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We have performed microwave spectroscopy of sodium least-bound molecular states, improving the precision
of the knowledge of their energies at zero magnetic field by almost three orders of magnitude. Our experimental
observations give us access also to states submitted to predissociation, a phenomenon where a bound molecular
state can naturally decay into the continuum. Our findings are compared to numerical calculations based on the
latest interpolation of sodium interaction potentials and show good agreement, with slight discrepancies in the
zero-field energy of the molecular states, suggesting a need for small adjustment of the interaction potentials.
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I. INTRODUCTION

In the field of ultracold atoms, the strength of two-body
interactions is well captured by a single parameter, the scat-
tering length. The accurate knowledge of the scattering length
is crucial for a proper description of the in- and out-of-
equilibrium properties of degenerate quantum gases. In the
Born-Oppenheimer approximation, scattering properties of
two atoms are determined by the interaction potential they
experience at short distances. More accurate measurements
of the energy of the molecular bound states associated with
this potential thus set stronger constraints on its shape, al-
lowing in turn for the improvement of numerical models
describing the interaction between atoms and a refined de-
termination of the scattering length. In this respect, the
least-bound states are of particular importance, since the scat-
tering length is extremely sensitive to their energy. They
also play a central role in Feshbach resonances [1], where
a pair of free atoms is brought to resonance with a molec-
ular bound state, leading to the divergence of the scattering
length.

Alkali-metal atoms have a single valence electron and at
short distances their interaction depends on the spin state of
the joint electron pair, either singlet or triplet. By contrast,
at long distances, the hyperfine splitting interaction, resulting
from the coupling between the valence electron spin and the
nuclear spin of each atom, is dominant and sets the spin struc-
ture of a single atom in its ground state. In the intermediate
region, these two energy scales are in competition. In the case
of sodium, this has dramatic consequences on the least-bound
molecular states, as the hyperfine splitting interaction has sim-
ilar strength compared with the energy difference between the
last bound molecular states of the singlet and triplet potentials.
For some particular molecular states, this results in a strong
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mixing between the singlet and triplet last bound states but
also to nearby continuum states. It leads to predissociation,
where a bound molecular state is coupled to continuum states,
hence strongly limiting its lifetime (see [2], Sec. 90).

Numerous works have measured or computed the en-
ergies of sodium bound molecular states relying on laser-
induced fluorescence [3-6], two-photon ionization spec-
troscopy [7-10], or theoretical analysis [11-14]. Raman
and two-color photoassociation spectroscopy [15-19] re-
fined these results with a typical resolution ranging from 10
to 30 MHz. More recently, the precise characterization of
Feshbach resonances [20-22] has constrained even more the
shape of singlet and triplet interaction potentials. Taking ad-
vantage of the improved knowledge of the energies of the
least-bound molecular states, a precise determination of the
sodium scattering length has been obtained [16,22-25].

In this work we probe the least-bound molecular states of
ultracold sodium atoms with microwave spectroscopy, as also
recently demonstrated with rubidium atoms [26], improving
the accuracy of previous measurements by nearly three orders
of magnitude. This allows us to access the Zeeman structure
of individual molecular state and deduce their corresponding
Landé g factor. The wide range of microwave field ampli-
tudes accessible with our experimental setup [27] gives us
access to the ac Zeeman effect for both atomic and molecular
states. Such energy displacement can be seen as the magnetic
analog of the ac Stark shift or light shift, usually intro-
duced in the dressed-atom approach [28]. We also determine
the energy width of the lowest molecular state undergoing
predissociation. Finally, we perform numerical calculations,
taking advantage of the latest interpolation of sodium sin-
glet and triplet interaction potentials [22]. We correctly
reproduce our experimental findings provided small energy
offsets, whose value could be used to refine the interaction
potentials.

The paper is organized as follows. In Sec. II we give
the theoretical elements needed to express sodium molecular

©2025 American Physical Society
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state energies and wave functions. In Sec. III we present the
experimental apparatus and describe microwave photoassoci-
ation spectroscopy of truly bound molecular states and of a
state submitted to predissociation. Our results are then com-
pared to numerical calculations. In Sec. IV we use a larger
field amplitude to investigate two-photon photoassociation
as well as the ac Zeeman effect affecting bound molecular
states. In Sec. V we summarize and discuss our results. Ad-
ditional information concerning the numerical calculations,
the compensation of the ac Zeeman shift of the atomic
states, and the fit of photoassociation spectra is given in the
Appendixes.

II. HYPERFINE STRUCTURE OF SODIUM MOLECULES

In this section we give the theoretical tools to un-
derstand the microwave photoassociation spectroscopy of
least-bound Na, molecular states. Since we focus on ultra-
cold atoms, we consider only s-wave interactions and we
do not take into account any rotational energy. After de-
tailing the possible spin states of a pair of Na atoms, we
explain their collisional properties using the center-of-mass
frame, with r the relative distance between the two atoms of
mass m.

A. Singlet and triplet interaction potentials

Sodium atoms in their ground state are characterized by
their electronic spin § with s = 1/2 and their nuclear spin
i with i = 3/2. Hyperfine interaction fiwngi - §/2%%, with A
the reduced Planck constant and wpg ~ 27 x 1771.6 MHz,
lifts degeneracy between the eight possible spin states, which
organize into two groups characterized by their total spin
f =8 +1, with f = 1 or 2, and split in energy by fiwpg,.

The spin of a pair of Na atoms involves 8 x 8§ = 64 dif-
ferent states, but in the case of s-wave collisions, only the
36 states symmetric in the exchange of the two atoms are
relevant due to the symmetrization rules for indistinguishable
bosons. Considering the total hyperfine interaction of both

atoms
B — hons (1181 1% !
hts = — P + ) (1)

the corresponding eigenstates |{fi, f>}; F, mr) can be la-
beled by the total spin of the pair F =1 +f, where F =
0,1,2,3,4 and mp = —F, ..., F. They are split into three
different manifolds {fy =1, =1}, {fi=1, f, =2}, and
{fi =2, f» = 2} separated in energy by fiwn.

At short relative distance r, the interaction between two Na
atoms depends on their total electronic spin S = §; + §,. The
spin S can take the two values S = 0 or 1. For singlet states
S = 0, the atoms interact through the X ' X g+ potential Vg(r),
while triplet states S = 1 interact through the a *%,* potential
Vi (r). Previous molecular spectroscopy measurements have
allowed to refine the knowledge of these potentials and in
particular the energies of their bound states [15-19,22,23,25].
The X '2, " and a* %, " potentials include the vibrational lev-
els vs=0,...,65 and vy =0, ..., 15, respectively. Above
the last bound state lies a continuum of free states which are de
facto dissociated. In the following, lﬂés(r) [wg (r)] refers to the

spatial wave function of an eigenstate of the X 'E,* (a*%, ")
potential with energy EP (E). The subscript £ is equal to
vs=0,...,65 (¢ =vr=0,...,15) for bound states. For
continuum states, & = k, where the momentum k character-
izes the asymptotic [}art of the wave function for r — oo,
which behaves as wks’ (r) o< sin(kr + SE’T)/r. The phase shift
8E’T depends on the inner part of the spatial wave function
and the scattering length a,f’T is set by the limit at vanishing
momenta tan(é,f’T)/k — —af’T.

Singlet and triplet states can be conveniently represented
by the spin states |S, I, F, mp), eigenstates of the opera-
tors 82, I = (i, +1,)%, ¥2, and F,, projection of F along
the quantization axis z. It is interesting to note that the
states F =1, 3, and 4 are pure triplet states; hence |S =
1,1, F,mg) = |{f1, fo}; F, mp). In the following, they will be
referred to as |F, mp) since there is no ambiguity. In con-
trast, the ' = 0 subspace has dimension 2 and each hyperfine
splitting eigenstate is a linear combination of the singlet state
|0, 0, 0, 0) and the triplet state |1, 1, 0, 0). Similarly, for each
mp = —2,...,2 the F = 2 subspace has dimension 3, and
each hyperfine splitting eigenstate is a linear combination
of the singlet state |0, 2,2, mp) and the two triplet states
[1,1,2,mp) and |1, 3, 2, mg).

B. Effect of the hyperfine coupling

Taking into account the interaction between the two atoms,
the Hamiltonian of the system in the center-of-mass frame can
be written as

Hy =T + Vs(#)Ps + Vo (#)Pr + angs (7) B, 2

where Py are projectors onto singlet and triplet states,
anis(r — 00) = 1 accounts for electronic distortions of the
hyperfine interaction for each atom at short distances [22], and
the kinetic energy of the relative motion 7' can be split into a
radial and an angular part

7 3,0 L2 3
“WE(’ 5)*@ )
with L the total orbital angular momentum of the atom pair.
Here we consider only s-wave collisions such that we restrict
ourselves to L = 0 states.

The Hamiltonian H, is diagonal in the subspace spanned
by the F =1, 3, and 4 spin states. As mentioned in
Sec. IT'A, these states are pure triplet states, obeying the
Hamiltonian 7T + Ve (7) + ochfs(f')ﬁhfs. The corresponding
eigenstates |)(§F ™y are then easily expressed as

(rlxd™) = ¢¢™ (r)|F, mp), €

where qﬁg M (r) wg (r), the correction due to oy being very

small. Here £ is equal to vy =0, ..., 15 for bound states
and k for continuum states. The last bound state vt = 15 is
represented in Fig. 1 for the two manifolds {f =1, f =2},
with F = 1,3,and {f =2, f =2}, with F = 4.

Within the F = 0 subspace, singlet and triplet compo-
nents are coupled through the hyperfine Hamiltonian Hugs.
Below the dissociation limit, this coupling can be treated
perturbatively for v =0, ...,64 and vy =0, ..., 14. Close
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FIG. 1. Energy of the Na, least-bound states (colored lines).
Hyperfine interaction distributes these levels between three different
manifolds whose dissociation limit is indicated by a black dotted line.
The black dashed and yellow solid lines show the triplet interaction
potential Vr(r) and singlet interaction potential Vs(r), respectively.
The F =1, 3, 4 states are pure triplet states; the F =0 and F =2
spin states are mixed singlet and triplet states. Within the {f =
1, f =2}and {f = 2, f = 2} manifolds, this leads to predissociation
where the F = 0 and F' = 2 molecular states can easily leak out to
continuum states. The relative distance r is scaled with a,, the Bohr
radius.

to dissociation, hyperfine coupling dominates over all other
energy scales so that v = 65 and vy = 15 vibrational states
get strongly mixed. Restricting the problem to these two states
only, the resulting eigenstates of the Hamiltonian H; have
thus a non-negligible spin component along both |{1, 1}; 0, 0)
and |{2, 2};0, 0) and their respective spatial wave functions
are close to a linear combination of 1//655(r) and 1//1TS(r). In

the following, they will be referred to as | Xég){é;o,o)’ with
{f, f};0, 0) their main spin component.

The strong mixing imposed by the hyperfine interaction
also applies to all continuum states of Vs and Vrinthe F =0
subspace, labeled by their momentum k. While | X6{;,/11}5;0,0) is
an isolated state in the energy spectrum (thin magenta line in

Fig. 1), |X6{§’/21}5;0’0) lies within mixed continuum states. This
2,2}:0,0

gives rise to predissociation where | X6{5}15 ) may easily leak
out to the continuum. Subsequently, its lifetime gets strongly

reduced, as illustrated by the wide blurred magenta line in

Fig. 1.
In the F = 2 subspace, a similar treatment can be made
for each mrp = —2,...,2. Below the dissociation limit,

the singlet component |0,2,2,mp) and the two triplet
components |1, 1,2, mp) and |1, 3, 2, mp) are perturbatively
coupled through Hyg. Close to dissociation, hyperfine cou-
pling dominates over all other energy scales. Eigenstates of H,
are thus superpositions of the three |{f1, f>}; 2, mp) spin states
{f1, 2} = {1, 1}, {1, 2}, or {2, 2}, with respective spatial wave
functions which are linear combinations of 1/f655 (r)and ‘PlTs (r).

In the following, they will be referred to as |X6{§‘/’g} 2mey with
{f1, f2};2, mp) their main spin component. Similarly to the

F = 0 subspace, while | Xéé’/ll}s;z’"”’) is an isolated state in the

energy spectrum (thin orange line in Fig. 1), | Xéé’/zl}s;z’"” ) and

| Xég‘zl}gz’"”) lie within mixed continuum states, resulting in

predissociation and a short lifetime, as illustrated by the wide
blurred orange lines in Fig. 1.

Figure 1 summarizes all the results concerning Na, least-
bound states. The origin for the energy scale is set to the {1, 1}
manifold dissociation limit, which corresponds to the energy
of two f = 1 atoms with vanishing relative momentum as in
the experiment. As just explained, predissociated states are
depicted with a large energy width to account for their limited
lifetime.

C. Effect of static and microwave magnetic fields

In the presence of a static magnetic field B or a microwave
field By,w(¢) of frequency w, the Hamiltonian of a pair of Na
atoms becomes H(t) = H, + H,(t), where

Hy(t) = Hy + Hiny (1), (5)

with
A =22 (g8 +gb) B, ©)

and
An(0) = Z2 (8.8 + gib) - B 0. 7

Here pp is the Bohr magneton, g; >~ 2 is the Landé g factor of
the electronic spin, and g; < g, is the nuclear g factor. Both in
the hyperfine basis |{fi, f>}; F, mr) and in the singlet or triplet
basis |S, I, F, mg), the Hamiltonian I-L is primarily diagonal.
Off-diagonal couplings are proportional to ppg,B, and can be
treated perturbatively as long as they remain small compared
with the energy difference between the two coupled states.
In this case, H, mostly leads to a small shift of each eigen-
state energy, yielding a linear Zeeman effect proportional to
MUBE sBs-

The effect of the microwave field depends on the frequency
. When the latter is close to the frequency difference between
two eigenstates of 1-71, it leads to coherent Rabi oscillations
between them. For off-resonant frequencies and at large mi-
crowave amplitude, it also induces significant ac Zeeman
shifts on the eigenstates of H;.

An accurate numerical treatment of H(¢) is involved. To
estimate the energies of the bound molecular states presented
in the subsequent sections, we rely on the following model.
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We numerically find the eigenstates of A; from the analyti-
cal potentials Vg and Vr described in [22] (see Appendix A
for details). Among the whole set of eigenstates, we keep
only the states that are relevant to describe the least-bound
molecular states of Na,: the triplet states | lej’mF } with F =
1, 3, and 4 and mr = —F, ..., F; the two states |X6{§’/11}5;O’0)

2,25:0,04. 1.1)2, 1.2}:2,
and |)(é5/1}5 ); and the states |X6{5/1}5 ", |Xé5/1}5 "y, and

|X6{§’/2]]5;2‘mF) for mp = —2, ..., 2. We then project H (t) on the
subspace spanned by these 36 eigenstates. We finally rely
on Floquet analysis to compute the least-bound molecular
state energy in the presence of a static magnetic field and
microwave fields.

In order to characterize the molecular states submitted to
predissociation, we rely on a different approach based on

coupled-channel calculations, as detailed in Appendix B.

III. PHOTOASSOCIATION SPECTROSCOPY
OF THE LAST Na, BOUND STATES

We now turn to the experimental outcome of single-
photon photoassociation spectroscopy of Na,, starting from
a Bose-Einstein condensate (BEC) of >*Na atoms polarized
in the |f =1, m; = —1) Zeeman state. The spin projection
of the atom pair along the quantization axis being mp = —2,
the single-photon transitions allowed by selection rules are the
molecular states with a spin projection mp € {—3, =2, —1}in
the states with F = 1, 2, or 3 of the manifolds {f = 1, f = 2}
and {f = 1, f = 1}. In this section, we present the experi-
mental results of microwave photoassociation spectroscopy
for these transitions.

A. Experimental procedure

The microwave spectroscopy of the molecular lines is
conducted as follows. We produce a BEC with no visible
thermal fraction in a very elongated magnetic trap realized
with an atom chip as described in Ref. [27]. The chip design
includes a microwave coplanar waveguide (CPW) in the vicin-
ity of which the gas is transported magnetically. At the end
of the evaporative cooling procedure, we obtain degenerate
gases of typically 10° atoms in the | f = 1, m; = —1) Zeeman
substate. The confinement is very anisotropic with trapping
frequencies wy, >~ w, >~ 27 x 3.3 kHz and w, >~ 27 x 6.5 Hz,
where the x axis is the common axis of the CPW and of
the main trapping wires on the atom chip. At the bottom of
the trap, the atoms experience a local magnetic field B, ori-
ented approximately along the x axis, with a typical amplitude
B; = 0.9 G that can be increased up to 4.6 G. The chemical
potential of the system u is typically lower than # x 20 kHz
or equivalently kz x 900 nK, and its temperature stays below
w/ks.

The CPW induces a microwave field Byw(f) =
1(Be7™ 4+ cc.) with B=B,e, +B_e_+Bye such
that |By| >~ 1.1|B_| > By, with e, = —(e, —ie,)/+/2,
e_ = (e, + iey)/ﬁ, and ej)=-e,. At the position of
the atoms, the amplitude |[B_| can be tuned up to
8.35 G for a microwave frequency around 1.56 GHz
(see also Appendix C). The calibration of these fields is
based on the measurement of coherent Rabi oscillations

between the Zeeman atomic states |f =1,m; = —1) and
lf =2,my=-2) or |f=1,ms=0) performed at low
microwave power and for w >~ wyg, assuming a linear
response of the microwave amplifier. Since the transmission
of the CPW also depends on w, we calibrate it relying on
a vector network analyzer and take it into account in the
estimation of |B_|. The local amplitude of the magnetic
field By can also be precisely determined from atom loss
spectroscopy on the same transitions [27].

The spectroscopy of Na, least-bound states is performed
by atom loss spectroscopy. The microwave field is switched
on at a given power, characterized by an amplitude |B_| of
its o~ component, and for a fixed duration . We record the
losses induced by the photoassociation of two |f =1, m; =
—1) atoms into one of the least-bound Na, molecular states
while scanning the microwave field frequency w. The ex-
perimental parameters for the different spectra are detailed
in Appendix E. After the pulse, the atoms are kept in the
trap for 440 us before a complete switch off. The molecular
states addressed from the initial atomic state are not trapped
in the magnetic potential and are then quickly lost in a typical

timescale of wll =~ 50 us, except for the two states | Xé{é‘/ll}gz‘_z)

and | X6{;,/11}5;2,71)’ which undergo a magnetic confinement with

respective oscillating frequencies +/2 larger than or identical
to the atomic ones. We observe a loss signal for these states
as well, which can be attributed to inelastic two-body and
three-body collisions among the atoms or between the atoms
and the molecules.

B. Observation and characterization of {f =1, f = 2}
predissociated states

Figure 2(a) shows photoassociation spectroscopy of the
{f =1, f = 2} manifold for B; = 0.89(1) G. The large peak
partially visible on the right part of the plot corresponds
to the atomic hyperfine resonance at 1.77 GHz to the |f =
2, my) spin states with my = —2, —1, 0. While these states
are untrapped by the magnetic potential, the width of the
loss signal is mainly due to the effect of the ac Zeeman
shift which expels the atoms from the magnetic trap [29].
For |B_| =5.33 G and a pulse duration of 80 ms, we ob-
serve a very broad photoassociation resonance centered at
1254.1(36) MHz with a full width at half maximum (FWHM)
of 172(22) MHz, as well as a thin resonance centered at
1561.9 MHz. The first one can be attributed to the predis-
sociated states | Xé{;,/zlg;z,mF) and the second one to the | st”"‘”)
triplet molecular states with F = 1, 3, which we address in
Sec. III C.

As discussed previously, the large energy width of the
F =2 resonance reflects the finite lifetime of the resonant
two-atom state, which decays through predissociation (see
[2], Sec. 90). We represent this process using a quasidiscrete
state (see [2], Sec. 134), corresponding to the complex en-
ergy Ey — ihy /2. Its real part E; is above the dissociation
threshold, and its imaginary part sets the lifetime y ~!. Earlier
characterizations of this resonance [15,16] involved numer-
ical simulations which closely mimicked the experimental
conditions, revealing its impact on the observed resonance po-
sition and strength (see [16], Fig. 5). By contrast, we explore
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FIG. 2. (a) Photoassociation spectroscopy of Na, molecular states of the {f = 1, f = 2} manifold in the presence of a static magnetic
field of amplitude B, = 0.89(1) G. The black circles correspond to the average over three experimental measurements of the remaining atom
number after a microwave pulse duration of 80 ms and a microwave field amplitude |B_| = 5.33 G for w ~ 27w x 1254 MHz. Error bars
represent the standard deviation of the different measurements and give an indication of the atom-number stability in the experiment. In
addition to the atomic hyperfine resonance at 1.77 GHz towards the f = 2 atomic states, visible for frequencies above 1500 MHz, we observe
two molecular resonances: a broad resonance at low frequency and a thin resonance closer to the atomic resonance. The broad resonance,
fitted with a Lorentzian function, is centered at 1254.1(36) MHz and can be attributed to the F' = 2 molecular spin states. Its large width
of 172(22) MHz at half maximum is due to predissociation (see the text for details). The thin resonance at 1561.9 MHz corresponds to the
F =1, 3 molecular spin states. (b) Numerical characterization of the energy width of F = 2 molecular states of the {f = 1, f = 2} manifold.
The orange line corresponds to the energy derivative of the s-wave scattering phase shift 8y as a function of the incident energy E, assuming
a single open channel, namely, |{1, 1}; 2, mg). The black line is a Lorentzian function fit supplemented with a linear background representing
potential scattering. This leads to a peak energy of E = h x 1278 MHz, slightly detuned compared to the experimental observations, and a
width of y = 2w x 160 MHz, in excellent agreement with the experimental data.

here a different approach and characterize in the absence of
static or oscillating magnetic fields this quasidiscrete level,
whose energy and width are intrinsic parameters which are
independent of the experimental details. Our approach relies
on the extraction of the energies and widths of the quasidis-
crete states from the energy dependence of the phase shift
of scattering wave functions (see [2], Sec. 134) restricted
to the spin state basis of |{1, 1};2, mp), |{1,2};2, mp), and
{2, 2};2, mp), hence limiting the calculation to three coupled
channels.

Instead of calculating the complex energy of the qua-
sidiscrete state directly, we exploit its impact on scattering
states with energies E near the energy of the quasidis-
crete state. Among their three spatial components, a single
channel is open, namely, |{1,1};2, mpr). Hence, they are
fully characterized by the s-wave phase shift §o(E) = 8(()0) -
arctan[iiy /2(E — Ey)] (see [2], Sec. 134). Here the term 5(()0)
represents potential scattering, and the arctangent accounts for
the resonance near the quasidiscrete state. Its energy derivative
exhibits a Lorentzian behavior

4o _ poy
de ~°

hy /2
(E — Eo? + i2y2/4°

where PSO)(E ) = dB(()()) /dE weakly depends on E.

Further details of the coupled-channel calculation are given
in Appendix B. Figure 2(b) shows the d&,/dE that we extract
from the results. We fit to it Eq. (8), assuming Péo)(E ) is
linear. We find the width y = 27w x 160 MHz, in excellent
agreement with the experimental result 172(22) MHz. The
predicted resonance energy E satisfies Ey/h = 1278 MHz,
slightly shifted compared to the experimental observation
1254.1(36) MHz.

®)

In Appendix B, the same treatment is applied to the other

two molecular states submitted to predissociation, | X{z,z};o,o)

65/15
and | Xﬁ{g’/zl}5‘2’mF), which we have not investigated experimen-

tally in this work.

C. Observation of individual photoassociation lines

Reducing the microwave field amplitude to |B_| = 0.66 G
with a pulse duration of 30 ms allows us to resolve the com-
plete Zeeman structure of the | Xf;:l‘s) resonance as shown in
Fig. 3(a). We observe four resonances corresponding to the
molecular states |x11{1), |X135’73), |X135’72), and |X135’71)~ The
coupling to other | Xf;”“”) molecular states is forbidden by se-
lection rules. Fitting each resonance by a Lorentzian function
allows us to determine their center frequency. Note that at
resonance fiwy = AE, corresponds to the energy difference
between the initial two-atom state and the molecular state,
which can both be shifted by the Zeeman effect.

The same procedure allows us to observe the Zeeman
structure of F =2 molecular states of the {f =1, f =1}
manifold near w >~ 2w x 300 MHz as shown in Fig. 3(b). We
observe two resonances that we attributes to | XG{;’/II}S;Z‘J) and
| XG{;’/II}S;Z’_I), which are the only molecular states that can be
reached from the initial two-atom state with a single-photon
transition because of selection rules.

The width and depth of each of these resonances mainly
reflect the strength of the coupling which is set by the ma-
trix elements of Ay, (t) between the two-atom state and the
molecular state multiplied by their spatial wave-function over-
lap. As the microwave field amplitude depends on the distance
to the CPW [27], we expect an additional broadening of the
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FIG. 3. Photoassociation spectroscopy of Na, molecular states in the presence of a static magnetic field of amplitude B; = 0.89(1) G. The
black circles correspond to the average over three experimental measurements of the remaining atom number after a microwave pulse duration
of 30 ms. Error bars represent the standard deviation of the different measurements and give an indication of the atom-number stability in the
experiment. (a) Photoassociation spectroscopy of the F = 1, 3 molecular spin states of the {f = 1, f = 2} manifold evidencing the Zeeman
structure for a microwave field amplitude |B_| = 0.66 G. The four resonances correspond to different ' or my states given in the figure whose
coupling is allowed by selection rules. The red line is a fit to a sum of four Lorentzian functions. (b) Photoassociation spectroscopy of F = 2
molecular states of the {f = 1, f = 1} manifold for a microwave field amplitude |B_| = 1.09 G. The very thin resonance at 299.87 MHz is a
m-polarization microwave resonance corresponding to my = —2, while the broader resonance at 300.42 MHz can be attributed to mr = —1.
The red line is a fit to the sum of two Lorentzian functions. The inset shows a close-up of the my = —2 resonance. Detailed results of the fits

for each picture are given in Table III of Appendix E.

order of 10%. Within the atom trap, the magnetic-field am-
plitude and orientation slightly vary around B and e,. If the
energy dependence of the initial atomic state with the static
magnetic field is different from the one of the molecular state,
this results in an inhomogeneous broadening of the resonance.
This effect typically corresponds to a fraction of the chemical
potential w. It also sets a lower limit on the resonance width
at low microwave field amplitude. This applies for instance to
the 7 lines towards | X135’_2) and | Xﬁ{é’/ll}s;z’fz) since |By| < |B_]|.

D. Zero-field energy and Zeeman shifts

In order to access the zero-magnetic-field energy of these
molecular states and their Land€ g factor, we have repeated the
measurement of the photoassociation resonance frequency for
different values of the static magnetic field B, at the bottom

—~
[
~

mp

-300 1

AE/h [MHz]

0 1 2 3 1 5
B, [G]

of the magnetic trap. Note that tuning this parameter also
modifies the trapping frequencies and atom number in the
trap.

The measurements are presented in Fig. 4 and the parame-
ters deduced from the fits are given in Table IV of Appendix E.
We have compared our results to the model presented in
Sec. II and detailed in Appendix A. This model reproduces
well the Landé g factor of each individual molecular Zeeman
state. We observe, however, that the energy obtained from
numerical calculations at By = 0 based on the analytical ex-
pression for Vg and Vp described in [22] need to be slightly
shifted to reproduce our results. The numerical resolution
gives —293.5(5) MHz for the energy of | Xéé’ll}gz’m‘”) atB; =0,
while our experimental results lead to —299.66(2) MHz (see
Table I). Moreover, it predicts 1566.8(2) MHz for the energy

=
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FIG. 4. Photoassociation spectroscopy for different values of the static magnetic field B,. Black squares correspond to experimental
measurements based on a Lorentzian fit of each resonance (see Table IV of Appendix E for the microwave pulse parameters used for each point
and the detailed fit results). (a) Plot of the F = 2 molecular states of the {f = 1, f = 1} manifold. The orange lines correspond to numerical
calculations shifted by —6.13 MHz. (b) Plot of the F = 1, 3 molecular states of the {f = 1, f = 2} manifold. The colored lines correspond
to numerical calculations shifted by —2.97 MHz. The brown color of the m; = 0 states indicates the strong mixing of | xlls'o) and | X135’0) by
off-diagonal elements of H; (see the text for details).
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of | XF "ry with F = 1,3 at By = 0, while our experimental

results lead to 1563.81(2) MHz. To estimate the accuracy of
the numerical calculations, we have investigated the depen-
dence of the molecular state energy with the number of points
in the spatial grid (see Appendix A).

The uncertainty in the experimental value of the zero-
magnetic-field energy of the molecular states is ultimately
limited by the inhomogeneous magnetic trapping of the atoms
and by collisional shifts between atoms [27] or between atoms
and molecules [26]. A precise calibration of these effects goes
beyond the scope of this paper. We estimate that it is bound by
the typical chemical potential of the system w/h >~ 20 kHz.
The uncertainty deduced from the fit of the spectroscopy
spectra, of the order of a few kilohertz, does not limit the final
precision.

We now turn to the estimation of the Landé g factor of
the molecular states. Since |XF "ry with F = 1,3 are pure
triplet states, their energy dependence with By when mp #
0 is directly given by the diagonal elements of H, in the
{f1, fo}; F, mp) basis because a second-order Zeeman shift
is nelgllglble in this case. The Zeeman shift can be expressed

asg Uit mpp,BBé, where
() = ( + 1, 9
812 8i+8s) = ®)
oy = = (1l + g) = =. (10)
212 Y76
The states | X115,0> and | Xféo) are exactly degenerate at B, = 0

and their corresponding diagonal elements in H are also zero.
Off-diagonal couplings in H; lift this degeneracy and strongly
mix |X115’0> and |x135’0) (see also [26]).

The energy dependence of | xé;'/lllgz’mF) with
By reflects its spin decomposition in the basis
{H{1,1}:2, mp), |{1,2};2, mg), |{2, 2}; 2, mg)}, since each of
these spin components presents a different energy dependence
with By:

1
gy = (5g, 8) > =3, (11)
@ Lisg gyt (12)
8{1,2}—6 8i T &8s -3
@ _ 1 1
82,2 = 4(3g1+g5) E (13)

The results of the numerical calculations shown in Fig. 4(a)
reproduce well our experimental observations. This means
that the model correctly captures the weight of the three
spin components despite the slight shift at B; = 0 mentioned
above.

In these studies, we have completely neglected possi-
ble ac Zeeman shifts in the energy of these states due to
the nonzero value of the microwave field amplitude during
the spectroscopy. Relying on our numerical model, we have
estimated their amplitudes for |[B_|=0.6G and |By|=
1.1|B_|: They are of the order of 250 Hz for |)(65/152 ey,

2 kHz for | x, : J""), and 1 kHz for | X3 "y molecular states, one
order of magnltude below the experimental uncertainty.

IV. TWO-PHOTON PHOTOASSOCIATION
SPECTROSCOPY

Due to selection rules, in order to perform the microwave
spectroscopy of other molecular states, it is necessary to rely
on multiple-photon transitions. This requires large microwave
field amplitudes and in turn results in significant ac Zeeman
shifts on the atomic and molecular states energies. For |B_|
above a few gauss, we have observed that ac Zeeman shifts
due to the atomic transition exceed the chemical potential of
the atoms even for a detuning § = w — wyg larger than a few
hundred megahertz. The equilibrium position of the atoms in
the magnetic potential is then significantly displaced resulting
in large excitations of the cloud during the microwave pulse.
At the largest microwave field amplitudes, the ac Zeeman shift
becomes so strong that the atoms are not trapped anymore.
Nevertheless, it is possible to completely compensate this
effect at first order relying on a second microwave field of
frequency w, with the same amplitude and symmetric with
respect to the hyperfine transition such that §, = @, — whg =
—34. Mixing two microwave signals with such characteristics
in the CPW, we have experimentally checked the reliability
of this technique (see Appendix C for technical details). This
allows us to reach a microwave field amplitude of |B_| =~
8.21 G for a microwave frequency around 1.66 GHz without
visible distortion of the trapping potential.

Two-photon or Raman spectroscopy can then be performed
either with two photons having the same frequency w or
with two photons of frequencies w and w,.. Setting §. =
27 x 100 MHz and scanning § >~ —§, over a few megahertz,
we first investigated the two-photon spectroscopy of | x4 nry
molecular states of the {f =2, f = 2} manifold. For these
measurements, the two-photon transition is excited with two
photons at w, while the second microwave field at w, is only
here to compensate the strong ac Zeeman shift induced on
the atomic transition. Nevertheless, both fields may also in-
duce a significant ac Zeeman shift on transitions between two
molecular states. In order to extract the transition frequency
in the limit of vanishing microwave amplitude, we repeated
the procedure for different microwave field amplitudes and
identical static magnetic field B; = 0.92(1) G and fitted each
resonance with a Lorentzian function. The results are pre-
sented in Fig. 5(a) (see also Table V of Appendix E for the
complete fit results). We observe three distinct resonances
corresponding to the molecular states | st‘_“), | X145’_2)’ and
| X145’0>~ For the resonance toward | ij'_“), two o~ photons
contribute. For the resonance toward | st’_z), a o~ photon and
a ot photon contribute. For the resonance towards | X145’0>, two
ot photons contribute. In principle, other states and other po-
larization combinations are accessible according to selection
rules. However, the small relative amplitude of |By| compared
to |B4 —| does not allow us to reach a sufficient coupling to
induce two-photon photoassociation.

We have compared these observations to the predictions of
the numerical model. As in Sec. III D for the single-photon
transitions, the energy of | )(f‘s) at By=0and |[B1o_|=0
obtained from the calculations, 2 x 3338.4(2) MHz, differs
slightly from our experimental observations. Introducing a
constant offset in the model and adjusting its value by mini-
mizing the difference between the experimental and numerical
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FIG. 5. Two-photon photoassociation spectroscopy for different values of the microwave field amplitude |B_| and with B, = 0.92(1) G.
Black squares correspond to experimental measurements based on a Lorentzian fit of each resonance (see Table V of Appendix E). The strong
ac Zeeman shift of the atomic transition is compensated by relying on a second microwave field, as explained in Appendix C. (a) Plot of the
F = 4 molecular states of the {f = 2, f = 2} manifold. The blue points correspond to numerical calculations. An offset of —2.99 MHz has
been added to the calculated values. (b) Plot of the ' = 2 molecular states of the {1, 1} manifold. The orange points correspond to numerical
calculations. An offset of —6.13 MHz has been added to the calculated values.

data leads to a value of 2 x 3335.37(2) MHz for the zero-
field energy of the | Xf‘s) molecular bound state. The plots in
Fig. 5(a) take this correction into account. From this measure-
ment, we can deduce the energy difference between the F =
4 molecular states of the {2, 2} manifold and the F =1, 3
molecular states of the {1, 2} manifold. In units of frequency,
it is smaller by 67 kHz than the hyperfine splitting frequency
whss /27 . This slight difference corresponds to the effect of the
parameter opg introduced in Eq. (2).

Interestingly, we do not observe any dependence of the
energies of these three states with the microwave field am-
plitude. As mentioned above, a large ac Zeeman shift may
also be expected for the molecular states at such microwave
amplitudes. However, since the F' = 4 molecular states are
only coupled to the F' = 3 molecular states and their energy
difference is close to fiwygs, the microwave field at detuning
8. = —8 compensates exactly the ac Zeeman shift induced
by the field at detuning §, confirming in turn the accuracy of
the method. This compensation is also well captured by the
numerical calculations.

A similar protocol allows us to perform the two-photon
photoassociation spectroscopy of the F = 2 molecular states
of the {f = 1, f = 1} manifold, with one photon absorbed
from the microwave at § followed by a stimulated emission
of a second microwave photon at &, [see Fig. 5(b)]. We fix
8. = 2m x —150.5 MHz and vary §. We observe only a res-

onance to the | X6{;,/11}5;2,—2> molecular state. This corresponds

to the interference of two processes: an absorption of a o~
photon from the microwave field with a detuning § associated
with a stimulated emission of a o~ photon into the microwave
field with a detuning 8. or the same process with o+ photons.
Two-photon resonances toward |X6{;’/11}5;2'71> are in principle
allowed but rely on one 7 polarized photon, for which the
microwave amplitude is weak. Also |X6{é’/11}5;2!0) is accessible
with a two-photon process; however, the matrix element of
the microwave coupling is about 14 times smaller in this case
as compared with | Xﬁ{é’/ll};z’*z) and our experimental signal-to-
noise ratio is not sufficient to observe the resonance, even at

the largest microwave amplitudes accessible.

We have also investigated the energy dependence of the
single-photon F' = 1, 3 molecular resonances with the mi-
crowave field amplitude, as shown in Fig. 6. In this case, the
numerical model reproduces less accurately the experimental
data, in particular for | X135'73> and |X135'71>- We have checked
that the numerical results are sensitive to the characteris-
tics of the F =2 states submitted to predissociation, e.g.,
zero-field energy and overlap of the spatial wave functions.
These features are probably oversimplified in our model.
These limitations call for future improvement in our numerical
model.

Finally, we have also tried to look for the | X6[;./11]5;0,0> molec-
ular state, which is accessible through the absorption of a
o~ microwave photon and the subsequent emission of a o™
microwave photon. However, the matrix element of the mi-
crowave coupling to this state is about 10 times smaller as

compared with the coupling to the | )(6{;’/11}5;2’72) state and de-
1564
F=1 mp
1
1563 A 12,3 0
‘;‘1562’—,_. iz
£ o1 Mo "Fos . 17
S T
< ..
1560 -
1559 , , , _—
0 20 40 60

|B-|” [G?]

FIG. 6. Photoassociation spectroscopy of the F = 1, 3 molecular
states of the {f = 1, f = 2} manifold for different values of the
microwave field amplitude |B_|. The static magnetic field is equal
to B, = 0.90(1) G. Black squares correspond to experimental mea-
surements based on a Lorentzian fit of each resonance (see Table VI
of Appendix E). The colored points correspond to numerical cal-
culations. The strong ac Zeeman shift of the atomic transition is
compensated by relying on a second microwave field, as explained
in Appendix C.
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TABLE I. Summary of the results concerning the zero-magnetic-field energy of the least-bound molecular states of Na,. The energy
reference is set to the dissociation limit of the {1, 1} manifold. For the mixed vs = 65 and vy = 15 states, {f;, f>} and F refer to the main
spin components of the molecular state. The Expt. column gives the experimental results obtained from the fit of the microwave spectroscopy
spectra. The FG column shows the numerical results obtained with the Fourier grid method. The CC column displays the results of the
coupled-channel calculations. Finally, the Previous column give the best previous experimental result we have found in the literature.

Vibrational state {f1, 2} F Expt. (MHz) FG (MHz) CC (MHz) Previous (MHz)
e {1,1} 0 —366.4(9) —393(21)*

vs = 65vr =15 {2,2}b 0 2961.4(6) 2908 ~3300¢
{1,1} 2 —299.66(2) —293.5(5) —293(10)¢

vs = 65;vr =15 {1,2}° 2 1254.1(36) 1266.8(3) 1278 1224(24)*
2,2} 2 3016.6(2) 3138 ~3300°

vr =15 {1, 2} 1,3 1563.81(2) 1566.8(2) 1568(10)¢

vr =15 {2,2} 4 3335.37(2) 3338.4(2) 3343(10)¢

2From [15].

bState submitted to predissociation.

‘From [16].

4From [18].

spite our efforts our signal-to-noise ratio did not allow us to
locate the resonance.

V. CONCLUSION

In this paper we have carried out the microwave spec-
troscopy of Na, least-bound states and pushed the precision
of the determination of the energies of these states by nearly
three orders of magnitude compared with previous works. The
residual uncertainty comes from the inhomogeneity of the
magnetic field in the atom trap and from collisional shifts
between atoms but also between atom and molecules. This
is responsible for a systematic uncertainty in the determina-
tion of the energies of Na, least-bound states. We estimated
that this uncertainty is bounded by the chemical potential of
the gas >~ h x 20 kHz.! We compared our experimental
results to numerical calculations, which show good agree-
ment with the experimental data despite small shifts in the
zero-magnetic-field energy of the probed states. Due to the
relatively large amplitude of the microwave field available on
the experiment setup, we were able to measure the energy
width of a molecular state submitted to predissociation. These
experimental results are in good agreement with coupled-
channel calculations that have allowed us to characterize other
molecular states submitted to predissociation. At large am-
plitude of the microwave fields, it is also possible to access
specific molecular states with a two-photon transition. The
microwave dressing of the molecular states themselves is re-
sponsible for an ac Zeeman shift that we have characterized.
The main results of the paper are summarized in Table I
(see Appendix D for a similar table for vg = 64 and vy = 14
vibrational states).

For alkali-metal atoms, the microwave coupling of a scat-
tering state to a molecular bound state was shown to give
rise to a Feshbach resonance [32,33], whose frequency width

!This uncertainty is far too large to account for second-order spin-
orbit coupling, which ultimately limits the lifetime of pure triplet
states [30,31], expected to be larger than 100 s.

Aw scales as the square of the microwave field amplitude.
For sodium atoms, numerical calculations predict a scaling
of 27 x 1.4 kHz/G?. For the largest microwave amplitude
accessible in the experiment, the estimated width should be
significantly larger than the energy spread of the gas in the
magnetic trap and lead to observable effects on the equi-
librium properties of the system due to the modification
of the scattering length. These considerations should stimu-
late dedicated investigations in the vicinity of the molecular
resonances.

Strong microwave coupling leads to the mixing of the
hyperfine states of the atom, but also of the hyperfine molec-
ular states. As inelastic collisions in a degenerate gas of
alkali-metal atoms substantially depend on the spin state of
the atoms [34,35], a complete characterization of the two-
and three-body loss rates of the system in the presence
of a large-amplitude microwave field and possibly near a
microwave-induced Feshbach resonance would constitute an
interesting achievement. It relates to a very recent work on the
control of the imaginary part of the lithium scattering length
with a radio-frequency modulation of a magnetic field near a
Feshbach resonance [36].
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APPENDIX A: NUMERICAL CALCULATIONS

In order to find the eigenstates and eigenenergies of H;
defined by Eq. (2), we rely on the Fourier grid method [37].
We use a spatial grid of 10* evenly spaced points between
3aq and 350ag, where ay is the Bohr radius. Since F =1, 3,4
spin states are eigenstates of Hyg and also pure triplet states,
we can restrict the problem to a given |F, mg) state and write

~ A~ o r
F, mp By |Fmp) = T+ Vie(r) + 1 200

hiongs, (A1)
where [y =3 = —1 and Iy = 3. Solving the corresponding
Schrodinger equations, we determine the spatial wave func-
tions (rl)(;F 7y and their energies. Note that these solutions
do not depend on the value of mp.

For F = 0 or 2, mp states, we solve instead the coupled-
channel system in the subspace spanned by |[{1, 1};0,0)
and [{2,2};0,0) or by [{1,1};2,mp), |{1,2};2, mp), and
{2, 2};2, mp). Again, the results do not depend on the value
of mp. In all these calculations we rely for Vs(r), Vr(r), and
angs () on the analytical expressions given in [22]. We observe
that the results depend on the number of points of the spatial
grid. We estimate the uncertainty of the results by repeating
the calculation for different grid sizes up to 10* points. For a
given molecular bound-state energy, we fit the set of results at
different grid sizes by a decreasing exponential plus an offset.
We define the uncertainty on the energy of this molecular
bound state as the difference between the fitted offset and the
result for a grid of 10* points.

Among all the numerical solutions | Xé{f nhkEmey e iden-
tify the ones corresponding to the least-bound states of Na,
molecules. For F =1, 3, and 4, it simply corresponds to

F,mp

[x;s"). For F =0 and 2, it is relatively easy to iden-
tify | Xﬁ{;’/ll];o’o) and | X6{;,/11}5;2,mp ) since they are pure bound
states and isolated in energy compared with other eigenstates.
Since | X6{§,/21}5;0,0)’ | Xéé’/zl}s;z""‘r ), and | Xég,/zl}s;z,m,p ) are degener-
ate in energy with continuum states, the numerical solutions
correspond to mixtures of each of these states with continuum
states or predissociated states. Among those, we pick the
ones that lead to the largest overlap with previously identified
states. For the results presented in the main text, we have
checked that this choice is not very sensitive.

We then project H (t) = H, + I-L(t) to the subspace
spanned by the collection of eigenstates identified as least-
bound states of Na, molecules as we just explained. In
this subspace, H; is obviously diagonal. The static part of
H, (1), which corresponds to H,, has diagonal elements cor-
responding to the first-order Zeeman energy shift, while
off-diagonal coupling is responsible for second-order Zeeman
energy shifts. The time-dependent part of H,() corresponds
to the coupling to the microwave field B, (¢). Relying on the
Floquet formalism [38], we transform the Hamiltonian H (1)
into a time-independent Hamiltonian that can be expressed as
the sum of two terms

[e.¢]
Hy= )" (Hi + H, + nho)ln)(n|, (A2)

n=—00

o0
Ae= ) Huwuln)n+ 1|+ Hin+ D, (A3)
n=—0o0
with
How(t) = Hywe ™ + H e (A4)
Restricting Hy + H, to the Floquet manifolds n = —3, ...,3

and diagonalizing it, we deduce the energies of the molecular
states in the presence of the microwave field.

APPENDIX B: NUMERICAL CHARACTERIZATION
OF RESONANCES AT QUASIDISCRETE LEVELS

In order to characterize numerically the energy width of
molecular states submitted to predissociation, we calculate the
corresponding scattering wave functions using the coupled-
channel approach [39], our C++ implementation of which
is described in Ref. [33], Chap. 12. We use the singlet and
triplet potentials Vs r(r) for sodium given in Ref. [22] and
apply the adiabatic accumulated-phase boundary condition at
the radius ry = 16ay. We choose the phases at ry to repro-
duce the singlet and triplet scattering lengths and calculate
their derivatives from the potentials Vs r(r) for r < ry. For
testing purposes, we supplement the Hamiltonian H, with the
Zeeman term A, and check that we reproduce the positions
of the four s-wave Feshbach resonances known to affect 2> Na
[21,22] with a relative accuracy less than 1%. Subsequently,
we perform all calculations in the absence of a magnetic
field.

We now describe the results obtained for the two reso-
nances corresponding to the F = 0 and F = 2 quasidiscrete
states whose energies lie below the dissociation threshold of
the {f = 2, f = 2} manifold. They are both mentioned, e.g.,
in Ref. [16], Fig. 5(b), but to our knowledge their energies
and widths have not yet been accurately determined. As for
| Xéé’/zl}s;z’m‘”) discussed in Sec. III B, we follow the quasidis-
crete level formalism (see [2], Sec. 134).

As mentioned in Sec. IT A, the F = my = 0 subspace is
spanned by the two states |{1, 1};0, 0) and |{2, 2};0, 0). The
real part E of the eigenvalue of H; corresponding to the qua-
sidiscrete level lies between the dissociation limit of the {1, 1}
and {2, 2} manifolds. Hence, the relevant collisions involve a
single open channel |{1, 1};0, 0). The same theory as the one
discussed in the main text is then directly applicable and the
results are illustrated in Fig. 7(a). We find Ey/h = 2908 MHz
and y =27 x 516 MHz.

For each mp, the F =2 subspace has dimension 3
and can be spanned by |{1, 1};2, mg), {1, 2};2, mp), and
{2, 2};2, mp). The real part Ey of the eigenvalue of H
corresponding to the quasidiscrete level lies now between
the dissociation limit of the {1,2} and {2,2} manifolds.
Hence, the relevant collisions involve two open channels
{1, 1};2, mp) and |{1,2};2, mp). They are characterized
by a 2 x 2 unitary scattering matrix S, whose determinant
det(S) = exp(2iAg) has modulus 1. The resonant behavior is
described by Eq. (7), where §, is replaced by Ay (see [2],
Sec. 145). We fit it to the d Ay /dE obtained from our numer-
ical coupled-channel calculations, with P(go)(E ) quadratic. We
find Ey/h = 3138 MHz and y = 27 x 324 MHz.
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FIG. 7. (a) Numerical characterization of the energy width of the F = 0 molecular state of the {f = 2, f = 2} manifold. The purple
line corresponds to the energy derivative of the s-wave scattering phase shift §, as a function of the incident energy E, assuming a single
open channel, namely, |{1, 1};0, 0). The black line is a Lorentzian function fit supplemented with a linear background representing potential
scattering. This leads to a peak energy of £ = h x 2908 MHz and a width of y =27 x 516 MHz. (b) Numerical characterization of the
energy width of ' = 2 molecular states of the {f = 2, f = 2} manifold. From the S matrix defined on the subspace spanned by the two open
channels [{1, 1};2, mp) and |{1, 2};2, mp), we define the phase A( as det(S) = exp(2iAy). The orange line in the plot corresponds to the
energy derivative of A( as a function of the incident energy E. The black line is a Lorentzian function fit supplemented with a quadratic
background. This leads to a peak energy of E = h x 3138 MHz and a width of y = 27w x 324 MHz.

APPENDIX C: AC ZEEMAN SHIFT COMPENSATION

In a two-level approximation, the ac Zeeman shift in-
duced in the |f = 1,m; = —1) to |f =2, my = —2) atomic
transition by the microwave field can be approximated
by 6|2_|?/48, where Q_ = —g,upB_/4h. For the highest
microwave amplitude accessible in the experiment, this cor-
responds to an ac Zeeman shift of about # x 200 kHz. Since
the CPW produces an inhomogeneous microwave field whose
amplitude decreases with the vertical distance to the waveg-
uide (see [27]), this results in a gradient which perturbs the
magnetic confinement of the atoms. As a result, abruptly
switching on the microwave field leads to the transverse exci-
tation of the BEC and hence to atomic losses. For the highest
microwave amplitude that we can reach experimentally, all the
atoms are lost.

In order to compensate this ac Zeeman shift, we rely on
a second microwave field of frequency w. and of equal am-
plitude BS _ ; = B, _ o but with opposite-sign detuning 5. =
—4. At first order, this completely suppresses any ac Zeeman
shift.

To fine-tune the parameters of this second microwave field
for ac-Zeeman-shift compensation, we shine the two strong-
amplitude microwave fields onto the atoms for a duration of
1 ms and with §, = —§ = 206.6 MHz. After the pulse, we
keep the atoms in the trap for 500 us before complete switch
off. We then image the atoms after a 10-ms time of flight.
We repeat this protocol for different amplitude B, keeping
|B_| = 5.53(8) G constant.

When the ac Zeeman shift is not perfectly compensated,
the transverse dipole mode of the BEC is excited, which is
reflected in the shape of the cloud after a 10-ms time of flight
as shown in the top left inset of Fig. 8. The snake shape of the
cloud in this case comes from the fact that the transverse os-
cillating frequency is not homogeneous along the longitudinal
direction of the gas but varies by about 10%, which leads to
a dephasing in the transverse oscillation. We take advantage

of this dephasing to identify the optimal amplitude for the
second microwave field to compensate the ac Zeeman shift of
the first one. The optimal amplitude is the one that minimizes
the dephasing in the transverse oscillation, which we observe
in the vertical direction.

In order to quantify the amplitude of the excitation, we first
calculate the vertical position of the center of mass of a narrow

0.2 . . . . .
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FIG. 8. Ratio of the standard deviation Ao with the mean trans-
verse width of the cloud oy for different values of the amplitude
of |B¢ | and for fixed |B_| = 5.53(8) G. This quantity characterizes
the amplitude of the cloud excitation when the ac Zeeman shift is
not perfectly compensated (see the text for details). The error bars
represent the standard deviation of two measurements. The red line
is a guide to the eye. The top left inset shows an absorption imaging
picture of the cloud after a 10-ms time of flight. The snake shape of
the cloud is due to the excitation of the transverse dipole mode of the
BEC and to the fact that the transverse oscillating frequency varies by
about 10% in the x direction. The middle inset shows an absorption
imaging picture of the cloud when the ac Zeeman effect is optimally
compensated at |B°| =5.70 G. We attribute the slight difference
between |B¢ | and |B_| to systematic errors in the microwave field
calibration (see the text for details). The bottom right inset shows an
absorption imaging picture of the cloud when |B¢ | = |[B_| =0 G.
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longitudinal section of the gas at a given position x along the
longitudinal axis

7Z(x) = %/dzzn(x, 2), (C1)

where n(x, z) is the two-dimensional density obtained by ab-
sorption imaging along the y axis and i(x) = [ dzn(x, z) is
the density integrated along the z axis at position x. We then
compare z(x) to zo(x) obtained for B® = B_ = 0 by calculat-
ing the standard deviation Ao of Z(x) given by

1 (&
Ao = | L / AX[Z(x) — Zo (]2,
Lx 0

where L, is the longitudinal length of the BEC.
In the absence of excitation, the rms transverse width of the
system oy for |B¢ | = |B_| = 0 G is given by

1 ! ’
0o =\/N/dxdzz2n(x, 7) — (ﬁ/dXdZZ”(x’Z)) ’

(C3)

(C2)

with N the total atom number in the gas. We show in Fig. 8
the ratio of Ao /oy for different microwave amplitudes of
the compensation field B® . We observe a clear minimum for
|B| =5.70 G.

We attribute the slight difference between the optimum
B¢ | and the amplitude |B_| to systematic errors in the
microwave field amplitude calibration. They are calibrated
independently by measuring the frequency of coherent Rabi
oscillations at resonance with the |f =1, my = —1) to |f =
2, my = —2) atomic transition at low microwave power as
described in [27]. We then calibrate each microwave field am-
plitude at the entrance of the CPW with a spectrum analyzer,
for the settings used in Fig. 8 as well as for the one used for the
Rabi frequency measurements. Assuming a linear response of
the CPW and the complete independence of both fields, we
deduce B_ and B¢ for Fig. 8.

TABLE II. Summary of the results concerning the energy of
the molecular states of Na, corresponding to vs = 64 and vy = 14
vibrational states. The energy reference is set to the dissociation limit
of the {1, 1} manifold as in Table I. For the vy = 64 and vy = 14
states perturbatively mixed by the hyperfine interaction, S, I, and
F indicate the main spin component of the molecular state. The
FG column shows the numerical results obtained with the Fourier
grid method. Finally, the Previous column give the best experimental
result we have found in the literature.

Vibrational state S [ F FG (MHz)  Previous (MHz)
T 0 o 0 —11090(13) —11224(27)*

v=0kve =14 g ss40)

0 2 2 —10938(9) —11080(27)*
vs=64vr=14 1 3 2 —6627(8) —6659(15)°

1 1 2 —4449(8)
vr = 14 1 1,3 1,3 —5413(2) —5457(15)°
vr = 14 1 3 4 —3642(2) —3669(15)°
2From [15].
°From [19].

APPENDIX D: ENERGY OF THE MOLECULAR BOUND
STATES INVOLVING THE vs = 64 AND vy = 14
VIBRATIONAL STATES

In this Appendix we show in Table II the energies of lower
bound molecular states corresponding to vy = 14 or to the
perturbative mixing of vs = 64 and vy = 14 due to hyperfine
interaction.

APPENDIX E: EXPERIMENTAL PARAMETERS
AND FIT RESULTS

Tables ITI-VI present all the relevant experimental pa-
rameters and fit results for the microwave photoassociation
spectra discussed in the main text. The value of the static
magnetic field By is calibrated from microwave spectroscopy
of the atomic transition [27]. The calibration of the mi-
crowave field amplitude is made with the method explained in
Appendix C. All spectra are fitted with a Lorentzian function.
All the uncertainties indicated in the tables are deduced from
the fit covariance matrix. They do not take into account the
systematic uncertainties discussed in the main text.

TABLE III. Experimental parameters and fit results for the microwave photoassociation spectra of Figs. 2(a) and 3. For each probed

molecular state, we indicate the polarization of the microwave photon involved in the transition from the initial atomic state, the amplitude
of the static magnetic field B, and of the 6~ component of the microwave field |B_|, the duration of the microwave pulse 7, and the fitted
frequency of the microwave field at resonance w, and its corresponding FWHM.

Final main spin state Polarization B; (G) |B_] (G) T (ms) wo/2m (MHz) FWHM (MHz)
Hf=1f=1LF =2, mp = —-2) b4 0.89(1) 1.09 30 299.8698(2) 0.0064(8)
Hf=1,f=1LF =2, mp = —1) ot 0.89(1) 1.09 30 300.4173(9) 0.0426(28)
Hf=1,f=2LF =2, mp =-2,—1) Oy, T 0.89(1) 5.33 80 1254.1(36) 172(22)
HWf=1,f=2L5F=1,mpr=—1) ot 0.89(1) 0.66 30 1561.2835(31) 0.063(11)
{f=1,f=2LF =3, mp =-3) o_ 0.89(1) 0.66 30 1561.9146(37) 0.241(15)
Hf=1,f=2LF =3, mp = -2) b4 0.89(1) 0.66 30 1562.1311(25) 0.0356(90)
Hf=1,f=2LF =3, mr=—1) ot 0.89(1) 0.66 30 1562.3420(15) 0.0746(52)
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TABLE IV. Experimental parameters and fit results for the microwave photoassociation spectra of Fig. 4. For each probed molecular state,
we indicate the polarization of the microwave photon involved in the transition from the initial atomic state, the amplitude of the static magnetic
field B, and of the 0~ component of the microwave field |B_|, the duration of the microwave pulse 7, and the fitted frequency of the microwave
field at resonance wy and its corresponding FWHM.

Final main spin state Polarization B; (G) IB_| (G) T (ms) wo /27 (MHz) FWHM (MHz)
Hf=1,f=2LF =1,mp = —1) oL 0.88(1) 0.83 30 1561.328(2) 0.061(17)
Hf=1,f=2LF =3, mp =-3) o_ 0.88(1) 0.33 10 1561.942(1) 0.068(5)
Hf=1,f=2sF =3, mp = =2) T 0.88(1) 0.83 30 1562.158(1) 0.056(20)
{f=1,f=2LF =3, mp =—1) oL 0.88(1) 0.59 20 1562.362(1) 0.045(4)
Hf=1,f=1LF =2, mp = =2) T 1.88(1) 1.09 30 300.0683(2) 0.0029(5)
Hf=1,f=1L4F =2, mp = —1) oL 1.88(1) 1.09 30 301.2037(9) 0.031(4)
HWf=1,f=2s5F=1,mr=—1) ot 1.88(1) 0.83 100 1558.508(2) 0.044(6)
{f=1,f=2LF =3, mp =-3) o_ 1.88(1) 0.34 10 1559.833(1) 0.050(4)
Hf=1,f=2LF =3, mp = -2) T 1.88(1) 0.66 200 1560.281(1) 0.029(9)
Hf=1,f=2L5F =3, mr=—1) ot 1.88(1) 0.60 20 1560.731(1) 0.043(4)
Hf=1,f=2LF =1,mp =—1) o, 2.43(1) 0.60 100 1556.980(2) 0.048(7)
Hf=1,f=2LF =3, mp =-3) o_ 2.43(1) 0.34 10 1558.694(1) 0.048(3)
{f=1,f=2LF =3, mp = =2) b1 2.43(1) 0.34 200 1559.272(4) 0.045(13)
Hf=1,f=2LF =3, mp =—1) o, 2.43(1) 0.34 20 1559.852(2) 0.035(4)
Hf=1,f=1L4F =2, mp = =2) b3 2.93(1) 3.10 30 300.2769(8) 0.008(2)
Kf=1,f=1s5F =2, mg = —1) o, 2.93(1) 1.09 30 302.046(1) 0.031(5)
Hf=1,f=2LF =1,mp = —1) oL 2.93(1) 0.84 100 1555.594(4) 0.026(16)
Hf=1,f=2LF =3, mp =-3) o_ 2.93(1) 0.34 10 1557.628(1) 0.028(4)
Hf=1,f=2sF =3, mg =-2) T 2.93(1) 0.83 200 1558.354(1) 0.022(11)
{f=1,f=2LF =3, mp =—1) oL 2.93(1) 0.60 50 1559.038(2) 0.072(16)
Hf=1,f=1LF =2, mp = —1) oL 4.57(1) 1.09 30 303.358(1) 0.023(5)
Hf=1,f=2LF =3, mp =-=3) o_ 4.57(1) 0.77 10 1554.205(3) 0.020(13)
Hf=1,f=2s5F =3, mr=—1) oL 4.57(1) 0.84 30 1556.425(2) 0.071(19)

TABLE V. Experimental parameters and fit results for the microwave photoassociation spectra of Fig. 5. For each probed molecular
state, we indicate the polarization of the microwave photons involved in the transition from the initial atomic state, the amplitude of the o~
component of the microwave field |B_|, the duration of the microwave pulse 7, and the fitted frequency of the microwave field at resonance wy
and its corresponding FWHM. For all these data, the amplitude of the static magnetic field B, is 0.92(1) G. Note that the energy AE) of the
corresponding molecular bound states can be deduced from wy. For the F' = 4 states, it is simply AEy/h = 2w, while for the F = 2 states, it
depends on the frequency of the microwave compensation field, AEy//i = wy — w,, with @, = 27 x 1922.128 128 MHz.

Final main spin state Polarization IB_| (G) T (ms) wo /27 (MHz) FWHM (MHz)
Hf=1f=1LF =2, mp = =-2) oy, 04], [0-,0_] 8.27 1 1623.855(10) 0.59(4)
Kf=1,f=1sF =2,mg = -2) loy,04],[0-,0_] 7.42 2 1623.555(20) 0.77(10)
Hf=1,f=1LF =2, mp = =2) oy, 04],[0-,0_] 6.61 2 1623.268(9) 0.437(35)
Hf=1f=1LF =2, mp = —-2) oy, 04, [0-,0_] 4.12 4 1622.671(10) 0.11(4)
Hf=2,f=2F =4, mg = —4) lo_,0_] 8.21 10 1665.770(1) 0.059(4)
{f=2,f=2sF =4, mg = —4) lo_,0_] 6.56 10 1665.786(1) 0.061(4)
Hf=2,f=2F =4, mp = —4) lo_, o] 4.92 10 1665.788(1) 0.047(4)
{f=2,f=2sF =4, mg = -2) oy, 0] 8.21 10 1666.4251(5) 0.029(2)
Hf=2,f=2LF =4, mp = -2) oy, 0-] 7.39 10 1666.4235(7) 0.038(4)
{f=2,f=2sF =4, mg = =2) oy, 0] 6.57 10 1666.4219(8) 0.028(3)
Hf=2,f=2LF =4,mp =0) [oy, 04] 8.22 10 1667.0576(4) 0.032(2)
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TABLE VI. Experimental parameters and fit results for the microwave photoassociation spectra of Fig. 6. For each probed molecular state,
we indicate the polarization of the microwave photon involved in the transition from the initial atomic state, the amplitude of the o~ component
of the microwave field |B_|, the duration of the microwave pulse 7, and the fitted frequency of the microwave field at resonance wy and its
corresponding FWHM. For all these data, the amplitude of the static magnetic field B, is 0.90(1) G.

Final main spin state Polarization |B_] (G) T (ms) wy/2m (MHz) FWHM (MHz)
Hf=1,f=2LF =1,mp = —1) oL 2.50 10 1561.051(2) 0.222(17)
Hf=1,f=2LF =1,mp =—1) oL 4.17 10 1560.775(7) 0.477(60)
Hf=1,f=2LF =1,mp = —1) oL 5.86 5 1560.271(61) 1.20(88)
Hf=1,f=2LF =3, mp =-3) o_ 2.50 0.25 1561.831(1) 0.104(5)
Hf=1,f=2LF =3, mp =-3) o_ 4.17 0.1 1561.701(1) 0.129(6)
Hf=1,f=2sF =3, mp=-3) o_ 5.85 0.1 1561.507(2) 0.229(11)
{f=1,f=2LF =3, mp =-3) o_ 7.52 0.1 1561.172(6) 0.399(24)
Hf=1,f=2LF =3, mp =-3) o_ 8.35 0.1 1561.103(5) 0.521(28)
Hf=1,f=2LF =3, mp =—1) oL 2.50 10 1562.265(1) 0.111(4)
Hf=1,f=2LF =3, mp=—1) oL 4.16 5 1562.197(2) 0.122(7)
Hf=1,f=2LF =3, mp =—1) oL 5.83 3 1562.098(2) 0.116(10)
Hf=1,f=2LF =3, mp =—1) oL 6.67 2 1562.040(4) 0.124(18)
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