of hinges
and rotating elements required in typical foldable/deployable
structures. We chose pressure as the actuation mechanism and
concentrated on macroscopic length scales for the sake of experimental convenience and accurate control. We then focused our
analysis on the loading of the Buckliball’s skeleton without membranes to aim for further generality of the results.
Our combined experimental, numerical, and theoretical approach allowed us to rationalize the underlying mechanical ingredients and yielded a series of simple design guidelines, including
a master curve, for buckling-induced encapsulation. Moreover,
because the folding mechanism exploits a mechanical instability
that is general, our study raises the possibility for reversible,
tunable, and controllable encapsulation, over a wide range of
length scales. Recent developments in microscale fabrication
open exciting opportunities for miniaturization of the Buckliball,
for example, using projection microstereo lithography (33) or
galvanic exchange-coupled Kirkendall growth (34) to produced
patterned hollow particles. Our study therefore opens avenues
for encapsulation at the microscale using other forms of loading,
such as bilayer structures (e.g., unshrinkable outer ball attached
to shrinkable inner ball) having swelling/shrinking actuation
PNAS Early Edition ∣
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moment of area of the narrowest cross-section of the ligaments.
Because our criterion does not consider the ligament curvature
(which can favor the out-of-sphere buckling), it may provide a
slightly less conservative design space of the buckling for encapsulation, which is, nonetheless, still in good agreement with the
FE simulation results.
In addition, we explored the effect of geometric defects
(unavoidable during fabrication) and performed an additional set
of simulations accounting for imperfections, as summarized in the
SI Text. These simulations demonstrate that the on-sphere buckling
of the Buckliball leading to the desired encapsulation feature is
robust and not affected by moderate levels of imperfections.

under various external stimuli including pH, temperature, and
water content, toward practical applications.
Materials and Methods
Materials. A silicone-based rubber (Elite Double 32; Zhermack) was used to
cast the experimental specimen. The material properties were measured
through tensile testing, up to the true strain of ϵ ¼ 0.6. No hysteresis was
found during loading and unloading. The constitute behavior was accurately
captured by a Yeoh hyperelastic model (35), whose strain energy is
U ¼ ∑3i¼1 C i0 ðĪ1 − 3Þ i þ ðJ − 1Þ 2i ∕Di where C 10 ¼ 131, C 20 ¼ 0, C 30 ¼ 3.5 kPa,
and D1 ¼ D2 ¼ D3 ¼ 38.2 GPa −1 . Here, Ī1 ¼ tr½devðF T FÞ, J ¼ det½F, and F is
the deformation gradient. Two of the Yeoh model parameters are related
to the conventional shear modulus (G0 ) and bulk modulus (K 0 ) at zero strain:
C 10 ¼ G0 ∕2, D1 ¼ 2∕K 0 :
Spherical Shell Specimen. A mold was fabricated using a 3D printer (Elite
Printer; Dimension) to cast one-half of a spherical shell. After demolding,
two halves were joined using the same polymer as adhesive agent. Note that
the continuum shell and the thin membrane are constructed as a single piece.
The coordinates of the holes were obtained from the vertices of the corresponding polyhedron, and the geometry of each hole was designed such that
the hole portion is cut out from the spherical shell by a cone whose vertex is
at the center of the sphere. A thin membrane located at the inner radius
covered all the holes, thereby making the shell airtight. In order to extract
the air from the shell, a 2-mm inlet was introduced at the shell’s base and
connected to the syringe through silicone tubing. The ball dimensions were
as follows: inner radius Ri ¼ 22.5 mm, shell thickness t ¼ 5 mm, membrane
thickness h ¼ 0.4  0.1 mm, void volume fraction ψ ¼ 0.6. Note that the variation of the measured membrane thickness reflects the resolution (0.1 mm)
of the 3D printer used to make the molds. In addition, we introduced tapered
fillets (between the membranes and the skeleton) to the samples to prevent
the membranes from being damaged during the demolding procedure (the
fillet radius is 1.0 mm), and we applied extra material both to the hemispherical joints to connect two hemispheres and to the thin membranes to make
them airtight, so increasing the stiffness of the samples.

a syringe pump (NE-1000 Single Syringe Pump; New Era Pump Systems,
Inc.), a pressure gauge (MPXV4115VC6U-ND; Digi-Key), silicone tubing
(51135K84; McMaster-Carr), and a camera (D90; Nikon). During the withdrawal of the syringe pump (average rate of 0.1 mm 3 ∕s), pictures taken with the
camera and pressure values were digitized (0.1 Hz acquisition rate). The total
duration of an experimental run was approximately 10 min. The rotation of
the spherical shell was monitored by tracking four black dots on top of the
shell. In parallel, the outer radius of the shell was estimated by measuring its
projected area. Both the rotation of the ligaments and the change of the
shell diameter were analyzed by digital image processing using Matlab.
Numerical Simulations. The commercial FE software Abaqus FEA was used for
both buckling and postbuckling analysis. The Abaqus/Standard solver was
employed for all the simulations—i.e., for both buckling and postbuckling
analysis. For the buckling analyses of the Buckliball without membranes covering the holes, models were built using quadratic solid elements (Abaqus
element type C3D10MH with a mesh sweeping seed size of 2.5 mm) and
the analyses were performed under pressure loading. For the postbuckling
analysis, the membrane covering the holes was included in the model and the
simulations were performed under volume-controlled conditions. Both the
skeleton and the membranes were modeled using quadratic solid elements
(element type C3D10MH with a mesh sweeping seed size of 2.5 mm). To
perform the simulation under volume-control conditions, the Buckliball
was modeled as a spherical shell filled with fluid employing hydrostatic fluid
elements (F3D3 with a mesh sweeping seed size of 1.25 mm). The fluid was
assumed to be compressible air having a density of 1.204 kg∕m 3 at 20 °C, and
its volume was progressively reduced during simulations. More details on the
FE simulations are provided in the SI Text.

Pressure Testing and Analysis. The pressure-driven experimental setup
was comprised of a syringe (BD 60CC Irrigation Syringe; Becton Dickinson),
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