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We present a shortcut to adiabaticity (STA) protocol applicable to 3D unitary Fermi gases and 2D weakly
interacting Bose gases containing defects such as vortices or solitons. Our protocol relies on a new class of
exact scaling solutions in the presence of anisotropic time-dependent harmonic traps. It connects stationary
states in initial and final traps having the same frequency ratios. The resulting scaling laws exhibit a
universal form and also apply to the classical Boltzmann gas. The duration of the STA can be made very
short so as to realize a quantum quench from one stationary state to another. When applied to an
anisotropically trapped superfluid gas, the STA conserves the shape of the quantum defects hosted by the
cloud, thereby acting like a perfect microscope, which sharply contrasts with their strong distortion
occurring during the free expansion of the cloud.
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Solitons and quantized vortices are fundamental excita-
tions of nonlinear media and play a key role in superfluid
dynamics [1]. In anisotropic geometries, the energetically
favored defects are solitonic vortices, characterized by a
noncircular velocity field which nevertheless presents non-
zero circulation [2,3]. The investigation of their dynamics
has been initiated by recent experiments where they were
created either deterministically by phase imprinting [4] or
spontaneously in a system that is quickly driven through a
phase transition [5]. These defects exhibit intricate dynamics
and decay mechanisms. For example, the snake instability
[6], which affects solitons in 2D and in 3D, can lead to the
creation of a solitonic vortex, a process which is likely to
have played a role in Ref. [7]. The size of these defects is set
by the healing length (Ref. [8], Chap. 5), which is too small
to allow for in situ observation. Up to now, they have always
been observed after the free expansion of the cloud, which
increases the core dimensions. However, in the anisotropic
case, the free expansion strongly distorts the cloud, and its
use in the presence of a solitonic vortex leads to an involved
density profile sporting a twisted nodal line [9].
An alternative to free expansion is provided by the recent

shortcut to adiabaticity (STA) schemes [10,11], which
reversibly evolve a many-body system from one state to
another, reaching the same target state as an adiabatic
transformation in a much shorter time over which
decoherence and losses are minimal. They allow for the
manipulation of the momentum spread of a wave packet
without the time constraints of delta kick cooling [12,13].
They can be formulated as counterdiabatic driving [14,15].
They are being considered for the preparation of many-
body states [16–18], and they have motivated an explora-
tion of the quantum speed limit [19] and reflection on the
third law of thermodynamics [20].
The construction of a STA relies on the existence of a

scaling solution to the equation describing the many-body

dynamics of the system in a time-dependent trap. Such a
solution exists for the ideal gas in a harmonic trap and has
been used to construct a STA solution [10] implemented
experimentally on a Bose cloud above Tc [21]. Allowing
for interactions, a scaling solution exists for the hydro-
dynamic equations holding in the Thomas-Fermi regime
[22–24] and the corresponding STA [25] has been realized
experimentally [26]. Scaling solutions also exist for a class
of many-body systems including interacting quasi-1D Bose
gases [27,28] and for box potentials [29].
Up to now, STAs have been demonstrated either in the

ideal-gas or the Thomas-Fermi regime. Their application to
a gas containing defects requires going beyond these
approximations, as their existence and dynamics result
from the interplay between quantum pressure and inter-
actions. Harmonically trapped 2D weakly interacting Bose
gases and 3D unitary Fermi gases are especially promising.
In the isotropic case, they allow for an exact scaling
solution to the many-body dynamics [22,30] requiring
no time-dependent manipulation of the interactions [31],
due to a dynamical symmetry shared by the 2D bosonic
[32,33] and 3D fermionic [30] gases, as well as by the
classical Boltzmann gas [34]. The absence of damping of
the breathing mode due to this symmetry has been con-
firmed experimentally in the Bose case [35].
In this Letter, we introduce a novel STA protocol

applicable to anisotropic 2D Bose gases and 3D unitary
Fermi gases hosting defects, as well as to classical
Boltzmann gases. Our STA links two stationary states in
initial and final traps with the same anisotropy. It allows for
a reversible and arbitrarily fast compression or expansion of
the cloud, which conserves the aspect ratios and acts as a
homothety on the defects. This sharply contrasts with the
free expansion of the anisotropic cloud, which leads to a
time-dependent aspect ratio and an inversion of the cloud
anisotropy, and dramatically affects the density and phase
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profiles of vortices [9] [see Fig. 1(c)]. Our STA can be used
to quench the cloud [36] from one anisotropic stationary
state to another. It relies on a new and exact scaling solution
for the dynamics of the cloud in a time-dependent aniso-
tropic harmonic trap. Exact solutions for the dynamics of
quantum systems are rare, and we believe ours to be the
first analytical solution describing the dynamics of a
quantum gas in a time-dependent anisotropic trap. It is
applicable if the spatial aspect ratio of the cloud remains
constant in time, though the ratios of the trapping frequen-
cies need not be constant.
Scaling solution for 3D anisotropic Fermi gases.—We

consider a 3D unitary Fermi gas in the harmonic trap
Vðr; tÞ ¼ m

P
D
j¼1 ω

2
jðtÞx2j=2, where m is the atomic mass

and D ¼ 3 is the number of spatial dimensions. Note that
Vðr; tÞ is both time dependent and anisotropic. We describe
the system dynamics using the Schrödinger equation
applied to N-particle wave functions ΨðRÞ, where R ¼
ðr1;…; rNÞ is the set of all particle coordinates. Interactions
are included through the Bethe-Peierls boundary conditions
[30]. We assume that, for t ≤ 0, Ψ is a stationary state
(which need not be the ground state and may host a
defect, e.g., a quantized vortex) in the constant trap
V0ðrÞ ¼ m

P
D
j¼1 ω

2
0jx

2
j=2. The spin polarization of the

state Ψ is arbitrary and will be conserved during the time
evolution. We seek a solution to the Schrödinger equation
of the form [30]

ΨðR; tÞ ¼ e−iEτ=ℏ

bND=2 exp
�
im _b
2ℏb

R2

�
ΨðR=b; 0Þ; ð1Þ

where bðtÞ is the only scaling parameter and τðtÞ ¼R
t dt0=b2ðt0Þ is the reduced time. The positive function

bðtÞ satisfies the boundary conditions bð0Þ ¼ 1, _bð0Þ ¼ 0,
b̈ð0Þ ¼ 0, where the dots denote derivation with respect to
the time t. We find that, if the trap frequencies satisfy

ω2
jðtÞ ¼

ω2
0j

b4
−
b̈
b
; for 1 ≤ j ≤ D; ð2Þ

then Eq. (1) is an exact solution of the Schrödinger equation
for t > 0. If ω01 ¼ ω02 ¼ ω03, our solution reduces to the
isotropic solution of Ref. [30]. In the general case, the
scaling parameter bðtÞ being equal along all spatial
directions follows from the requirement that Eq. (1) con-
serve the Bethe-Peierls conditions. As we show below, the
condition on the ω2

jðtÞ’s for the anisotropic scaling solution
to hold [Eq. (2)] is the same for all three considered systems
(Fermi, Bose, and Boltzmann gases), and follows from
their shared dynamical symmetry. A remarkable feature of
the unitary Fermi gas is that the same scaling solution
applies to all eigenstates of the Hamiltonian satisfying the
Bethe-Peierls conditions, and thus holds at all temperatures.
The scaling transformation ΨðR=b; 0Þ=bND=2 in Eq. (1)

dictates the two accompanying phase factors. The first
term, proportional to τ, represents the evolution with the
rescaled time τ of the phase of a stationary state. The
second one, proportional to R2, is a gauge transform
following from the continuity equation. The joint rescaling
of the space and time coordinates, along with this gauge
transform, allows us to describe the dynamics of the system
exactly using the differential equations of Eq. (2). In
particular, Eq. (1) shows that all mean-squared radii of
the gas satisfy hx2i ðtÞi=hx2i i0 ¼ b2ðtÞ, where the average
hx2i i0 relates to the stationary configuration for t ≤ 0.
2D Bose gas.—We consider a Bose gas that is tightly

confined in the direction z and trapped in the harmonic
potential Vðr; tÞ ¼ m½ω2

1ðtÞx2 þ ω2
2ðtÞy2�=2 in the direc-

tions x and y. We assume that the oscillator length lz for the
axial confinement is both larger than the scattering length
a3D characterizing 3D collisions and smaller than the
healing length. The first assumption ensures that the
scattering amplitude is momentum independent and that
the quantum depletion is negligible, hence avoiding the
quantum anomaly affecting the scale invariance of 2D
systems [37–39], while the second means that the atomic
density does not spill beyond the axial ground state [40].
These experimentally realistic conditions [41] allow for a
description of the T ¼ 0 dynamics of the system using the
2D Gross-Pitaevskii equation (Ref. [8], Chap. 17):

FIG. 1 (color online). (a) Density (top) and phase (bottom) profiles for an initial anisotropic Bose cloud containing a vortex
(ω02=ω01 ¼ 10 and mg2DN=ℏ2 ¼ 3100, corresponding to the chemical potential μ2D=ℏω01 ≈ 100). (b) Density and phase profiles after
the STA evolution represented in Fig. 2(a), at the time ω01t ¼ 1.8. (c) Density and phase profiles after the free expansion of the same
initial cloud during the same time (ω01t ¼ 1.8). All six plots result from a numerical solution of Eq. (3) in imaginary time (left) and real
time (center, right). Lengths are in units of ðℏ=mω01Þ1=2 and densities are normalized to the maximum density.
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iℏ
∂Φ
∂t ¼ −

ℏ2

2m
ΔΦþ Vðr; tÞΦþ g2DjΦj2Φ; ð3Þ

whereΦðr; tÞ is the Bose order parameter and the Laplacian
Δ ¼ ∂2

x þ ∂2
y. The coupling constant g2D, satisfying

g2Dm=ℏ2 ¼ ffiffiffiffiffiffi
8π

p
a3D=lz [42], should be small for the

logarithmic corrections to the equation of state to be
negligible [43] and, hence, to avoid the quantum anomaly
discussed above. If ω1;2 fulfill Eq. (2), then the order
parameter Φðr; tÞ in Eq. (3) obeys the same scaling law
Eq. (1) as the unitary Fermi gas, with D ¼ 2 and N ¼ 1.
The spatial aspect ratio R ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hy2i=hx2i

p
of the cloud is

constant in time, even though the frequency ratio
ω2ðtÞ=ω1ðtÞ depends on time [Eq. (2)]. If ω01 ¼ ω02,
our solution reduces to the known isotropic solution [22].
Boltzmann gas.—We finally describe the classical

Boltzmann gas through its distribution function fðr; v; tÞ
governed by the Boltzmann equation (Ref. [44], Chap. 2):

∂tf þ v ·∇rf þ F
m
·∇vf ¼ Icoll½f�; ð4Þ

where F ¼ −∇rV is the external force and Icoll½f� is the
collisional integral. We seek an fðr; v; tÞ of the form

f ¼ exp

�
−mβ

�
β20
β2

XD
i¼1

ω2
0ix

2
i þ ðv − _βr=2βÞ2

��
; ð5Þ

where β is the inverse temperature and β0 is its stationary
t < 0 value. If the ωi’s satisfy Eq. (2) with b ¼ ðβ=β0Þ1=2,
then f is an exact solution of the Boltzmann Eq. (4). The
presence of a single scaling parameter reflects the equality
of temperature along all spatial directions. In the isotropic
case, Eq. (5) reduces to the solution of Ref. [34].
Shortcut to adiabaticity.—We now use the scaling

solution described above to explicitly construct a STA
transforming the initial stationary state into another sta-
tionary state in a trap with the same frequency ratios, i.e.,
ωfi=ωfj ¼ ω0i=ω0j. The ωfj’s describe the final state,

reached at the time tf, which is chosen at will. In analogy
with the isotropic scheme of Ref. [34], we first choose an
appropriate time dependence for bðtÞ, and then deduce the
time-dependent frequencies fωjðtÞg. We take ωjðt ≥ tfÞ ¼
ωfj, and require that Ψðr; tÞ be stationary for t ≥ tf, i.e.,
_bðtfÞ ¼ 0 and b̈ðtfÞ ¼ 0. Combined with Eq. (2), the latter
condition defines the value bf ¼ bðtfÞ:

ωfj

ω0j
¼ 1

b2ðtfÞ
; for 1 ≤ j ≤ D: ð6Þ

Provided that Eq. (6) holds, the scaling parameter bðtÞmust
satisfy three boundary conditions for t ¼ 0 and three others
for t ¼ tf [45]. Numerous choices are possible for bðtÞ, the
simplest being the following fifth-order polynomial:

bðtÞ ¼ 1þ ðbf − 1Þ
�
10

�
t
tf

�
3

− 15

�
t
tf

�
4

þ 6

�
t
tf

�
5
�
:

ð7Þ

Once bðtÞ is known, the frequencies ωjðtÞ achieving the
STA are determined using Eq. (2). Their evolution in time
does not depend on the interaction strength or the atom
number. For given values of m and a3D, the STA trajectory
fω2

jðtÞg depends on three parameters. First, the scaled
duration ðQω0jÞ1=Dtf determines the attractive or repulsive
nature of the trapping frequencies: shorter tf’s require
repulsive potentials (ω2

j < 0) for longer fractions of the
total time. Second, the ratio ω01=ωf1 sets the final
cloud dimensions [Eq. (6)]. Third, the ratios ω0i=ω0j

(i < j) set the time-independent spatial aspect ratios Rij ¼
½hx2ji=hx2i i�1=2. Our exact solution holds for all coupling
strengths from the ideal gas [Rij ¼ ðω0i=ω0jÞ1=2] to the
Thomas-Fermi regime (Rij ¼ ω0i=ω0j). For t ≥ tf, Ψðr; tÞ
is stationary and its time evolution simply leads to a phase
linear in (t − tf).
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FIG. 2 (color online). (a) Thick lines: Squared trapping frequencies which achieve an anisotropic STA linking the stationary states in
two 2D traps with ω02=ω01 ¼ ωf2=ωf1 ¼ 10 and ω01tf ¼ 0.5. Thin lines: Smooth non-STA trajectory. (b) Comparison between the
expected scaling parameter and the calculated quadratic mean radii Δx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ðtÞi

p
and Δy ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hy2ðtÞi

p
for the STA trajectory starting

from the initial cloud of Fig. 1 (left) for times up to t=tf ¼ 6 (i.e., ω01t ¼ 3). (c) Quadratic mean radii for the non-STA trajectory of (a).
The graphs (b) and (c) result from a numerical solution of the Gross-Pitaevskii equation Eq. (3) with mg2DN=ℏ2 ¼ 3100.
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We now demonstrate this new STA protocol on the
expansion of an anisotropic 2D Bose cloud containing a
single vortex (Figs. 1 and 2). The single-vortex state is a
stationary state of Eq. (3). It is the lowest-energy state
satisfying the symmetry conditions Ψð−x;−y; tÞ ¼
−Ψðx; y; tÞ and Ψð−x; y; tÞ ¼ Ψ�ðx; y; tÞ. Imposing these
conditions on the initial wave function allows for its
calculation using imaginary-time evolution despite the
absence of any gauge or rotation term in Eq. (3). We start
from the single-vortex stationary state with ω02 ¼ 10ω01

andmgN=ℏ2 ¼ 3100, whose density and phase profiles are
represented in Fig. 1 (left, top, and bottom). Over the short
time ω01tf ¼ 1=2, the STA trajectory reaches a new sta-
tionary state where both trapping frequencies are 4 times as
small as their initial values. Figure 2(a) shows ω2

1;2ðtÞ for
0 ≤ t ≤ tf. The exact prediction for the scaling parameter
bðtÞ [Eq. (7)] is compared in Fig. 2(b) to the calculated
values for the ratio Δx=Δx0 ¼ Δy=Δy0 characterizing the
mean radii of the cloud, obtained through a numerical
solution of the Gross-Pitaevskii equation Eq. (3) for times
up to t ¼ 6tf ¼ 3=ω01. The density and phase profiles of
the cloud at t ¼ 3.6tf, shown in Fig. 1 (center), are those of
a stationary anisotropic vortex in the expanded trap. The
small residual oscillations seen in Fig. 2(b) for t≳ tf, which
start before tf and survive for longer times, are an artifact of
the numerical simulation, and their amplitude decreases
with increasing resolutions of the spatial grid.
The above results illustrate three important properties of

our STA protocol. First, the ω2
j ’s determined by Eq. (2) can

be transiently negative, corresponding to an expulsive
potential, as already noted in Ref. [34]. Second, despite
the initial and final trap anisotropies being the same, the
ratio ω2

2ðtÞ=ω2
1ðtÞ is not constant in time. Indeed, Fig. 2(a)

shows that ω2
2ðtÞ > 0 at all times whereas ω2

1ðtÞ is negative
for intermediate times, which is a dramatic consequence of
anisotropy. Third, the ω2

j ’s are continuous at t ¼ 0 and
t ¼ tf, but they need not go smoothly to the initial and final
values, as long as bðtÞ satisfies the correct boundary
conditions. By contrast, even a very smooth non-STA
trajectory linking the initial and final states within the
same time tf results in large-amplitude oscillations of
the cloud radii for t > tf [Fig. 2(c)]. The discontinuity
in the derivatives of ω2

1;2 at t ¼ 0 and tf follows from our
choice for bðtÞ [Eq. (7)], and can be avoided by choosing a
higher-order polynomial.
The stationary behavior of the cloud following a STA

[Fig. 2(b)] sharply contrasts with its behavior during free
expansion, which leads to a time-dependent aspect ratio
and an inversion of the cloud anisotropy for all interaction
strengths (Fig. 3). Unlike the STA, the free expansion from
an anisotropic trap is not governed by a single scaling
parameter and cannot be formulated in a universal way. In
particular, the scaling parameters bj, characterizing the
dilation along the spatial directions 1 ≤ j ≤ D, obey

different equations in the ideal gas and the hydrodynamic
regimes. For the 2D ideal Bose gas at T ¼ 0, the scaling
law reads b̈j ¼ ω2

0j=b
3
j . Instead, in the hydrodynamic

regime, it reads b̈j ¼ ω2
0j=ðbjbxbyÞ for the 2D Bose gas

and b̈j ¼ ω2
0j=½bjðbxbybzÞ2=3� for the 3D unitary Fermi gas

[46]. Only in the case of isotropic trapping do the above
laws take the universal form b̈ ¼ ω2

0=b
3, which, by the way,

coincides with Eq. (2) after setting ω0j ¼ ω0 and ωjðtÞ ¼ 0

for t > 0. The anisotropy of the hydrodynamic scaling laws
leads to a peculiar change in the shape of the expanding
density profiles, which was experimentally observed in
Ref. [47] with a unitary Fermi gas.
Comparing the density and phase profiles obtained from

the initial cloud containing a vortex and undergoing a STA
[Fig. 1(b)] or free expansion [Fig. 1(c)] confirms that the
STA acts as a homothety on the vortex, whereas free
expansion yields the twisted nodal line characterizing
soliton vortices [9]. The free expansion of a gas is practi-
cally irreversible. On the contrary, the time reversal of a
STA leads to another STA that performs the inverse
transformation. More precisely, if fωjðtÞg is a STA
satisfying Eq. (2) with the scaling parameter bðtÞ,
then fωjðtf − tÞg is a STA for the scaling function
b̄ðtÞ ¼ bðtf − tÞ=bf. Thus, a STA compressing the cloud
is obtained by time reversing the trajectory of Fig. 2(a).
The duration tf of the STA can be arbitrarily small.

Therefore, the STA does not exhibit any quantum speed
limit [48]. If ωf1=ω01 is sufficiently small, bf can be made
large [Eq. (6)]. Hence, the cloud can be expanded to an
arbitrarily large radius within an arbitrarily small time, thus
realizing a quantum quench from one stationary state to
another, with the caveat that the expulsive part of the
trajectory (ω2

j < 0) becomes more pronounced.
In conclusion, our exact scaling solution for Fermi, Bose,

and Boltzmann gases is an important step towards the
analytical description of the dynamics of anisotropic
systems. The experimental demonstration of the dynamical
SOð2; 1Þ symmetry has so far remained elusive in 3D
geometries, where isotropic traps are challenging to
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achieve, and the application of our STA to an anisotropic
3D Fermi gas will provide its experimental signature.
Quasi-2D Bose gases are readily created and manipulated
experimentally [41], and the required anisotropic (trapping
or expulsive) potentials can be obtained by combining red-
and blue-detuned optical potentials [49]. Our protocol will
allow for a detailed experimental investigation of the
dynamics and decay mechanisms of defects in anisotropic
clouds [4,7]. For instance, the cloud can be cooled and
condensed in a strongly confining trap where evaporative
cooling is efficient, and then quickly expanded using the
STA, without any distortion, into a weakly confining trap
where defects are easier to observe.
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